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Using bosonic p-adic g-integral on Z,,

we give some interesting relationships between g-Bernoulli numbers with weight (e,f3)

and g-Bernstein polynomials with weight . Also, using g-Bernstein polynomials with two variables, we derive some interesting
properties associated with g-Bernoulli numbers with weight («,f3).

1. Introduction

In many areas the Bernstein polynomials have many appli-
cations: in statistics, in computer applications, in approxima-
tions of functions, in numerical analysis, in p-adic analysis,
and in the solution of differential equations. In particular,
recognition of human speech has long been a hot issue among
artificial intelligence and signal processing researchers, and
g-Bernstein polynomials, which are mathematical operators,
have been applied for pattern recognition, and a new method
has thus been developed. For g-Bernoulli numbers and
polynomials, several results have been studied by Carlitz (see
[1, 2]), Kim (see [3-7]), Ozden et al. (see [8]), and M.-S.
Kim et al. (see [9]). Bernoulli numbers and polynomials
possess many interesting properties and arise in many areas
of mathematics, mathematical physics, and statistical physics.
Recently, many mathematicians have studied in the area of
Bernoulli numbers and polynomials. First, we introduce the
g-Bernoulli numbers and polynomials with weight («, 3) as
extended measure. And we investigate some identities due
to the g-Bernoulli numbers and polynomials with weight
(o, B). Second, we consider the p-adic analogue of the
extended g-Bernstein polynomials on Z, and investigate
some properties of several extended g-Bernstein polynomials
by using the bosonic p-adic g-integral. Finally, we investigate
the relation of Bernstein polynomials and Bernoulli numbers
and polynomials using p-adic g-integral on Z,,.

Throughout this paper, we use the following notations.
By Z,, we denote the ring of p-adic rational integers, Q,
denotes the field of p-adic rational numbers, C,, denotes the
completion of algebraic closure of Q,, N denotes the set of
natural numbers, Z denotes the ring of rational integers, Q
denotes the field of rational numbers, C denotes the set of
complex numbers, and Z, = NU{0}. Let v, be the normalized
exponential valuation of C,, with pl, = p ) = p! When
one talks of g-extension, g is considered in many ways such
as an indeterminate, a complex number g € C, or p-adic
number g € C,,. If g € C one normally assumes that || < 1.
Ifq € C,, we normally assume that [g— 1], < p /7D 50 that
q" = exp(xlogq) for |x|, < 1. Throughout this paper we use
the following notation:

1-(-q)"

1+g

1-4*
A

)

[x], =

(see [1-22]). The g-numbers [x] q satisfy many simple rela-
tions, all easily verified, as below:

[x+y], = x1+q"[y],


https://core.ac.uk/display/193415628?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

[x], = -q “[x],,

[_x]q’l = _q[x]q>
[1 —x]q =1- [x]q—l.
2)
For a fixed positive integer f with (f, p) = 1, let
z
X=X,=lm(-—25=), X, =2,
f %n < prZ > 1 14
X'= U (a+fr"z,), 3)
0<a< fpN
(a,p)=1

a+fpNz, = {x €X| XEa(mOdfPN)}’

wherea € Zand 0 < a < fp" (see [3]). We say that f is a
uniformly differential function ata pointa € Z, and denotes
this property by f € UD(Z,) if the difference quotients

f&)-f()
xX=y
= f'(a). For f € UD(Z,), let us

Ff (x,y) = (4)

have alim, ) _, (g0 F (%, )
begin with the expression

Zqu=

[ qu

2 fWu(x+p"Z,) O

0<x<pN

representing a g-analogue of the Riemann sum for f. The
integral of f on Z, is defined as the limit (N — ©0) of
the sums (if exists). The p-adic g-integral (or g-Volkenborn
integrals of f ¢ UD(Z,)) is defined by T. Kim (see [4]) as
follows

IU)j £ () dg, (%)

:Lf“”%m ©
=N1:m 2 f0a
q0<x<p

(see [4]). If we take f1(x) = f(x+ 1) in (6), then we easily see
that

QL (f1) =1 (f)+(d° - 1) £ (0)
(7)

logq,;f .

From (6), we obtain

@ (F) = Lo () + (@ - 1) Y £ O
1=0

(8)

10gqﬁZf(
where f,(x) = f(x + n) (cf. [1-19]).
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Carlitz’s g-Bernoulli numbers Sy ; can be defined recur-
sively by f3,, = 1 and by the value that

1, ifk=1
q(qﬁq + 1)k - Bk,q = { 1 9)

0, ifn>1,
with the usual convention of replacing ﬁ; =Big-
Carliz’s g-Bernoulli polynomials are also defined by

X k
Bu = a8+ 11,) = 3 (§)apleti”. 0
i=0

It is well known that

Bua = | el (0,

(11)
Bug (%) = JZ [x + y]Zdyq (y), neZz,

where 3, /(x) are called the nth Carlitz’s g-Bernoulli polyno-
mials.

In this paper, we define the g-Bernoulli numbers and
polynomials with weight («, 8) as below.

Fora, 3 € Zandq € C, with|1-¢|, < 1, the g-Bernoulli

numbers ﬁfl“qﬁ ) with weight (a, 8) are defined by

ﬁ%ﬁ) - J (] g Apigp (). (12)
ZP
Fora,B € Zandq € CP with |1 —q|p < 1, the g-Bernoulli
polynomials with weight («, ) are also defined by

Bl = [ eolpdig ) 03)

2. The Properties of the g-Bernoulli Numbers
and Polynomials with Weight («,f3)

Our primary goal of this section is to find some properties
of the g-Bernoulli numbers with weight («, ), respectively,
[3("‘ h) ﬁ;“qﬁ )(x). This is a very important process to find the
relatlonship between Bernoulli numbers and polynomials
and Bernstein polynomials. In this section, by using the
bosonic p-adic g-integral on Z,, we obtaln some properties.

Fora« € Zandgq € C w1th 1 - < 1, g-Bernoulli
numbers with weight (a, [5) are represented as follows by
simple calculus:

N

p-1

j [x]dp () = lim Y x(df)

ZP Nﬁoo[pN]qﬁ X=

(=]

B "En\, g 1+ (@/p)]
_< ) ;<l>( 1 [1+ /)]
(14)
We set
EP 0 =3 65 = (15)
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By (14) and (15), we have

(0¢l3) _ (ocﬁ
E*P (1) = Z B -
1+ (a/B)1 ¢

=;<1— ) IZO< >(_ ) [1+ (/)] 4 7!
) qﬁ){ ozo:qﬁme[m]qw ~ %tOZO: ql(rxﬂga [m] et } .
m=0

0 q
(16)

I
—
—

Note that fora = f =1,

B (x) =B, (x), (17)

where B, (x) are the nth Carliz’s g-Bernoulli polynomials.

In part1cular x =0, ,8 (L1) (0)
Bernoulli numbers.

Fora € Zandq ¢ Cp with |1 —q|p < 1, since [x+y]qa =
[x]ge + q

Byq are the nth Carliz’s g-

[y] g We get the formula as below:

B = [ [+ g ()
! (18)
([x ocXﬁ(a ,8))

with usual convention about replacing (ﬁq“’ﬁ )" by (ﬁfzﬁ)).
Also, by (6) and the bosonic p-adic g-integral on Z,,, we get
the finite summation formula as below:

B 0= |, brv iy )

() 20) v wimn,

(19)

Therefore, by (18) and (19), we have the following theo-
rem.

Theorem 1. Fora,3 € Z and q € C, with |1 — g, < 1, one
has

B () = (1x)ge + 4B

(20)

and if x = 0, B&P(0) = P
We also get from Theorem 1 that forn € Z,,

ﬁffl) (1-x) = (-1)"q"B&F (x). 1)

From (7) we get the following formula:

Zqﬁﬁnqﬁ)(l) Bl — =gf —1+1 (22)

3
and by comparison of coefficients we obtain as below:
-1 ifn=0
A By (1) =Bl = 11 ifn=1  (23)
0 ifn=>2.
From (8), we get the following formula:
ZICH (o) 4t
"B o) = B+ (- )Zq’*
(24)

" E[E] nzlk (oc+/3)l[l]k 1

Blals iz

Specially, we consider when n = 1 and n = 2, then we obtain
the following Theorem.

Theorem 2. Fora, 3 € Z and q € C, with |1 —ql, < 1, one
has

@B W =Bl ifn=1,
7B 2)

ﬁ(‘x ﬁ) (

] L
1) () + K ﬁ]qaq L ifn=2

(25)

By the bosonic p-adic g-integral on Z, and (21), forn € N

[, 0=l 0 = 1 [ 1

P P

~ Upedpyp ()

- (—1)”q“”ﬁ£‘,"f) (-1)

=pehle
(26)

Therefore, from Theorem 2 and (26), we obtain the
following theorem.

Theorem 3. Fora, 3 € Z and q € C, with |1 - ql, < 1, one

has

J, 0=t 0

5 (27)
_ PR L (ﬁ—a)g[_] '
1 ﬁ“)q_l T Bla q“

3. Properties of g-Bernstein Polynomials

In this section, we introduce the g-Bernstein polynomials
and we get some properties to use. Let C[0, 1] be the set of
continuous functions on [0, 1]. Then, the classical Bernstein
polynomials of degree n for f € C[0, 1] are defined by

B, (f) =k§f(g>3k,n (x), 0<x<1, (28)



where B, ( f) is called the Bernstein operator and

By, (x) = (Z) (1= x)F (29)

are called the Bernstein basis polynomials (or the Bernstein
polynomials of degree n). In recent years, Gupta et al. have
studied the generation function for g-Bernstein polynomials

(see [19]). Their generating function for Bk)n(x | q) =
(%) [x1501 = x177% is given by

k[lx]t[]

F, (t,x) = Z B, (x| q) (30)

where [x], = (1 - q")/(1 = g). Observe that

(}i_)mlgk,ﬂ (x | q) = Bk,n (x) . (31)

Also, g-Bernstein polynomials with weight «, E,((‘j‘n)(x | 9)
are studied by T. Kim (see [7]), and the formula is as below:

Effﬁ (x1q)= (Z) [X]Z«x[l - x]Z;k. (32)

Let f be continuous functions on [0,1]. g-Bernstein
operator is defined as below:

Zf( )Bkn x,q)
SAEer

From now on, we introduce some properties of g-
Bernstein polynomials with weight o and g-Bernstein oper-
ator. It is easy to show that these properties are true by some
calculus are

B, (f 1)
(33)

1) B, (1-x1q")=B2x1q),
(2) [1-x]«B (x| q)+[x]BY, (x| q)=
BY(x | 9),

(3) (d/dx)B (xlq)—( naq™logq/(1 - q%))
(B (xlq) B 1 1),
@) B, (f | ) = Ty f(k/mBE(x | ),

In the above property 4, we consider special cases f =1, f =
t, f = t* as below.

Iff=1,
B,,(11x)=1 (34)
If f=t,
— nl -1 s n—1-s
B,, (t] %) = [x] ZO( ) (- 1) .
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If f =%,
= 2 - k2 n n—k
B, (P15)= Y 5 () lhln -
k=0
n_15+1 n—1 s+ n—s
) =0 < s >[x]ql[1_ ]q‘“l (36)
_ n-1 [x];x n [x]q""
n n

then one has that limn_woﬁB'Enq(t2 | x) = [x]2

From definition ofB (x | g) withn € N,k € Z, and
x €[0,1],for0 <k < n,wehavethat

n—k

B(a) |Q) k+1n( |q} Bkn 1(x|‘1)

(37)

It is possible to write [x]Za as a linear combination of

B,,(x | q) by using the degree evaluation formula and
mathematical induction:

n

Z 1) B (x| q) = [x] (38)

By the same method, we get

n

Z

) (x 1 ) = [x]2. (39)

Continuing this process,
Forx € [0,1,neN, ke Z,,

- ot () (1 () ). @

q*

we have the following:

(x19) =[xl (40)

By some calculus, we obtain the following:

(1) (v

Hence, from (41) and (42) we have the following theorem.

B (_ [x]qa )n+l—k+1

1+ [x]qa

(42)

Theorem 4. Fora € Z,q € C, with Il—qlp <landnk €N,
one has

(], (1 - (—[x]qa)”‘k“)
_ i(ﬁ) 1) (1 ~ (_[x]qa)n+l—k+1>.

=0

(43)
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4. Relations of g-Bernoulli Numbers
and Polynomials with Weight («,f3)
and g-Bernstein Polynomials

In this section, assume that g € C, with |1 - g|, < 1. With

bosonic p-adic g-integral on Z,,, we get from Theorem 2 and
(26) that

[, B (e @) g

P

_ jz <Z> [ [1 = I dpp ()

= Z) zk: <];> -1y Jz [1- x];fid,uqﬁ (x)

1=0 y4

x {1 B*P  +1-¢q +(n—l)qﬁ_“g[é] }
o=
Therefore, we have the following theorem.

Theorem 5. For o, € Z,q € C, with |1 - q|, < 1 and
n,k € N, one has

[ B (1 a) sy )

P

-(HZ (et
()3 ()
toomor ]}
" )

Using [1 - x]q-a =(1-

[x] 4°)» We get the other identities
as below:

L B (x| q) ity ()
n—k _ k

-3 ()"
1=0

(46)
)0

5
From Theorem 5 and (46), we obtain the following:
k
k 1 plaf)
y ( ) VB @)
1=0
(47)
"\ (n—k 1 o(ep)
-3 () (") vzt
1=0
Specially, if k = n, then
> (7) 0B @ - (48)

]
(=]

Ifn="k+1,then

k
> (§) et o
1=0 (49)

(o)
ﬁ ﬁk+1q

Note that for m,n,k € Z,,

|, B (e 1) B, (x 1 ) g (0

_ ( > (’Z‘) IZ X120 = 172 P (x)

& 3

(k) >m+,:2k(m+7 Vvt [ g o

n\ (m\ ™ (- 2k 1 p(@p)
() & (") o,
-0

> 3
> 3

(50)

Also,

JZ Bl (x 19) BY), (x| @) dugs ()

P

()R (), -

P

- (Z) (’}j) 5 (2,"> Brint @)



() ()5 ()

26
{ ﬁmm 1

l—qﬁ+(m+n—

l)qﬁ“%[g]q_a}.

Hence, one has the theorem as below.

Theorem 6. For o,f8 € Z, q € C, with [1 - q|, < 1 and
n,k € N, one has

|, B0 B,

- <Z> (?) m+§2k <m+rll_2k>( 1) ﬂ2k+lq (52)

=0
-()() S (F)es .

Also, from Theorem 6, we get the identity as below:

(x| q) duge (x)

m+n—2k _2k
Y <m+1; 2 )( l)ﬁzqu

1=0
(53)

2k
=2 (2{‘) Bt ).
1=0

Continuing this process, we obtain the following theorem.

Theorem 7. For o, € Z,q € C, with |1 - q|, < 1 and

n,k € N, one has

J, B, (r19) B
ST1(0) S (V) ot

J, B, (r10) B

,51< )l:( >( DMIBER L @),

(x1q)-- B (x1q)dug (x)

(x1q)-- B (x 1) dug (x)

(54)

where N =n; +n, + -+ + n,.
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Hence, from Theorem 7, we get the corollary as below.

Corollary 8. Fora,p € Z,q € C, with |1 - g, < 1 and
n,k € N, one has

Z (M) evses,
(55)

kz( v @,

=0

where N =ny +n, + -+ + ng.

5. Extension of g-Bernstein Polynomials
with Weight o

In this section, we introduce the extended Kim’s g-Bernstein
polynomials of order n and the extended Kim’s g-Bernstein
operator of order n. Also, we define the extended Kim’s g-
Bernstein polynomials of order n with weight « and the
extended Kim’s g-Bernstein operator of order n with weight
a and we investigate the properties of these. Finally, we
investigate the relation of g-Bernoulli numbers with weight
(«, B) and extension of g-Bernstein polynomials with weight
a. We assume that g € R with 0 < g < 1. Let C[0, 1] be
the set of continuous function on [0, 1] and f € CI0, 1]. For
nk € Z, and x;, x, € [0, 1], the extended Kim’s g-Bernstein
polynomials of order n are as below:

Ek,n (x5 1 q) = <Z> [xl]];[l - xz]g—_lk- (56)

For n,k € Z,, x,x, € [0,1] and f € CI[0,1], the
extended Kim’s g-Bernstein operator of order # is as below:

@nq | x1,%,) = Zf( )( ) N [l—xz];:k
§ (57)
g ( )Bkn (x1, %, 19).

Fornk € Z,, x;,x, € [0,1], f € C[0,1] and & € N, we
define the extended Kim’s g-Bernstein polynomials of order
n with weight o and the extended Kim’s g-Bernstein operator
of order n with weight « as below:

B (x| q) = (,’j) il - ],

B (7 1w = 35 (5) (7))l -l

n

[
M=

kY
f(;) ;(c,,f(xpleq)-
(58)

Properties ofB (xl, x, | g)and [EB(“) (f | x;,x,) are same

to Bk,,,(xl,x2 | q) and [Bn,q( fxi,x5), respectlvely. So we will
enumerate these properties without proof as below.
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Fora,g,n e N, x;,x, € [0,1],

1) B (1-xy,1-x,q7")= B( )(xl,xzq)

n—k,n

2) [1 —xz] kn 1(xl,x2 | @)+[x] oer e (X, %) =
k,n(xl, x%9),

(3) (a/axl)B(“ (%1, %,9) = (alogqg/(q* -
1) “xlan“)ln (x5, %,9),

(4) 0/ox,)BY) (xl,xzq> = alogg/(1 -

"‘)q‘”"ank o (%1 %,9),

(5) (1/(1+[x1']qa
‘Z) = [x1]ézx

L6l )" ) T ((5) 1 DB e, x|

(e

[[ B2 s 1) dugs (32) s () = |

4

0

BeP
gl

We get from the g-symmetric properties of the g-
Bernstein polynomials that for n,k € Z,,

I | B G | @) g () g ()
-1I.,

n

o 1) (1=l g (50 di ()

k-2

@+ )

=0

(o)
1.q -1

(§) corse, (2))

(61)

«(1-n8

Note that for m,n,k € Z,

[ B0 G 1 ) B, 3 | g () g ()

P

)£z honr e

(62)

o

Taking double bosonic p-adic g-integral on Z,,, we get from
(26) and (27) that

”Z Ei"‘,ﬁ (x1, %, | q) d.“ql‘ (x1) d.“ql‘ (x2)

P

(@

2 B I S
( ﬁn kq,1+l q +(n-k)q [aL—a>'
(59)
Thus, from (59), we have the following theorem.

Theorem 9. For o, 8 € Z, q € C, with [1 - q|, < 1 and
n,k € N, one has

f:"f)q q* +(n-k)g* “ﬁ[é]q ) ifn>k+1
¢’ qﬁ_“g[ﬁ] > ifn=k+1
ﬁ 04 q* (60)
ifn<k
ifn=k
ifn=k=0.

Note also that for m,n,k € Z,

”Z B (1%, 1 q) B, (1%, | @) dpgs () dgs (x,)

14

)] =l g )

2%k
< >( 1yt
=0

X

2k-1

X JZP (1= 2] dpage (x7)
JUIOIRE
x <1 2kBF (2) + 2:02 <2lk > (D> BRh, (2)) .

(63)

Therefore, from (63) and (65), we have the following
theorem.



Theorem 10. For o, 8 € Z, q € C, with |1 —q|, < 1 and
n,k € N, one has

2k-2

(p) (@p) 2k k-1 ()
/;Zk)s =1-2kp%P @) + l_zo ( l >(—1)2 ﬁz,{ﬁ,q Q).
(64)
Note that for n,n,,...,n,k € Z, ands € N
T
[ TIBS, (a1 ) g (30) s ()
piz1
: n; sk M-sk
[T el = g () (69)
Zyi=1
(1 : M-sk
TT(R) B [ =l g (x2),
i=1 Zy
wheren, +n, + -+ +n, = M.
Note also from the binomial theorem that
ny,ny,... N,k € Z ands € N,
[[ TTBS, Groxs 1) dig (32) s ()
pi=1
(n & sk k-1 -1
i sk— sk
TR L 2 (F) o - sl dug (<)
i=1 Zy1=0
x [ - mltdug (),
z 1 1
P
(66)

wheren, +n, +---+n, = M.
Hence, from (65) and (66), we see that the following
theorem holds.

Theorem 11. For o, € Z, q € C, with |1 - q|, < 1 and
n,k € N, one has

sk—2
o, o, k SK— o,
ﬁik)f) =1-skp%P @)+ Y <sl >(—1) k ’ﬁﬁkfj,)q ). (67)

1=0
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