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We introduce some double sequences spaces involving the notions of invariant mean (or o-mean) and o-convergence for double
sequences while the idea of o-convergence for double sequences was introduced by Cakan et al. 2006, by using the notion of
invariant mean. We determine here some inclusion relations and topological results for these new double sequence spaces.

1. Preliminaries, Background, and Notation

In 1900, Pringsheim [1] presented the following notion of
convergence for double sequences. A double sequence x =
(x i) is said to converge fo the limit L in Pringsheim’ sense
(shortly, p-convergent to L) if for every € > 0 there exists an
integer N such that |x; — L| < & whenever j,k > N. In this
case, L is called the p-limit of x.

A double sequence x = (x ;) of real or complex numbers
is said to be bounded if | x|, = supj’klxjkl < 00. The space of
all bounded double sequences is denoted by /Z,,.

If x € M, and is p-convergent to L, then x is said to be
boundedly p-convergent to L (shortly, bp-convergent to L). In
this case, L is called the bp-limit of x. The assumption of p-
convergent was made because a double sequence on which
p-convergent is not necessarily bounded.

In general, for any notion of convergence v, the space of
all v-convergent double sequences will be denoted by €, the
space of all v-convergent to 0 double sequences by €, and
the limit of a v-convergent double sequence x by v-lim ;x ;,
where v € {p, bp}.

Let Q) denote the vector space of all double sequences with
the vector space operations defined coordinatewise. Vector
subspaces of Q) are called double sequence spaces. In addition

to the above-mentioned double sequence spaces, we consider
the double sequence space as

Ly=AxeQ]lxly =) |xu| < oo 1)
ik
of all absolutely summable double sequences.

All considered double sequence spaces are supposed to
contain

® := span {ejk | j,k € N}, 2)

where

ejk:{l; if (j,k) = (i, ), )

i 0; otherwise.

We denote the pointwise sums . Y i &k (k e N),

and ¥, &* (j € N) bye, €, and ej, respectively.

Let o be a one-to-one mapping from the set N of natural
numbers into itself. A continuous linear functional ¢ on
the space £, of bounded single sequences is said to be an
invariant mean or a o-mean if and only if (i) ¢(x) > 0 when
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the sequence x = (x;) has x; > 0 forall k, (ii) ¢(e) = 1, where
e=(1,1,1,...),and (iii) ¢(x) = ¢((x,))) for all x € €.

Throughout this paper we consider the mapping o which
has no finite orbits, that is, o”(k) #k for all integer k > 0
and p > 1, where (k) denotes the pth iterate of o at k.
Note that a 0-mean extends the limit functional on the space
¢ of convergent single sequences in the sense that ¢(x) =
limx for all x € ¢, (see [2]). Consequently, ¢ C V, the set
of bounded sequences all of whose o-means are equal. We
say that a sequence x = (x;) is o-convergent if and only if
x € V. Using this concept, Schaefer [3] defined and cha-
racterized o-conservative, o-regular, and o-coercive matrices
for single sequences. If o is translation then V, is reduced to
the set f of almost convergent sequences [4]. Recently, Mohi-
uddine [5] has obtained an application of almost convergence
for single sequences in approximation theorems and proved
some related results.

In 2006, Cakan et al. [6] presented the following defi-
nition of o-convergence for double sequences and further
studied by Mursaleen and Mohiuddine [7-9]. A double seq-
uence x = (x ;) of real numbers is said to be o-convergent to
anumber L if and only if x € 77, where
7, = {x eM, : p,tlziinoocpq“ (x) = Luniformly ins, t;

[

L= a—limx} ,

"G 1)2 Srvir

j=0 k=0

(4)

while here the limit means bp-limit. Let us denote by 7 the
space of o-convergent double sequences x = (x jk). Foro(n) =
n+ 1, the set 7', is reduced to the set & of almost convergent
double sequences [10]. Note that €}, ¢ 7, C ,,.

Maddox [11] has defined the concepts of strong almost
convergence and M-convergence for single sequences and
established inclusion relation between strong almost conver-
gence, M-convergence, and almost convergence for single
sequence. Bagarir [12] extended the notion of strong almost
convergence from single sequences to double sequences and
proved some interesting results involving this idea and the
notion of almost convergence for double sequences. In the
recent past, Mursaleen and Mohiuddine [13] presented the
notions of absolute and strong o-convergence for double
sequences. A bounded double sequence x = (x ;) is said to
be strongly o-convergent if there exists a number € such that

Z ZIxaus oo~ €] —0

p+1)(q+1),0k0 )
as p,q — oo uniformlyins, t,

while here the limit means bp-limit. In this case, we write
[7 ,]-lim x = €. Let us denote by [7/,] the set of all strongly
o-convergent sequences x = (xj). If o is translation then
[7,] is reduced to the set [#] of strong almost convergence
double sequences due to Bagarir [12].
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For more details of spaces for single and double sequences
and related concepts, we refer to [14-31] and references
therein.

In this paper, we define and study some new spaces
involving the idea of invariant mean and o-convergence
for double sequences and establish a relation between these
spaces. Further, we extend above spaces to more general
spaces by considering the double sequences a = (a;) such
that . > 0 for all j, k and sup;;a;, = H < 0o and prove
some topological results.

2. The Double Sequence Spaces

We construct the following spaces involving the idea of
invariant mean and o-convergence for double sequences:

1
"o {5~ () e

m n
X Z ZCpqst (x _eE) — Oasm,n — 00,
p=0g=0

uniformlyins, ¢, for some ¢ } ,

1
m+1)(n+1)

(7,1 = 3= (x,):

x i i |Cpqst (x—EE)' — 0 as m,n — 00,
p=04g=0

uniformlyin s, t, for some ¢ } )

' = {x ~(xy):

00 00
Z Z 'qust - Ep—l,q,s,t - fp,q—l,s,t + Ep—l,q—l,s,t

p=04=0

converges uniformlyin s, t]» ,
"
v, = {x = (xjk) :

SupZkaqst Ep 1,g,st qu Ls,t

t p=0g=0

+ fp—l,q—l,s,t < OO} >
(6)
where E = () with e, = 1 forall j, k;
1 m n
Emnst - Emnst (x) - m Z Z(pqst (x) >

p=04=0
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800,56 (X) = Qo050 = X0
105t () =y g0 (%) = Xy p5
§o,-1,5¢ (%) = Qo 1,6 (X) = X541,

s (%) =0y y 00 (%) = Xy

7)

Remark 1. If [#';]-lim x = ¢, that is,

(m + 1) (n+ 1) Z Z |(quf €| —0 (8)

asm,n — 00, uniformly in s, t; then

(m+1)(n+1 ZZ Zcq“

p0q0p+1

)

(m+1)(n+1)ZZ

p=04=0

q+ 1 Z(pkst

We remark that by using Abel’s transformation for single
series

m m
Z"i (; Fhyyy) = Z”i (Vi FVii1) Fthy1 Vi (10)
i=1 i=1

We get Abel’s transformation for double series

P 4
Z Zvjk (“fk T ULk T

Ujkr T ”j+1,k+1)

j=lk=1
P 4 P
= Z Z”Jk( llek) Z”J q+1 ( 1ijq) (1
j=lk=1 j=1
- Zup+1,k (A Olvpk) + up+1,q+lqu’
k=1
where
Alovjq =Viqa = Vj-1e AOlka = Vok ~ Vpk-1

(12)
AnvVik =Vik = Visk = Vik-1 T VieLk-1-

In the recent past, Altay and Bagar [32] also presented
another form of Abel’s transformation for double series.

3. Inclusion Relations

In the following theorem, we establish a relationship between
spaces defined in Section 2. Before proceeding further, first
we prove the following lemmas which will be used to prove
our inclusion relations.

Lemma 2. Consider that (% ;]-lim x = € if and only if

(L) 7 ,-limx = ¢;

(L2) (1/1’”’) Zm 1 Zn 1 |anst -
(uniformly in s, t);

(L3) (I/MV) Zm IZn 1 |anst - |
(uniformly in s, t);

¢l - O0asu,v — o0

— 0asu,v — o0

(L4) (I/MV) zfn:l z:;:l |{rnnst + Emnst annst annst| -
0 as u,v — oo (uniformly in s, t),
where
Q b
mnst (m + 1) Zcpnst
(13)

mnst (l’l + 1) zcmqst

Proof. Suppose that [#',]-limx = €. Thus, we have %',-
lim x = £, that is, (L1) holds. We see that conditions (L2) and
(L3) follows from the Remark 1. Write

1 vy T i
E/ Z Z |Cmnst + Emnst anst anst

u v
= i} Z Z |Cmnst -+ Emnst € - Q:Vlnst + - ermst ?
m=1n=1
1 & & 1 &
< J}mzzl r; |Cmnst - €| + J/MZ:l ngl Ifmnst _ €|
1 & & 1 &
* E/ Z Z |Q:Ylﬂ5t - €| +— Z Z |annst f'
m=ln=l m=1n=1
:21+22+23+24 (say),
(14)

By our assumption, that is, [#,]-limx = ¢, %, — 0 as
u,v — oo uniformly in s, t. The condition (L1) implies
that &,,,, tends to zero as m,n tending to co uniformly in
s, t; therefore X, — 0 asu,v — oo uniformly in s, t and
¥5,%, — 0asu,v — oo uniformly in s, t by the con-
clusion (L2) and (L3), respectively. Thus, (14) tends to zero
asu,v — oo uniformly in s, t, that is, (L4) holds.
Conversely, let (L1)-(L4) hold. Then,

1 &
;/Z Z|mnst

m=1n=1

1 ¢y t ¥
= M_V Z Z |(m"$t + Em"St anst anst

m=1n=1
1 u v
+ Emzl ,,zi |Emnst (15)
i u v |Q‘r e'
+ uvmzlr; mnst
1 & :
+ E Z Z |anst e'

3
N
I

14

— 0 (u,v — 00) uniformlyin s, t. O



Lemma 3. One has

T ¥
Cmnst + Emnst anst anst

=mn [Emnst -

(16)

Em—l,n,s,t - &m,n—l,s,t + Em—l,n—l,s,t] .

Proof. Since

Em,n—l,s,t + Em—l,n—l,s,t

m-=1 n
m(n+ 1)1;)(;)%‘1“]

Emnst - ‘Em—l,n,s,t -

[ (m+ 1) (n+1) Z Zcpq“

p=0g=0

m n—l m-1n-1
17)

First, we solve the expression in the first bracket

m n m-1 n
[(m+ 1) (n+ 1);O ;,cf’q“ m(n+ 1)1;);0‘:1"1“]

1
mm+1)(n+1)

[5efim 5er)

q=0

1 n m—1
T m(m+ 1) (n+ 1)Z [m mast pzzocpq“]

9=0

= m(m+ 1) (}’l+ 1) Z |:(m+ I)Cmqst _Pz_()(pqst]

q=0

1 n
- qu [ mat oy 1)2%]

m

m(n+ = ZC”W“ m (m + 1) (n+1) 5 2 Ly

q=0

m (n + 1) ZCmqst m mnst
(18)

Now, the expression in the second bracket

m n—1 1 m—1n-1
(m+ I)npzoqupq“ npzoqzoqpq“

- _Z [m(m+1 { Z_: P‘Ft_(m'kl);cpqst]’]

g |:m(m+ 1) { mgqst PZO(pqst}]

:I'—‘
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m n—1

1 n—1
- %;(mq“ m(m + l)nZ Zcpq“

p=0g=0

mn 1,s,t*

= mn Zcmqst

(19)
Substituting (18) and (19) in (17), we get

Em,n—l,s,t + Em—l,n—l,s,t

Z Cmqst mnst

Emnst - Em—l,n,s,t -

1 n
Cm(n+1) qumw

1
+ ; Em,nf Ls;t

- mn (ﬂ +1) |: ZC’”qSt (n+1) quqst]

1

- ; (Emnst - gm,n—l,s,t)

1 =
m |:7’lCmnst - qZOCmqst] (20)

1

- Z (Emnst - Em,n—l,s,t)

1 n
- m |:(I’l +1) Cmnst - qZO(qut]

1
- (Emnst -
m

1
% |: mnst (}’l+ 1) ZCmqst:|

1
- a (Emnst -

Em,n— l,s,t)

Em,n— l,s,t) .

We know that

Emnst (m + 1) (I’l + I)PZ;)qZ(:){PQSt
m-1 n

Z ZCPG“ + Z(mqst (21)

p=09=0

m-1 n
Em—l,n,s,t T’l + 1) Z Zc‘oqst
=0 g=0

(m+1)(n+1)
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From (21), we have

Also, we have

(m + 1) Emnst - mgm—l,n,s,t (n + 1) Zcmqst‘ (22)

(m + 1) (n+1)
Thus, (20) becomes

Z Z Cpqst (X e)

p=0g=0

gmnst - Em—l,n,s,t - Em,n—l,s,t + Em—l,n—l,s,t

: (m+ 1) (n+ 1)1;){;) 'Cpqst (x - €)| (30)

_f’l [Cmnst - (m + 1) Emnst + mfm—l,n,st]

< 4
1 — 1)(n+ l)g)qzozpqstax .
a (Emnst - Em,n—l,s,t) (23)
1 Hence, [7',] ¢ (W' ,]) ¢ W, and
= % [cmnst - Emnst -m (Emnst - Em—l,n,s t)
(7 ,]-limx = W ,-limx = €. (31)
-n (Emnst - gm,n—l,s,t)] .
Also (22) can be written as (ii) We have to show that W; cw,].lfx € W;, then we
have
m (Emnst - €m—l,n,s,t) Zcmqst mnst* (24)
(n+ 1)
mnst Z Zlgpqst gp 1,gs.t qu lst+5p 1,9- lst|
Similarly, we can write p=maq=n (32)
— 0
n (fmnst - fm,n—l st (m + 1) Zcpnst mnst* (25)
asm,n — 00, uniformlyin s, t; and
Using (24) and (25) in (23), we get

£ _E vE Epgt — € (say) as p,q — oo, uniformlyins,t, (33)
mnst m—1,n,st m,n—1,s,t m—1,n—1,s,t
1

thatis, 7 ,-limx = ¢.
- % Cmnst +£mnst "+ 1) Zc‘tmst (}’l N 1) Z(mqst

In order to prove that x € [#/,], it is enough to show that
condition (L4) of Lemma 2 holds. Now,
(26)

This 1mp11es that Smnst Sm,rﬁl,s,t - Sm+1,n,s,t + Sm+1,n+1,s,t
T ¥ x©
Cost + Emst — Q0 — Q)
mnst mnst mnst mnst Z Z|qust EP Last qu lst+£p 19 lst|
p=maq=n
=mn [Emnst - Em—l,n,s,t - Em,n—l,s,t + Em—l,n—l,s,t] .
(27)
D —

(o]

Z |qust - Ep—l,q,s,t - Ep,q—l,s,t + Ep—l,q—l,s,t
p=mg=n+1

Theorem 4. One has the following inclusions and the limit is

preserved in each case:

W) (7] W) W,

0o 00
- Z Z |qust - Ep—l,q,s,t - Ep,q—l,s,t + fp—l,q—l,s,t
p=m+149=n

(i) 7! < | if the conditions (L2) and (L3) of o
Lemma 2 hOld, + Z Z |£pqst - Ep—l,q,s,t - Ep,q—l,s,t + Ep 1,g-1,s t|
(iii) WI c WII p=m+1 g=n+1
o o
Proof. (i) Let x € [7,] with [7,]-lim x = ¢, say. Then, [Z Z :|
Cpgst (IX = €]) — 0 as p,q — oo, uniformlyins,t. (28) prm LA amnd
This implies that x "C'pqst - ’fp—l,q,s,t - 5p,q—1,s,t + 5p—1,q—1,s t'
1 m n o0 o0 oo
S U, o X Ay p— _ [ _ ]
(m+1)(n+ 1)1’:0 q=0 (29) p:%zﬂ q;‘ q;l

as p,q — oo, uniformlyins, t.

X .EPqu - EP*L%SJ - fp,q—l,s,t + gpfl,q—l,s,t




0
= Z |Epnst - Ep—l,n,s,t - Ep,n—l,s,t + Ep—l,n—l,s,t
p=m

(o)

- Z |Epnst - Ep—l,n,s,t - Ep,n—l,s,t + Ep—l,n—l,s,t|

p=m+1

[o0) [oe)
= [ Z - Z :| |Epnst - gp—l,n,s,t - gp,n—l,s,t + Ep—l,n—l,s,t

p=m  p=m+l

= lgmnst - Em—l,n,s,t - £m,n—1,s,t + Em—l,n—l,s,t' .
(34)

Replacing m and n by p and g, respectively, we have

& & =3 =3
‘Spqst - ‘Sp,q+1,s,t - "Sp+1,q,s,t + ‘Jp+1,q+1,s,t
(35)

= '£Pq5t N gp—l,q,s,t - gp,q—l,s,t + gp—l,q—l,s,t' .
By Lemma 3, we have
T ¥
Coast + Spast = Lpget ~ Lpgst
(36)
=Pq [qust - Ep—l,q,s,t - Ep,q—l,s,t + Ep—l,q—l,s,t] .

So that we have

l m n
%I; Z‘i 'Cpqst + qust - Q;qst - ‘Q;qst'
=1q=

m n
- ﬁ Z qu [Spqst - Sp,q+1,s,t (37)

p=1g=1

=3 =3
_‘5p+1,q,s,t + ‘5p+1,q+1,s,t] .

By using Abel’s transformation for double series in the right
hand side of above equation, we have

1 & 1 t
mn & Zl [€past * Epast = Upaet = Vs
p=lg=
1 m n n
= Z Zqust - mzsmﬂ,q,s,t (38)
mn | ;3421 g=1

m
o o3
—-n Z ‘Sp,nJrl,s,t + mn‘sm+1,n+1,s,t
p=1

—0asm,n — o0, uniformly in s,t (by (32)). Hence, by
Lemma2, x € (7 ,].
(iii) Let x € W{,, and we have to show that

00 00
supz Z .qust - Ep—l,q,s,t - Ep,q—l,s,t + Ep—l,q—l,s,t

st p=0g=0

<K,

(39)

where K is an absolute constant. Since x € %, there exist
integers p,, q, such that

Z Z |qust - Ep—l,q,s,t - Ep,q—l,s,t + Ep—l,q—l,s,t

P>Po 9740

<1, Vst

(40)
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Hence, it is left to show that for fixed p, g

<K, Vst (41

|qust - Ep—l,q,s,t - Ep,q—l,s,t + Ep—l,q—l,s,t
From (40), we have
'qusf - EP*l,q,s,t - Ep,qfl,s,t + Ep—l,q—1,s,t| <1, (42)

for every fixed p > p;, g > q, and for all s, ¢. Since

m (m + 1) n (1’1 + 1) (Emnst - fm—l,n,s,t - Em,n—l,s,t + Em—l,n—l,s,t)

m n
= Z qu (Cpqst - Cp—l,q,s,t - cp,q—l,s,t + CP—I,qfl,s,t) :
p=lg=1
(43)

Accordingly,

mn[(m+1)(n+1)

X (Emnst - Em—l,n,s,t - Em,n—l,s,t + fm—l,n—l,s,t)

—-m-1)(n+1)

x (gm—l,n,s,t - Em—z,n,s,t - Em—l,n—l,s,t + Em—z,n—l,s,t)

-m+1)(n-1)

x (Em,n—l,s,t - 'Sm—l,n—l,s,t - Em,n—Z,s,t + Em—l,n—Z,s,t)

+(m-1)(n-1)

X (Em—l,n—l,s,t - Em—Z,n—l,s,t - Em—l,n—Z,s,t + fm—Z,n—Z,s,t) ]

:iq

gq=1

m
[ Z (Cpqst - Cp—l,q,s,t - CP,q—l,s,t + (pfl,qfl,s,t)

p=1

m—1
- Z p ((pqst - Cpfl,q,s,t - Cp,q—l,s,t + Cpl,ql,s,t):|
p=1
n-1 m
B Zq [ ZP (CP‘Z“ N cpfl,q,s,t - Cp,qfl,s,t + Cp—l,q—l,s,t)

q=1 Lp=1

m—1

- Z p ((pqst - Cpfl,q,s,t

p=1

- Cp,q—l,s,t + Cp—l,q—l,s,t)

n
= Zq [I’l’l ((mqst - (m—l,q,s,t - cm,q—l,s,t + Cm—l,q—l,s,t)]
gq=1

n-1
- Zq [ﬂ’l (Cmqst - cmfl,q,s,t - cm,qfl,s,t + Cm—l,q—l,s,t)] .
=1
q (44)
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This implies that
(m + 1) (1’2 + 1) (Emnst - Emfl,n,s,t - Em,nfl,s,t + gmfl,nfl,s,t)
—-m-1)(n+1)
X (gm—l,n,s,t - Em—z,n,s,t - gm—l,n—l,s,t + Em—Z,n—l,s,t)
-m+1)(n-1)
X (gm,n—l,s,t - fm—l,n—l,s,t - Em,n—Z,s,t + Em—l,n—Z,s,t)

+(m-1)(n-1)

X (Em—l,n—l,s,t - Em—z,n—l,s,t - gm—l,n—Z,s,t + 5m—2,n—2,s,t)

= [Cmnst - (m—l,n,s,t - {m,n—l,s,t + cm—l,n—l,s,t] .

(45)
Using (42) and (45), we have

|(mnst - Cm—l,n,s,t - Cm,n—l,s,t + Cm—l,n—l,s,tl <K (m7 f’l) (46)

for every fixed m > p,, n > q, and for all s, t, where K(m, n)
is a constant depending upon m, n.
Now, for any given infinite double series ) ; Y, a,, denoted

« _»

as “a’, let us write

j k
X =Y Yag jk=12... (47)

s=0t=0

and o be monotonically increasing. For simplicity in notation,
we denote

(/)mnst = Cmnst (a) - Cm—l,n,s,t (61) -

+ m—1,n—1,s,t (a) .

Cm,n—l,s,t (a)
(48)

Again from the definition of {,,,,,, it is easy to obtain

m n d; h,'{
¢mnst m(m+1)n(n+1)zz,7 (Z Zauv> (49)

j=lk=1 u=d; v=hy

for all m,n > 1and ¢y, (@) = a withd; = 0/ (s) + 1, d] =

al(s), hy = (1) + 1, hl. = o (¢). Further, we calculate

m (m + 1) n (1’2 + 1) ¢mnst -m (m - 1) n(” + 1) ¢m—1,n,s,t
-mm+nn-1¢, . 1,

tmm-1)nn-1)¢, 1, 14

7
m n m-1 n m n—1 m—1n-1
=9Y Yjk=> k=Y Y jk+ jk
=1 k=1 =1 k=1 j=1 k=1 =1 k=1
4 K
(D D
u=d; v=hy
n m m—1 n-1 m m—1
SR EDNIEDYIDIEDN
k=1 j=1 j=1 k=1 j=1 j=1
a
X a,,
u=d; v=hy
n n-1 d:,, hzlc
= {mZk—mZk} a,,
k=1 k=1 u=d,, v=h,
d,, M
=mn < aw>
u=d,, v=h,,
(50)
Thus, we have
d,, 1,
Y Ya,= (m+1)(n+ 1),
u=d,,v=h,
—(m=1) (14 1)y S

- (m + 1) (1’1 - 1) ¢m,n—1,s,t
tm=-1)(n=1)¢,_1 16

Hence, it follows from (46) that for each fixed m > p;, n > gy,

d b,
> D
u=d,, v=h,,

Hence, it follows from (52) that

< K(myn), Vs,t. (52)

|aw| <K Vu,v, (53)
where K is independent of u, v. By (49), we have

lCmnst - C

m-1ms,t (m,n—l,s,t + Cm—l,n—l,s,t|

(54)
<K, Vm,n,s,t.
Also from (43) and (54), we have
|£pqst - Ep—l,q,s,t - Ep,q—l,s,t + Ep—l,q—l,s,t <K, Vp’ g st
(55)
O

4. Topological Results

Here, we extend the spaces [(%,], #", %! to more general
spaces, respectively, denoted by [7,(«)], 7' (&), 7! (),



where o = (;.) is a double sequence of positive real numbers
for all j, k and SUp; & = H < co. First, we recall the notion
of paranorm as follows.

A paranorm is a function g : X — R defined on a linear
space X such that forall x, y,z € X

(P1) g(x) =0ifx =0

(P2) g(-x) = g(x)
(P3) g(x + y) < g(x) + g(y)

(P4) If (w,,) is a sequence of scalars with o), — «, (n —
o0) and x,,a € X withx, — a(n — o©0) in the
sense that g(x, —a) — 0 (n — ©0), then o, x,, —
aya (n — 00), in the sense that g(e,x,, — aga) —
0(n — 00).

A paranorm g for which g(x) = 0 implies x = 0 is called
a total paranorm on X, and the pair (X, g) is called a total
paranormed space. Note that each seminorm (norm) p on X
is a paranorm (total) but converse needs not be true.

A paranormed space (X, g) is a topological linear space
with the topology given by the paranorm g.

Now, we define the following spaces:

1
7, @) - { =(5) ey

m n o
x Z Z'cpqst (x — €E)' "0,

p=04=0

as m,n — 00, uniformlyins, t]» )

%/('7 (@) = {x = (x]-k) :

18
Mg

«
|£pqst _Ep—l,q,s,t _Ep,q—l,s,t + Ep—l,q—l,s,t | .
0

i
o
i

converges uniformlyin s, t} ,

‘7/:,’ () = {x = (xjk) :

%pq

Supz Z|€pqst Ep 1,g,s,t gpq lst+£p 1,g-1Ls,t

t p=0 =0
oo}

We remark that if « = (a;) is a constant sequence, then
we write [%, ,] in place of [7,(«)].

(56)
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Theorem 5. Let ¢ = (oc ) be a bounded double sequence
of strictly positive real num?)ers Then, (W ,(x)] is a complete
linear topological space paranormed by

1/M
1 m n ‘qu
9(x)=;E£t(—(m+1)(n+1););)|qust(x)| ) ,
(57)

where M = max(1,sup, o). If « > 1 then [W;,] is a
Banach space and (W', ] is a a-normed space if 0 < o < 1.

Proof. Let (qu) and ( ypq) be two double sequences. Then,

'qu + ypq|am = K('qu'%q + ' Pq'%q (58)
where K = max(1,27 ') and H = SUp , Xy Since
A% < max (1, A7), (59)

therefore

mz Zlcpqst (Ax + puy)|™

m n

A om + 1)(n+ 1)Z kaq“ &) | "’ (60)

p=04g=0

R (m+ 1)(n+ 1)2 Z'Cpqst ™,

p=04g=0

where K; = max(1, A7) and K, = max(1, IyIH). From (60),
we have thatifx, y € [# ,(«)], then Ax+uy € [# ,(«)]. Thus,
(7 ()] is a linear space. Without loss of generality, we can
take

(7, ()] -lim x = 0. (61)

Clearly, g(0) = 0, g(-x) =
Minkowski’s inequality, we have

m n I/M
(5 St

p=04=0

g(x). From (58) and

m n 1/M
< |:Z Z |Cpqst (x)|zxp¢1/M + 'Cpqst (y)|“pq/M>:|
p=0g=0
m n /M
(3 ool
p=0g=0
m n /M
(5 om0
p=0g=0
(62)
Hence,
glx+y)<g)+g(»). (63)
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Since @ = («,,,) is bounded away from zero, there exists a
constant 6 > 0 such that «,,,, > § for all m, n. Now for |A| <
1, ]M% < |A|° and so

g(Ax) < M™Mg (x), (64)

that is, the scaler multiplication is continuous. Hence, g is a
paranorm on [%,(«)].
Let (xb) be a Cauchy sequence in [7/;(«)], that is,

g(xd—xb)—>0 as b,d — oo. (65)
Since
)" < g (-2

(66)

(m+ 1) (n+ 1););)'Cpq5t

it follows that

gt (7 =)™ — 0 asb.d — co Vp.g.st. (67)

In particular,

b
|(0,0,s,t (x - X )' =

as b,d — oo for fixed s, t.

d_ bl _ o
xst xst

(68)

Hence, (x%) is a Cauchy sequence in C. Since C is complete,

there exists x = (x ;) € C such that x? — x coordinatewise
asd — oo. It follows from (66) that given € > 0, there exists

d, such that
1M
) q) <e (69)

< (m+ 1) (n+ 1)1;);)|cpq“
for b,d > d,. Now takingb — oo and sup,, . in (69), we

have g(xd —x) < e ford > d,. This proves that x? - xand
x = (xjk) € |7 ,(a)]. Hence [# ,(«)] is complete. If « is a
constant then it is easy to prove the rest of the theorem. [

Theorem 6. One has the following:
W () is a complete paranormed space, paranormed by

h(x) = sup(Z Z |qust fp 1L,gs.t

p=0g=0
(70)

1/M
%pq
— gp,q—l,s,t + gp—l,q—l,s,t| >

which is defined on W' (). If o« > 1 then W:w
space and if 0 < a < 1, W', , is a-normed space.

is a Banach

Proof. In order for the paranorm in (70) be defined, we
require that

W () W) () (71)

which is proved in the next theorem (i.e., Theorem 7). Using
the standard technique as in the previous theorem, we can
prove that A is subadditive.

Now, we have to prove the continuity of scalar multiplica-
tion. Suppose that x = (xj) € W{I((x). Then, for € > 0 there
exist integers M, N > 0 such that

D [t () = Ept g ()
e (72)

IV

a
P
- Ep,q—l,s,t (X) + gp—l,q—l,s,t (x)' !

If |A| < 1, then by (72) we have

|£pqst (Ax) — Epfl,q,s,t (Ax)

I
re1e

- Ep,q—l,s,t (AX) + Ep—l,q—l,s,t (AX )'am

Z 'gpqst (x) - gp—l,q,s,t (x)

=N

IN
Invs

=

(04
P
= Epg1st )+ 851010 (x)| !

(73)
Since for fixed M, N
M-1 N-1
Z |£pqst (Ax) - Ep—l,q,s,t (AX) - £p,q—1,s,t (/\X)
p=0 gq=0 (74)

«
+Ep—1,q—l,s,t (Ax)| " 0

as A — 0, it follows from (73) and (74) that for fixed x =
(xj%), h(Ax) — 0asA — 0. Also, since [A|% < max(1,

[A)T) implies that
h(Ax) < (sup A1) Mh (x) . (75)

It follows that for fixed A, h(Ax) — 0 asx — 0. This
proves the continuity of scalar multiplication. Hence, h is a
paranorm. The proof of the completeness of % () can be
achieved by using the same technique as in Theorem 5.  [J

Theorem 7. Suppose that « (apg) is bounded double
sequence of strictly positive real numbers. Then,

(i) 7 () is a complete linear space paranormed by the
function h deﬁned in (70). In particular, if « is a
constant, Wga is a Banach space for « > 1 and a-
normed space for 0 < « < 1,

(ii) W‘;((x) is a closed subspace of “W/g(tx).

Proof. (i) Proceeding along the same lines as in Theorem 6,
except for the proof of continuity of scalar multiplication. If
x=(xj) € W{,’(oc), we cannot assert (72) as in the case when

x=(x jk) € W:,((x). Since « is bounded away from zero, there
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exists § > 0 such that o, > § for all m, n. Hence, |A| < 1
implies [A|*1 < [A]°. Since

h(Ax) < [M*h(x), (76)

continuity of scalar multiplication follows.
(ii) For this, first we have to show that

W (@) cW! (). 77)

Letx = (xjk) € %/;((x). Then, there exist integers M, N such
that

D2 et 0 = Epmrges () = Epgrree (0

p=M =N (78)
o
+ &y gt (x)' .

By an argument similar to Theorem 4(iii), we obtain (77).
Since W('T(oc) and ‘7/('7'(“) are complete with the same metric,
we have (ii). O
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