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1. Introduction

Stage-structure is a natural phenomenon and represents, for example, the division of a
population into immature and mature individuals. As is common, the dynamics-eating
habits, susceptibility to predators, and so forth. are often quite different in these two
subpopulations. Hence, it is of ecological importance to investigate the effects of such a
subdivision on the interaction of species. In [1], Chen et al. introduced the following stage-
structured single-species population model:

Ni(t) = B(t) - D;(t) - W (t),

. (1.1)
Np(t) = aW(t) — Dn(t),

where N;(t) and N,,(t) denote the immature and mature population densities at time f,
respectively; B(t) is the birth rate of the immature population at time ¢; D;(t) and D,,(t) are
the death rates of the immature and mature at time t; W () represents the transformation
rate of the immature into the mature; a is the probability of the successful transformation of
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the immature into the mature. If the birth rate of model (1.1) obeys the Malthus rule, that is,
B(t) = aN,,, the death rates of the immature and mature populations are logistic, that is,

Di(t) = r;N;(t) + biN7 (1), Dy (t) = 1Ny (t) + by N2 (1), (1.2)

and the transformation rate of the immature into mature is proportional to the immature
population, that is, W (t) = bN;(t), then model (1.1) becomes

Ni(t) = aN,, = 7iN;(t) = biN7 (t) = bN; (#), 13)
Nin(t) = abNi(t) = 1N (t) = bu NG, (1)- ’
Based on the idea above, many authors studied different kinds of stage-structured models,
and a significant body of work has been carried out (see, for example, [2-8]).
In [3], Gao et al. considered the following predator-prey model with stage structure:

x(t) = x(t) (r — anx(t) — apy: (t - 1)),
yi(t) = y1(t) [-n1 + anx(t - 1) — anyi(t)] + Oy2(t), (1.4)
Y2(t) = abyi(t) — (0 + r2)ya(t),

where x(t) represents the density of the prey at time ¢; y;(t) and y»(t) represent the
densities of the mature and the immature predator at time ¢, respectively. The parameters
r, 11, 12, ai, a2, A, ax, b, 0 are positive constants in which r is the intrinsic growth
of the prey, r; is the death rate of the mature predator population, r, is the death rate
of the immature predator population, a;; is the intra-specific competition rate of the prey
population, aj; is the capturing rate of the predator population, ay;/ai; is the conversion rate
of nutrients into the reproduction of the predator, ay, is the intra-specific competition rate
of the mature predator, b is the birth rate of the immature predator, 0 is the transformation
rate from the immature predator individuals to mature predator individuals. The predation
decreases the average growth rate of prey linearly with a certain time delay 71 > 0, this
assumption corresponds to the fact that predators cannot hunt prey when the predators are
infant; predators have to mature for a duration of 7; units of time before they are capable
of decreasing the average growth rate of the prey species; T, > 0 is the time delay due to
gestation, the delay in time for prey biomass to increase predator number. In [3], Gao et al.
studied the global stability of the positive equilibrium and boundary equilibria of model (1.4)
by constructing Liapunov functionals and comparison argument, respectively.

We note that most of the predator-prey models with time delays studied in the
literature are all of the Kolmogorov-type. In [9], Wangersky and Cunningham proposed
delayed predator-prey models that are not of the Kolmogorov-type. They considered the
following delayed system:

x(t) = x(t) (r — anx(t) — any(t)),

(1.5)
yt) = anx(t-1)y(t-71) -ny),

where the delay 7 is a constant based on the assumption that the change rate of predators
depends on the number of both the prey and the predators present at some previous time.
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Motivated by the work of Gao et al. [3] and Wangersky and Cunningham [9], in the
present paper, we consider the following predator-prey model with stage structure and time
delay:

x(t) = x(t) (r — anx(t) — anya(t)),
y1(t) = anx(t - 1)y1(t - 1) - iy () — anyi(t) + Oy (t), (1.6)
yz(t) = byl (t) - (9 + Tz)yz(t).

The meanings of the positive parameters r, 11, 12, a1, a2, ax, axn, b, 0 are the same as
those in system (1.4). The meaning of time delay 7 > 0 is the same as in system (1.5).
The initial conditions for system (1.6) take the form

x(0)=¢0),  v1(0)=¢1(0),  y2(0) = ¢2(6),
¢(6) >0, ¢1(0) >0, ¢200) >0, 6Oe€l[-7,0], (1.7)
¢(0) >0, ¢1(0) >0, ¢2(0) >0,

where ($1(0), ¢1(6),¢2(0)) € C([-7,0],R3), the Banach space of continuous functions
mapping the interval [-, 0] into Rio, where Rio ={(x1,x2,x3) 1 x; 20, i=1,2,3}.

This paper is organized as follows. In the next section, we introduce some notations
and state several lemmas which will be essential to our proofs. In Section 3, we discuss
the local stability of a positive equilibrium and boundary equilibria of system (1.6). The
existence of Hopf bifurcation is studied. In Section 4, by means of an iterative technique and
comparison argument, sufficient conditions are derived for the global stability of the positive
equilibrium and boundary equilibria of system (1.6). Some numerical examples are given to

illustrate the results above. A brief discussion is given in Section 6 to end this work.

2. Preliminaries

In this section, we introduce some notations and state several results which will be useful in
next section. Let R} be the cone of nonnegative vectors in R”. If x, y € R”, we write x <y (x <
y)ifxi <yi (x; <y;) forl1 <i<n. Letey, ey,..., e, denote the standard basis in R". Suppose
r > 0 and let C = C([-r,0],R") be the Banach space of continuous functions mapping the
interval [-r, 0] into R” with supremum norm. If ¢, ¢ € C, we write ¢ < ¢ (¢ < ) when the
indicated inequality holds at each point of [-7,0]. Let C* = {¢ € C : ¢ > 0} and let denote the
inclusion R" — C([-r,0],R") by x — X, x(0) = x, 0 € [-r,0]. Denote the space of functions
of bounded variation on [-r, 0] by BV[-r,0]. If t € R”, A>0,and x € C([-to—r,to+ A],R"),
then for any € [t, ty + A], we let x; € C be defined by x;(0) = x(t +0), —-r <6 <0.
We now consider

x(t) = f(t,x1). (2.1)

We assume throughout this section that f : R x C — R" is continuous; f (¢, ¢) is continuously
differentiable in ¢; f(t +T,¢) = f(t,$) for all (t,¢) € R x C*, and some T > 0. Then by [10],
there exists a unique solution of (2.1) through (¢, ¢) for ty € R, ¢ € C*. This solution will be
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denoted by x(t, to, ¢) if we consider the solution in R”, or by x;(ty, ¢) if we work in the space
C. Again by [10], x(¢, to, ) (x:(to, ¢)) is continuously differentiable in ¢. In the following, the
notation x;y = ¢ will be used as the condition of the initial data of (2.1), by which we mean
that we consider the solution x(t) of (2.1) which satisfies x(to + 8) = ¢(0), 6 € [-r,0].

To proceed further, we need the following results from [11, 12]. Let r = (r1,12,..., 1) €
R", |r| = max;{r;}, and define

¢, = [ 1C(=r,01, ). 2)

i=1

We write ¢ = (@1, ¢2, ..., ¢,) for a generic point of C,. Let Cf = {¢ € C, : ¢ > 0}. Due to the
ecological applications, we choose C; as the state space of (2.1) in the following discussions.

Fix ¢ € C; arbitrarily. Then we set L(t,-) = Dy, f(t, ¢o), and Dy, f (t, o) denotes the
Frechet derivation of f with respect to ¢. It is convenient to have the standard representation
of L=(Ly,Ly,...,L,) as

n 0
Li(fr¢)=2j $;(0)don;;(6,t) (1<i<n), (2.3)
=17

in which 77;; : R x R — R satisfies

Tlij (9/ t) = 711] (0/ t)/ 0 < —T]',
1ij(6,8) =0, 620, (2.4)
Tlif ('I t) € BV [_rj/ 0] 7

where 177;;(-, t) is continuous from the left in (-7;,0).
We make the following assumptions for (2.1).

(h0) If ¢, p € C*, ¢ <, and ¢;(0) = ¢;(0) for some i, then f;(t,$) < fi(t, ¢).
(h1) For all ¢ € C; with ¢;(0) =0, L;(t,¢) >0fort e R.
(h2) The matrix A(t) defined by

A(t) = col(L(t, &1), L(t, &), ..., L(t,éx)) = (1;(0, 1)), (2.5)

is irreducible for each t € R.

(h3) For each j, for which r; > 0, there exist i such that for all t € R and for positive
constant ¢ sufficiently small, 7;;(-7; + ¢,t) > 0.

(h4) If ¢ = 0, then x(t, o, ¢) = 0 for all t > t.

The following result was established by Wang et al. [12].
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Lemma 2.1. Let (h1)—(h4) hold. Then the hypothesis (h0) is valid and the following.

(i) If ¢ and g are distinct elements of C; with ¢ < ¢ and [to, ty + o) with n|r| < o < oo is the
intersection of the maximal intervals of existence of x(t, to, ¢) and x(t, to, ), then

0<x(tto,p) <x(tto, ) fortg<t<ty+o,

(2.6)
0<x(tto, ) <x(tto, ) forto+n|r|<t<ty+o.
(ii)) If p € Cf, ¢#0, to € Rand x(t,ty, P) is defined on [ty, to + 0) with o > n|r|, then
0<x(tto, @) fortg+n|r|<t<ty+o. (2.7)

Lemma 2.1 shows that if (h1)-(h4) hold, then the positivity of solutions of (2.1)
follows.
The following definitions and results are useful in proving our lemma.

Definition 2.2. System (2.1) is cooperative if df;/0x; > 0 whenever i # j.

Definition 2.3. A square matrix A is said to be a reducible matrix if and only if for some
permutation matrix P the matrix PT AP is block upper triangular. If a square matrix is not
reducible, it is said to be an irreducible matrix. System (2.1) is called irreducible if the Jacobian
matrix ((0f;/0x;)) is irreducible.

Lemma 2.4 (Smith [11]). If (2.1) is cooperative and irreducible in D, where D is an open subset
of C, and the solution with positive initial data is bounded, then the trajectory of (2.1) tends to some
single equilibrium.

We now consider the following delay differential system:

y1(t) = —ay1 () + by (t - 7) - cyi (£) + Owa(t),

(2.8)
y2(t) = dyi(t) = (0 + e)ya(h),

with initial conditions

vi(s) = ¢i(s) 20, se€[-7,0), ¢i € C([-7,0),R,), ¢i(0) >0, (i=1,2). (2.9)

System (2.8) always has a trivial equilibrium E((0,0). If a(6 + e) < d6 + b(0 + e), then
system (2.8) has a unique positive equilibrium E, (v}, y;), where

. (-a+b)(0+e)+0d *_d(—a+b)(9+e)+6d2
N c@+e) P~ c0+e) '

(2.10)

The characteristic equation of system (1.6) at the equilibrium Ej is of the form

Vi(are+0)A+a@®+e)—do— (bL+b®O+e))e™ =0. (2.11)
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Let

fi(x) = V+(a+re+0)A+a@+e)—do— (bA+b(0+e))e ™. (2.12)
If a(@ +e) < dO + b(0 + e), then it is easy to see that, for A real,

f1(0)=a@+e)-dO-bO+e) <0, )llim f1(A) = +co. (2.13)

Hence, f1(1) = 0 has a positive real root. Therefore, the equilibrium Ej is unstable. If a(8+¢) >
do + b(0 + e), when T = 0, it is easy to see that the equilibrium Ej is stable. Therefore, if
a(@ +e) —dO > b(0 + e), by Kuang and So [13, Lemma B], we see that the equilibrium Ej is
locally stable for all T > 0.

If a(0@ +e) < dO + b(0 + e), the characteristic equation of the positive equilibrium E.
takes the form

M+ (a+e+0+2cy})d+ (a+2cy})(O+e)—dO— (bA+b(0+e))e™ =0. (2.14)

When 7 = 0, it is easy to see that the equilibrium E. is stable. Therefore, if a(6 + e) < d6 +
b(0 + e), by Kuang and So [13, Lemma B], we see that the equilibrium E, is locally stable for
all7>0.

Lemma 2.5. For system (2.8), one has the following.

(i) If a(@ + e) < dO + b(0 + e), then the positive equilibrium E. of system (2.8) is globally
stable.
(ii) If a(0 + e) > dO + b(0 + e), the equilibrium E of system (2.8) is globally stable.

Proof. We represent the right-hand side of (2.8) by f(t, x;) = (fi1(t, x¢), f2(t, x;)) and set L(t,-) =
Dy f (t, ¢). By direct calculation we have

Ly(t, h) = —ahy(0) + bhy(-7) — 2c¢1(0)h1(0) + 0h2(0), )15
Ly(t, h) = dhy(0) — (6 + e)h2(0). @15)

We now claim that the hypotheses (h1)-(h4) hold for system (2.8). It is easily seen that (h1)
and (h4) hold for system (2.8). We need only to verify that (h2) and (h3) hold.
The matrix A(t) takes the form

<—a +b—2c¢1(0) 0 > 2.16)
d _(@+e)

Clearly, the matrix A(f) is irreducible for each ¢ € R.
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From the definition of A(t) and 7, it is readily seen that 712(6,t) = 7112(0,t) =
0,121(0,t) = 121(0,t) = d, for 0 > 0; and 7;;(0,t) = 0, i#j for 6 < -7; and 7;;(-,t) € BV[-7,0],
where 7;; is a positive Borel measure on [~7,0]. Therefore, 7;;(-,t) > 0. Thus, for each j, there
is i #j such that 7;;(-r; + ¢,t) = n;j(-7 + ¢,t) > 0 forallt € R and £ > 0 sufficiently small,
i=1,2. Hence, (h3) holds.

Thus, the conditions of Lemma 2.1 are satisfied. Therefore, the positivity of solutions
to system (2.8) follows. It is easy to see that system (2.8) is cooperative. By Lemma 2.4 we
see that any solution starting from D = C} converges to some single equilibrium. However,
system (2.8) has only two equilibria: Ey and E.. Note that if a(6 + e) < d6 + b(0 + e), the
equilibrium E, is locally stable. Hence, any solution starting from D converges to E*. Using
a similar argument one can show the global stability of the equilibrium Ey when a(0 + e) >
do +b(0 + e). This completes the proof. O

By a similar argument one can show that all solutions of system (1.6) with initial
conditions (1.7) are defined on [0, +o0) and remain positive for all ¢ > 0.

3. Local Stability

In this section, we discuss the local stability of each equilibria and the existence of Hopf
bifurcation of system (1.6).

It is easy to show that system (1.6) always has two equilibria E((0,0,0) and
Eq(r/a1,0,0). If the following holds:

(H1) 6b > r1(0 +12),

then system (1.6) has another boundary equilibrium E»(0, i1, 2), where

~_i<9b_> ~ b <9b_> (3.1)
yl_QZZ 9+1’2 ) yz_a22(9+1'2) 9+7'2 nj ’

Further, if the following holds:
(H2) 7(0 + r2)(arpaz + annaz) > ann[0bar + (anr — anr)(0 +r)] >0,

then system (1.6) has a unique positive equilibrium E* = (x*, v}, y;), where

«_ 1 ap[fbay + (0 + 1) (anr — anr)]

an (0 + r)ai(annax + anaxn)
. Obay + (0 +1)(anr —aynr)
= 3.2
N (0 +1p)(aaz + anazn) (32)
y* _ b[@ban + (6 + 7"2)((1211’ - a111‘1)]
5= )

(8 + 1r2)*(a12a21 + a11a2)
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We now study the local stability of each of the nonnegative equilibrium of system (1.6).
Let E = (X,¥1,172) be any arbitrary equilibrium. Then the characteristic equation of
system (1.6) at the equilibrium Eis given by

r— 211113? - augl -1 —11122 0
a21yle‘)” -1 — 2[122?1 + azp?e‘“ -1 0 =0. (33)
0 b —-0-r—- X

The characteristic equation of system (1.6) at the equilibrium E((0, 0, 0) reduces
A=1)[(r1+X)O+r,+L)-bO] =0. (3.4)

Clearly, A = r is a positive real root. Hence, E((0, 0, 0) is always unstable.
The characteristic equation of system (1.6) at the equilibrium E;(r /a1, 0, 0) reduces

A+ |2+ (rarm+OL+m@+m)-b0— 2L 10 +m)e| =0. (3.5)

ann

Clearly, A = —r is a negative real root of (3.5). All other roots are give by the roots of equation

a0 +r(0+r)—bo— %(A +0+1)e T = 0. (3.6)
11
Let
) =22+ (r+r2+0)A+71(0+12) — b6 - %u +0+ry)e . (3.7)
11

If (0 + r2) (r1 — axir/an1) < b, then it is easy to see that for A real,
£0) = (0+m) <ﬂ) ~b0 <0, Lim f(A) = +oo. (3.8)
a A—+o0

Hence, f(A) = 0 has a positive real root. Therefore, the equilibrium E;(r/a11,0,0) is unstable.
If (6 + r2) (11 — axir/a1r) > b0, when T = 0, it is easy to see that the equilibrium E;(r/a1,0,0)
is stable. Therefore, if (6 + 1,)(r1 — axir/ay1) > b0, by Kuang and So [13, Lemma B], we see
that the equilibrium E;(r/a1,0,0) is locally stable for all 7 > 0.

The characteristic equation of system (1.6) at the equilibria E; (0, i1, i/») reduces to

(./\ —-r+ a12]71) [.)Lz + (7‘1 + 2[122]71 +0+ Tz).)t + (T1 + 2[122]71) (9 + 7‘2) - bG] =0. (39)
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Clearly, if r > a1, A = ¥ — ap¥y; is a positive real root. Hence, if r > a1, then E» (0, 71, 72)
is unstable. Noting that

(Tl + 2[122?1)(9 + Tz) - b0 = bo - 8l (6 + 1’2) > 0, (310)

if r < aypi/1, then (3.9) only has negative real root, and E, (0, 1, 2) is stable.
The characteristic equation of system (1.6) at the positive equilibria E*(x*, y}, y3) is

X+ poA? +prd +po + (qz)@ + 1+ q())e‘” =0, (3.11)

where

Po = anx*(e + Tz)((121x* + azzyi),
pP1= anx* (7‘1 + 2(122]/;‘) + (9 + Tz) (a21x* + azzy;‘ + anx*),
b = apx* +2axny; + 1 +T2+9,
P 4 (3.12)
go = axn (0 + r2)x*(any; — anx*),
g = anx*(any; - anx* -0 -r),

G2 = —anx”.
It is easy to show that

po+qo= (a11a2 + arnan) (0 + rz)x*yf >0,

a . % « « b9a11x*
p1+q1 = (anan + apan)x"y; + (0 +r2) (any; + anx’) + 0 +1) >0, (3.13)

+qg, =anx* +a *+r+9+i>0
P2+ 42 =an 21 2 @+n) .

It is easy to see that (p2 + g2) (p1 + g1) > po + qo- Hence, by the Routh-Hurwitz theorem, when
T = 0, the positive equilibrium E* of system (1.6) is locally asymptotically stable.

Ifiw (w > 0) is a root of (3.11), separating the real and imaginary parts, we obtain

Po — P20’ = Gaw? COS WT — G1w Sin WT — o COS WT,

(3.14)
—w® + prw = —qrw? Sin WT — G1w COS WT + g Sin WT.
Squaring and adding the two equations of (3.14), it follows that
w’® + Quw* + Qow® + Q3 =0, (3.15)

where

Qi=p;-2p1-95, Q=pi+2qq0-2ppo—q;,  Qs=po— (3.16)



10 Discrete Dynamics in Nature and Society

It is easy to show that

Qi=ps—q; -2

bo
= Ll%l(x*)2 + (7‘2 + 9)2 + (1"1 + 2[122]/1‘ + azlx*) ([122]/1< + 9+—7’2> +2b0 > 0,

Q2 = pT + 24240 — 2papo — 4 (3.17)

allbex*
(r2+0)

anbex*
2a11ax1 (x*)? = (A12G21-a11 A2 ) XY+
[ 11a21(x*)" = (anaz-aax)x"yj (r2 + 0)

= [(a11a22+a21 alz)x*yi‘ +

+(0+ 1) [ (1) +ad ()] + 202102 (0 + 1) x" + 260, (x*)’.

Noting that if pg > qo, 2an1anx* > (apax - auazz)y{, hence Q; > 0, Q3 > 0. The
positive equilibrium E* of system (1.6) is locally asymptotically stable for all T > 0. If pg < qo,
we know that Q3 < 0, (3.15) has a unique positive root wy. Define

- 4 _ > :
7 = 1 recos (41 quz)%: (Poq2 + P240 — prg1) Wi — qopo N 2]_??/

wo Bwy + (47 = 240q2) Wi + q; wo

i=0,1,.... (3.18)

Then (7}, wy) solves (3.11). This means that when 7 = 7;, (3.11) has a pair of purely imaginary
roots +iwy. Noting that the positive equilibrium E* is locally stable for 7 = 0, by the general
theory on characteristic equations of delay differential equations from [14, Theorem 4.1], E*
remains stable for T < 7.

Let pg < go and 7 be defined in (3.18). Denoting

A7) = a(T) +iw(T), (3.19)
the root of (3.11) is such that
a(t) =0, w(T) = wy. (3.20)
In the following we claim that
d(Re )
ar .., > 0. (3.21)

This will signify that there exists at least one eigenvalue with positive real part for 7 > .
Moreover, the conditions for the existence of a Hopf bifurcation [10] are then satisfied
yielding a periodic solution. To this end, differentiating equation (3.11) with respect 7, we
obtain that

(3.22)

(di(’r))"l _ 34 2pl+p .\ 292\ + qu T
)L()L3+]92)L2+p1)t+po) ./\((/]2./{2+(/]1)L+q0) )L,

dr
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, aw\|™
T_T]} = s1gn{ Re<E> T_T]}

= sign{3w{ + (2p% — 4p1 — 263 )} + P} + 20290~ 2papo — q

which leads to

sign{Re(%)

2] (3.23)
1)
= sign{?)wg +2Q1 w3 + Qz}.

IfQ, >0, 3wé + 2Q1w3 + Q; > 0. Therefore, system (1.6) undergoes a Hopf bifurcation.
We therefore obtain the following results.

Theorem 3.1. For system (1.6), let Ty be defined as in (3.18), one has the following.
(i) The positive equilibrium Eg of system (1.6) is always unstable.

(ii) If (@ + o) (11 — axir/anr) > b0, the equilibrium E1(r/ai11,0,0) of system (1.6) is locally
stable for all T > 0; and if (6 + r2)(r1 — axir/an1) < b0, Eq is unstable for all .

(iii) Let (H1) hold. If r > aiai1, the equilibrium E;(0,11,¥2) of system (1.6) is unstable; if
r < apij, E; is stable for all T > 0.

(iv) Let (H2) hold. If po > qo, then the positive equilibrium E*(x*,y3,y53) of system (1.6) is
locally asymptotically stable for all T > 0. If po < qo, then E* is locally stable for T < Ty;

and E* is unstable for T > 7y; if Q> > 0 system (1.6) undergoes a Hopf Bifurcation at the
positive equilibrium E* when T = 1.

4. Global Stability

In this section, we are concerned with the global stability of the equilibria E;, E;, E*
of system (1.6). The strategy of proofs is to use an iteration technique and comparison
arguments, respectively.

Theorem 4.1. Let (H2) hold. Then the positive equilibrvium E* of system (1.6) is globally
asymptotically stable provided that

(H3) ajiaxn > appar.

Proof. Let (x(t), y1(t), y2(t)) be any positive solution of system (1.6) with initial conditions
(1.7). Let

U =limsup x(t), V= l}m inf x(t),
t—+oo -t
U; = limsup y;(t), Vi= I%minfy,-(t) (i=1,2).
)

t—+oo

(4.1)

We now claim that U =V = x*, U; = Vi = y], U = Vo = ;. The strategy of the proof is to
use an iteration technique.
We derive from the first equation of system (1.6) that

x(t) < x(t)(r — anx(t)). (4.2)
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A standard comparison argument shows that

. r X
U =limsup x(t) < — = M. (4.3)

t—+o0 an

Hence, for € > 0 sufficiently small there exists a T1 > 0 such that if t > Ty, x(t) < M7 + €.
We derive from the second and the third equations of system (1.6) that for t > T1 + 7,

Yi(t) < —riya(t) + an (M7 +€)ya(t = 7) — anyi(t) + Oya(t),

(4.4)
Y2(t) = by (t) — (0 + r2)ya(t).
Consider the following auxiliary equations:
i (t) = —rur (t) + an (M7 + ) uy (t = 7) — anud () + Ous(t), (45)
tia(t) = bur (1) = (6 + r2)ua (b). '
Since (H2) holds, by Lemma 2.5 it follows from (4.5) that
lim ” (t) _ (—1"1 + an (Mic + E))(Q + 1"2) + b@/
t—+oo a22(9+7'2)
b(~r1 + azn (MZ +£)) (6 +12) + b*0 (40
-r+a £ T
lim s (f) = — 271 AL :
t— +o0o 1122(9 + rz)
By comparison, we obtain that
. (—1’1 +a21(Mi‘+£))(9+r2) +bo
U; = limsu t) < ,
! H+wpy1( )< an (0 +r)
(4.7)

b(- M 0 b*0
U, =limsup y»(f) < (=1 + o (M +8))(2 1)+ .
t—+oo a22(6 + 1’2)

Since these inequalities are true for arbitrary € > 0 sufficiently small, it follows that U; <
Mlyl, U, < Mlyz, where

(—1"1 + a21Mf) (9 + Tz) + bo
a22(8 + Tz)
b(—7'1 + alef) (9 + 1"2) + b29

[122(9 + 1"2)2

M = ,
(4.8)

Y2 _
My =

Hence, for ¢ > 0 sufficiently small, there is a T, > Ty + 7 such that if t > T, y;(t) < Mly "+,
ya(t) < MV +e.
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For ¢ > 0 sufficiently small, we derive from the first equation of system (1.6) that, for
t> T2 ,

x(t) > x(t) <r —anx(t) - an (Mlyl + e)) (4.9)

By comparison it follows that

(4.10)

¥ —ap (Mly1 + z—:)
V =liminf x(t) > .
t—+oo al

Since this is true for arbitrary € > 0 sufficiently small, we conclude that V > N7, where

r— llle“i/l

an

X

3 (4.11)

Therefore, for € > 0 sufficiently small, there is a T; > T> such that if t > T3, x(t) > Ny — €.
For ¢ > 0 sufficiently small, we derive from the second and the third equations of
system (1.6) that, fort > T3 + 7,

yi(t) 2 —ryi(t) + an (NY - €)yi(t = 7) - any; (t) + 0ya(t),

. (4.12)
y2(t) = byr(t) = (0 + r2)y2(H).
Consider the following auxiliary equations:
78] (t) = —-1ru (t) + an (Nf — 5)111 (t — T) - azzu%(t) + Guz(t), (4 13)
i (£) = buy () — (6 + r2)ua(t). '
Since (H2) and (H3) hold, by Lemma 2.5 it follows from (4.13) that
-1 + N~ - 0+r)+bo
lim u (t) = (=r1 + an (N7 —€)) (0 + 1) ,
t— 400 a22(6+r2)
(4.14)
. b(—r1+a21(Nf—s))(9+r2)+b26
lim uy(t) = 5 .
t— oo (122(9 + 7‘2)
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By comparison, we obtain that

(-r +axn(Ny -¢))(0+r) +bb
an(0 + 1)
b(—1’1 + an (Nf - 5))(6 + 1’2) +b%0

an(0 +1)°

Vi = I}m infy;(t) >
— 40

7

(4.15)

V, = lgminfyz(t) >
—+o0

Since these two inequalities hold for arbitrary € > 0 sufficiently small, we conclude that V; >
lel, V, > lez, where

(—Tl + alef)(Q + Tz) + bo
axn(0 +12)
b(—r1 + a21Nf)(6 + 1"2) + b29

1122(9 + Tz)2

Y _
N =

7

(4.16)
N/ =

Therefore, for € > 0 sufficiently small, there exists a Ty > T3 + 7 such that if t > Ty, y1(t) >
NY' —g,y(t) > N —e.

For ¢ > 0 sufficiently small, it follows from the first equation of system (1.6) that, for
t>Ty,

x(t) < x(t) <r —anx(t) - ap (lel - 5)) (4.17)
A comparison argument yields

r—alz<N1y1 —5)

U = limsup x(t) < (4.18)
t—+o0 all
Since this is true for arbitrary € > 0, we conclude that U < M7, where
_ v
M = el (4.19)

Hence, for € > 0 sufficiently small, there exists a Ts > Ty such that if t > Ts, x(t) < M7 +&.
Again, we derive from the second and the third equations of system (1.6) that for
t>Ts+T,

Yi(t) < —nyi(t) + an (M3 + €)yi(t - 7) — anyi () + Oya(t),

(4.20)
Y2(t) = by1(t) — (0 + r2)ya(t).
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Since (H2) and (H3) hold, by Lemma 2.5, a comparison argument shows that

. (-ri+an(Mj +¢))(0+r1;) + b6
— <
t htn:iip ) < a (0 +12)

b(- M 0 b*0
U, =limsup y,(t) < (=71 + ax( 2+€))(2 *r)+ .
t—+o0 022(9 + 7’2)

7

(4.21)

Since these inequalities are true for arbitrary ¢ > 0 sufficiently small, we conclude that U; <
Mgl, U, < Mgz, where

(—1’1 + ale;‘) (9 + 1’2) +bo
[122(6 + 1"2)
b(—ﬁ + a21M§) (9 + Tz) + b29

a22(9 + 1’2)2

Y _
My =

7

(4.22)
M =

Hence, for € > 0 sufficiently small, there is a Ty > Ts + 7 such that if t > T, y1(t) < Mgl + g,
() < M7 +e.

For ¢ > 0 sufficiently small, it follows from the first equation of system (1.6) that, for
t>Tg,

%(t) > x(t) <r —anx(t) - an (Mgl + e)) (4.23)

By comparison we obtain that

(4.24)

r—an (MZ1 + £>
V =liminf x(t) > .
t—+c0 an

Since this is true for arbitrary € > 0 sufficiently small, we conclude that V > N}, where

r— alegl

an

X

3 (4.25)

Therefore, for € > 0 sufficiently small, there is a T; > T such that if t > T7, x(t) > N3 — €.
For ¢ > 0 sufficiently small, we derive from the second and the third equations of
system (1.6) that for t > T; + 7,

yi(t) = —rya(t) + an (N3 — ) yi(t —7) — any?(t) + 0ya(t),

(4.26)
Y2(t) = by1(t) — (0 + r2)ya(t)-
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Since (H2) and (H3) hold, by Lemma 2.5 and by comparison, it follows from (4.26) that

(—1"1 + dn (N; - E))(G + 1"2) +bo
an (0 +r)
b(=r1 + axn (N3 —¢€))(0 + 1) + b*0

axn (0 +1,)*

7

V1 = l%m inf 4! (t)
— +00
(4.27)

V, = I%m infy,(t) >

Since these two inequalities hold for arbitrary & > 0 sufficiently small, we conclude that V; >
N;’l,VZ > Nzyz, where

(—Tl + a21N§‘)(6 + 7‘2) +bo
an (0 + 1)
b(—r1 + aleé‘)(G + Tz) +b%0

a» (0 + 7‘2)2

Y _
Ny =

7

(4.28)

Y2 _
N3y =

Continuing this process, we derive six sequences M%, M}', My’, NX, Ni', Ni* (n =
1,2,...) such that, forn > 2,

_ n

< T appN,; _,

n - 7
ain

(—T1 + a21M§)(9 + Tz) +bo

My = ,
n a22(9 + 1'2)
My2 _ b(—r1 + a21Mj§)(9 + T2) + b29
" azz(e + T2)2 ’
(4.29)
N o o anMy
" ann ’
Nyl _ (—7‘1 + a21Nﬁf)(9 + 7'2) + b0
" ax (0 +1) ’
Nyz _ b(—r1 + a21N,’f)(9 + 1"2) + b29
" ann (9 + T2)2
It is readily seen that
Ny<V<U<M;, N/<Vi<U;<My (i=1,2). (4.30)
We derive (4.29) that
_ b 2. a2
My, = SHEE (a“ O vanr- a11r1> + 2% (431)
119y 0+ L))
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Noting that M) > y; and ajjax > appay, it follows from (4.31) that

v v _ auay — apd [ a;bo az,aj v
M 1 _Mn = +anr—anr )+ —— -1 Mn
n+ aZ 112 6 + 717 aZ a2

1% 119

2 2
anax — apaz [ a1bo a,ay, . (4.32)
< +anr—apr )+ —— -1 U4
a2 a3 0+m a2 a
11922 1192

Thus, the sequence M is nonincreasing. Hence, limy, 1o M2 exists. Taking n — +oo, it
follows from (4.31) that

lim le _ (Oban/(e + Tz)) + a»ir —ann _ y{ (433)
n—+oo appdasr + anaxn

We therefore obtain from (4.30) and (4.33) that

lim My’ =y3, lim N;' =y, lim Ny =3,
n— +oo n— +o0o n— +o0o (434)
lim M;, = x*, lim Nj; = x*.
n—+oo n—+oo

It follows from (4.30), (4.33) and (4.34) that

ll=V=x*, ll1 =V1 =y;, U2=V2=y;. (435)
We therefore have
Jim x() =x",  lim yi(f) =y;,  lim y(f) = y;. (4.36)

Noting that if ajjaz > appas, then pg —qo > 2(0 + rz)auazl(x"‘)2 > 0. By Theorem 3.1, the
positive equilibrium E* is locally stable. We therefore conclude that E* is globally stable. The
proof is complete. O

Theorem 4.2. If r1(0 + 1) > b0 + axir/ a1 (0 + 1), the equilibrium Eq of system (1.6) is globally
asymptotically stable.

Proof. Let (x(t), y1(t), y2(t)) be any positive solution of system (1.6) with initial conditions
(1.7). It follows from the first equation of system (1.6) that

X(t) < x(B)(r — anx(t)). (4.37)
A standard comparison argument shows that

. r
lim sup x(f) < a (4.38)

t—+o0
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Choose ¢ > 0 sufficiently small such that
(6 +12) > b0 + an (al + g> 6 +1). (4.39)
11

Hence, for ¢ > 0 sufficiently small satisfying (4.39), there is a Ty > 0 such that if t > T, then
x(t) < r/ai + €. We derive from the second and the third equations of system (1.6) that for
t>T1+T,

y1(t) < —ryi(t) + ax <aLn + €>y1(t - 7) — any;(t) + Oy (t),

(4.40)
Ya(t) = byi(t) = (0 +r2)ya(t).
Consider the following auxiliary equations:
11 (t) = —ru (t) + an (L + 5) u(t — 7) — anu?(t) + Our(t),
an (4.41)
llz(t) = bu1 (t) - (9 + Tz)uz(t).
Since (4.39) holds, by Lemma 2.5 it follows from (4.41) that
lim u;(t) =0, lim uy(t) = 0. (4.42)
t—+oo t—+oo
By comparison, we obtain that
tlgqlwy1(t) =0, tlirpmyz(t) =0. (4.43)

Hence, for € > 0 sufficiently small satisfying (4.39), thereis a T> > T such thatif t > T, yi(t) <
are.

For ¢ > 0 sufficiently small satisfying (4.39) and aj1¢ < r, we derive from the first
equation of system (1.6) that for t > T,

x(t) > x(t)(r — anx(t) — a1€). (4.44)

By comparison, we obtain that

liminfx(f) > —— — ¢, (4.45)
t—+o0 al
which, together with (4.38), yields
. r
Iim x(t) = —. (4.46)

t—+o0 al
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Figure 1: The temporal solution found by numerical integration of system (1.6) withr =2, r =2, r, =
1, an=4 an=3, a1=2, apn=4,b=1, 0 =2, T =1 and initial value is (0.6,0.2,0.2).

By Theorem 3.1, if r1 (0 + r2) > b0 + ar/ai1(0 + 1), the boundary equilibrium E; is
locally stable. We therefore conclude that E; is globally stable in this case. This completes the
proof. O

Theorem 4.3. Let (H1) hold. If (0 + rp)(axr + aipr) < a120b, then the equilibrium E, of system
(1.6) is globally asymptotically stable.

Proof. Let (x(t), y1(t), y2(t)) be any positive solution of system (1.6) with initial conditions
(1.7). We derive from the second and the third equations of system (1.6) that, for t > T7 + 7,

yi(t) > —rya () — anyi(t) + Oya(t),

(4.47)
ya2(t) = byr(t) — (0 +1r2)y2(b).
Consider the following auxiliary equations:
i1 (t) = —riun () — apus () + Oua(t), (4.48)
iz(t) = buy () — (0 + r2)uz ().
Since (H1) holds, by Lemma 2.5 it follows from (4.48) that
) 1 b ~
tl_l)IPmu1(t) T am (6 +1 r1> -y
(4.49)
lim uy(t) = b <6b —r)—N
t— +oo 2 B a22(9+r2) 9+1’2 1) =Y
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Figure 2: The temporal solution found by numerical integration of system (1.6) withr =1, r =1, n, =
1, a;1=4, ap=3, an =2, ap=1, b=4, 6 =1, 7 =1 and initial value is (0.6,0.2,0.2).

By comparison we derive that

lim (t)>i< ob —r)—~
t—>+o<>y1 Tan \O0+n 1) =y

i o) > 1 <9b ) )_~
t—l>+ooy2 T am» (6 + Tz) 0+ 14 "=y

(4.50)

Hence, for € > 0 sufficiently small, there is a Ty such thatif t > Ty, y1 (t) > 1 — €, y2(t) > o — €.
For ¢ > 0 sufficiently small, it follows from the first equation of system (1.6) that for

t>Ti,

x(t) < x(t)(r — anx(t) — ann (1 — €)). (4.51)

Since (0 + 12) (anr + apri) < a26b and € > 0 is sufficiently small, by comparison we derive
that

lim sup x(t) <0. (4.52)

t—+oo

We therefore have lim;_, ., x(t) = 0. Hence, for € > 0 sufficiently small, thereisa T, > Ty + T
such thatif t > T, x(t) < e.
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Figure 3: The temporal solution found by numerical integration of system (1.6) withr =4, r, =1, r, =
1, a;1=2, ap=1, ap1 =2, app =15, b=4, 6 =1, 7 =1 and initial value is (0.8,1.5,3.6).

For € > 0 sufficiently small, it follows from the first equation of system (1.6) that for
t>Th+T

y1(t) < —riya () + aneya (- 1) — anyi(t) + Oya(t),

. (4.53)
ya(t) = by (t) = (0 + r2)ya(b).
Since (H1) holds, by Lemma 2.5, a comparison argument shows that
. (=711 + ane)(0 + 1) +bo
tErPooyl () = (122(9 + Tz) ’
) 0 b0 (4.54)
lim ys(f) < (=11 +ane)(0+ 7;2) + )
£ oo an (0 +12)
Together with (4.49), yields
. 1 ob ~
tEery1(t) B a_22<6 +r r1> A
(4.55)
lim vy, (t) = b <6b —r)—N
te+ooy2 B a22(6+r2) 9+1”2 1) =y

Noting that if (H1) holds and (6 + r2) (axr + aiar1) < a120b, the equilibrium E; of system (1.6)
is locally stable. We therefore conclude that E; is globally stable. The proof is complete. [
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Figure 4: When 7 = 1 < 79, the positive equilibrium E* is asymptotically stable. Here r =4, r1 = 1, 1, =
1, a1 =1, ain=2, an =4, ap =2, b=4, 6 =1 and initial value is (0.8,1.5,3.6).

5. Numerical Examples
In this section, we give some examples to illustrate the main results.

Example 5.1. In system (1.6), weletr =2, 11 =2, n =1, a1 =4, anp =3, axn =2, ap =
4, b=1,0=2, and 7 = 1. It is easy to show that r1 (0 + r2) — b0 — a)r(@ +r)/ai1 =1 > 0.
By Theorem 4.2 we see that the equilibrium E;(0.5,0,0) of system (1.6) is globally stable.
Numerical simulation illustrates our result (see Figure 1).

Example 5.2. In system (1.6), weletr =1, 1 =1, ro=1, an =4 anp =3, an =2, an =
1, b=4, 6 =1, and 7 = 1. Itis easy to show that b@—-r(0+1,) =2 >0, and r-al2y; =-2<
0. By Theorem 4.3 we see that the equilibrium E,(0, 1,2) of system (1.6) is globally stable, as
depicted in Figure 2.

Example 5.3. In system (1.6), weletr =4, r1 =1, n =1, a1 =2, aip =1, ax =2, ap =
15, b =4,0 =1, and 7 = 1. System (1.6) with above coefficients has a unique positive
equilibrium E*(1.5,2,4). It is easy to show that aj1ax» — aipa = 1 > 0. By Theorem 4.1 we
see that the positive equilibrium E*(1.5,2,4) of system (1.6) is globally stable. Numerical
simulation illustrates our result (see Figure 3).

Example 5.4. In system (1.6), weletr =4, r1 =1, n =1, a1 =1, aip =2, ax =4, ap =
2, b =4, and 0 = 1. System (1.6) with above coefficients has a unique positive equilibrium
E*(0.6,1.7,3.4). By computing, we can get pg — qo = —6.48 < 0 and wy = 0.9326, 79 = 1.664. By
Theorem 3.1 we see that the equilibrium E* is locally stable for 7 < 7p; and E* is unstable for
T > 7p. And system (1.6) undergoes a Hopf Bifurcation at the positive equilibrium E* when
T = 19. See Figures 4 and 5.
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Figure 5: When 7 = 2 > 79, the positive equilibrium E* is asymptotically stable. Here r = 4, r1 = 1, 1, =
1, an=1, an=2, axn =4, an =2, b=4, 0 =1 and the initial value is (0.8,1.5,3.6).

6. Discussion

In this paper, we considered a delayed predator-prey model with stage structure for the
predator. By using the iteration technique and comparison argument, respectively, sufficient
conditions were established for the global stability of the positive equilibrium and two
boundary equilibria of system (1.6). By Theorems 4.1, 4.2 and 4.3, we see that: (i) If (H2)
holds and aj1az > apazi, system (1.6) is permanent. (ii) If 7 (0 + r2) > bO + axir /a1 (6 + r2),
the prey species is persistent but the predator becomes extinct. (iii) If (H1) holds and
(0 + ) (anr + apr1) < an0b, the predator species is persistent but the prey species becomes
extinct.
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