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The leapfrogging pulses in two unbalanced electrical nonlinear transmission lines (NLTLs) with capacitive couplings are
investigated for efficient modulation of a pulse train. Due to the resonant interactions, the nonlinear solitary waves in the NLTLs
exhibit complementary behaviors of amplitudes and phases called leapfrogging. For maximizing resonance, both solitary waves
should have a common average velocity. Sharing the common velocity, the characteristic impedance can still be freely designed for
two coupled solitary waves. In this study, we characterize the leapfrogging pulses developed in unbalanced NLTLs having distinct
characteristic impedance. Through the soliton perturbation theory and numerical time-domain calculations, it is found that both
the leapfrogging frequency and the voltage variations of pulse amplitudes increase as the difference in the characteristic impedance
becomes large. These properties can improve the on/off ratio of modulated pulse train.

1. Introduction

In coupled nonlinear systems, the resonant energy exchange
can occur between supported nonlinear solitary waves.
Through the energy transfer from the leading solitary wave
to the trailing one, the leading wave is attenuated, whereas
the amplitude of the trailing wave becomes larger than that
of the leading wave. In weakly dispersive cases, the velocity
of a long-wavelength nonlinear solitary wave increases as its
amplitude increases; therefore, the trailing wave overtakes
the leading wave. Then, the direction of energy transfer
is reversed so that the original order of the two waves is
restored. This overtaking is repeated, resulting in oscillatory
behavior called leapfrogging [1]. Leapfrogging solitary waves
have mainly been investigated on separated pycnoclines [2-
6]. When two horizontal pycnoclines are vertically separated
by a small amount, leapfrogging occurs between spatially
localized disturbances in two pycnoclines. For weak cou-
plings, the leapfrogging solitary waves are well modeled by
the coupled Korteweg-de Vries (KdV) equations. Recently, we
investigated two identical transmission lines with regularly
spaced Schottky varactors coupled via capacitors, called cou-
pled nonlinear transmission lines (NLTLs), and successfully

observed leapfrogging phenomena for the nonlinear solitary
waves developed in them [7]. Because of easiness in designing
both nonlinearity and dispersion separately, the electronic
system can characterize leapfrogging waves efficiently.

In addition, leapfrogging can be used to manage trav-
eling electrical pulses. Originally, NLTLs have been used in
ultrafast electronic circuits such as a subpicosecond electrical
shock generator and a short-pulse amplifier [8-10]. For
example, the leapfrogging can be used for the detection of
temporal separation between two short pulses inputted to
coupled NLTLs. It has been shown that leapfrogging pulses
with relatively large amplitudes exhibit nontrivial properties
as their initial relative delay varies. The phase and amplitude
of leapfrogging pulses depend on the initial delay between
incident pulses, such that the pulse amplitude at the output
port varies with the initial delay. Accordingly, the temporal
delay between two inputted pulses is converted to the pulse
amplitude at the output [7]. Another potential of electrical
leapfrogging pulses results from their management by the
biasing voltage to the varactors. The leapfrogging frequency
depends on the biasing voltage, so that the line length
required for the pulses on the lines to become maximal
also depends on the biasing voltage. Conversely, the pulse
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FIGURE 1: Modulation of pulse train using leapfrogging pulses in coupled NLTLs. The performance is considered better when V_,, exhibits

larger on/off ratio for smaller [V}, — Vj,,|.

amplitude on one of the lines can be managed by the biasing
voltage at outputs that are separated from the inputs by a fixed
length. The major output is thus switched from one line to
the other by varying the bias voltage. Hence, the leapfrogging
in coupled NLTLs can provide a novel switching method for
the incident pulse by which the incident pulse is selectively
output to one of the two ports of the coupled NLTLs [7].
The same mechanism can be used to modulate the inputted
pulse train by the biasing voltage. Figure 1 illustrates this. The
pulse train V;, inputted to the lines is modulated by V, 4
to be outputted as V. In order to obtain fine modulation
efficiency, the modulating signal is applied, such that the
pulse amplitude at the output becomes maximal at V.4 =
V,, and it becomes minimal at V,, 4 = V},. The on/off
ratio of V,, is uniquely determined by the leapfrogging-
pulse dynamics and can become larger than [Vi,; — Vj,|.
This means that only small swing of V4 can give sufficient
modulation. Including these examples, the key is to maximize
the amplitude variation of the leapfrogging pulse.
Necessarily, the pulse wave in each line should have a
common average velocity for securing sufficient interaction
length. An electrical wave in an NLTL is uniquely determined
only when both the velocity and characteristic impedance
are specified. Even for the fixed velocity, the leapfrogging
pulses still have the freedom to have their own characteristic
impedance. In order to examine the potential for improving
the extinction ratio of leapfrogging amplitudes, we consider
the unbalanced NLTLs, where two leapfrogging pulses have
the coincident velocity but distinct characteristic impedance.

After defining the imbalance, the coupled KdV equations
with linear and dispersion-free coupling terms are derived to
model the coupled NLTLs by applying the standard reductive
perturbation method [11] to the transmission equations.
Using this model, we clarify how imbalance improves the
extinction ratio with the aid of the perturbation theory based
on the inverse scattering transform [12-14]. We then validate
the obtained results using time-domain calculations and
demonstrate the performance of the coupled NLTLs as the
pulse train modulator.

2. Fundamental Properties of Unbalanced
Coupled NLTLs

Figure 2 shows the coupled NLTLs that we investigated. Lines
1 and 2 are weakly coupled via capacitors with a capacitance of
C,,. The line inductance of line i is denoted as L; for i = 1, 2.
The Schottky varactors, the capacitance of which depends on
the terminal voltage, are modeled by

v, \" x\ "
Csl(x):C1(1+—b) (1——) ,

Vi Vi

w,\" <\
Csz(x)=C2<1+7]b> (“V,) .

In this model, C,,, V}, and m represent the junction
capacitance for biasing voltages —V,, W, junction potential,
and grading coefficient, respectively. We consider the case



Mathematical Problems in Engineering

L,
Line 2

L,
Line 1

v

FIGURE 2: The structure of coupled NLTLs. Two NLTLs denoted as
lines 1 and 2 are coupled with capacitors having the capacitance of
C

me

when line 1 is connected with loaded Schottky diode anodes
and line 2 is connected with cathodes. Then, the transmission
equations of the coupled NLTL are given by

dIl

L,—"2=V,_, -V,
1 At n—1 n
dj,
L2_ = Wn—l - Wn’
dt
dv, d @
V)=t +C, = (V,-W,)=1,-1,,,
Csl( n) At +Cmdt( n n) n n+l
dw, d
CsZ (Wn) 7 + Cma (Wn - Vn) = ]n - ]n+1’
where V,(W,) and I,(J,) represent the line voltage and

current, respectively, at the nth cell of line 1 (line 2). Because
KdV solitons are long waves, we apply the long-wavelength
approximation to the transmission equations. A continuous
spatial coordinate, x, is introduced by the relation

V —V+a_V+laz_V+la3_V+ia4_V
ML T 5x  20x% 60x3 24 0xt’ 3)
ow 1w 19°wW 1 o'W
W =W, + — + = + = + — ,
mHl " O9x  20x% 6 0x% 24 0xt

where V. = V(x,t) and W = W(x,t) are the continuous
counterparts of V,, and W,, respectively. From (2), we then
obtain

dC,, (V)

= v)
dV (t)

[Cqa(V)+C,} 0}V - C, oW +
12 1 4
-1 (v e —atv),
12
(4)
dC,, (W)

T2 (oW’
dW (t)

[Cu W) +C,} W - C,0]V +
:U%fW+in»
2 X 12x

where 0, = 0/0z for any z. To derive coupled KdV
equations modeling coupled NLTLs, we apply the reductive

perturbation method [11]. Initially, new spatial and temporal
variables, & and 7, respectively, are introduced according to

g=e” (’“— \/Ct_L ) el (5)
1~1

We then expand V and W in the series of € as

VED =V, + ie"v‘” 1),
- (6)
WD) =W, + Y ew? (7).

i=1

Furthermore, C,, must be € order quantity for the coupled
KdV equations to be valid to model the coupled NLTL, such
that we set

C,=eC . (7)

m m

Under this assumption, the velocity and characteristic
impedance of the pulse on line i are estimated as 1/+/L,C;
and +/L;/C; (i = 1,2), respectively; therefore, the condition
L,C, = L,C, is required to establish the significant resonant
interactions between pulses on lines 1 and 2 and imbalance
is introduced by setting L, /C, # L,/C,. Substituting (5) and
(6) into (4), we obtain the following coupled KdV equations
with the conditions where the O(e”) terms disappear:

=G,
o,V — 61/'85:1/’ + ag/v' = \/ﬁc—maf, (v' + w'),
1
(8)

CI
o w' - 6w’agrw' + ag,w' = Vﬁc—':ag, (w' + v’),

where we define 7' = 1/24/C|L,, & = V12§ v =
\3/Emv(l)/6(Vl7 +V}), and w' = —Vﬁmw(l)/6(Wb +V)).

At present, a closed-form expression of leapfrogging
frequency is evaluated only through approximation for the
right-hand side of (8) to be sufficiently small to be treated
as perturbative disturbances. As the unperturbed solutions of
(8) for v/ and w', we consider 1-solitons defined as

Vv = —ZKfsech2 Z
)

' 212
w = —2x,sech” z,,

where z; = x;(E - {;) fori = 1,2. Then, the perturbation

theory based on the inverse scattering transform predicts the
temporal evolutions of x; and (; (i = 1,2) as

= Op (v' + w') sech’z,dz;,

dx, V1, [

? 4ClKl —00
i _, » Vizg, (10)
dr' 1 4C k3

]

0 1
. J Op (v' + w') sech’z; <zi *5 sinh Zzi> dz;,

-0



where (9) is used for v/ and w' [14]. According to [12],
leapfrogging is described by the small oscillations of the
soliton’s amplitudes x; and x, around their average mean
values, xy; and x,, respectively. We then define A; as x; =
Ko;i(1 + A;) for i = 1,2. The variables A, are assumed to satisfy
the conditions: A; < 1. Accordingly, the phase difference
Al = {; — ¢, must be small. We then assume that z, is
approximately equal to x, 2, /K, + Koy (A, —A1)z1 /Ko +K, AL
Moreover, we define p as x, /k,,. Then, (10) give

di, V12a(p) p*C,k5,08

1 11
o ¢ : (1
3 -1 /2
0, V() C o
dr’ C,p?
¢,
dr’
V13Cl
=851 — — 2= (3B () +oy () (A2 - 1) (13)
1
2 v 12C:n 3
+a ~ = (24 PR ()
6
dt’
= SKSZ/\Z
3 12C:,1P73 B ) B (14)
== (3B (p )+ (P ) A - 1)
v12C!
2 m -3 -1
+ 4y, — 2, (2 ﬁ(p )),
where functions «, 3, and y are defined by
o (x) = J sech’xz (1 -3 tanhzxz) sech’z dz,
B(x) = J- sech’z sech®xz tanh xz
- (2z + sinh 2z) dz, (15)
y(x) = J sech’z sech’xz (1 -3 tanhzxz)
-z (2z + sinh 2z) dz.
By subtracting (14) from (13), A is shown to satisfy
d*A r2
=~y A(, (16)

dr'?
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where
-1 4
oo o (o) “(P)P)
w; =8V18C, k, +
1If Ol< C2 C]
a(p™ 6
N 3180;"2x§1< (r) , «(p)p )
C, (o} 17)
1 -1 -1
(s ™) +38(7) )
L )pe3()).
1
Let the amplitude of a pulse inputted to line
i be A; i = 1,2), by which x;, and x,, are,

respectively, given by e '/ \/mAl/(12)2/3(Vb +V;) and

12 \/mAZ/(IZ)ZB(W;J +V}). In fact, the voltage fraction
A,/A, is expected to be coincident with that of the =
mode [15], which becomes L,/L; for small C,, at matched
velocities; therefore, p becomes coincident with +/L,/L,
in the case of W, = V,. As a result, once p is given, the
fraction between C;, and C, is uniquely determined as
C, = p 2C,. Under these assumptions, the angular frequency
of leapfrogging is obtained in the units of rad/s as

, _ mp’C, Al
W= ———"——
fecL, (v, + V)

(«(p™) +alp)p?)
N N

-(3p7'B(p) +7(p))

22
mp“C, A S1y -
S vy W el

(3B )y ().

In addition, we can evaluate the voltage variation on line 1,
denoted as AV}, by solving (16) and substituting the resulting
A( into (11):

(18)

V. = 24a(p) p*Axg |A,]
L= 1/3 2/3
(18)7 (12)

o)

(12" (V, + V)
mA,

(@ (p™)
+a(p) P4) X <)/(p1) +3p (pil)p

+a(p)p’) +
(19)

p4
-1/2

+P()’(P)P+3/5(P))>] ,
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TABLE 1: Line parameter values of coupled NLTLs used to obtain Figure 3.
C, (pF) M L, (nH) v, (V) C, (PF) v, (V) A, (V) Ax, (cell)
1.0 1.0 2.5 1.0 0.01 1.0 2.0 10
250 . .

Balanced case

Frequency of leapfrogging (MHz)

50 | |

0.25 2.25

(a)

Voltage variation (V)

0.25 2.25

FIGURE 3: Performance of unbalanced NLTLs obtained by perturbation theory. The dependence of (a) the leapfrogging frequency and (b)

voltage variations on p.

where Ax, represents the initial spatial separation between
two pulses in units of cell. Similarly, that on line 2 is given by

-1
a(e”) AV;. (20)

AV, =
Figure 3 shows the typical dependence of w; and AV;
i = 1,2) on p2 obtained by (18), (19), and (20). The
parameter values used to obtain Figure 3 are listed in Table 1.
The balanced-line case, corresponding to p = 1.0, is
exemplified by the dashed line. We can see in Figure 3(a)
that the leapfrogging frequency increases as p becomes large.
Because the pulse velocity is only slightly dependent on p,
the increase in frequency results in the reduction of spatial
period of leapfrogging. It is thus expected that the line length
for required amplitude modulation can be reduced for larger
p. The most important result is shown in Figure 3(b), where
the voltage variations increase as p becomes large. Due to
the increase of voltage variations, together with the reduction
of required line length, the introduction of imbalance con-
tributes to the effective utilization of leapfrogging pulses in
high-speed electrical pulse managements.

3. Numerical Evaluations of
Leapfrogging Pulses

In order to examine the leapfrogging pulses in the unbalanced
NLTLs, we numerically solved (2) using the fourth-order
Runge-Kutta method. For all following calculations, A, L,
C,, M, V;, and V,, were set to the values listed in Table 1.
In addition, W, was set equal to V;,. The pulse inputted to
line 2 was delayed against that to line 1 by 50 ps. Figure 4
shows the temporal variations of the pulse amplitudes for

three different values of p, where lines 1 and 2 amplitudes are
shown by the thick (blue) and thin (red) curves, respectively.
The value of p was set to 0.9, 1.0, and 1.5 for Figures 4(a),
4(b), and 4(c), respectively. Note that Figure 4(b) corresponds
to the balanced lines. Due to leapfrogging, the pulse on
line 1 increases (decreases) when that on line 2 decreases
(increases). Because of the instability [16], the leapfrogging
period gradually increases in all the calculated cases and the
amplitude difference also increases, and thus the spatial sep-
aration between leapfrogging pulses gradually increases and
finally becomes so large that the interaction is weakened and
leapfrogging ceases. The temporal separation between the
first and second maximum points of line 2 pulse amplitude,
labeled as Tj; in Figure 5, is calculated to be 18.5, 16.9, and
13.9ns for p = 0.9, 1.0, and 1.5, respectively. The decrease in
T} is qualitatively consistent with the dependence of wj on p
shown in Figure 3(a). The voltage variation between the first
peak and bottom of line 2 pulse amplitude is estimated to be
0.37,0.51,and 1.09 V for p = 0.9, 1.0, and 1.5, respectively. The
calculations successfully validate the prediction that the large
p results in the increase in amplitude variations.

Finally, we demonstrate the improvement of efficiency in
a pulse train modulator by introducing imbalance. Figure 5
shows the result. The line parameter values were those used to
obtain Figure 4 except for W, which was varied sinusoidally
with the frequency of 35 MHz and 0.2V amplitude around
1.0 V. This variation in W), affects leapfrogging frequency and
amplitude variations of pulses in the NLTLs, resulting in
the modulated pulse train at the output. The pulse with the
width of about 60 ps was repeatedly applied to the inputs
with the period of 2 ns. The total cell size was 210. Figure 5(a)
shows the temporal waveform recorded at the output for the
balanced NLTLs. Sinusoidal modulation is established for the
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FIGURE 4: Amplitude variation of leapfrogging pulses. The cases corresponding to three different values of p were examined [(a) p = 0.9, (b)

p =1.0,and (c) p = L.5].
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FIGURE 5: Improvement of modulation efficiency using unbalanced NLTLs.

outputted pulse train. However, the on/off ratio is about 2.0
at most for both line outputs. On the other hand, Figure 5(b)
shows the output waveforms for p = 1.5. Although the
on/off ratio becomes deteriorated at the line 1 output, it is
significantly improved to be beyond 4.0 at the output of line

2. Note that the modulated amplitude of V is significantly
greater than V, 4 amplitude. It seems possible to reduce the
line length required for sufficient on/off ratio of modulated
pulse train by further optimization of line parameter values
and biasing conditions.
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4. Conclusions

The properties of leapfrogging pulses in two coupled NLTLs,
which share a common wave velocity and possess their own
characteristic impedances, are investigated. The common
wave velocity guarantees the resonance interaction between
pulses traveling in the lines. We investigated the impact
of line imbalance resulting from the different characteristic
impedance on the leapfrogging pulses to show that both
the leapfrogging frequency and voltage variations increase,
based on the analysis using the soliton perturbation theory.
Several numerical calculations validate these observations
and successfully demonstrate the improved performance of
pulse train modulation using leapfrogging pulses.
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