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This paper presents a two-stage control design for the “Buck power converter/DC motor” system, which allows to perform the
sensorless angular velocity trajectory tracking task. The differential flatness property of the DC-motor model is exploited in order
to propose a first-stage controller, which is designed to achieve the desired angular velocity trajectory. This controller provides the
voltage profiles that must be tracked by the Buck converter. Then, a second-stage controller is meant to assure the aforementioned.
This controller is based on flatness property of the Buck power converter model, which provides the input voltage to the DC
motor. Due to the fact that the two-stage controller proposed uses the average model of the system, as a practical and effective
implementation of this controller, a Σ − Δ-modulator is employed. Finally, in order to verify the control performance of this
approach, numerical simulations are included.

1. Introduction

In the market of electric servo motor drivers, the most com-
mon technology—used in robotics and electric vehicles—is
based on solid-state devices. For both velocity and position
control purposes, these solid-state servo drives require a
power electronic converter which is used as an interface
between the input power line and the motor [1]. One of
the most common topologies is the Buck-switched DC/DC
power converter. Due to the fact that Buck converter contains
two energy-storing elements (an inductance and a capacitor),
smooth DC output voltages and currents with very small
current ripple are generated. In order to obtain—at any
time—a high power conversion rate, when angular velocity
control is required, the converter design is very important.

Previously in the literature, different proposals have
explored the combination of several topologies of DC/DC

power converters with DC motors. This work is particularly
focused on the velocity control of a DC Motor based on
regulating the output voltage of a Buck DC/DC power
converter.

In 2000, Lyshevski [2] proposed fourth-order mathemat-
ical models for coupled systems of both power electronic
converters and a permanentmagnetDCmotor. Furthermore,
Lyshevski shows a control design based on PI strategy which
is meant to regulate angular velocity for the DC motor.

In contrast to previous works, in 2004 Linares-Flores
and Sira-Ramı́rez presented in [3–5] the design of smooth
angular velocity control for DC motor powered by a DC/DC
Buck converter. This approach was validated by numerical
simulations.

In [3] a differential flatness control approach was pre-
sented, where a second-order model is employed based on
neglecting both armature inductance and the current that
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Figure 1: DC motor driven by a DC/DC Buck power converter.

flows through capacitor of the converter; according to [6],
this approximation is not convenient for low- and medium-
power applications. Based on the second-order model pre-
sented in [3, 4], a GPI average control is introduced; this
strategy requires motor shaft angular measurements and its
implementation uses a Σ − Δ-modulator. In [5] based on the
fourth-order model of this system (described previously in
[2]) was presented the design of a dynamic output feedback
controller via the Energy Shaping and Damping Injection
method (see Ortega et al. [7]).

In 2006, Linares-Flores in [8] (partially published in [9])
and Antritter et al. in [10] presented an angular velocity
control based on differential flatness applying a fourth-order
model of a DC motor powered by a Buck DC-DC converter
[2]. Control performance is not evaluated experimentally
when parametric uncertainties are present in the system.
Also in 2006, Fadil and Giri [6] proposed the design of both
adaptive and nonadaptive controllers based on backstepping.
This work shows by numerical simulations that the adaptive
version has good performance against rapid changes of
the setpoint and load torque. Additionally, neither smooth
transition changes nor system parameters uncertainties are
considered.

A comparative evaluation of control performance
through numerical simulations of several control strategies,
such as PI, PI + Fuzzy Logic, and LQR, for angular velocity
trajectory tracking of a DC motor powered by a Buck
converter was presented by Ahmad et al. [11] in 2010.
Similarly in 2011, Sureshkumar and Ganeshkumar in [12] via
numerical simulations compared the performance of both
PI and backstepping controllers related to angular velocity
regulation of the aforementioned system.

More recently, in 2013 Sira-Ramı́rez and Oliver-Salazar
[13] proposed a robust control based on an active disturbance
rejection control and differential flatness, considering the
presence of unknown time-varying load, for two different
combinations of Buck power converters and DC motors.
Numerical simulations showed the robustness of this tech-
nique for the angular velocity control of the motor shaft.

Finally, angular velocity control related to cascade con-
figurations for other DC/DC topologies of power electronic
converters with DC motors has been reported in [8, 14, 15].

Regarding “DC/DC Buck power converter-DC motor,”
the combined system model has been addressed in two
fashions: (1) by using a fourth-order model that leads to very
long control laws, (2) by using a second-order model, that
neglects either parameters or states of the system which is

not always a convenient simplification [6]. In this paper, a
variation from fashion (1), both motor and converter models
are considered separately.

Based on the literature review introduced previously,
the control performance for the regulation and trajectory
tracking tasks is not studied for uncertainties associated
neither converter parameters, nor motor parameters nor
large changes of their nominal values. In contrast, this work
includes such uncertainties and large value changes in order
to show the effectiveness for practical applications.

Motivated for multiple stage control approach used in
mobile robots [16–18], the equation that governs the high-
level-stage control imposes the desired trajectory to be fol-
lowed, for a low-level-stage control, through an inner control-
loop. In this paper, a two-stage control is proposed for the
“Buck power converter-DCmotor” which is designed for the
sensorless angular velocity trajectory tracking control. This
control is achieved by using integral reconstructors [19, 20].
Furthermore, since the two-stage control approach proposed
is based on the system average model, which is not suitable
for implementation of the power transistor commutation
(core of the Buck converter), it uses a Σ − Δ-modulator
implementation of a sliding mode controller for the average
feedback controller design in a rather efficient manner, as
discussed in [21, 22]. Control performance is validated via
numerical simulations.

The remaining of the paper is organized as follows.
Section 2 presents the design of the control laws, likewise
its connections in order to obtain a two-stage control of the
“Buck power converter-DC motor.” Evaluation of the two-
stage control performance is presented in Section 3, based
on realistic simulations of the close-loop system; they are
programmed in MATLAB/Simulink. Finally, conclusions are
given in Section 4.

2. Two-Stage Controller for the Buck Power
Converter-DC Motor

This section shows the design of the two-stage controller
for the “Buck power converter-DC motor” for the angular
velocity trajectory tracking task. The system to be controlled
is shown in Figure 1.

Two controllers are proposed separately, the first-stage
for the DC motor and the second-stage for the Buck power
converter. After that, by using a two-stage controller, similar
to the approaches presented in [16, 17], both stages are
connected in order to get the goal; that is,

(1) DC motor control based on differential-flatness is
developed in [23, 24], which allows the angular
velocity trajectory tracking task.This control requires
position, velocity, and acceleration measurements
which are generally obtained from electromechanic
sensors. Alternatively, by using integral reconstruc-
tors (see [19, 20]), electromechanic measurements
are no longer needed; electric measurements replace
them.

(2) The control developed in (1) provides a voltage pro-
file,𝜗, thatmust be tracked by the output voltage of the
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Buck power converter, 𝜐. Then, to this end, another
control based on differential flatness is developed for
the converter, which is implemented with the Σ − Δ-
modulator, as discussed in [21, 22].

(3) Finally, through the two-stage control approach, the
controllers aforementioned in (1) and (2) are inter-
connected to provide a solution to the angular velocity
trajectory tracking task.

2.1. Sensorless Velocity Control of a DC Motor. Following
[17, 23–25], this subsection presents a control approach based
on differential flatness and integral reconstructors for a DC
motor. A mathematical model is expressed in terms of the
motor shaft angular velocity 𝜔, [24]:

𝐿
𝑎

𝑑𝑖
𝑎

𝑑𝑡
= 𝜗 − 𝑅

𝑎
𝑖
𝑎
− 𝑛𝑘
𝑒
𝜔, (1)

𝐽
𝑑𝜔

𝑑𝑡
= −𝑏𝜔 + 𝑛𝑘

𝑚
𝑖
𝑎
, (2)

where 𝜗 is the motor armature voltage, 𝑖
𝑎
is the armature

current, 𝑘
𝑒
is the constant due to the counterelectromotive

force, 𝑘
𝑚

is the constant of the motor torque, 𝐿
𝑎
is the

armature inductance, 𝑅
𝑎
is the armature resistance, 𝐽 is the

rotor and load inertia, 𝑏 is the viscous friction coefficient
due to both motor and load, and 𝑛 represents the gearbox
reduction ratio.

Matrix representation of systems (1)-(2) is determined by
the following

̇𝜒 = A𝜒 +B𝜗,

𝑦
1
= C𝜒,

(3)

where 𝜒 = (𝑖
𝑎
𝜔)
𝑇 and

A = (

−
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−
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1
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0
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0

1
)

𝑇

.

(4)

Controllability matrix of system (3) is given by the following:

C
1
= (B AB) = (

1

𝐿
𝑎

−
𝑅
𝑎

𝐿2
𝑎

0
𝑛𝑘
𝑚

𝐽𝐿
𝑎

), (5)

due to

detC
1
=
𝑛𝑘
𝑚

𝐽𝐿2
𝑎

̸= 0, (6)

then the system is controllable. According to [24], the flat
output is obtained by multiplying the last row of the inverse
controllability matrix by the state vector, that is,

(0 1)C−1
1
𝜒 =

𝐽𝐿
𝑎

𝑛𝑘
𝑚

𝜔. (7)

Without loss of generality, the angular velocity is considered
as a flat output, that is,

𝐹
1
= 𝜔. (8)

Thus, from (1) and (2), variables of the system 𝜒 and the
control input 𝜗 can be written, in terms of 𝐹

1
and its

derivatives, as follows:

𝜔 = 𝐹
1
, (9)

𝑖
𝑎
=

1

𝑛𝑘
𝑚

(𝐽𝐹̇
1
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1
) , (10)
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𝑚
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) 𝐹̇
1
+ (

𝑏𝑅
𝑎

𝑛𝑘
𝑚

+ 𝑛𝑘
𝑒
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1
.

(11)

From (11), if the motor control is taken as follows:

𝜗 =
𝐽𝐿
𝑎

𝑛𝑘
𝑚

𝜇
𝑚
+

1
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𝑒
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,

(12)

then the trajectory tracking control problem of the flat output
is simplified to control the system as follows:

𝐹̈
1
= 𝜇
𝑚
. (13)

If 𝐹∗
1
is the desired angular velocity trajectory, 𝜇

𝑚
must be

chosen such that 𝐹
1
→ 𝐹
∗

1
when 𝑡 → ∞. A practical choice

of 𝜇
𝑚
that achieves this task is given by the following:

𝜇
𝑚
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∗

1
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2
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1
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∗

1
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1
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1
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1
] − 𝛾
0
∫

𝑡

0
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1
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∗

1
] 𝑑𝜏.

(14)

If error is defined as 𝑒 = 𝐹
1
− 𝐹
∗

1
, the close-loop dynamic

error is found by substituting (14) into (13), and by deriving
the integro-differential expression, we obtain the following:

⃛𝑒 + 𝛾
2
̈𝑒 + 𝛾
1
̇𝑒 + 𝛾
0
𝑒 = 0, (15)

whose polynomial characteristic is as follows:

𝑝
1
(𝑠) = 𝑠

3

+ 𝛾
2
𝑠
2

+ 𝛾
1
𝑠 + 𝛾
0
. (16)

Thus, in order to get that 𝑒 → 0when 𝑡 → ∞, that is, 𝐹
1
→

𝐹
∗

1
, it is required that 𝑝

1
(𝑠) be a Hurwitz polynomial. Based

on the following Hurwitz polynomial:

𝑝
1𝑑
(𝑠) = (𝑠 + 𝑎

1
) (𝑠
2

+ 2𝜁
1
𝜔
𝑛1
𝑠 + 𝜔
2

𝑛1
) , (17)

by equating (16) with (17), it is found that parameters 𝛾
2
, 𝛾
1
,

and 𝛾
0
are given by the following:

𝛾
2
= 𝑎
1
+ 2𝜁
1
𝜔
𝑛1
; 𝛾

1
= 2𝜁
1
𝜔
𝑛1
𝑎
1
+ 𝜔
2

𝑛1
; 𝛾

0
= 𝑎
1
𝜔
2

𝑛1
.

(18)
If an implementation of the controllers (12)–(14) were
required, the position, velocity, and acceleration must be
measured (which generally are provided by electromechanic
sensors). Then, an alternatively sensorless control design by
means of integral reconstructor of 𝜔 and 𝜔̇ is presented.
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Integrating (1), the following is obtained:

∫
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On the other hand, integrating (2) and using (19), the
following is obtained:
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𝑏𝐿
𝑎

𝑛𝐽𝑘
𝑒

𝑖
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𝑚

𝑏
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𝑎
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Finally, substituting (21) into (2), the following is obtained:

𝜔̇ = ̂̇𝜔 −
𝑏

𝐽
𝜔 (0) +

𝑏
2

𝐿
𝑎
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𝑎
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(24)

It is proposed to use the following modified control law,
alternatively to (12) and (14):
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𝑚

𝜇
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(25)

which, by using (19), (21), and (23), can be written as follows:
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𝜔𝑑𝜏 −
𝐿
𝑎

𝑛𝑘
𝑒

𝑖
𝑎
(0) − ∫
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𝜔
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Substituting (26) into (11), and recalling that 𝐹
1

= 𝜔,
and deriving once with respect to time (15), is obtained

so that the tuning rule that follows such expression is still
valid. In summary, the proposed controller is made by (25),
along with (20), (22), and (24). Note that this controller is
implemented by both armature current and armature voltage
measurements, so that there is not any mechanic variable
measured; that is, neither velocity nor acceleration angular
measurements are required.

2.2. AnAverage Controller Design for the BuckConverter. This
subsection presents a control based on differential flatness for
the Buck converter, which must be able to provide a voltage
profile 𝜗 which is given by the motor control.

Converter switched dynamics is given by [22]:

𝐿
𝑑𝑖

𝑑𝑡
= −𝜐 + 𝐸𝑢,

𝐶
𝑑𝜐

𝑑𝑡
= 𝑖 −

𝜐

𝑅
,

(27)

where 𝑖 represents the inductor current and V is the out-
put capacitor voltage. The control input, 𝑢, represents the
switching position function, which is a discrete-valued signal
taking values in the set {0, 1}. The system parameters are
constituted by 𝐿, which is the inductance of the input circuit;
𝐶, the capacitance of the output filter, and 𝑅, the output load
resistance.The external voltage source has a constant value𝐸.
We assume that the circuit is in continuous conductionmode;
that is, the average value of the inductor current never drops
to zero, due to load variations.

The average converter model would be represented
exactly by the same mathematical model (27), possibly by
renaming the state variables with different symbols and by
redefining the control variable 𝑢 as a sufficiently smooth
function taking values in the compact interval of the real line
[0, 1]. In order to simplify the exposition, we will refer to
model (27), with 𝑢 replaced by 𝑢

𝑎V, as the average model, and
it is used to obtain a suitable average controller, for the average
(continuous) input variable 𝑢

𝑎V.We shall however distinguish
between the average control input, denoted by 𝑢

𝑎V, and the
switched control input, denoted by 𝑢.

The only feature that distinguishes the average model
from the switched model will then be the control input. This
will surely make things unequivocal.

The averagemodel of the Buck converter is then described
as follows:

𝑥̇ = 𝐴𝑥 + 𝐵𝑢
𝑎V,

𝑦
2
= 𝐶𝑥,

(28)

where 𝑥 = (𝑖 𝜐)
𝑇 and

𝐴 = (

0 −
1

𝐿
1

𝐶
−

1

𝑅𝐶

) ; 𝐵 = (

𝐸

𝐿
0

) ; 𝐶 = (
0

1
)

𝑇

. (29)
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Figure 2: Simplified block diagram of the two-stage control implemented through a Σ − Δ-modulator.

Controllability matrix of the system (28) is given by the
following:

C
2
= (𝐵 𝐴𝐵) = (

𝐸

𝐿
0

0
𝐸

𝐿𝐶

) . (30)

Following a similar procedure which was presented for the
motor, the flat output of the converter is determined by the
following:

𝐹
2
= (0 1)C−1

2
𝑥 =

𝐿𝐶

𝐸
𝜐. (31)

Then, the voltage of the Buck power converter is considered
as a flat output; that is,

𝐹
2
= 𝜐. (32)

By employing (28), a direct calculus shows that differential
parametrization of the system in terms of 𝐹

2
, is given by the

following:

𝜐 = 𝐹
2
, (33)

𝑖 = 𝐶𝐹̇
2
+
1

𝑅
𝐹
2
, (34)

𝑢
𝑎V =

𝐿𝐶

𝐸
𝐹̈
2
+

𝐿

𝑅𝐸
𝐹̇
2
+
1

𝐸
𝐹
2
. (35)

From (35) is evident that if the control converter is chosen as
follows:

𝑢
𝑎V =

𝐿𝐶

𝐸
𝜇
𝑐
+

𝐿

𝑅𝐸
𝐹̇
2
+
1

𝐸
𝐹
2
, (36)

then, the trajectory tracking problem of the converter output
voltage is simplified to control the system:

𝐹̈
2
= 𝜇
𝑐
. (37)

If 𝐹∗
2
is the desired output voltage of the converter, a choice

of 𝜇
𝑐
such that 𝐹

2
→ 𝐹
∗

2
when 𝑡 → ∞, is determined by the

following:

𝜇
𝑐
= 𝐹̈
∗

2
− 𝛽
2
[𝐹̇
2
− 𝐹̇
∗

2
] − 𝛽
1
[𝐹
2
− 𝐹
∗

2
] − 𝛽
0
∫

𝑡

0

[𝐹
2
− 𝐹
∗

2
] 𝑑𝜏.

(38)

In order to show that𝜇
𝑐
satisfies this task, (38) is substituted in

(37) and its first derivative with respect to time is calculated.
Furthermore, voltage tracking error is defined as 𝑒 = 𝐹

2
−

𝐹
∗

2
, so that close-loop dynamic error is determined by the

following:

⃛𝑒 + 𝛽
2
̈𝑒 + 𝛽
1
̇𝑒 + 𝛽
0
𝑒 = 0, (39)

whose polynomial characteristic is as follows:

𝑝
2
(𝑠) = 𝑠

3

+ 𝛽
2
𝑠
2

+ 𝛽
1
𝑠 + 𝛽
0
. (40)

In order to assure that 𝑒 → 0 when 𝑡 → ∞, it is propo-
sed that 𝑝

2
(𝑠) assumes the desired dynamic of the Hurwitz

polynomial:

𝑝
2𝑑
(𝑠) = (𝑠 + 𝑎

2
) (𝑠
2

+ 2𝜁
2
𝜔
𝑛2
𝑠 + 𝜔
2

𝑛2
) . (41)

Bymaking equal this polynomial (term by term) to the close-
loop polynomial (40), it is found that controller gains are
given by the following:

𝛽
2
= 𝑎
2
+ 2𝜁
2
𝜔
𝑛2
; 𝛽

1
= 2𝜁
2
𝜔
𝑛2
𝑎
2
+ 𝜔
2

𝑛2
; 𝛽

0
= 𝑎
2
𝜔
2

𝑛2
.

(42)

2.3. Two-Stage Controller Implemented through a Σ−Δ-
Modulator. For the angular velocity trajectory tracking of𝜔∗
based on energy provided from a Buck power converter for
the DCmotor, a two-stage control scheme is employed.Thus,
it is required to have an integration of two controllers, one
for the Buck power converter and another for a DC motor. A
block diagram is shown in Figure 2.

Starting from a mathematical model of the DC motor
given by the following:

𝐿
𝑎

𝑑𝑖
𝑎

𝑑𝑡
= 𝜗 − 𝑅

𝑎
𝑖
𝑎
− 𝑛𝑘
𝑒
𝜔,

𝐽
𝑑𝜔

𝑑𝑡
= −𝑏𝜔 + 𝑛𝑘

𝑚
𝑖
𝑎
.

(43)
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It was found that control associated with a DCmotor is given
by the following:

𝜗 =
𝐽𝐿
𝑎

𝑛𝑘
𝑚

𝜇
𝑚
+

1

𝑛𝑘
𝑚

(𝑏𝐿
𝑎
+ 𝐽𝑅
𝑎
) ̂̇𝜔 + (

𝑏𝑅
𝑎

𝑛𝑘
𝑚

+ 𝑛𝑘
𝑒
) 𝜔̂,

𝜇
𝑚
= 𝜔̈
∗

(𝑡) − 𝛾
2
(̂̇𝜔 − 𝜔̇

∗

) − 𝛾
1
(𝜔̂ − 𝜔

∗

)

− 𝛾
0
(

̂

∫

𝑡

0

𝜔𝑑𝜏 − ∫

𝑡

0

𝜔
∗

𝑑𝜏) ,

(44)

along with ̂
∫
𝑡

0

𝜔 𝑑𝜏, 𝜔̂ and ̂̇𝜔 determined by (20), (22), and
(24), respectively. Note that equation in (44) are constructed
by using both armature current and armature voltage mea-
surements.

For the Buck converter average model, which drives the
DC motor, determined by the following:

𝐿
𝑑𝑖

𝑑𝑡
= −𝜐 + 𝐸𝑢

𝑎V,

𝐶
𝑑𝜐

𝑑𝑡
= 𝑖 −

𝜐

𝑅
,

(45)

an average control 𝑢
𝑎V was obtained, given by (36) and (38),

which is not a suitable signal for driving the switching power
converter, so that we propose the use of the average control
flatness-based (36)–(38) in sliding mode implementation
using a Σ − Δ-modulator, as discussed in [21, 22]; that is,

𝑢 =
1

2
[1 + sign 𝑒] ,

̇𝑒 = 𝑢
𝑎V − 𝑢,

𝑢
𝑎V =

𝐿𝐶

𝐸
𝜇
𝑐
+

𝐿

𝑅𝐸
̇𝜐 +

1

𝐸
𝜐,

𝜇
𝑐
= ̈𝜐
∗

− 𝛽
2
( ̇𝜐 − ̇𝜐

∗

) − 𝛽
1
(𝜐 − 𝜐

∗

) − 𝛽
0
∫

𝑡

0

(𝜐 − 𝜐
∗

) 𝑑𝜏,

(46)

being as

𝜐
∗

= 𝜗. (47)

So that, the desired voltage for the Buck converter 𝜐∗ is given
by the voltage profile𝜗, obtained by controlling theDCmotor.
This strategy allows an asymptotic trajectory tracking such
that 𝜔 → 𝜔

∗ when 𝑡 → ∞.

3. Numerical Simulations

In this section, numerical simulations show the Buck
converter-DC motor system behavior in close-loop the con-
trol law (44) for the DC motor, along with the switching
control implemented through a Σ−Δ-modulator (46) for the
converter.

The results found in this paper are applied for the case
when a desired angular velocity trajectory is given by a sixth-
order Bézier polynomial as follows:

𝜔
∗

(𝑡) = 𝜔 (𝑡
𝑖
) + [𝜔 (𝑡

𝑓
) − 𝜔 (𝑡

𝑖
)] 𝜑 (𝑡, 𝑡

𝑖
, 𝑡
𝑓
) , (48)

being as 𝜑(𝑡, 𝑡
𝑖
, 𝑡
𝑓
) a polynomial function that interpolates

between 0 and 1, defined by the following:

𝜑 (𝑡, 𝑡
𝑖
, 𝑡
𝑓
)

=

{{{{{{{{{

{{{{{{{{{

{

0, for 𝑡 ≤ 𝑡
𝑖
,

(
𝑡 − 𝑡
𝑖

𝑡
𝑓
− 𝑡
𝑖

)

3

×[20 − 45(
𝑡 − 𝑡
𝑖

𝑡
𝑓
− 𝑡
𝑖

) + 36(
𝑡 − 𝑡
𝑖

𝑡
𝑓
− 𝑡
𝑖

)

2

− 10(
𝑡 − 𝑡
𝑖

𝑡
𝑓
− 𝑡
𝑖

)

3

] ,

1, for 𝑡 ≥ 𝑡
𝑓
,

(49)

where 𝑡
𝑖
and 𝑡
𝑓
are the initial and final time of the trajectory

given, while 𝜔(𝑡
𝑖
) and 𝜔(𝑡

𝑓
) represent the transference angu-

lar velocity in equilibrium associated with 𝑡
𝑖
and 𝑡
𝑓
.

For synthesis purposes, (48) was chosen such that 𝑡
𝑖
= 2 s

and 𝑡
𝑓
= 4 s, with 𝜔(𝑡

𝑖
) = 0.04 rad/s and 𝜔(𝑡

𝑓
) = 15 rad/s.

Thereby, 𝜗(𝑡) changes between 𝜗(𝑡
𝑖
) = 69.7mV and 𝜗(𝑡

𝑓
) =

26.13V.
Numerical simulation includes the following nominal

parameters for the mathematical model of the DC motor:

𝐿
𝑎
= 2.219 × 10

−3H, 𝑅
𝑎
= 0.965Ω, 𝑛 = 14.5,

𝑘
𝑒
= 120.1 × 10

−3N −m/A, 𝑏 = 588 × 10
−6N ⋅m ⋅ s,

𝐽 = 118.2 × 10
−3 kg ⋅m2, 𝑘

𝑚
= 120.1 × 10

−3 V − s/rad.
(50)

These are the nominal parameters of the Buck converter used
for the numerical simulations:

𝐿=4.94mH, 𝐶=224.4 𝜇F, 𝑅=28Ω, 𝐸=36V.
(51)

The controller gains calculated for the DCmotor are 𝛾
2
, 𝛾
1
, 𝛾
0

and the converter controllers are𝛽
2
,𝛽
1
,𝛽
0
, they were selected

according to th following:

𝑎
1
= 23, 𝜁

1
= 0.907, 𝜔

𝑛1
= 555,

𝑎
2
= 175, 𝜁

2
= 0.707, 𝜔

𝑛2
= 855.

(52)

In order to highlight the efficiency of the designed two-
stage controller, a rapid change of the converter load is
performed, this is given by the following:

𝑅
𝑚
=

{{{{{{{

{{{{{{{

{

𝑅 for 0 ≤ 𝑡 < 2.5 s,
20% 𝑅 = 5.6Ω for 2.5 ≤ 𝑡 < 3.5 s,
𝑅 for 3.5 ≤ 𝑡 < 4.5 s,
180% 𝑅 = 50.4Ω for 4.5 ≤ 𝑡 < 5.5 s,
𝑅 for 𝑡 ≥ 5.5 s.

(53)

The corresponding results are presented in Figure 3. It is
clear that 𝜔̂ follows the nominal trajectory 𝜔

∗; it shows
the efficiency of the designed two-stage controller under
uncertainties in the parameter 𝑅.
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Figure 3: Numerical simulations for 𝑅 uncertainties.

In order to show that two-stage control approach pre-
sented for this application is robust with respect to the voltage
source, the following changes of 𝐸 are proposed:

𝐸
𝑚
=

{{{{{{{

{{{{{{{

{

𝐸 for 0 ≤ 𝑡 < 2 s,
75% 𝐸 = 27V for 2 ≤ 𝑡 < 3 s,
𝐸 for 3 ≤ 𝑡 < 4 s,
125% 𝐸 = 45V for 4 ≤ 𝑡 < 5 s,
𝐸 for 𝑡 ≥ 5 s.

(54)

Figure 4 shows the behavior of the mechanical and electrical
variables in the system, when there are uncertainties of 𝐸
value, it can be observed that the trajectory tracking is
successfully performed, since 𝜔̂ → 𝜔

∗ when only both the
voltage 𝜗 and the armature current 𝑖

𝑎
are measured.

Figure 5 shows how the desired trajectory (48) is followed
properly although rapid changes in 𝐶 are introduced. In this
simulations these changes are defined by the following:

𝐶
𝑚
=

{{{{{{{

{{{{{{{

{

𝐶 for 0 ≤ 𝑡 < 2.5 s,
900% 𝐶 = 2019.6 𝜇F for 2.5 ≤ 𝑡 < 3 s,
𝐶 for 3 ≤ 𝑡 < 4 s,
10% 𝐶 = 22.44 𝜇F for 4 ≤ 𝑡 < 4.5 s,
𝐶 for 𝑡 ≥ 4.5 s.

(55)

Figure 6 shows the system behavior when rapid changes
of 𝐿 are given by the following:

𝐿
𝑚
=

{{{{

{{{{

{

𝐿 for 0 ≤ 𝑡 < 2.5 s,
900% 𝐿 = 44.46mH for 2.5 ≤ 𝑡 < 3.5 s,
10% 𝐿 = 0.494mH for 3.5 ≤ 𝑡 < 4.5 s,
𝐿 for 𝑡 ≥ 4.5 s.

(56)

Figure 7 presents the results obtained when the motor
inertia changes are given by the following:

𝐽
𝑚
=

{{{{{{{

{{{{{{{

{

𝐽 for 0 ≤ 𝑡 < 4 s,
500% 𝐽 for 4 ≤ 𝑡 < 4.5 s,
𝐽 for 4.5 ≤ 𝑡 < 5 s,
1500% 𝐽 for 5 ≤ 𝑡 < 5.5 s,
𝐽 for 𝑡 ≥ 5.5 s.

(57)

Finally, numerical simulations are presented when the
viscous friction coefficient is changed abruptly. Result are
shown in Figure 8 when the uncertainties are proposed as
follows:

𝑏
𝑚
=

{{{{{{{

{{{{{{{

{

𝑏 for 0 ≤ 𝑡 < 2 s,
150% 𝑏 for 2 ≤ 𝑡 < 2.5 s,
𝑏 for 2.5 ≤ 𝑡 < 3.5 s,
300% 𝑏 for 3.5 ≤ 𝑡 < 4 s,
𝑏 for 𝑡 ≥ 4 s.

(58)
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Figure 4: Numerical simulations for power-supply uncertainties.
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Figure 5: Numerical simulations for 𝐶 abrupt changes.
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Figure 6: Numerical simulations for 𝐿 changes.
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Figure 7: Numerical simulations for 𝐽 uncertainties.
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Figure 8: Numerical simulations for 𝑏 uncertainties.

4. Conclusions

This paper presented a solution for the angular velocity
trajectory tracking task of a DC motor driven by a DC/DC
Buck power converter through a two-stage control based
on sliding mode implementation using a Σ − Δ-modulator,
without velocity measurements. This controller is composed
of two stages; one controller is linked to the DC motor
and another controller to the Buck converter, where both
controllers are interconnected, more specific details are as
follows.

(1) The first-stage controller is based on differential
flatness and integral reconstructors, for theDCmotor,
which determines the profile 𝜗 such that 𝜔̂ → 𝜔

∗.
An important feature of this approach is related to
the fact that the controller requires neither angular
velocity acquisition, nor acceleration nor position.
This approach requires only armature voltage and
armature current of the DC motor. However, angular
velocity converges exponentially to the desired veloc-
ity trajectory.

(2) The second-stage controller is an average control
based on differential flatness which achieves that
𝜐 → 𝜗. Due to the fact that average control is not
suitable for the switching converter, in this paper, we
have shown via simulations that the use of classical
Σ − Δ-modulator can solve the sliding mode control
implementation problem arising from the average

feedback controller designing a rather efficient man-
ner. This approach retains, in an average sense, the
desirable features of the designed average feedback
controller [21, 22].

(3) A two-stage control was presented via the integration
of the controllers aforementioned along with a Σ−Δ-
modulator, according to Figure 2.

The control goal was successfully achieved since the
motor angular velocity converges to the desired angular
velocity. Furthermore, this controller has been validated
against parametric uncertainties related to load converter
𝑅, system power source 𝐸, capacitance 𝐶, and inductance
𝐿, as well as inertia 𝐽 and viscous friction coefficient 𝑏. It
is important to underline that neither this kind of abrupt
changes nor large changes happen in practice simultaneously,
with respect to their nominal values, like the results presented
in this paper. However, these simulations were made in order
to show the performance and robustness achieved of this
approach which is suitable for practical applications. As a
future work, this technique is worthwhile to be evaluated
experimentally.
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