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In this paper, we study a general second-order m-point boundary value problem for nonlinear
singular dynamic equation on time scales u2V (£)+a(t)u® () +b(Hu(t) +Aq(t) f (t, u(t)) = 0,t € (0, 1),
u(p(0)) =0, u(o(1)) = Z{z a;u(n;). This paper shows the existence of multiple positive solutions
if f is semipositone and superlinear. The arguments are based upon fixed-point theorems in a cone.

1. Introduction

In this paper, we consider the following dynamic equation on time scales:

utY () + a(yu® () + b(tu(t) + Aq(t) f(t,u(t)) =0, te (0,1)y,

m-2 (11)
u(p0)) =0,  u(c(1)) = > au(n),
i=1

where a; >0, 0 <1; <11 <1;foralli=1,2,...,m-2; f,q,a and b satisty
(C1) g € Lis continuously and nonnegative function and there exists t, € (p(0), (1)) s.t.
q(to) > 0, q(t) may be singular at t = p(0),0(1);
(CZ) ac C([0/1]/ [0/ +OO)), be C([0/1]/ (_OO, 0])

In the past few years, the boundary value problems of dynamic equations on time
scales have been studied by many authors (see [1-15] and references therein). Recently,
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multiple-point boundary value problems on time scale have been studied, for instance, see
[1-9].

In 2008, Lin and Du [2] studied the m-point boundary value problem for second-order
dynamic equations on time scales:

utV(t)+ f(t,u)=0, te(0,T)ET,

m=2 (1.2)
u(0) =0,  w() = ku),
i=1

where T is a time scale. This paper deals with the existence of multiple positive solutions for
second-order dynamic equations on time scales. By using Green’s function and the Leggett-
Williams fixed point theorem in an appropriate cone, the existence of at least three positive
solutions of the problem is obtained.

In 2009, Topal and Yantir [1] studied the general second-order nonlinear m-point
boundary value problems (1.1) with no singularities and the case. The authors deal with the
determining the value of \; the existences of multiple positive solutions of (1.1) are obtained
by using the Krasnosel’skii and Legget-William fixed point theorems.

Motivated by the abovementioned results, we continue to study the general second-
order nonlinear m-point boundary value problem (1.1), but the nonlinear term may be
singularity and semipositone.

In this paper, the nonlinear term f of (1.1) is suit to and semipositone and the
superlinear case, we will prove our two existence results for problem (1.1) by using
Krasnosel’skii fixed point theorem. This paper is organized as follows. In Section 2, starting
with some preliminary lemmas, we state the Krasnosel’skii fixed point theorem. In Section 3,
we give the main result which state the sufficient conditions for the m-point boundary value
problem (1.1) to have existence of positive solutions.

2. Preliminaries

In this section, we state the preliminary information that we need to prove the main results.
From Lemmas 2.1 and 2.3 in [1], we have the following lemma.

Lemma 2.1 (see [1]). Assuming that (C2) holds. Then the equations

P (1) + a(t)di (1) +b(H)i(H) =0, € (0,1)y,
$1(p(0)) =0,  ¢i(c(1) =1,

2V (1) + a(t)py (1) +b(t)da(t) =0, e (0,1),
$2(p(0)) =1,  ¢o(c(1)) =0

(2.1)

(2.2)

have unique solutions ¢ and ¢, respectively, and

(a) ¢ is strictly increasing on [p(0),o(1)],
(b) ¢ is strictly decreasing on [p(0),o0(1)].
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For the rest of the paper we need the following assumption:

(C3) 0< X% aigp (1) < 1.

Lemma 2.2 (see [1]). Assuming that (C2) and (C3) hold. Let y € C[p(0),0(1)]. Then boundary
value problem

2BV () + a(t)x®(t) + b(H)x(t) + y(t)=0, te(,1)g,

m=2 (23)
x(p(0) =0,  x(o(1)) = Sax(n)
i=1
is equivalent to integral equation
o(1)
x(t) = o H(t, s)p(s)y(s)Vs + Agi(t), (2.4)
P
where
m-2 a(1)
p() = ealp(t),p(0), A= wf CHOLOpEVETs @)
1 1 al¢1 (ﬂl) i=1 p(0)
1 P1(s)ga(t), s<t,
H(ts)= ——— (2.6)
S)‘ﬁ@m»{@m@@»tg&

Proof. First we show that the unique solution of (2.3) can be represented by (2.4). From
Lemma 2.1, we know that the homogenous part of (2.3) has two linearly independent
solution ¢ and ¢, since

$1(p(0)) ¢1 (p(0))

= —¢1 (p(0)) #0. (2.7)
h(p0) ()]

Now by the method of variations of constants, we can obtain the unique solution of
(2.3) which can be represented by (2.4) where A and H are as in (2.5) and (2.6), respectively.
Next we check the function defined in (2.4) is the solution of the boundary value problem
(2.3). For this purpose we first show that (2.4) satisfies (2.3). From the definition of Green’s
function (2.6), we get

t o(1)
ﬂ0=gﬁi65<L@¢M@%UW@W@ﬂ%+L ¢NWM@W@W@“M>+A%U)
(2.8)



4 Abstract and Applied Analysis

Hence, the derivatives x4 and x2V are as follows:

o(1)

xA(t) = <¢§<t> f P1(8)p(s)y(s)Vs + ¢ (t)
p(0) t

¢A(;1)(0)) ¢z(S)P(S)y(S)Vs> +APR(H),
1

p(t)
X8V (t) = 5V (1) o $1(s)p(s)y(s) Vs + ¢3 ()1 (Dp(Hy (1)
p

ol

o(1)
+p1Y (1) Y P2(s)p(s)y(s)Vs + ¢1A(f)¢2(t)r’(t)y(t)> + AgrY (b).
P
(2.9)

Replacing the derivatives in (2.3), we deduce that

XAV () + a(t)x® () + b(t)x(t)

= A($2T () + a(hpi () + b(B1 (1))

<¢ 5(p(0)) _[ ¢1(s)P(s)y(s)Vs> <<;b2AV(t +a(t)P2 (t) + b(t)a( t))
1

o(1)
* <—¢A(;(0)> | ¢z(s)P(s)y(S)VS>( 270+ a(t)gl () + b (1))
1

1 p(t)
+ W ) <¢?V<t>f PEPOYETs 40 ] ¢z<s>p(s>y<s>Vs>

o) B ORO =500y

) (<o>><¢2”()(f’“)—f>¢1<t>p<t>y<t> $27 (D2 (Dp Dy ()

B3 (O OPOY(E) - B OP(DPOY(D))

_ A(l(o)) POV (33 OB (1) - 62 (OPaAD))

( 2 0P PYOe® =Y (937 Od(1) - $17 (2(1))

- o5 ( o pOYO] (#2000 - 2 OR0) + (o0 -1 (92 Ok (1) - 2 1) |
1

A <0>)’”( 1w ® (85 ()¢ (p(1) - 3 (1) g2 (1))
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= mr’(”y(f)e@a(f’(t),p(O)) (92 (p(0)))
1

=-y().
(2.10)

Therefore the function defined in (2.4) satisfies (2.3). Further we obtain that the boundary
value conditions are satisfied by (2.4). The first condition follows from (2.5) and (2.6) and
Lemma 2.1. Now we verify the second boundary condition. Since

H(o(1),s) = 2 (0))4)1(5)(;1)2(0(1)) = (2.11)
we obtain that
o(1)
x(c(1)) = o H(o(1),s)p(s)y(s)Vs + Ap1(c(1)) = A. (2.12)
p

On the other hand, by using (2.5), we find that

m-2 m-2 (1)
aix(1;) = Z“i< H(ni,s)p(s)y(s)Vs + A (ﬂi))

i=1 i1 p(0)

m-2 o(1)
Zai< ) H(ni,s)p(s)y(s)Vs

i=1 p(

0 (2.13)
m— o(l
Sann [ Hou o)
i- z¢1 (m:) i p(0)
1 m-2 o(1)
= = a H(ni,s)p(s)y(s)Vs = A
1= 37 iy (i) z; p(0)
Combining the two equations above finishes the proof. O

Lemma 2.3. Green’s function H(t,s) has the following properties:

92 (p(0)) 6]
Hbs) SHY, e nHEDH(s,s) SH(ts) SH(s,s), Hb) S hit) 250 5 (p(0))’
(2.14)

Lemma 2.4. Assume that (C2) and (C3) hold. Let u be a solution of boundary value problem (1.1) if
and only if u is a solution of the following integral equation:

o(1)

ut)= | Gt s)p(s)a(s)f (s u()Vs, (2.15)
p



6 Abstract and Applied Analysis

where

G(t,s) = H(t,s) + ! azH(rlz,s)d)l(t) (2.16)

1 al(,bl(ﬂz i=1

The proofs of the Lemmas 2.3 and 2.4 can be obtained easily by Lemmas 2.1 and 2.2.

Lemma 2.5. Green’s function G(t, s) defined by (2.16) has the following properties:

Cagr (H(s,5) < G(t,5) < C1H(s,5), Glt,5) < Cau(t), (2.17)
where
ci-te ||¢1|| -2
2 i (mi) =
91 (p(0)) 1 LS
O = gl 15 () 2 () (218)
2l m=

= H 17 1)
P2 (p(0)  1- 3y mq‘bl(ﬂz Z )

Proof. From Lemma 2.3, we have

1 m-2

G(t,s) < H(s,s) 7 T i;a,-H(s, )¢l < C1H{(s, s),
Gt,s) < "(¢2('(')))¢ O T mzl HL (1)1 () < Coa (),
Glt,5) 2 — Zi,ﬁzl s (ni>g“iH (11,5) 1 () 219
S ¢1 o le ﬁ;ﬂﬂf(p)ﬁH(ni,m)H(s,sm(t)
> Cop1(H)H(s, s).
The proof is complete. O

The following theorems will play major role in our next analysis.
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Theorem 2.6 (see [16]). Let X be a Banach space, and let P C X be a cone in X. Let Qq,€, be open

subsets of X with 0 € Qp C Q,CcQ,andletS: P — Pbea completely continuous operator, such
that, either

1) ||Sw]| < ||lwl||, w € PN oLy, ||Sw|| > ||w|, w € PN oLy, or
(2) ||Sw]| > ||lwl||, w € PN oLy, ||Sw]|| < ||lw|lw € PN oLs.

Then S has a fixed point in PN Qy \ Q.

3. Main Results

We make the following assumptions:

(Hy) f(t,u) € C([p(0),0(1)] x [0,+0), (—o0, +0)), moreover there exists a function
g(t) € LY([p(0),0(1)], (0, +0)) such that f(t,u) > —g(t), for any t € (p(0),0(1)),
u € [0,+00).

(H}) f(t,u) € C((p(0),0(1)) x [0,+c0), (-0, +o0)) may be singular at t = p(0),c(1),
moreover there exists a function g(t) € L'((p(0), (1)), (0, +00)) such that f(t,u) >
—-g(t), forany t € (p(0),0(1)), u € [0, +00).

(H2) £(£,0) > 0, for t € [p(0),0(1)].
(H3) There exists [01,0,] € (p(0), 0(1)) such that limyomingee, 6, (f (, 1) /u) = +o0.

(Hy) fg((ol)) H(s,s)p(s)q(s)f(s,z)Vs < +oo for any z € [0, m], m > 0 is any constant.

In fact, we only consider the boundary value problem

x2V () + a(t)x™ (t) + b()x(t) + Aq(t) [f (t, [x(t) - v()]*) + g(H)] =0, A >0,

_ (3.1)
x(p(0)) =0,  x(c(1) = D ax(n:),
i=1
where
), y@) =0,
(b = {3/ y (32)
0,  y() <0,

and v(t) = A fs((()l)) G(t,s)p(s)q(s)g(s)Vs, which is the solution of the boundary value problem

o2V (1) + a(t)o® (t) + b(t)o(t) + Aq(t)g(t) = 0,

m-2 (33)
v(p(0)) =0, v(o(1)) = Zaiv(qi).
i=1

From Lemma 2.1, it is easy to verify that v(t) < ACy¢1(t) and Cy = C3 fg((ol)) q(s)g(s)Vs.
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We will show that there exists a solution x for boundary value problem (3.1) with

x(t) > v(t), t € [p(0),0(1)]. If this is true, then u(t) = x(t) — v(t) is a nonnegative solution
(positive on (p(0),0(1))) of boundary value problem (3.1). Since for any ¢ € (p(0),c(1)), from

(u(t) + ()7 + a(t) (u(t) + v(t)® + b(t) (u(t) + v(t)) = -Aq(t) [f(t,u) + g(1)], (3.4)
we have
bV () + a(t)ul (t) + b(Hu(t) = -Aq(t) f(t, u). (3.5)

As a result, we will concentrate our study on boundary value problem (3.1).
We note that x(t) is a solution of (3.1) if and only if

o(1)

x(t) =4 o G(t, 5)p(s)q(s) (f (t, [x(t) —o(D]") + g(1)) Vs. (3.6)
P

For our constructions, we will consider the Banach space X = C[p(0),0(1)] equipped
with standard norm ||x|| = maxo<<1|x(t)|, x € X. We define a cone P by

P={xex1x02 Zhll, e [pO,0m]}, (37)

where ¢ is defined by Lemma 2.1 (namely, ¢; is solution (2.1)). Define an integral operator
T:P — Xby

o(1

)
Tx(t) = lf G(t,s)p(s)g(s) (f (t, [x(t) —v(®)]") + (1)) Vs. (3.8)

p(0)

Notice, from (3.8) and Lemma 2.5, we have Tx(t) > 0 on [0,1] for x € P and

o(1)
Tx(t) = )Lf o G(t,s)p(s)q(s)(f (¢, [x(t) —v(t)]") + g(t)) Vs
p

3.9
o) (3.9)

<CiA o H(s,s)p(s)q(s)(f (¢, [x(t) —v(H)]") + g(£)) Vs,
p

then ||Tx|| < Cl)»f;?((ol)) H(s,s)p(s)q(s)(f(t, [x(t) —v()]") + g(t))Vs.
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On the other hand, we have

o(1)
Tx(t) = Af , GO (1,10 ~oT) + 50) Vs
P

o(1)
>\ Cop1(HH (s, 5)p(s)q(s) (f (¢, [x(t) —v()]") + g(t)) Vs
PO (3.10)

o(1)
2 %¢1(t)/\f C1H(s, s)p(s)q(s) (f(t, [x(t) —v(t)]*) + g(t)) Vs
1 p(0)

G
> C—1¢1(t)||Tx||.

Thus, T(P) C P. In addition, standard arguments show that T(P) C P and T is a compact, and
completely continuous.

Theorem 3.1. Suppose that (Hy)-(H,) hold. Then there exists a constant A > 0 such that, for any
0 < X < A, boundary value problem (1.1) has at least one positive solution.

Proof. Fix 6 € (0,1). From (Hy), let 0 < £ < 1 be such that

f(t,z) >6f(t,0), forp(0)<t<o(l), 0<Lz<e. (3.11)
Suppose that
O<l<— =1
2c7(e) : (3.12)

where ?(5) = max,(0)<t<o(1),0<z<e { f (£, 2) + g(t)} and c = Cy f;((g)) H(s, s)p(s)q(s)Vs. Since

lim@ = +o0o,
zl0 Z
_ (3.13)
fle) 1
: 2N
there exists a Ry € (0, ¢) such that
f(Ro) _ 1 (3.14)
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Letx € Pand v € (0,1) be such that x = vT(x), we claim that ||x|| # Ry. In fact

a(1)
[Tx(®)]] <) o C1H(s,s)p(s)q(s)[f (s, [x(s) - v(s)]") + g(s)] Vs
P
o(1)

<A o C1H(s, s)p(s)q(s)[f (s, [x(s) —v(s)]") + g(s)] Vs
P

o(1)
<A C1H(s,s)p(s)q(s) max [f(s,z) +g(s)] Vs (3.15)

p(0) 0<s<1;0<z<R,

(1) _
<A o C1H(s,s)p(s)q(s) f(Ro)Vs
4

< Acf(Ro),

that is,

f(RO) 1 1 f(RO) (3.16)

which implies that ||x|| # Ro. Let U = {x € P : ||x|| < Ro}. By nonlinear alternative of Leray-
Schauder type theorem, T has a fixed point x € U. Moreover, combing (3.8), (3.28), and
Ry < ¢, we obtain that

a(1)
x(t) = AI o G(t, s)p(s)q(s)[f (s, [x(s) —v(s)]") + g(s)] Vs
P
o(1)
> Af G(t,s)p(s)q(s)[6f(s,0) + g(s)] Vs
p(0)

o(1) o(1)
> A[éj G, () f(s, 075+ [ G, S)P(S)q(S)g(S)VS] (3.17)
p(0) p(0)

o(1)

>4 G(t,s)p(s)q(s)g(s)Vs
p(0)

=o(t) forte (p(0),0(1)).

Let u(t) = x(t) —ov(t) > 0. Then (1.1) has a positive solution u and ||u|| < [|x|| £ Ry < 1. This
completes the proof of Theorem 3.1. O
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Theorem 3.2. Suppose that (H}) and (H3)-(Hy) hold. Then there exists a constant \* > 0 such that,
forany 0 < A < X%, boundary value problem (1.1) has at least one positive solution.

Proof. Let Q1 = {x € P : ||x|| < R}, where R; = max{1,r} and r = (C:C3/C) f;((ol)) q(s)g(s)Vs.

Choose

p(0)

o(1) =
At = min{ 1, Ry [Cl H(s, s)p(s)q(s) | max f(s, z) + g(S)] VS] } (3.18)
Then for any x € PN 0Q;, then ||x|| = Ry and x(s) — v(s) < x(s) < ||x]|, we have

o(1)
ITx ()] < lf o C1H(s,s)p(s)q(s) [f (s, [x(s) —v(s)]") + ()] Vs
P

o(1)
<A C1H(s,s)p(s)q(s)[f (s, [x(s) —v(s)]") + g(s)] Vs
PO (3.19)
o(1)
<AC H(s,s)p(s)q(s) | max f(s,z) + g(s)| Vs
p(0) 0<z<R;
<SRy = x|

This implies that

ITx|| < llxll, x€Pnog;. (3.20)

On the other hand, choose a constant N > 0 such that

ACIN (®:
2C,

H(s, s)¢1(s)p(s)q(s)Vse?gtgréZ(;l)ﬂt) > 1. (3.21)

01
By assumption (Hj), for any t € [0, 0-], there exists a constant B > 0 such that

£
@ >N, namely, f(t,z) >Nz, forz>B. (3.22)
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Choose R, = max{R; +1,2Ar,2C1(B + 1) /Coming, i<, 1 (1)}, and let Q, = {x € P : ||x]| < Ry},
then for any x € P N 0€Q,, we have

a(1)
x() ~ v(t) = x(t) - Af oGP

a(1)

> x(t) Acgqbl(t)f P()q(s)g(s)Vs

> x- s [ g o)
> (t)—%)tr
(-
% ) >0, te[0,1]
Then,
min (<0 -o(0)) 2 min { 20} 2 min {2 gr 011}
- RZchirz‘eéijGZ‘i’l(t) >B+1>B. -
Now,

o(1)
ITx(t)]) > max A f Car (VH (s, 8)p(s)q(s) [f (5, [x(s) = v()]") + 8(s)] Vs
== p(0)

o(1)
2 max ACa¢1 (t) f H(s, s)p(s)q(s)f (s, [x(s) —v(s)]") Vs
- p(0)

0>
2 ACo min (1) | H(s,9)p(5)q(5)f(5,x(5) = 0(s)) Vs

02
2AC2min ¢1(8) | H(s,9)p©a(&N () - 0(9)Ts

0>
> /\Cz mm ¢1(t) H{(s, s)p(s)q(s)—x(s)Vs

01
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2 6,

2C Gf?tiﬁrézd)l(t) 01 H(S’S)p(S)q(S)d)l(S)”x”VS

2 6,

JAGN . .
- 2C1 Gflgtlﬁrézd)l(t) 6, (SIS)(i)l(S)P(S)q(S) S“x”

> [|x]].
= ||Tx|| > ||x], x€ PnNoQ,.
(3.25)

Condition (2.1) of Krasnosel’skii’s fixed-point theorem is satisfied. So T has a fixed
point x with R; < ||x]| < Ry such that

AV (1) + a(t)x™ (1) + b(t)x(t) = -Aq(s) (f (s, [x(s) —v(s)]") + g(s)), O<t<1,

- (3.26)
x(p(0)) =0,  x(c(1)) = > aix(n:).
i=1
Since r < ||x||,
C2 o(1)
x(t) —o(t) 2 1 ()x] - A G(t,s)p(s)q(s)g(s)Vs
1 p(0)
o(1)
> %(ﬁl(t)llxll - ¢ (t)AC3f p(s)q(s)g(s)Vs
1 p(0)
(3.27)

> g—th(t)nxn - g—qulam
> 9(,‘I)l(i.‘)r - %¢1(t))tr
1 1

> (1= ) Sra(0) >0

Let u(t) = x(t) — v(t), then u(t) is a positive solution of boundary value problem (1.1). This
completes the proof of Theorem 3.2. O

Since condition (H;) implies conditions (H}) and (Hy), and from proof of Theorems
3.1 and 3.2, we immediately have the following theorem.

Theorem 3.3. Suppose that (Hi)-(Hz) hold. Then boundary value problem (1.1) has at least two
positive solutions for A > 0 sufficiently small.
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Proof. On the hand, fix 6 € (0,1). From (H;), let 0 < € <min{1,r/2} be such that

f(t,z) 26f(t,0), forp(0)<t<o(l), 0<z<e. (3.28)
Choose
g f—
— =,
25 ) (3.29)

where f(e) = maxposcomozze{f(t,2) + g}, ¢ = Ci[I5 H(s,5)p(s)q(s)Vs, and r =

p
(C1G5/Cy) fz((ol)) q(s)g(s)Vs.

On the other hand, set Q; = {x € P : ||x|| < Ry}, where R; = 1 + r. Choose

a(1) -1
A = min{l,Rl [Cl H(s,s)p(s)q(s) [max f(s,z)+ g(s)] Vs] } (3.30)
p(0) 0<z<Ry
So, let
0<< min{X,A*}. (3.31)

From 0 < A < min{x, A*}, we have 0 < A < X, from proof of Theorem 3.1, we know
that (1.1) has a positive solution u; and ||u;|| < |lu1|| £ Ry < r/2. Further, also from 0 < A <
min{\, \*}, we have 0 < A < A*, from proof of Theorem 3.2, we know that (1.1) has a positive
solution u; and ||up|| > R;/2 > r/2. Then (1.1) has at least two positive solutions u; and u,.
This completes the proof of Theorem 3.3. O

4. Examples
To illustrate the usefulness of the results, we give some examples.

Example 4.1. Consider the boundary value problem

utV () + at)ut (t) + b(Hu(t) + )t<u“(t) + (t—tlw COS(2.71'u(t))> =0, A>0,
(4.1)

m-2
u(p(0)) =0,  u(o(1)) = > au(n),
i=1

where a > 1. Then, if A > 0 is sufficiently small, (4.1) has a positive solution u with u(t) > 0
fort € (0,1).
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To see this, we will apply Theorem 3.2 with

q(t) =1, f(tu)=u(t) + m cos(2rru(t)), g(t) = (t—jw (4.2)
Clearly
£(t,0) = TR 0, ftuw+g®zu®)>0,  lim f (Z”) - 4o, (4.3)

for t € (p(0),0(1), u > 0. Namely, (Hj) and (Ha)~(Hs) hold. From [70)(1/((o(1) - p(0))s -
(s— p(O))2)1/2)VS =g, set Ry = Cyor and m = max,(g)<t<o(1) {p(t) } + 1, we have

a(1)
f C1H(s, s)p(s) [Orsr;g]f(s, z) + g(s)] Vs

p(0)
oW mCyl|g | ] 1
<| R curyt 4 Vs (44)
L«» 1 (p(0)) ((o(l)—p(O))S—(S—P(O))2>1/2
mCi | il ]
<———— " ((C
Fp) (G

and A* = min{1, ¢£ (p(0)) /m|| g1 ||p/|((CF*! + 1)}. Now, if A < A*, Theorem 3.2 guarantees
that (4.1) has a positive solution u with ||u|| > 2.

Example 4.2. Consider the boundary value problem

utV () + a(H)u (t) + bH)u(t) + A<u2(t) - gu(t) + 2> =0, 0<t<1, A>0,
o (4.5)
u(p(0)) =0, u(o(1)) = Zaiu(qi).
i=1

Then, if A > 0 is sufficiently small, (4.5) has two solutions u; with u;(t) > 0 fort € (0,1), i =
1,2.
To see this, we will apply Theorem 3.3 with

ft,u) =u?(t) - gu(t) +2, g(t)=4 (4.6)
Clearly
qt)=0,  f(t,0)=2>0,  f(t,u)+g(t) > % >0, 3&@ = +oo. (4.7)
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Namely, (H;)-(H3) hold. Let 6 =1/4, e = 1/4and c = fg((ol)) C1H(s,s)p(s)Vs, then we may
have

1 1

A= =—.
8c(maxoez<.f(t,z) +4) 48¢c

(4.8)

Now, if A < A, Theorem 3.2 guarantees that (4.5) has a positive solution u; with ||us|| < 1/4.
Next, let R; = p, where p = 4cC;3/C, + 1 is a constant, then we have

o(1) o(1) 17
Vs= S (49)

C1H(s, s)p(s) [g +4 >

C1H(s,s)p(s) Oggﬁlf(s,z) + g(s)] Vs =

p(0) p(0)

and \* = min{1,2p/17c}. Now, if 0 < A < 1*, Theorem 3.1 guarantees that (4.5) has a positive
solution u, with [juz]| > p.

So, since all the conditions of Theorem 3.3 are satisfied, if A < min{x, A*}, Theorem 3.3
guarantees that (4.5) has two solutions u; with u;(t) >0 (i = 1,2).

Example 4.3. Consider the boundary value problem

WAV (1) + a(t)ud (F) + b(E)u(t) + M’ (t) + cos(2ru(t))) =0, 0<t<1, >0,

s (4.10)
u(p(0)) =0, u(o(1)) = Z“i”(ﬂi)/
i=1

where a > 1. Then, if A > 0 is sufficiently small, (4.10) has two solutions u; with u;(t) > 0 for
te(0,1),i=1,2.
To see this we will apply Theorem 3.3 with
f(t,u) =u(t) + cos(2mru(t)), g(t) =2. (4.11)

Clearly

lim fitu)

fE0)=1>0, f(t,u)+g(t)>u'(B)+1>0, lim=

= +o0, forte (p(0),0(1)).
(4.12)

Namely, (H;)-(Hs) hold. Let 6 = 1/2,¢ = 1/8 and ¢ = J‘;’((Ol)) C1H(s,s)p(s)Vs, then we may
have

£ 1

2c(maxoeee f(6,2) +2) ~ 16c((1/8)"+3) A (4.13)

Now, if 0 < A < Athen0 < A< e/ 2c(maxXo<y<e f (£, x) + 2), Theorem 3.2 guarantees that (4.10)
has a positive solution u; with ||u;|| < 1/8.



Abstract and Applied Analysis 17

Next, let R; = p, where p = 4cC3/C, + 1 is a constant, then we have

o(1) o(1)
C1H(s,s)p(s) | max f(s, z) +g(s)] Vs < C1H(s,s)p(s)[p* +2] Vs = (p” +2)c
p(0) 0<z<Ry p(0)
(4.14)
and A* = min{l,p/(p* + 2)c}. Now, if 0 < A < X, then 0 < A < p x

(fs((()l)) C1H (s, s)p(s)[maxo<z<r, f (s, 2) + g(s)]Vs)fl, Theorem 3.1 guarantees that (4.10) has a
positive solution u, with ||uz || > 1.
So, if A < min{A,1*}, Theorem 3.3 guarantees that (4.10) has two solutions u; with

wi(t) >0 (i=1,2).

Example 4.4. Let T = {0,1/4,2/4,3/4,1,5/4,...}. We consider the following four point
boundary value problem:

- 15—6u(t) + L(u(t) + cosRmru(t))) =0, A>0,

w0 o(3) )1 ()

where a(t) = 12/5, b(t) = -16/5, and q(t) = 1. Then, if A > 0 is sufficiently small, (4.15) has
two solutions u; with u; >0 (i =1,2).

Let ¢1 and ¢, be the solutions of the following linear boundary value problems,
respectively,

utv(t) + 15—2uA(t)
(4.15)

AV (8) + 15_2uA(t) - 15—6u(t) —0, u(0)=0, u(g) _1

12

(4.16)
W)+ T () - Su) =0, u(0)=1, u(Z) - 0.

It is evident (form the Corollaries 4.24 and 4.25 and Theorem 4.28 of [17]) that

(5/4)4t _ (1/2)41‘

_6/9°1/2" - (1/2)°6/9"
(5/4)° - (1/2)° '

(5747 _(1/2)] (4.17)

$i(t) = $a(t)

Also ¢, satisfies (C3). Green’s function is

5 4s 1 4s 5 5 1 4t 1 5 5 4t
O XN
OO0 -

and p(t) = (2/5)*" follows from e, (t, to) = (1 + ah) ™" on T = hN.
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To see this, we will apply Theorem 3.3 with
f(t,u) =u(t) + cos(2mu(t)), g(t) =2. (4.19)

Clearly

f(t,O) =1>0, f(t,u)+g(t) >ut(t) +1>0, lgn f(i,lu) _

+oo, for t e (p(0),0(1)).
(4.20)

Namely, (H;)-(H3) hold. Let 6 =1/2, e =1/8 and ¢ = fg((ol)) C1H(s,s)p(s)Vs, then we may
have

£ 1
2c(maxoexee f (t, ) +2) = 16¢((1/8)" +3)

=\ (4.21)

Now, if 0 <A < Athen0 < A < €/2c(maxocx<e f (t, x) + 2), Theorem 3.2 guarantees that (4.15)
has a positive solution u; with ||u;|| < 1/8.
Next, let Ry = 4c¢C3/C, + 1 is a constant, then we have

o(1) o(1)
f max f(s,z) + g(s)] Vs < f CiH(s, s)p(s)[R] +2] Vs = (p® +2)c (4.22)
p(0) 10s2<Ry p(0)

and \* = min{l,R/(R{ + 2)c}. Now, if 0 < A < A%, then 0 < A < Ry x
(js((ol)) C1H (s, s)[maxo<z<r, f(s,2) + g(s)]Vs)fl, Theorem 3.1 guarantees that (4.15) has a
positive solution u, with |Juy|| > 1.

So, if A < min{A,1*}, Theorem 3.3 guarantees that (4.15) has two solutions u; with
u;(t) >0 (i=1,2).
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