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A class of unknown nonaffine pure-feedback nonlinear systems is investigated and a novel output feedback control scheme with
low complexity is proposed, based on the sliding mode control theory. The scheme is capable of guaranteeing output tracking
error with finite-time convergence and bounded closed loop signals. In this scheme, a novel transformation method is included,
which can easily transform the state-feedback control of nonaffine systems into output feedback control of strict-feedback affine
systems. Based on the transformed affine systems, a novel finite-time sliding mode control is designed, which is continuous and
nonsingular. The control scheme proposed in this work is simple and easy to implement, in which the “explosion of complexity”
caused by backstepping-like scheme is completely avoided. And the finite-time convergence is successfully achieved. In addition,
the scheme is designed based on output feedback control. And the dynamics of the nonaffine nonlinear systems is unknown in the

design process. Thus, the system knowledge needed is reduced.

1. Introduction

In the past decade, control design for complex nonlinear sys-
tems has attracted a lot of attention. And many breakthrough
results have been obtained, such as feedback linearization
technical [1] and adaptive backstepping technical [2]. The
aforementioned results assumed the input is affine in the
systems considered. In practice, there are many nonlinear
systems with nonaffine structure, such as aircraft dynamics
[3] and mechanical systems [4]. Explicit inverting control
design is impossible for nonaffine systems, because the input
does not appear linearly in the systems. Therefore, the control
design for nonaffine systems is more complex and more
challenging.

Many researches have been done for nonaffine pure-
feedback nonlinear systems. In the literatures [5-10], non-
affine pure-feedback systems are studied, in which the model
is known. In practice, it is difficult to obtain an exact
dynamic model of the system. And in the literature [11-14],
the controller design for unknown nonaffine pure-feedback
systems is studied. However, the proposed control methods
above are all designed based on the backstepping technical.

A drawback with the back-stepping technique is the problem
of “explosion of complexity,” which is caused by the repeated
differentiations of certain nonlinear functions such as virtual
controls [15, 16]. To overcome the problem, dynamic surface
control (DSC) was proposed in the controller design for
nonaffine system [17], by employing first-order filtering of the
synthetic virtual control input at each step of backstepping
approach. However, this method will produce an algebraic
loop, because the controller is employed in the approximation
algorithm, whose output is simultaneously utilized in the
controller. The problem of algebraic loop is solved in [18] by
combining the DSC technique and input-to-state stability-
(ISS-) modular design method [6]. However, in [18] the cor-
responding neural network (NN) and filter are needed to be
designed in each recursive step. Thus, the method is still com-
plex. Recently, a low-complexity global approximation-free
backstepping-like approach is proposed for pure-feedback
nonaffine systems in [19], under the assumption that the
full states are known. And the complexity explosion issue
is avoided. However, it is still a recursive method. And it
is usually impossible that all the states are available in the
actual process. Hence, for nonaffine systems, it needs to



further study the low-complexity controller design that is not
based on the backstepping technique and needs less system
knowledge.

It has been recognized that sliding mode control is
efficient to design a robust controller. In most of the sliding
mode controllers, the sliding mode surface is linear, which
can only guarantee the infinite-time convergence of the states
[20, 21]. To implement finite-time convergence, nonlinear
sliding mode surfaces are employed. One of such sliding
mode surfaces is the terminal sliding mode (TSM) [22].
However, TSM controller may cause the singularity problem
in the closed-loop system [23]. To overcome the singularity
problem, the nonsingular terminal sliding mode control
(NTSM) is proposed in [24, 25]. However, NTSM can only
be used in the second-order system. For high-order systems,
a finite-time sliding mode controller is designed in [26].
However, the sliding mode controllers mentioned above are
all designed for affine systems and are difficult to directly
be applied to nonaffine systems. According to the authors’
best knowledge, all the sliding mode control designed for
nonaffine systems [27-32] can only guarantee the infinite-
time convergence of the states. The finite-time controllers
have faster convergence rate than that of infinite-time con-
trollers. Furthermore, they possess better robustness and
better disturbance rejection performance, because fractional
power items are contained in them [33, 34]. Thus, research
on finite-time control of nonaffine systems has important
practical and theoretical significance.

In this paper, a novel finite-time convergence control
scheme is proposed for unknown nonaffine pure-feedback
system, based on sliding mode control theory. In the design
procedure, the input of the system is augmented with a low-
pass filter firstly. Then the nonaffine system is transformed
into an affine strict-feedback system through states trans-
formation. Because the states in the transformed system are
unavailable for controller design, a finite-time differentiator
is introduced to obtain the unavailable states. Finally, a finite-
time sliding mode controller is designed. Main contributions
of the paper are the following:

(1) Complexity of the control for nonaffine system
is reduced dramatically. A novel transformation
method is proposed, capable of completely avoiding
“explosion of complexity” caused by backstepping-
like scheme. Moreover, in the proposed scheme, only
one estimator is needed to obtain the states used in
the controller.

(2) The finite-time convergence of the closed system
is achieved for the first time. For nonaffine pure-
feedback nonlinear systems, a nonsingular, finite-
time sliding mode control is designed for the first
time. And the controller is continuous; thus, the
chattering of actuators is alleviated.

(3) The system knowledge needed is reduced. In the
proposed scheme, only the outputs of the system,
other than all the states, are used. Furthermore, the
control is designed based on the unknown nonaffine
pure-feedback systems; thus, accurate model of the
system is not required.
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2. Model and Problem Formulation

Consider a class of nonaffine pure-feedback systems as
follows:

%) = fi(xppe X x4,), i=1...,n-1,
X, () = fo (x15. 00 x,1), 1)
y=x

in which x;(¢) € R, i = 1,...,n, are the states, u € R is the
input, y denotes the output, and f;, € R, i = 1,...,n, are
unknown smooth nonlinear functions.

Assumption 1. In (1), f;, i = 1,...,n, are continuous and
differentiable, satisfying
of; (X155 X5 X;
by < AGH ’ ’“)sb,.l, i=1,...,n-1,
axiﬂ
)
Ofy (X15..x,u
bnos fn(lau n )Sbm

in which b and b, i = 1,...,n, are positive constant value
(e, by >0,b,>0,i=1,...,n).

Assumption 1is a commonly used sufficient condition for
controllability of nonaffine system [19].

Assumption 2. The desired trajectory y; : R, — R
is known. It is sufficiently smooth, and there are constants

¢, i=1,...,n+ 1, satisfying Iy[(;)I <.

In this paper, we focus on the control of unknown
nonaffine pure-feedback system. The objective is to obtain
a low-complexity controller, such that the tracking error
with respect to the desired trajectory can converge to the
equilibrium point with finite time, and all the states are
bounded.

3. Finite-Time Output Feedback Control
Based on Sliding Mode Control Theory

3.1. Design of a Novel System Transformation Method.
Recently, in [21], a low-pass filter used to attenuate the
chattering is introduced in the input channel (i.e., &t = Tu+v),
when designing the sliding mode control for affine systems.
Inspired by this, we proposed a novel transformation method,
in which we will show that the low-pass filter can also be used
to transform the nonaffine systems into affine systems. The
transformation procedure is given as follows.

Augment the nonaffine system (1) through introducing
a low-pass filter in the input channel. And the augmented
system can be denoted by the following:

%)= fi(x5.. s xp%41), i=1...,n-1,
Xy () = f (x15..0sx,,1),
(3)
u=Tu+v,

Yy =X
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In (3), T > 0, u becomes a new state, and v denotes the new
control input.

Let ¢ = x; — y;. And definite new states
T in which _ _ G- s
@ 4 Gu1) > in which g, = e, q = 77, i =
2,...,n+ 1. Based on (3), one can obtain
41 =Xy~ Y

+1
O _ i 9441 (i+1)
i = £ -0y Z—a; fi-yi,

j=1 77
i=1...,n-1, (4)
1
s = £ = Y5V
— iaqnﬂ aqn+1 (Tu + V) n+1)'
= ox; ~/

Now, the initial nonaffine system denoted by (1) is trans-
formed into an affine strict-feedback integral chain system
denoted by the following:

4= qi1> i=L...m
(5)
dn = F+Bv
in which
Z n+1 aqnﬂT y(n+1),
-1
1 (6)
g _0f,
Oou  Oui,0x;,,

Base on Assumption 1, one can obtain 0 < [~ b, <
B < H:’zlbﬂ. Moreover, if |F| < @, combing (5) and (6), the
following differential inclusion can be concluded:

qn-f—l € [_LD> ‘D] + [Km’KM] v (7)

in which K, H, 160> Ky = Hl 11

3.2. Design of a Finite-Time Differentiator. In transformed
system (5), only the states q; = e, are measurable, and
the states ¢q;, i = 2,...,n + 1, are not available. All the
unmeasurable states can be obtained through solving the
derivatives of g,. In this section, a finite-time differentiator
is given by

n/(n+1)
o

=V = _/\n+1Ll/(n+1 |C1 -9 sign (¢; —q;)

+G
(8)
Vn—l) + cn+1

C'n =V, = _AZLI/Z |Cn - Vn—lll/z Sign (Cn -

Cpal = Vg1 = _)‘ILSign (cn+1 - Vn) >

(n+1)

where L is a Lipschitz constant of g, and g; is the estimate

of ‘11
Define the estimated errors and their derivatives as e; =
(-1) _ -
-q =¢-qgpi=1...
equations can be obtained:

,n + 1. The following dynamic

= —)L,,Ll/("“) |el|n/("+1) sign (e;) + e,

)
_)‘ILUZ |en - érﬁll1 Slgl’l (e — € 1) ten

én+1 € _AOLSign (en+1 - én) +[-L,L].

It follows from [35] that the estimated errors can converge to
zero in finite time.

3.3. Design of a Nonsingular Finite-Time Sliding Mode Control.
A nonlinear sliding mode surface is given by

t | n+tl
S=Gu1 T J [Zk sign cz) |C1| :| (10)

i=1

in which k;, i = 1,...,n + 1, can ensure that the polynomial
Pk pt e+ kyp + Ky = 0is Hurwitz, o; € (0,1), i =
1,...,n+1,satistying o, = o0, /Rty — ), i =2,...,n+
L, =10, =a¢(01).

Theorem 3. Consider nonaffine pure-feedback system (1),
which satisfies Assumptions 1 and 2. All the initial states
(x,(t), x5 (t0)s - x,(tg)) € @y and ¢, € R" is a compact
set. When choosing the control input denoted by

u=Tu+v,
V=V 4V,
n+l
—1 . o;
vy ==By' ) kisign (6) o[ (11)
i=1
vy = —By'As — By 'y sign (s),

-1

v=(+By(p+e |V1|)) (1-&)

in which the sliding mode surface s is designed as (10), and
G, (i = 0,1,...,n), are obtained by differentiator (8), T >
0, By > 0, satisfying [1"1by — By > By— [ [11bo > 0, 0 < &, <
By (By — [TiLbo) A > 0, ;= By ([T1L,by — Byl i > 0, p,
satisfying Byp > F, then the output tracking error q, = x; — ¥4
will converge to zero in finite time, and all the signals in the
close-loop system are bounded.



Proof. Accordingtoe; =¢; — qgﬂ) =¢-qgpi=1...,n+1,
one can obtain {,; = g, + €,,,- Then combing (5) and (10)

yields

n+l .
§= Gy + ) K;sign () [gi|™

i=1

n+l

=F+Bv+é,,, + Zki sign (¢;) [¢:]”™ (12)
i=1

n+l
=F+By(1+&)v+é,, + Zki sign (;) || ™

i=1
Because Bo > 0, satisfying [T\ 1b11 By > By—[1 by > 0,0 <
gy < By'(By — [11,bo)s & = By ([11, by — By), it implies that
e[~ eo,el] 0<g <1, sl>0 & > &
Notinge; = ¢;— qgl Y = ¢-q,i=1,...,n+1,and combing
(10), the dynamic of ¢;, (i = 1,...,7n+ 1) can be obtained as
follows:

éi:Ci+l+€i’ i=1,...,n,

n+l (13)
Cne1 =8 = Zki sign (;) [
i=1
wheree; =¢é,—¢;,;, i=1,...,n.

It denotes that dynamic (12) and dynamic (13) are affected
by the estimated error dynamic (9). In the following, it will
show that dynamic (12) and dynamic (13) will not be driven
into infinity in finite time by dynamic (9).

Define a finite-time bounded function as follows:

n+1

Zq + (14)

Taking derivative of V with respect to time, then substituting
(13), yields

V:

T

n+l
6i (Gip1 + &) + G <$ - Zki sign (g;) |Ci|“i) 15)
15

i=1
+ sS.

Noting that when «; € (0,1) (i = 1,...,n+ 1), it implies that
;| < 1+ |g;], and combing (15), one can obtain

n
s Z |Ci| (|Ci+1| + |Ei|)
i1

n+1
Lol (m Ry |<,~|>> LI

i=1

Y(Gr) a2 (@) vloml 1

i=1 i=1

1 1 n+1 2 1n+1 5 5
+ 2cn+1 3 (Zk> + Ei;ki (2 +¢)

+ |S| |S| < IIV + lZ + (|cn+1| + Isl) |5|

<

NI*—‘
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in which

-2(3)

nEIZ 1 n+1
51 (8k)

17)

Substituting (11) into (12) yields

"(1+e)

§=—(1-g)
n+l

Zki |Ci|“i sign (c;)

i=1

’<77+BOP+£1

) sign (s) 18)
n+l

- sZki sign (¢;) 6| — (1 + &) As+ F+ ¢,

i=1

Note that € € [-¢gp,&], 0 < g < 1, & > g > 0,and
|F| < Byp and |g;|* < 1 + |g;|. And from (18), one can obtain

131

n+l
<(1- 30)71 (I+e¢) <’7 + Byp + slzki |Ci|ai>

i=1
n+1

+e Y kgl + (L + &) Alsl + [F| + |6,
i=1

O n+l (19)
<(l-g) (1+g) (’1 +Byp + 312’9’ (1+ |Cz|)>

i=1
n+1l
+ 31Zki (1+|g|) + (L +&)Als| + Byp + |€1]
i=1
n+l
<9 +9, ) kg + (1+2) Als|.

i=1

In (19),
9 =(1- 30)_1 (1+¢)(n7+Byp)
(2+¢ —&) o .
- k; B ,
(1—80) & ; i + 0P+|en+1| (20)
9, = (2+¢ -&) >0
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Substituting (19) into (16) yields

n+1
V<LV + L+ (6] +1sl) <91 + SZZki |Ci|>
i=1

+ ([guer] +1s1) (1 + &) Als]
<LV + 1+ (Jgu| 9 +1s19))

n+1

+ 92Zki (il swea| + lsi] Is1)

i=1

2 2
+3s (21
+(1+ sl)/\c”“T

2 +SZ

§11V+lz+9f+c”%

nel 2 2, 2
G . +2G +s
+92<§kin+1#>
i=1

2 2
el 138

T (14e)A° <+ 1)V (L+1,).

Noting (21) and (17), one can obtain

n+l

ll+l3:4+(2+392)<Zk,->+3(1+81)A,

i=1

~2 n+l 2
e 1
AR
2 2(1,_1 l>

where e;, i = 1,...,n + 1, in (9) can converge to zero in
finite time; thus, é,,, and &, i = 1,...,n, are bounded.
Consequently, 9; and 9, denoted by (20) are bounded. And
I, +l;and [, +1, in (22) are bounded. Thus, it can be concluded
from (21) and (14) that V, ¢; (i = 1,...,n + 1) and s will
not escape to infinity in finite time before ¢;, i = 1,...,n,
converge to zero.

Because €;, i = 1,...,n, will converge to zero in finite
time, system (12) will then reduce to

(22)

L+l =9+

T

n+l
§=F+By(1+&)v+ Y k;sign(q;) [q]™. (23)
i=1
Substituting (11) into (23) yields
$=Byev, + By(1+¢&)v, + F. (24)

Noting that e € [—¢y,&,], & > €&, 0< g < 1, & > & > 0and
A > 0, and further substituting (11) into (24), it follows that

s$ =sByev, +sBy (1 + &) v, + sF
< By Isl lel |vi| = Isl (1 + &) w — (1 + &) As* + [s| [F|  (25)

< Byey Isl [vy| = Isl (1 = &) y + Is| |F] .

Substituting y denoted by (11) into (25), and combing with
Byp > F, yields

s$ < Bygy Is] |vy| = Is| (n + Byp + Byey [v1]) + Is] |F|

< = lsl = Isl (Bop = |FI) < —ns|.

According to (26), we know that the sliding mode surfaces s
and $ will converge to zero in finite time. And (9) implies that
¢; will converge to zero with finite time. So dynamic (13) will
reduce to

¢i=Ci+1, i=1,...,1’l,

n+l (27)
Cnp1 = _Zki sign (g;) |Ci|ai :

i=1
From (27), it can be concluded that¢; (i = 1,...,n + 1) and
¢,41 Will converge to zero in finite time [21]. And at this time
q = ¢ (i = 1,...,n + 1) denote the tracking error and
its derivatives, so the tracking error and its derivatives are
bounded and can converge to zero in finite time. Because
G, i = 1,...,n + 1, are all bounded, the new input v in
(11) is bounded. And according to the bounded input and
bounded output properties of one-order linear system [36],
u produced by & = Tu + v in (11) is bounded too. Because
q; = x; — y4 is bounded, state x; is bounded. Furthermore,
because g, = f; — y, is bounded, thus f, is bounded. Then it
can be concluded that x, is bounded according to the fact that
0f/0x, isbounded. Through using the procedure recursively,
it can be concluded that all the other states x;, i = 2,...,n,
are bounded too. O

Remark 4. Compared with the commonly used backstep-
ping-like controller, the complexity is reduced dramatically in
the proposed controller through using a novel system trans-
formation. And the finite-time convergence of the tracking
error can also be insured. The system knowledge needed is
reduced, and only the output state is used in the proposed
controller, while all the states are usually needed in the
backstepping-like controller.

4. Simulation

In this section, the feasibility of the scheme proposed in this
paper will be demonstrated. Consider the following three-
order system:

%, =0.2x, + (1 +exp(—x;)) x, + 0.3sin x,
+ 0.1sint,

_l-exp (x,x,)

= +(1+0.2si
1+ exp (x;x,) ( sinx;) x;

2

28
+0.02sin (x,t), (28)

X3 = 0.5sin (x;x,x3) + (0.42 + 0.1 cos (x,t)) u
+ 0.1 sin (0.5u),

Yy =X
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""" y FIGURE 3: The first-order derivative of tracking error.
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e
_0.5 r T 74 1 1
0 5 10 15
Time (s)
_1 1 1
0 5 10 15 FIGURE 4: The second-order derivative of tracking error.
Time (s)
FIGURE 2: Tracking error. 100 . .
50 B
with the desired trajectory y; = sin(t + 7/2) and initial H
conditions x;(0) = 0, x,(0) =0, x;(0) =0. “
It can be verified that Assumptions 1 and 2 are satisfied. 0
In the controller design, the differentiator is firstly designed as
(8) with the parameters: L = 300, A, = 1.1, A; = 30, A, = 50,
and A, = 80. The sliding mode surface is given by (10) with 5o , ,
k, = 625, k, = 500, k; = 150, k, = 40, «; = 1/2, ) = 0 5 10 15
4/7, a3 = 2/3, oy = 4/5. And the initial value of the integral Time (s)

part is 0. The controller is given by (11); in (11), T' = -5, A =
20, By =06,n1=1,p=3,¢ =6, g = 0.8. The simulation
results are shown as in Figures 1-10.

As a comparison, an improved backstepping-like con-

FIGURE 5: The third-order derivative of tracking error.

troller designed in [18] is also simulated. In [18] the com- 100 ' '

plexity issue is alleviated through using the dynamic surface

technique, which can avoid calculating the derivative of the o sol 1
virtual control. The controller is designed as u = —kj;s; + 2

§3T£3(x1, X,, X3,25), in which s; = x5 — z; and z; is tuned by go

one-order filter 7,25 + 23 = 5. &3 = —kys, + 0L &, (%, %5, 2,) Z 0 NW

is a virtual control, in which s, = x, — z,, and z, is tuned

by one-order filter 7,2, + z, = &,. a, = —k;s; + é'lrﬁl (x1, ¥4

is a virtual control, in which s; = x; — y,. Gini, i=1,23 -50, : n v

are three NN units. And the NN weights are determined as
: Time (s)

5,» = I,[-¢;s; - ;1,-5,-], i = 1,2,3. The comparison of the two
methods is illustrated in Figures 11-12. FIGURE 6: The sliding mode surface.
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Time (s)

FIGURE 7: The closed loop system state x,.

<
-2 1 Il
0 5 10 15
Time (s)
FIGURE 8: The closed loop system state x;.
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>
3 5000 1
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5
e
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<
-5000 L L
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FIGURE 9: Augmented input v.
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3
=]
2
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Time (s)

FIGURE 10: Actual input u.

yand yy

Time (s)

— Jd
rrrrrr Proposed control
-—-— Backstepping-like control

F1GURE 11: Tracking performance of the two controllers.

0.5 F B

Time (s)

—— Proposed control
rrrrrr Backstepping-like control

FIGURE 12: Tracking error of the two controllers.

According to the simulation results, the following can be
concluded:

(1) The proposed controller can insure the tracking error
and its derivatives have a finite-time convergence
property (Figures 2-5). This is because the proposed
controller can insure a finite-time convergence of the
sliding mode surface (Figure 6); moreover, the sliding
mode surface in this paper is a nonsingular finite-
time terminal sliding mode surface, so the states on
the sliding mode surface can converge to zero in finite
time.

(2) The proposed sliding mode controller is chattering-
free. Though the augmented input is desecrated
(Figure 9), the actual input u is continuous and
smooth, because u is produced by # = Tu + .



Thus, the chattering of the conventional sliding mode
control is avoided.

(3) The proposed controller is simple and easy to imple-
ment. And the complexity of the current controllers
designed for nonafine systems is greatly avoided. It is
noted that three NN units, two filters, and all the three
states are needed in the backstepping-like controller
proposed in [18]. And the number of NN units and fil-
ters will increase with the increase of the system order.
However, only one output state, one differentiator,
and one filter are needed in the controller proposed
in this paper. In addition, the number of the needed
states, differentiators, and filters will not increase with
the increase of the system order. So the complexity of
the controller for nonaffine pure-feedback systems is
greatly avoided.

(4) Compared to the controller in [18], the needed knowl-
edge of system is reduced. In the proposed controller,
only the output and the order of the system, other
than all the states and the accurate system model, are
needed.

(5) According to Figures 11-12, it is shown that the control
performance of the proposed controller in this paper
is as good as that of the improved backstepping-like
controller proposed in [18].

5. Conclusion

In the paper, a novel control scheme with low complexity
is proposed for unknown nonaffine pure-feedback systems.
The scheme involves a novel transformed method, which can
transform the nonaffine systems into affine strict-feedback
system. And a nonsingular finite-time sliding mode con-
troller is also implemented. Compared with the related
article, the proposed scheme not only can achieve finite-time
convergence, but also is much simpler and easy to implement
and needs less system knowledge. And the simulation results
demonstrate that the tracking performance is also very good.
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