Hindawi Publishing Corporation
Advances in Mathematical Physics
Volume 2014, Article ID 983254, 6 pages
http://dx.doi.org/10.1155/2014/983254

Research Article

Hindawi

The Nondifferentiable Solution for Local Fractional
Tricomi Equation Arising in Fractal Transonic Flow by
Local Fractional Variational Iteration Method

Ai-Min Yang,"” Yu-Zhu Zhang,”* and Xiao-Long Zhang'

! College of Science, Hebei United University, Tangshan 063009, China
2 College of Mechanical Engineering, Yanshan University, Qinhuangdao 066004, China
? College of Metallurgy and Energy, Hebei United University, Tangshan 063009, China

Correspondence should be addressed to Yu-Zhu Zhang; zyz@heuu.edu.cn

Received 8 May 2014; Accepted 29 May 2014; Published 19 June 2014

Academic Editor: Xiao-Jun Yang

Copyright © 2014 Ai-Min Yang et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We present the nondifferentiable approximate solution for local fractional Tricomi equation arising in fractal transonic flow by
local fractional variational iteration method. Some illustrative examples are shown and graphs are also given.

1. Introduction

In this paper, we study the local fractional Tricomi equation
given as follows:
)t Mu(xy) 0*u(xy)
I'(l+a) x> oy
where the quantity u(x, y) is the nondifferentiable function
and the operator is local fractional operator suggested as
follows [1-3]:
u(x,t) A (u(xt) —u(xty))
o (t—15)" ,

=0, @

2)

where
A (u(x,t) —u(x,ty))

=T(1+a)[ulxt)—u(xty)]. G)

Local fractional derivative was applied to deal with nondif-
ferentiable phenomena arising in mathematical physics [4-
9]. When the fractal dimension « is equal to 1, we obtain the
following differential equation:

*u(x, y) . o u(x,y)

Ox? 2

which is structured by Tricomi [10]. The Tricomi equation
was used to describe the transonic flow [10-22].

0, (4)

Local fractional variational iteration method first struc-
tured in [4] was an efficient tool to solve the local fractional
differential equations, such as the fractal heat equation [4],
the damped and dissipative wave equation in fractal strings
[5], the wave equation on Cantor sets [6], the local fractional
Poisson equation [7], the local fractional Laplace equation
[8], and the local fractional Helmholtz equation [9]. The aim
of this paper is to use the local fractional variational iteration
method to deal with the local fractional Tricomi equation
which arises in fractal transonic flow. The paper is organized
as follows. In Section 2, the local fractional calculus theory is
introduced. In Section 3, the local fractional variational iter-
ation method is presented. In Section 4, the local fractional
Tricomi equation is discussed. Finally, the conclusions are
presented in Section 5.

2. Local Fractional Calculus Theory

In this section, we present the local fractional calculus theory,
which is used in the present paper.

Definition I (see [1, 2]). One has the function f(x) € C,(a,b),
if
|f ()= f(x)] <€ O<ac<l, (5)

is valid, where |x — x| < 8, fore,0 > 0and e € R.



Definition 2 (see [1,4-9]). Let f(x) satisfy condition (5). The
local fractional integral of f(x) of order « in the interval [a, b]
is defined through

b

j 70 dn)®

o L ©
“Taradm X F6) ()

“I"(“)f(x) - I+«

where the partitions of the interval [a,b] are (tj,tj b =
0,....,N -1,y = a,and ty = bwith Af; = t;,, —t; and
At = max{At,, Aty, Atj, L

Definition 3 (see [1,4-9]). Let f(x) satisfy condition (5). The
inverse formula of (6) is given as follows:

d* f (xo) A*(f ()~ f (x0))

_ = (@) =
Dx f(xO) (x — xo)zx >

dx“ @

where

A (f )= f (%) =TA+a) [f ()= f(x0)]. (8)

The formulas of local fractional derivative and integral used
in the paper are presented as follows [1, 6, 7]:
a“ K1 x(n—l)oc

- = > N)
dx*T(Q1+nax) TA+Mm-1)a) e

D, “a =0,
() _ ()
D, ag(x)=aD,"g(x),
D, [D,“f (x)] = D" f (x),
OIx(zx)ag (x) = aolx(oc)g (x),

(t _ S)octnot >

t(n+2)oc
;@ (
0%t I(1+a)T(1+nax)

TTA+rm+2a)

@ x(n— Do xnac
o

oL T D) T +m)’

neN,

where g(x) is a local fractional continuous function, a is a
constant, and N is a set of positive integers.

3. Local Fractional Variational
Iteration Method

In this section, we introduce the local fractional variational
iteration method. In order to show it, we consider the
following local fractional operator equation:

)
LYu+Rau =0, (10)

where Lg) denotes the linear local fractional differential
operator and R, denotes the linear local fractional differential

operators of order less than L(j).
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According to the local fractional variational iteration
method [4-9], we have a local fractional correction func-
tional. Consider

1
U, (x) =u,(x)+ I0+a)

(11)

X A(x ~ i
X L T(1+a) {Lg)”n (s) + Ry, (s)} (ds)

so that the local fractional variational iteration algorithm can
be written as follows:

1
Uy (X) =u, (.X') + m

{LDu, (s) + Ry, (5)} (ds)",
(12)

where 77, is as a restricted local fractional variation [1]; that is,
&%, = 0.
Therefore, for n € N, we give

Aa ()
5% = |1- (- &
un+1 <I-(1 +0‘)) — un
A o 0%,
13
" Fdl+a)l., O0x“ 3)

@ 2% (2a) "
+ oI, (F(1+a)> S:X(S U, -

From (13), we obtain the stationary condition as follows:

¢ () 21«
1 - P — =0, _— =0,
(F(1+oc)> . I'(1+ )|y
. (14)
o 2«
< A— ) =0.
I'l+a) .
Then, the fractal Lagrange multiplier is

o PR

A _(s-x) (15)

Il+a) T(Q+a)

Making use of (12) and (15), we have the local fractional
interaction formula as follows:

1
Uy () =u, (x) + T+ a)
x r (s = )" {19, (s) + Ryu,, ()} (ds)™.
o F(l+a) “ ¢ " o
(16)
Therefore, from (16), we get the solution given by
u(x) = lim u, (x). (17)
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4. The Initial-Boundary Value Problems for
Local Fractional Tricomi Equation

In this section, we discuss the initial-boundary value prob-
lems for local fractional Tricomi equation.

Example 1. Let us consider the initial-boundary value condi-
tions for the local fractional Tricomi equation as follows:

u(0,y) =0, (18)
u(ly) =0, (19)
x2¢x
S 20
u(x,0) T+ 20) (20)
Ou(x0) _ 0. 1)
ox“
From (18), (20), and (21), we have
Upey (%5 )
— 4y (5,9) + oL,
(s-) (22)
'+«
" Y 0%u, (x,8)  0%u, (x,s)
I(1+a) 0x* oy ’
where the initial value is given by
szx
S — 23
o (52) = @)

From (22), we present the first approximate formula as
follows:

u; (x,9)
= uO (‘x’ y) + OIy(‘X)

e

I'l+a) (24)
“ ¥ 0%uy (x,5) 0% (x, 9)
I'(l+a) ox* oy
xZ(x y3o<

= +
I'1+2x) T'(1+3x)

and its graph is shown in Figure 1.

uy(x, y)

Uy (x, )

FIGURE 2: The plot of u,(x, ) with the parameter « = In2/1In 3.

The second approximate term is

u, (x,y)

=u (x,y)+ OIy(“)

=
I'(l+«)
( s 0™uy (x,8)  0%%uy (x,5) )}
x
I'l+a) ox* oy (25)
x2a y3oc

T T(+2a)  T(l+3a)
+ 1<a>{($-y)“< s* s*
%y IrQ+a)\I'l+a) TI'(+a)

2
xot

)

3a

_ LY
T T(1+2x) T'(1+3a)

and its graph is given in Figure 2.



us(x, y)
@

FIGURE 3: The plot of u;(x, y) with the parameter « = In2/1In 3.

The third approximation is presented as follows:
us (%, 7)
— (o)
=U (X,y) + OIy

e

I'(l+a)

“ ¥ 0™u, (x, ) N 0*u, (x, s)
I'(l+a) ox* oy«

- x20c . 3)/3“

T T(142a) I(1+3a)

@ (S—J’)“< s 3" )

ol {F(l+oc) Tl+a) T(+a) }
- x20¢ 7y3a
_F(1+20¢)+F(1+3oc)

and its graph is illustrated in Figure 3.

The fourth approximation reads as follows:
Uy (%, y)

=u; (% y) + oly(a)

e

I'l+a)

o[ 0*us (x,s) . 0**us (x, 5)
athx ayZa
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uy(x, y)

FIGURE 4: The plot of u,(x, y) with the parameter « = In2/In 3.

thx 7 y3rx

T T(+200)  T(1+3a)

ol s
toly {F(1+oc) 1"(1+0c)+1“(1+¢x)>}

x2¢x 15 ySzx

= +
T(1+2a) T(1+3a)

(27)
and its graph is presented in Figure 4.
The fifth approximation is as follows:

us (x, y)

=y (x,9) + oly(a)

e

I'l+a«)

" ( ¥ 0™u, (x,5) . 0™ u, (x,s)
F'l+a) Ox* 20 (28)

dy
xZ(x 15 y3tx

T T(+200)  T(1+3a)

+ 1@ (S_y)a< s* + o )
0%y Frl+a)\T'l+a) T(1+a)

~ xZDC ) 31y3(x

CT(1+20) T(1+3a)

and its graph is shown in Figure 5.

After successive iterative processes, we obtain the nondif-
ferentiable series solution as follows:

u(xy)

lim u, (x, y)

L x2¢x " y3<x (29)
‘nllrréo"r(1+za)+(2 _1)r(1+3a)}’
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us(x, y)

FIGURE 5: The plot of us(x, y) with the parameter « = In2/1In 3.

which is the local fractional divergent series. Therefore, we
can obtain the approximate solution.

Example 2. The initial-boundary value conditions for the
local fractional Tricomi equation are presented as follows:

u(0,y) =0, (30)
u(l,y)=0, (31)
u(x,0) = ﬁ, (32)
u(x,0)  x*
ox*  TI'(l+a) (33)

In view of (16), (32), and (33), we obtain the local fractional
iterative formula as follows:

o (517)
“uy(09) 4 o1,

X{in (34)

I'l+a)
200
. 0~u,, (x,s) )
ayZOc

with the initial value suggested as follows:

0™ u,, (x,s)

0. x20c

( y
X
I'(l+a)

xlx xlx yUC

+ . (35)
I'M+a) TA+x)T(1+a)

Uy (%, y) =

u(x, y)

FIGURE 6: The plot of u(x, y) with the parameter &« = In2/1n 3.

From (34) and (35), we give the first approximation as follows:
uy (%, y)
=y (x, ) + oly(a)

e

“ ¥ 0™uy (x,5) . 0%u, (x, s)
I'(l+a) ox* oy
a xoc + x(x ylx
"T'(l+a) TA+a)T(1+a)
Hence, from (36), we arrive at the following results:
ug (6, ) =1y (0, y) =y (6, ) =+ =, (x, ). (37)

Therefore, we get the exact solution with nondifferential term
as follows:

u(x,y) = lim u, (xy)

3 1 { xot N xtx yoc }
Tt |T(l+a) T+ IlQra] 68

XOC x(x ylx

“TU+a) TO+®)T(+a)

and its graph is shown in Figure 6.

5. Conclusions

The initial-boundary value problems for local fractional
Tricomi equation arising in fractal transonic flow based upon
the local fractional derivatives are discussed. The solutions
with nondifferentiable terms are obtained by using the local
fractional variational iteration method and their graphs are
also given to show the implement of the present method.
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