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We study the following nonhomogeneous A-harmonic equations: d*A(x, du(x)) + B(x,u(x)) =
0, x € Q u(x) =0, x € 0Q, where Q C R" is a bounded and convex Lipschitz domain,
A(x,du(x)) and B(x,u(x)) satisfy some p(x)-growth conditions, respectively. We obtain the

existence of weak solutions for the above equations in subspace Ré’p(x) (Q, A1) of WS PO (Q, A1),

1. Introduction

Spaces of differential forms have been discussed in great details (see [1, 2] and the references
therein). The theory of differential forms is an approach to multivariable calculus that is
independent of coordinates and provides a better definition for integrals. Differential forms
have played an important role in physical laws of thermodynamics, analytical mechanics,
and physical theories, in particular Maxwell’s theory, and the Yang-Mills theory, the theory
of relativity, see for example [3-6].

In recent years, the study of A-harmonic equations for differential forms has developed
rapidly. Many interesting results concerning A-harmonic equation have been established
recently (see [7-11] and the references therein). In [12], spaces LP*¥)(Q) and W P™)(Q)
are first introduced, and they used them to study the solutions of nonlinear Dirichlet
boundary value problems with p(x)-growth conditions. In [13], spaces LP®™(Q, Al,w) and
WP (Q, Al,w) are first introduced and used to study the weak solutions of obstacle
problems of A-harmonic equations with variable growth for differential forms.


https://core.ac.uk/display/193377941?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

2 Abstract and Applied Analysis

Let € C R" be a bounded and convex Lipschitz domain. It is our purpose to study the
following systems:

d*A(x,du(x)) + B(x,u(x)) =0, x€Q,
1.1
u(x) =0, x€0Q, (D

where u € AF1(Q),1=1,2,...,n,and A : Q x A(Q) — A{Q), B: Qx AF(Q) — A(Q)
satisfy the following conditions.

(H1) A(x,¢) and B(x, g) are measurable with respect to x for all ¢, ¢ and continuous with
respect to ¢, g, respectively, for a.e. x € Q.

(H2) |A(x,8)|+|B(x,¢)| < C1|g[PX)1+Co|gP™)1+G(x), where G € LF ) (Q) and C1,C; > 0
are constants.

(H3) (A(x,¢),&) > al¢|P™ —|h(x)|, where a > 0 is a constant and h € L'(Q).
(H4) (B(x,6),¢) > alglP™ —|h(x)|, where @ > 0 is a constant and h € L}(Q).
(H5) For a.e. xp € Q, the mapping ¢ — A(xo, ¢) satisfies

f (A(xq, & + do(x)),do(x) dx > yj |dv(x) PP dx, (12)
D D

for each ¢y € A/(Q), D c Q and v € C}(Q, A1), where y > 0 is a constant. Here p'
is the conjugate function of p. Throughout this paper we suppose (unless declare
specially)

pEPE(Q), 1<p.=essinfg p(x) < p(x) < esssupg, p(x) =p* < oo. (1.3)

2. Preliminaries

Let ey, ey,...,e, be the standard orthogonal basis of R". The space of all I-forms in R" is
denoted by A(R"). The dual basis to ey, ey, ..., e, is denoted by el,e?,...,e" and referred to
as the standard basis for 1-form A!(R"). The Grassman algebra A(R") = ®@A!(R") is a graded
algebra with respect to the exterior products. The standard ordered basis for A(R") consists
of the forms

1Lel,e,....e"N e ne?,...,e" T net, ... et ne*. .. e (2.1)

For a(x) = Y aj(x)e! € AI(R") and B(x) = 3 fi(x)e! € Al(R"), the inner product
is obtained by (a, ) = 3 a;(x)p:(x) with summation over all I-tuples I = (iy,...i;) and all
integers I = 0,1, ...,n. The Hodge star operator (see [14]) » : A(R") — A(R") is defined by
the formulas

*l=e'ne-- e, anN*p=pAxa={ap)e ne*-- Ne" (2.2)
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Hence, the norm of a is given by the formula |a> = (a,a) = x(a A xa) = X ar(x)a;(x) €
A°(R™) = R. Notice, the Hodge star operator is an isometric isomorphism operator on A(R").
Moreover,

*: AR™) — A"HRY), k= (=D)L ANRY) — ALRY), (2.3)

where I is the identity map.

Let Q C R" be a bounded domain. The coordinate functions x1,x»,...,x, in Q are
considered to be differential forms of degree 0. The 1-forms dxi,dx;,...,dx, are constant
functions from Q into A!(R"). The value of dx; is simply €', i = 1,2,...,n. Therefore, every
I-form u : Q — Al(R") may be written uniquely as

u(x) = Zu; (x)dxr = Z u;,, g, (x)dxi, N+ Ndxj, (2.4)
T

1<iy<-<ij<n

where the coefficients u;,, ; (x) are distributions from ®'(Q2), dual to the space of smooth
functions with compact support on Q.

We use ®'(Q, A) to denote the space of all differential I-forms. For each form u(x) €
?'(Q, A!), the exterior differential d : &' (Q, A!) — '(Q, A'*!) is expressed by

ou;,, i (x)

du(x) = e

)

n
k=1 1<ij<--<ij<n

dxi Ndxi, N--- A dx,. (2.5)

For u € 9'(Q, A’), the vector-valued differential form

w:(au ou a—”) (2.6)

Ox1” 0xy” " Ox,

consists of differential forms du/0x; € '(Q, A!), where the partial differentiation is applied
to the coefficients of u.
The formal adjoint operator, called the Hodge codifferential, is given by

d* = (=1)"" xdx: 9’(9, A’”) — 9'(9, A’). 2.7)

By C®(Q,A!) denote the space of infinitely differentiable I-forms on Q and by CZ(Q, A")
denote the subspace of C*(Q, A') with compact support on Q.

Let P(Q2) be the set of all Lebesgue measurable functions p : Q — (1,c0). For
p € P(Q), we put p, = essinfg p(x) and p* = esssup, p(x). Given p € P(Q) we define
the conjugate function p' € P(Q) by

p(x)

p'(x) = W,

Vx e Q. (2.8)
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Definition 2.1 (see [15]). A Lebesgue measurable function p : Q — R is called globally log-
Holder continuous in € if there exist p,, € R and a constant C > 0 such that

C
lp(x) -p(y)] < loge+ 1/ [x—y])’ [p(x) - poo| < Togte <0 (2.9)
hold for all x, y € Q. P°¢(Q) is defined by
plE(Q) = { peEP): % is globally log-Holder continuous}. (2.10)
For a differential I-form u(x) on Q,1=0,1,...,n, define the functional p,) by
o) = | uGoptax. 1)

The space LF®)(Q, A') = {u € A(Q) : I > 0, ppx)a1(Au) < oo} is a reflexive Banach
space endowed with the norm

o a0 = E{ L > 02 pya (%) <1}. (2.12)

The space W'P®)(Q, Al = {u € AHQ) : u € LP®(Q, A!) and du € LPM(Q, A1)} is a
reflexive Banach space endowed with the norm

lullwrre @an = 1l @any + 1l e @ ar)- (2.13)

Note that LP(™ (Q, A%) and W17 (Q, A?) are spaces of functions on Q. In this paper,
we denote them by LP(™ (Q) and W™ (Q).

Iwaniec and Lutoborski proved the following results in [2].

Let Q C R” be a bounded and convex domain. If u(x) € A!(R") is defined for some
x € Q, then the value of u(x) at the vectors ¢;,...,¢ € R" is denoted by u(x) (¢, ..., ¢). Then
to each y € Q, there corresponds a linear operator K, : L] (Q,Al) — L} (Q,A"™") defined by

loc
1
Kyu(x)(&1,82,...,é1) = Io lultx+y -ty) (x -y, &, &,...,&41)dt. (2.14)

The homotopy operator T : Ll (Q,A) — LI

loc 1o (€ AI71) is defined by averaging K, over all
points i € Q

Tu(x) = L; ¢(v)Kyu(x)dy, (2.15)
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where ¢ € C¥(Q) is normalized so that [, ¢(y)dy = 1. Then we have a pointwise estimate

ITu(x)] < 2"u( Q)f W)l 4y, vxeq,

x—y|"

where

Vel =@ .

1(Q) = (diam Q)™ inf{
llll LY(Q)

g€ cw(g)}

further infimum is attained at ¢(x) = diam(x, 0€2), and the decomposition

u=dlTu+Tdu

holds for u € L!

loc

(Q, A).

Definition 2.2. For u € L{, (Q, A!), define the I-form ug € 9'(Q, A!) by

=0,
o = meas(Q) J. u(x)dx, for 1
dTu, for 1=1,2,---,n,

and the Maximal operator is defined by

r>0

1
(Mu)(x) = SUp s (B, () fs,m [u(y)|dy,

where B, (x) ={y e R" : [y — x| < r}.

Lemma 2.3 (see [15]). Let p(x) satisfies (1.3). Then the inequality
”(Mu)(x)”LP(")(R") < C("/P)||”(x)||U<">(R")

holds for every u € LP®) (R™).

Lemma 2.4 (see [15]). Let Q C R" be a bounded convex domain, x € Q and u € L]

J‘ | I (y)| dy < C(n)(diam Q) (Mu)(x).

x-y["

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(R™). Then

(2.22)
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Lemma 2.5 (see [15]). Let ¥ be a Calderdén-Zygmund operator with Calderén-Zygmund kernel K
on R" x R". Then ¥ is bounded on LP*) (R™). Further there exists a constant C = C(n,p) such that

2 (2) | o ey < C (1, p) 14 (2) | o ey (2.23)

holds for every u € LP®) (R™).

Lemma 2.6. If u € L™ (Q, A!), then
”Tu”U’(J‘)(Q,AH) < C(”/P)P‘(Q) (diam Q)”“”LP(*)(Q,A’)' (2.24)
Moreover, if u € W& (Q, Al), then
||uQ||Ln(x>(g,Al) < C(P) ||u||Lp<x)(Q,AI) + C("/P)#(Q) (diam Q)”du”LF(X)(Q,AM)‘ (2.25)
Proof. First define u(x) = 0 if x € R” \ Q. From pointwise estimate (2.16) and Lemma 2.4,
|Tu(x)| < C(n)pu(Q)(diam Q)M (Jul)(x), Vxe€ Q. (2.26)
In view of Lemma 2.3, we have
T ulll e @) < C(n, p) u(€2) (diam Q)[[ull] o () (2.27)

that is to say, (2.24) holds.
From the definition of ug and (2.18), we have uq = u — Tdu. Therefore,

||uQ||LP(x>(Q,A’) < C(P)”“”Lm)(g,/\l) + C(n,P) ||Tdu”LP(x)(Q,AI)- (2.28)

Now in (2.24) replace u with du, we obtain (2.25). O

Lemma 2.7. Let p(x) satisfies (1.3).

(1) CP(Q, A!) is dense in LP™(Q, A),
(2) LP™(Q, A1) is separable.

Proof. (1) For any u(x) = 3, ur(x)dx; € LP®(Q, A, since Cy(L2) is dense in LPY(Q) and
ur(x) € LP®(Q) for all I, we can find a sequence {usx} 2, C C{ (€2) which converges to u;(x)
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in L™ (Q) for each I. Now let ux(x) = 3 updxy, then the sequence {ux(x)} C CP(Q,A")
converges to u(x) in LP®(Q, A!), since

172\ P&)
f |u<x>—uk<x>|”<x)dx— << |1 ( x)—ulk<x>|2> ) dx
Q

px)
<Z|u1(x ulk(x)|> dx
T
.Y
T

f [y (x) = g (x) PP dx.

(2.29)

That is to say, C3°(Q2, A') is dense in LP™)(Q, Al).

(2) Let u(x) = X ur(x)dxr € LPX(Q, Al). Since LP™(Q) is separable, there exists a
countable dense subset K of LP*)(Q). Then for any u;(x) above we can extract a sequence
{uk(x)} in K which converges to u;(x) in LP®™(Q). Similar to (1), the sequence {uy : ux(x) =
> uk(x)dxr} converges to u(x) in LP®(Q, Al). That is to say, LP® (Q, Al) is separable. [

Let R7700(Q,AD) = {u(x) = 3x) — da(x) : & € WO (Q,Al)}. Note that u €
/P (Q, Al) if and only if ug = 0.

Lemma 2.8. Let p(x) satisfies (1.3). Then 7™ (Q, A!) is a closed subspace of W'P¥)(Q, Al). In
particular, it is a reflexive Banach space.

Proof. Set a sequence {ug(x)} C R (Q,Al) convergent to u(x) in W™ (Q, Al), then
(ux)o = 0. By Lemma 2.6, the operator T is continuous on &7®)(Q, Al). Therefore, ug =

0, we have u(x) € RY"¥®(Q,Al). That is to say, 7% (Q, Al) is a closed subspace of
WP (Q, Al). 0

In [2], Iwaniec and Lutoborski obtained
o (Tu) = Aju + Siu (2.30)
; 1 [Aded :

where

2"u(Q) |lu(z)|
diam(Q) Jg |x - z"1

|[Aju(x)| < (2.31)

Siu(x)(@) = fQ w(2)(Ki(z,x - 2), 8)dz, (2.32)
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where ¢ = (§1,&,.--,4-1) and

Ki(z,x-z) = ¢ fs""%p(z—sﬁ)ds

lx —z[" Jo -
x—-z (° xX—z
- —f s”tp,(z—s )ds.
lx — 2™ Jo lx — z|

Further for each z € Q and h € R" — {0}, K;(z, h) satisfies the following properties:

(2.33)

(i) Ki(z, h) < pu(Q)[h[™,
(ii) Ki(z,sh) = s™K;(z,h),s >0,
(iii) j|h|=1 Ki(z,h) =0forall z € Q.

Let Ki(z,h) = (Ki,Kp,...,Kiy). Then Kj, satisfies the conditions of Calderén-
Zygmund kernel on R” x R" foreacha =1,2,...,n.

Lemma 2.9. Let u € L™ (Q, Al). Then
VT ulll 0 @) < C(n,p, Q) 1l e a1 (2.34)
Proof. By Lemmas 2.3 and 2.4, and (2.31),
[Aiull o @,ary < C (1, p) ()11l e 0,01 (2.35)
Let

Siu(x) = Z Wiy jseerfin dle A\ dx,-z VANRERIAN dx,-H, (236)

1<ji<fp<<ji1<n
we can write u(x) as

u(x) = Z Z Ugjy o jis AXa A dXj Ao Ndxj . (2.37)

1<asn,a # ji,j2,0j111<1<ja<<ji1<n
Hence,
Wiy i (%) = Siu(x) (ej,, €, ..., €j.,)- (2.38)

Taking ¢ = (ej,, ej,, - - ., €j.,) in (2.32), we obtain

Wi\, j2merfict (x) = J‘ Z Kiq (Z/x - Z)ua,jler/---/jlfl (Z)dZ. (239)

Q1<a<n,a# ji,ji1



Abstract and Applied Analysis

Now define u(x) = 0 if x € R"\ Q. Since K;, satisfies the conditions
Zygmund kernel on R" x R" for each a, in view of Lemma 2.5,

”w]'l/fz/“v]'lfl ”LP(X)(Q) S C(Tl, P) Z ||u“/f1,jz,-.~,j1—1 "U’(X) @-

1SASHAF furjit
So that
ISitell o @ay < C(1p) 11l oo @ n0)-
By (2.30), (2.35), and (2.41), we have
NV Tull| o () < C(an/Q)||”||Lp<x)(Q,Al)-
Now define another norm
|||w|||ﬁ1fﬁ(x>(Q,Al) = ||W||Uv<x>(gz,Al) + |||Vw|||Lp<r>(gz)-
Remark 2.10. Replacing u with du in (2.34), we get by the definition of uq

IV (1 = uo)|ll o @) = VT dull| e ()
< C(n, p) p(Q)l|dul| oo g a1y

= C(n,p)p(Q)1d (u - ua) w1

Therefore ||| - [[| groe (,a1) is equivalent to || - || gpw g al-

In this paper we also need the following two lemmas.

9

of Calderon-

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

Lemma 2.11 (see[15]). Let p(x) satisfies (1.3). Then the embedding Wé’p(x)(Q) — LPY(Q) is

compact.

Lemma 2.12 (see[15]). Suppose that p € L*(Q). Let {ux}52, be bounded in LP™(Q). If ux — u

a.e. on Q, then ux — u weakly in LP™) (Q).

Remark 2.13. Let ﬁé’P(X)(Q, A'") be the completion of CF(Q,A) in &%) (Q, A"). Then from
Remark 2.10 and Lemma 2.11, the embedding Ré’p(x) (Q, Al) — LPX(Q, Al) is compact.

Remark 2.14. Suppose p(x) satisfies (1.3), Lemma 2.12 also holds on space LP®)(Q, A').
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3. Weak Solutions of Dirichlet Problems for the
A-Harmonic Equations with Variable Growth

Theorem 3.1. Under conditions (H1)-(H5), the Dirichlet problem (1.1) has at least one weak solution
in ﬁ(l)’p (x)(Q, A, that is to say, there exists at least one u = & — Oq € ﬁ(l)’p(x) (Q, A satisfying

J‘Q<A(x, du(x)),de(x)) + (B(x, u(x)), ¢(x))dx = 0, (3.1)

forall g € Wg’p(x)(Q, A1), Here, & € WY& (Q, A1) and p(x) satisfies (1.3).

Let V = Wi"™ (@, Al') and % = &7 (Q, Al). For u € V, define 2 : V — V* in the
following way: for each ¢ € V

(Au, ) = fQ<A(x, du(x)),de(x)) + (B(x, u(x)), p(x))dx. (3.2)

Now we need only to show that there exists u € £ such that (%u,¢) = 0 for all ¢ =
Spr(x)dxreV.

Lemma 3.2. 2 is strong-weakly continuous on V.

Proof. Let {uy : ui(x) = X ukr(x)dxr} C V be a sequence strongly convergent to an element
u(x) = Y ur(x)dx; € Vin V. Let dux(x) = 3; wij(x)dx and du(x) = 33; wj(x)dx;. Then

(h1) |luklly < C for some constant C,

(ha) {wiy(x)} is a sequence strongly convergent to wj(x) in LP®™(Q) for each J.

In view of (H2) and (h1), we know that A(x,duy) = >, Axj(x)dx; and B(x,ux) =
> Bir(x)dx; are uniformly bounded in LF'®)(Q, Al) and LP' ™) (Q, A1), respectively. Hence,
Ayxj(x) and Byj(x) are uniformly bounded in LP'*)(Q). On the other hand, by (h;,), there exists
a subsequence of {wi;(x)} (still denoted by {wy(x)}) such that

klim wij(x) =wj(x), ae. xeQ,for each J. (3.3)

Then there exists a subsequence of {u(x)} (still denoted by {ux(x)}) such that

klim ur(x) = u(x), klim dui(x) = du(x), ae x€Q. (3.4)

In view of (H1), we obtain

klim A(x,duy) = A(x,du), ae x€Q,

(3.5)
klim B(x,ux) = B(x,u), a.e. x€Q.
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Let do(x) = >, ¢j(x)dxy, A(x,du) = >, Aj(x)dxy, and B(x,u) = Y Br(x)dxy, then ¢j(x) €
LP™)(Q), in the meantime

klim Arj(x) = Aj(x), ae x€Q, (3.6)
klim Brr(x) = Br(x), ae. x€Q, (3.7)

for each J and I.
Now by Lemma 2.12, we can show that [, Axj(x)¢j(x)dx — [o Aj(x)¢r(x)dx and
Jo Brr(x)pr(x)dx — [, Br(x)@r(x)dx as k — oo. Therefore,

(RN, ) = jQ<A<x,duk>,dgo> + (B(x,ue), 9)dx

— fg(A(x,du),rﬂp) + (B(x, 1), p)dx (38)
= (A, 9),
that is to say, 2 is strong-weakly continuous on V. O
Lemma 3.3. 2l is coercive on Ry, that is,
fim (ﬁl;‘”:) = o0, Vu e fo. (3.9)
Proof. By (H3) and (H4),
(RAu,u) = J-Q<A(x, du),du) + (B(x,u),u)dx
> f9<a|du|p(x) — [h()|+ @™ = [n(x)| ) dx (3.10)
> f aldul®dx - C(h k).
Q
By ddq = 0 and Lemma 2.6, we have
[ll e @,ar1) = ITAB o @ a1y < 2"C (n, p) p() (diam Q) [|dul| o a1y (3.11)

for all u = & — 8q € Ro. Then ||dul|pw a1y — o0, as |lulla — oo. Taking

1
6= E”du”LP(X)(Q,AI) >1, (3.12)
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we have

p(x)

fQ |du|P(x)dx f < \du| >P(x) (||du||Lp(x>(Q,Az) - 6) p
T x
Q

||du||Ln<x>(Q,Al) -0

lldull e (Q,A]) - lldull e (Q,A])

(3.13)
P«
_ (leul @ =) (1>”*||d -
= — u .
- ldull e @ an 2 L@ (@A)
Therefore,
fo ldulP™ dx
00 as ||du||pe —> 0. (3.14)
||du||Lp(X)(Q,AI) ” ||Lp( >(Q,Al)
Then it is immediate to obtain that
2Au,
(e, ) as ||ul| s — oo. (3.15)
([l
That is to say, 2 is coercive on K. 0
Lemma 3.4 (see[16]). Suppose § = A(x) is a mapping from R™ into itself such that
A(x) - x
= 3.16
|x| = o0 |x| ( )
Then the range of A is the whole of R™.
Lemma 3.5. There exists a sequence {uy} C R and ug € Ky, such that
Ay, ug —ug) — 0 as k — oo. (3.17)

Proof . By Lemmas 2.7 and 2.8, we can choose a Schauder basis {w;} of & such that the union
of subspace finitely generated from w; is dense in f. Let & be the subspace of £ generated
by w1, w», ..., wk. Since R’g is topologically isomorphic to Rk, By By Lemmas 3.3, and 3.4, there
exists ux € &% such that

Ru,w) =0 Yw € R’g. (3.18)

By Lemma 3.3 again, we know that ||ui|ls < C, where C is independent of k. Since £y is
reflexive, by Remark 2.14 and (H1), we can extract a subsequence of {uy} (still denoted by
{ux}) such that

ur — ug weakly in Ry, Au — ¢ weakly” in 8, (¢, w) =0, (3.19)
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where w is in a dense subset of &. For fixed ¢, by the continuity of (¢, -), we get (¢, w) = 0 for
all w € Ry. For (Auy, ux — up), we have

(Avtg, ur — up) = (Aug, ur) — (Aug, up) = —(Aux, up) — 0 as k — oo. (3.20)

This completes the proof of Lemma 3.5. O

Set vx = ux — ug = X, vxrdxy. Then

vy —0 weaklyin Ry as k — oo. (3.21)
Consider (2uy, ux — up) once more, then

(Rug, ux — ug) = f (A(x,dug + doy), dok ) + (B(x,up + vk), vk ydx — 0, (3.22)
Q

as k — oo. By Remark 2.13, we get
v — 0 strongly in LP&) (Q, AH>. (3.23)
In view of (3.23) and (H2), it is immediate that

j (B(x,up +vk),vk)dx — 0 as k — oo, (3.24)
Q

that is to say,

J (A(x,duy + doy), dvk)dx — 0 as k — oo. (3.25)
Q

Now if we can prove that there exists a subsequence of {vx} which is strongly
convergent in Ky, then from the strong-weakly continuity of 2, we get Au; — RAug = ¢ weakly
in Ry as k — oo and ugy will be a weak solution of (1.1). We need the following lemmas.

Definition 3.6. Let Q be an open subset of R” provided with the Lebesgue measure. The
mapping f : Q x RN — R is said Carathéodory function if for almost all x € Q, f(x,) is
continuous on RN, for all ¢ € RN is measurable on Q.

Lemma 3.7 (see[17]). A mapping f : Q x RN — R is a Carathéodory function if and only if for all
compact sets K C Q and all € > 0, there exists a compact subset K, C K such that meas(K — K;) < ¢
for with the restriction of f to K. x RN is continuous.
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Lemma 3.8 (see[15]). Let { i} be a sequence of bounded function in L*(R™). For each € > 0 there
exists (A, 6, N) (where A, is measurable and meas(A;) < g,6 >0, N is an infinite subset of natural

numbers set N) such that for each k € N,
f | fie(x)|dx < g,
B

where B and A, are disjoint and meas(B) < 6.

Definition 3.9. For u € C}(R"), define

(M@ = (M) (x) + 3 (M ) @),
a=1

0xy

Lemma 3.10 (see[18]). Ifu € C(R"), then M*u € C°(R™) and for all x € R",

ou
0X,

(x)

()| + D < (M*u)(x).
a=1

Furthermore, if p > 1, then
[M*ullpp gny < C (1, p) 1l gy,

and if p = 1, then

meas({x € R" : (M*u)(x) > \}) < Cln)

”u”WM(]R")/

forall A > 0.

Lemma 3.11 (see[19]). Let u € C°(R") and A > 0. Set

H* = {x e R" : (M*u)(x) < A}.

Then for all x,y € H*, we have

|u(y) - u(x)| < Cm)Aly - x|.

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

Lemma 3.12 (see[16]). Let X be a metric space, E be a subspace of X, and k be a positive number.
Then any k-Lipchitz mapping from E into R can be extended to a k-Lipchitz mapping from X into R.

Proof of Theorem 3.1. We need only to show that there exists subsequence of {vi} which is

strongly convergent in £y.
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For each measurable set S C Q, define

F(v,S) = L(A(x, duy + dv),dv)dx, (3.33)

where v € K. Similar to the proof of Lemma 3.2, F(-,S) is strongly continuous on Ky. Since
Cy(Q, A1) is dense in Ry, there exists hx C CP(Q, A1) such that

1
Ik — vkl < |F(h, £2) = F (v, Q)] < . (3.34)

%/

So we can suppose that {v} C CF°(€2, A1) is bounded in fy.
Next define

vk(x) =0 when x € R" \ Q. (3.35)

In this way, we extend the domain of vy to R"” and supp vy C Q.
Let p : R* — R* be a continuous increasing function satisfying $(0) = 0 and for each
measurable set D C Q,

f (IGE)P™ + |h(x)| + (C1 +1)lduo P )dax < B(meas(D)), (3.36)
D

where Cj is the constant in (H2).

Let {gj} be a positive decreasing sequence with ¢ — 0 as j — oo. For ¢, by
Lemma 3.8, we get a subsequence {ki} of {k}, a set A, C Q satisfying meas (A;) < €1,
and a real number §; > 0 such that

f (M*v,)PPdx < ¢4, (3.37)
B

for each ki, I and B C Q\ A, satisfying meas(B) < 6;. By Lemma 3.10, we can choose A > 1
so large that for all I and k;,

meas({x € R" : (M*vg,1)(x) > A}) < min{eq, 61} (3.38)
For each I and k;, define
Hp = {x €R": (M o) (x) <A}, Hj =(\Hp, (3.39)
I

In view of Lemma 3.11, we have

|vk, 1 (y) = vk, 1 (%)
ly — x|

<C(mA Vx,ye H,)c‘1 and 1. (3.40)
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Form Lemma 3.12, there exists a Lipschitz function gi,; which extends vy, outside H ,i‘] and
Lipschitz constant of g, is no more than C(n)\. As H lt is an open set, we have gx,1 = U1

and Vg, 1(x) = Vog,1(x) for all x € H,i‘], and ||V gk, 1llr=®n) < C(n)A. We can further suppose
that

gk ll e gy < sl y <A, gkt llwie (@) < CmA- (341)

By the uniformly boundedness of {||g,1llw=(q)}, there exists a subsequence of {g,r} (still
denoted by {gk,r}) such that

i1 — wr weakly® in Wh*(Q) as k; — oo VI. (3.42)
Set w = > ;wrdxy and g, = X7 8k 1dx1. We have

F(0, Q) = F(g, @\ Ar) ~ F(k, (Q\ As) \ H ) + vk, A U (Q\HL ). (3.49)

Next we estimate F(vy,, Q) in four steps.
(1) The estimate of F(gk,, (Q\ As) \ H,i‘l) and F(vg,, Ag, U (Q\ H,ﬁl)). Since

meas((Q \ A\ H£1> <> meas<(Q \ A\ H;(‘ll) < Clmin{ey, 61, (3.44)
T

where Cln_1 =nn-1)---(n-1+2)/(1-1)(I-2)---1, from (H2), (H3), and the choose of A,,,
we have

[P (g0, @\ A\ HL))|

<[ (Cildtuo +dge, [ dgiu | +1G(0)l|dge|)dx
(Q\A)\H}

AN

I <C12P‘—1<|du0|P(X) + |dgk1 |P(X)> n C1|dgk1 |P(x) " |G(x)|p’(x) n |dgk1 |p(x))dx
(Q\A:)\H,

< zp‘*lp(meas((g \ Ae) \ H,ﬁl))+zp" (C1+1) f |dgi, [P dx

(@\ A\,
p(x)
(zwgm) dx
I

= 2P“1[5<meas<(gz \ A\ H,i)) +2(Ci) -[(Q\A J\H
e )\ H
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< op'-1 ﬁ(ciglgl) +2°°C(Cy,m, 1) f AP e
(@\A)\H},

< ’ €1 P 1,1, k1) dx
<2F -1ﬁ(C£;1 )+2 C(Ci,n l)zf (M*vg,1)P0d
T J @A )\H,

< 2P*—1ﬂ<Ci,‘1e1> +27C(C1,n, 1 < O(en),
(3.45)

F(vi, Ao U (Q\ HY))

= I (A(x,duy + dvy,), dug + dog, ) — (A(x, duy + dvy,), dug)dx
AqU@\H})

v

f <a|du0 + dog [P - h(x)) - <C1|duo + dog, PO dug| + |G(x)||du0|>dx
A U@\HY)

v

f (a2 ) = Cap2r v, P = |h()] - G D)
Aelu(Q\Hﬁl)

- (—a2-<r"-1> +Cu2P 1+ CiC () + 1) |duo]P™ dx

> (a2 -Cip2 ) f

. dv, [P dx~C(a,p, C1, pu)p(meas(A, U (Q\HL)))

> a2 f |dvg, PP dx - O(ey),
A 1U(Q\H,’(\])

(3.46)
where y > 0 is small enough.
From (3.43)—(3.46), we get
F(on, ) > Fga, @\ 4.) +a2” do PPz - 0. (347)

A U(Q\Hﬁl)

(2) The estimate of F(gk,, Q2 \ Ag,). Set fi,1 = gk 1 — wri, where wy is defined by (3.42).
Then

frur — 0 weakly* in W' (Q) as k; — oo VI,

(3.48)
||fk11||L°°(Q) <2, ||dfk11||L°°(§2,A1) < 2C(m)A.
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Let G = U; Gr with G; = {x € Q : wy(x) #0}. According to Acerbi and Fusco [19], we
have meas(G) < (CL! +1)e; where C-' = n(n—1) -~ (n=1+2)/(1-1)(I-2) - -- 1, and set

fia = 21 frrdxy, then

F(gkl’Q\Agl) = F(fkll(Q\Aa)\G)

+F<vk1,(£2 \ A,) N H NG)
+F(ge, @\ A)n (G HY)).
Define

QM =AU (Q\VHY), Q= (Q\A)\G,

QN = (@\A,)NHE NG, QM =@\ A,)n (G\HY).

Similar to the proof of (3.46), we get

F(Ukl, 93") > a2 " fg |dvg, [P dx — O(ey).
3

Since on Q¥ we have
4

Lfm |dgi, [ dx < C(m,p) (C)1 +1)en,

then similar to the proof of (3.45), we get

|F (g0, @5)| < OCen).

By (3.49)—(3.53), we have

F(8k @\ Ac) 2 F(fi, Q) + a2 f o, |dv PP dx = O(en).
QY

Thus, we have

F(vk,, Q) > F(fi, Q5') + a2 Lfm |dvg, P dx — O(ey),

e,k _ ek £1,k1
where Q" = Q"™ U Q.

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)
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Choose an open set Q' ¢ Q which contains Q7' such that
|F (fi,, Q) = F(fi, Q5] < e1. (3.56)

From (3.55), we get

F(vk, Q) > F(fi, Q) + a2’ f  ldo, PP dx - O(ey). (3.57)
ler 1
Approximate Q' by hypercubes with edges parallel to coordinate axes, that is, con-
struct

H] C QI,
meas(Q'\ Hj) — 0 as j — oo,

b (3.58)

H; = | JD;s,
s=1

meas(D;s) =1/2", 1<s<h;.

Let j > 0 be large enough such that for all k; > 0, we have

|F (fi, ) = F(fi,, Hy)| < &1, f |dfi, | dx < &1,
\H (3.59)

meas(Q' \ Hj) < min{ey, 61}.
Thus,

F(vi, Q) 2 F(fi, Hj) + a2 f do, PP dx - O(er) - 2e1. (3.60)
lef 1

(3) The estimate of F(fy,, H;). Let a > 0 be large enough such that for E = {x € Q' :
1(x) < a}. Then

meas(Q'\ E) < 5—]\1[, JAQ\E n(x)dx < e, (3.61)

where [|dfi, ||} (o a1 < 2C, 'C(n)A = N and 7(x) = [G(x)[P'®) +2V71(Cy + 1)|dug ™.
For x € Q,¢ € A(Q), define

¥ (x,§) = (Alx, dug(x) +§),8)- (3.62)
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By Lemma 3.7 and (H1), there exists a compact subset K C H; such that ¢s(x, §) is continuous
on K x Al(Q) and meas(H; \ K) < &1/(a + N). Hence, ¢(x,§) is uniformly continuous on
bounded subsets of K x AH(Q).

Divide each D into 2" hypercubes Q}". - with edge length 27im 1 <t < 2" For all

j,s,m,t, take x{"] s € Q:’; s N KN E (if this set is empty, take x;’; s € Q:’; ,) such that

H(XZ},S) meaS(QZ},s) < ij_ n(x)dx. (3.63)

Then

F(fw, Hj)
= F(fi, HiNKNE) +F(fi,, Hi \ E) + F(fi, (H;NE) \ K)

> F(fi,, HHNKNE) —J‘H.\Eq(x)dx—J‘ n(x)dx

(H;nE)\K
-2 (C1 +1) f
Hj\

j

(3.64)

|dfk1 |p(x)dx + I |dfk1 |p<x>dx>
E

(H;nE)\K
= F(fk1/Hj ﬂKﬂE) - 0O(&1)

m,j m,j m,j
= bk1 +o dk1 - O(e1),
where

m
tj,s

R tzjgm g (0o ific (x) ) dx, (3.65)
/S tjs

am

ki w(x{f},s, dfi, (x))dx.

s -[ Qr \(KNE)

By (3.25), we have

lim F(vg,, Q) =0. (3.66)

k1~>oo

Note that if Q" ‘N K N E is an empty set, then

b0 ) =0 5o

tj.s
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Now we only consider Q;”I s Which satisfies QZ;.,S N K N E#¢. Since dup(x) is uniformly

continuous on Hj, then by the uniform continuity of ¢ on bounded subsets of K x A/(Q),
we obtain that for x € Qt .., there exists a constant L > 0 such that

|()U(x’ df’ﬁ (x)) - qf<x:3',s/dfk1 (.’X'))'

- | <A(x, dug(x) + dfi, (x)) - A(x;f;,s, dug (xzf;,s) +dfi, (x)),dfkl (x) >| (3.68)

1
< -
meas(H,) e

holds for all m > L and each k;. Therefore, |b:i’j | < & for all k.

4] <% |

Q,,s\(Kmm

o (x o i, (x) ) |dx

<A<x{f}/s,duo <x;’35> +dfi, (x)),dfk1 (x) >dx

ts f QL \(KNE)

<

Caldug (x,) + i | [afi0] + |G ()

J |dfk1 (%) |dx
t,s 7 Q \(KNE)

J v \(KNE) <n<xt15> +2(Cr+ 1)N>

tj,s

< (n(x2.) +27 (€ + DN)dx + C(Cop) Y, j (n(x2.) + N)dx
t,s

.[(H]-nE)\K Qi s\E
< C(a,N,Cy,p)meas((H;NE) \ K) +C(Cy,p) I [1(x) + N]dx
H/\E
< C(a/NICl/p)Sl < O(El)'
(3.69)

Now we suppose that m is large enough that |b::’j | < &1 for each k; > 0 and there exists
k1 > 0 such that F(vr, Q) < & for ky > k1. Therefore, from (3.25), (3.60), and (3.64), we have

£ 2 F(Ukl,Q)

> cz'f +a2 " I B |dok, P@dx — O(er) - 31 — C(Cy,p)e (3.70)
ok .

=+ a2 I -, |dog, P dx - O(er).
5
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(4) The estimate of c::’j . By fiir — 0 weakly” in W'*(Q) as kj — oo, we obtain
| ferllz=@) — O ask; — oo for each I. Then

Rfls;" - ”|f’<1|”L°°(Q;",5J) — 0 as k; — oo for fixed m. (3.71)

Define a hypercube Efls;” contained in Q. - with edge length 1/ 2im — ZRfls;” such that
dist(dQy" ; Ekumy = Reum

[ ts,j *
Next define

P, (x)=0, xe€ aQZ’;J,
(3.72)

3 (x) = fk1 (.X'), x € EZIS,,

Since ¢y, is a Lipschitz mapping on set E, i Y oQy" j and its Lipschitz constant is no more

than 2C(n)A, by Lemma 3.12, ¢k, can be extended to the whole Q. ., where it is also a
Lipschitz mapping with the same Lipchistz constant. We still denote the extension by ¢y,
and suppose that it is defined on the whole H;. Then by [20]

Vi1 = Vfur— 0 ae. on H;. (3.73)

Thus, there exists a k; > k; such that for all k; > k;, we have

f Id‘Pkl - dfkl |p(X)dx < 62_1’

Hj
(3.74)
t,Zs J‘ tm)s q’-(x:,r;}sl dfkl (.X')> - ‘P(x:,r;rsl d(Pkl (x))dx < 52_1
In view of (H5), we obtain that
mj -
“ ~ Z J‘Q (I;<xtff/5’ dfkl (x)>dx
ts 7 Qpjs
. tzs:' J‘Qt'rljls (P<xt’f’].’s, Ay, (x)>dx - %1
= % J‘Q"' <A<xtn,1j,sr dug ('xZ;',S> + dlpk] (x))ld(Ph (x) >dx _ % (375
¢ tj,s
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Thus in (3.70) for k1 > k1, we obtain the estimate of F (vk,, Q) from the four steps above

£1 2 F(’()kl,Q)

> a2 fg |dog, [P dx + 2;_1 f .y |dfie, | dlx - % - O(e1) 70
Let K(¢1) = (y + 1)e1/ (2 + o(e1))/ min{a2P",y/2P"!}. Then
J‘ng |dvg, |P(x)dx + IH |dfkl |P(x)dx < K(e1), fork;> k:1 (3.77)
5 i
Form (3.59) and (3.77), we deduce that
Jon 1o PO s K, [ P < Keen e (378)
5
According to the definition of Q7', we have
f i |dgi, |P(x)dx < K(e1) + 1. (3.79)
Since dgi, (x) = duy, (x) for each x € H’\l, we get
J'%HHA |dvg, [P¥dx < K(e1) + 1. (3.80)
By the definitions of €' and le’kl, it is immediate that
<Q§1 N H£1> vk = Q, (3.81)
which implies that
fg |dvg, [P®dx < 2K (e1) + 1 < O(e1). (3.82)

For &, > 0 and the sequence {vy, }, repeating the above arguments we can extract a
subsequence {vy, } of {vy, } such that

f |dvg, [P dx < O(e), (3.83)
Q
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whenever k; > k; for some k. If {v,} has been obtained, repeating the above process, we
can extract a subsequence {k;.1} of {k,} such that

[ 1o, < Ot (3.84)
Q

whenever k.1 > k.1 for some k1. Finally, by a diagonal argument we get a subsequence
{vk, } 2, which satisfies

f |do P¥dx — 0 as i — oo. (3.85)
Q

Therefore,

4wkl @y — 0 as i — oo, (3.86)

and by (3.23), {vy, }2; strongly converges to zero in Ry as i — oo. This completes the proof of
Theorem 3.1. O

4. Applications

In this section, we explore applications of our results developed in this paper.
Let Q C R" be a bounded and convex Lipschitz domain. Suppose that maps A : Q x
A(Q) — Al(Q)and B: Q x A1(Q) — AF1(Q), wherel=1,2,...,n.

Example 4.1. If p(x) satisfies (1.3), let I = 1, A(x,¢) = ¢|¢[P®2 and B(x, ) = glg|P™~2 - f(x),
where f(x) € LP'®(Q). Then A,B satisfy the required conditions, and (1.1) reduce to the
following p(x)-Laplacian equations:

—div<|Vu|”(x)_2Vu> +ufu = f(x), xeQ
(4.1)
u(x) =0, x€o0Q.

Now by Theorem 3.1, we deduce that the p(x)-Laplacian equations (4.1) have at least one
weak solution in £17%) (Q) with u = 0 on 0Q.

Example 4.2. If 1 = 1, A(x,§) = 3; ; Aij(x)§;dxi, B(x,¢) = B(x)g — f(x), where f(x) € L*(Q),
and A;;(x), B(x) satisfy the following conditions:

Aij(x) = Aji(x), NP> > Aij(x)éidj > Mé, A< B(x) <, (4.2)
ij=1
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for some constants A, A > 0. Then A, B satisfy the required conditions, and (1.1) reduce to the
following Divergence form equations:

> Vi(Aij(x)Viu(x)) + Bx)u(x) = f(x), x€Q, (4.3)
ij=1

u(x) =0, x€0Q, (4.4)

where V; = (0/0x;). Now by Theorem 3.1, we deduce that the divergence form (4.3) have
at least one weak solution u(x) in £%(Q) with u = 0 on 9Q. The comparison principles, the
maximum principles, and the existence of weak solutions for divergence form equation (4.3)
can be found in [21].

Example 4.3. 1f p(x) satisfies (1.3), let A(x,¢) = ¢[¢[P®~2 and B(x,¢) = glg[P™2 - f(x), where
f(x) € LP®(Q, A1), Then A,B satisfy the required conditions, and (1.1) reduce to the
following p(x)-harmonic equations for differential forms:

dar (du|du|P<">—2> +ulufP? = fx), xe€Q, (4.5)

u(x) =0, xe€o0Q. (4.6)

Now by Theorem 3.1, we deduce that (4.5) have at least one weak solution u(x) in
ﬁ(l)’p (x)(Q,/\H). If p(x) is a constant g and 1 < g < oo, the equation (4.5) is called
nonhomogeneous g-harmonic equation. In [2], Iwaniec and Lutoborski studied the L7 theory
of weak solution for homogeneous g-harmonic equations.
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