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Let a,b be two integers withb —a >5and let To = {a+2,a +3,...,b —2}. We show the existence
of solutions for nonlinear fourth-order discrete boundary value problem A*u(t — 2) = f(t, u(t),
Au(t-1)),t €Ty, u(a+1) = u(b-1) = A%u(a) = A’u(b - 2) = 0 under a nonresonance condition

involving two-parameter linear eigenvalue problem. We also study the existence and multiplicity
of solutions of nonlinear perturbation of a resonant linear problem.

1. Introduction

The deformations of an elastic beam whose both ends are simply supported are described by
a fourth-order two-point boundary value problem

y"+gx)y=e(x), 0<x<l,

(1.1)
y(0)=y(1) =y"(0)=y"(1) =0

See studies by Aftabizadeh [1] and Gupta in [2]. The existence of solutions of nonlinear
boundary value problems of fourth-order differential equations has been studied by many
authors; see [1-12] and the references therein. For example, Aftabizadeh [1] proved an
existence theorem for nonlinear boundary value problems

]/lm:f(x/]//]/”)/ O<x<1,

(1.2)
vO=w  YO=y.  yO=F YO=7,
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under several conditions that f is a bounded function. Yang [3] obtained existence results of
(1.2) under the following assumption.

(A) There are constants a, b, c > 0 with a/a* + b/x? < 1 such that

|f(x,y,u)| < aly| +blul +c. (1.3)

Del Pino and Mandsevich [4] extended Yang’s result and proved the following.

Theorem A. Assume that the pair (a, ) satisfies

I (1.4)

(kz)*  (k)?

forall k € N and that there are positive constants a, b, and c such that

amax 1 + bmax i <1
kel | |kirt - a — pR2?| keN | |k*ort — a — pk2or?| ' (1.5)

|f(t,u,0) = (au—po)| < alu| + blv| + ¢

forall x € (0,1), u,v € R, then (1.2) possesses at least one solution.

Of course, the natural question is whether or not the similar existence can be
established for the corresponding discrete analog of (1.2) of the form

A*u(t-2) = f<t,u(t),A2u(t - 1)), teT,, (1.6)

u(a+1)=r, ub-1)=mn, Au(a) =3, A’u(b-2) =ry, (1.7)

where T, = {a+2,a+3,...,b-2},r; eRforie {1,2,3,4}.
The purpose of this paper is to show that the answer is yes. To this end, we state and
prove a spectrum result of two-parameter linear eigenvalue problem

Atu(t-2) + A% u(t-1) —au(t) =0, teT,, (1.8)

u(a+1) =u-1) = A%u(a) = A*u(b-2) =0. (1.9)

This result is a slightly generalized version of Shi and Wang [13, Theorem 2.1]. In Section 3,
we use Leray-Schauder principle to study the existence of solutions of (1.6), (1.7) under some
nonresonant conditions involving the spectrum of (1.8), (1.9). Section 4 is considered with
some perturbations of resonant linear problems. We established some a priori bounds and
used these together with bifurcation arguments to prove the existence and multiplicity of
solutions.

Finally, we note that the existence of solutions of second-order discrete boundary
value problems has also received much attention; see studies by Agarwal and Wong in [14],
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Henderson in [15], and the references therein. However, relatively little is known about the
existence of solutions of fourth-order discrete boundary value problems. The likely reason
may be that the structure of spectrum of the corresponding linear eigenvalue problem is not
very clear. To our best knowledge, only He and Yu [16] as well as Zhang et al. [17] dealt with
the discrete problem of the form

Atu(t-2) = f(t,u(t)), teT,, (1.10)

u(a) = u(b) = A%u(a) = A’u(b-2) =0. (1.11)

As we will see in Section 2, (1.9) has more advantage than (1.11) in the study of the spectrum
of two-parameter linear eigenvalue problems.

2. Spectrum of Two-Parameter Linear Eigenvalue Problem

Let a, b be two integers with b — a > 5. Recall

T,={a+2,a+3,...,b-2}. (2.1)
Let
To={a,a+1,...,b}, Ti={a+1,a+2,...,b-1},
(2.2)
A={1,2,...,b—a-3}.
Let X be the Banach space
X = {u |u:To— R, u(a+1) =u®-1) = Au(a) = A*u(b-2) = 0} (2.3)
under the norm
llullx := max{|u(j)| | j € T2}. (2.4)
Let Y be the Banach space
Y={yly:T1 —R, y(a+1)=y(b-1) =0} (2.5)
equipped with the norm
[ylly = max{ly ()] 1] € T2}. (2:6)
Let Z be the Banach space

Z={z|z:T, — R} (2.7)
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equipped with the norm
|zl == max{|z(j)]| | j € T2}. (2.8)
Remark 2.1. For any z € Z with
z={z(a+2),z(a+3),...,z(b-2)}, (2.9)
it determines a unique element y € Y by
y=1{0,z(a+2),z(a+3),...,z(b-2),0} (2.10)
and a unique element x € X by
x={-z(a+2),0,z(a+2),z(a+3),...,z(b-2),0,-z(b-2)}. (2.11)

Hence, the Banach spaces X, Y, and Z are homomorphic with each other. Denote the natural
homomorphism from Z to X by j.

Now, we define a linear operator L : X — Z by
Lu(t) := A*u(t - 2) + pA*u(t — 1) — au(t), teT,. (2.12)
For k € A, let A, be the kth-eigenvalue of the second-order linear eigenvalue problem

Au(t—-1)+Au(t) =0, teT,,

(2.13)
u(a+1)=ub-1)=0.
It is well known that Ay is simple, and the corresponding eigenfunction
. kxr(t-a-1)
— ) 2.14
@i (t) :=sin p— teTy, keA (2.14)

See the study by Kelly and Peterson in [18].
The following result is considered with the spectrum of two-parameter eigenvalue
problem:

A'u(t-2) +pA%u(t-1) —au(t) =0, teT,, (2.15)

u(a+1) =u®-1) = A%u(a) = A*u(b -2) = 0. (2.16)

It is a slightly generalized version of Shi and Wang [13, Theorem 2.1].
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Proposition 2.2. (a, f) is an eigenvalue pair of (2.15), (2.16) if and only if

a P
R
/\i + " (2.17)
for some k € A.
Proof. Let 1,1, € C such that
r+mn =0 11T = —a. (2.18)

Define two second-order difference operators L1, L, : Y — Y by

(Liy) () = A%y (t=1) +ny(h), teTy,
(Liy)(a+1) =0,  (Liy)(b-1)=0,

(2.19)
(Lay)(t) = A%y (t=1) + oy (t), tET,
(Loy)(a+1)=0,  (Ly)(b-1)=0.
Then, fory €e Yand t € Ty,
Ly o Liy(t) = Ly (A%y(t 1) + riy(1))
= A2<A2y(t -2)+ny(t- 1)> + r2<A2y(t -1)+ rly(t)>
= Ay (t=2) + (n + 1) A%y (¢t~ 1) + niray D) (220
= Aty (t-2) + pA%y(t - 1) - ay(h)
= (LIy)y(®).

We claim that if (2.15), (2.16) possess a nontrivial solution y, then either r; = Ax or r» = A for

some k € A. In either case, sin(kor(t —a—-1)/(b—-a - 2)),(t € Ty), is a nontrivial solution of
(2.15), (2.16).

In fact, if rp # Ax for all k € A, then (2.20) implies that
(Liy)(t) =0, teT. (2.21)
This is

A*y(t—1)+ry(t) =0, teT,,

222
y(a+1)=y(b-1)=0. 222
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Thus, 1 = Ak for some k € A, and

. kr(t-a-1)
y(t) = sin ﬁ, te Tl.

If r, = A for some k € A, then (2.20) implies that
Liy(t) = ypi(t), teTy,
for some y € R\ {0}. This is

A*y(t—1) + ry(t) = ygi(t), teTy,
y(a+1)=y(b-1)=0.

Since y #0, it follows that
rn#l, keA
This implies that (2.25), (2.26) have a unique solution
y(t) = (L) Tyygi(t), teTy.
We show that
r=M+7, y(t) = gi(t).

In fact, from (2.25) we have

b-2

b-2
> yge()

t=a+2 t=a+2

b-2

t=a+2

b-2

> (=g t)y ()

t=a+2

b2
> (= Ay (),

t=a+2

which implies that y = r; — A, and, subsequently, y(t) = g (t).
Therefore, the claim is true.

> (A%t -1) +riy () )ge()

> (A%t = 1) + rigpe(®)) y ()

(2.23)

(2.24)

(2.25)
(2.26)

(2.27)

(2.28)

(2.29)

(2.30)
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Now, (2.17) follows by substituting this solution into (2.15), (2.16). Reciprocally, if
(2.17) holds, then, clearly, sin(kor(t —a—1)/(b - a - 2)), (t € T1) is a nontrivial solution of
(2.15), (2.16). O

Remark 2.3. From the proof of Proposition 2.2, we see that if (2.15) subjects to (1.9), then we
can factor L|y as follows:

Lly=LyoL,. (2.31)

However, this cannot be done if (2.15) subjects to (1.11). So, (1.9) has more advantage than
(1.11) in the study of the spectrum of two-parameter linear eigenvalue problems.

Next, for j € N, let us set

>—|~m

{(“ p) | —? = 1} (2.32)

In view of the Proposition 2.2, we call L; an eigenline of (2.15), (2.16). We note that an
eigenvalue pair (a, ) can belong to at most two eigenlines. If (a, ) belongs to just one L;,
then the corresponding eigenspace is spanned by sin(kar (t—a—-1)/(b—a-2)). If (a, ) belongs
toL;NLy (j#k), then the corresponding eigenspace is spanned by sin(jr(t—a-1)/(b-a-2))
and sin(kzr(t—a-1)/(b-a-2)).

Suppose that the pair (a, ) is not an eigenvalue pair of (2.15), (2.16), that is,

[24

v + % #1 (2.33)

forall k € A, and that h € Z:

b-a-3 —a- 1)

h(t) = ths1 b ——, teT (2.34)

From the Fredholm Alternative, it follows that the boundary value problem

Atu(t-2) + BA%u(t - 1) — au(t) = h(t), teTy,
(2.35)
u(a+1) =u-1) = A*u(a) = A*u(b-2) =

has a unique solution for each h € Z. Moreover, this solution admits a Fourier series
expansion of the form

P& msin(kar(t-a-1)/(b-a-2))
u(t)— Z (./\i—a—ﬁ)tk) ’ tETZ/

u(a+1):=0, ub-1):=0, u(a) = -u(a+2), u(b) :=-u(b-2).

(2.36)
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Also, we have

b &3 \ehiesin(kar(t—a—-1)/(b-a-2))
Alut-1)=- ) XX , LETy,
we= é (Af —a = k) e (2.37)

A%u(a) =0, Au(b-2) :=0.

From (2.36) and (2.37), we can easily see that the operators A: Z — Z,B: Z — Z
defined by

A =u(t), Bh)(t) = A%u(t-1), teT,, (2.38)

are compact linear operators. In (2.38), u is the solution of (2.35), (2.16) corresponding to
h € Z. The norms of A and B are, respectively, given by

1 Ak
A =max{ ——— ¢, B||,_,, =max{ ———— 1. 2.39
Al keA{m_a_mkl} 1Bl keA{Mi—a—mkl} 239

Finally, as an immediate consequence of Proposition 2.2, we have the following.

Proposition 2.4. Let y and 6 be two constants with (y, 6) € [0, 00) x [0, 00) and y + 6 > 0. Then the
generalized eigenvalues of problem

Atu(t-2) + ‘u<6A2u(t -1)- yu(t)) =0, teT,,

(2.40)
u(a+1) =u-1) = A*u(a) = A*u(b-2)=0
are given by
(Y, 6) < p2(y,6) <+ < pp-a-3(Y,6), (241)
where
A
= 242
ui(y,6) T k € A. (242)
The generalized eigenfunction corresponding to py(y, 6) is
@i (t) = sin M teT;. (2.43)

—a-2 '
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3. Existence Results for Nonresonant Problems

Theorem 3.1. Assume that the pair (a, B) satisfies

24

p
7 + 71 (3.1)

forall k € A and that there are positive constants a*,b*, and c* such that

a* max{%} +b* max{#} <1, (3.2)
ke |“\k_“‘ﬁ)‘k| ke Mk‘“‘ﬁ)‘kl
|f(t,u,0) = (au—-po)| < a*|u| + b*|v| + ¢* (3.3)

forallt € Ty, u,v € R, then (1.6), (1.7) possess at least one solution.

Remark 3.2. It is not difficult to see that (3.1), (3.2) imply that

a* N b* Ak
[Af —a=p| AR —a— Pl

<1 (3.4)

for k € A. It turns out that (3.4) is equivalent to the fact that the square [a — a*, a + a*] x
[B - b*, B+ b*] does not intersect any of the eigenlines L; of (2.15), (2.16). From this point of
view, (3.1), (3.2) can be thought of as a two-parameter nonresonance condition relative to the
eigenlines L;.

Proof of Theorem 3.1. 1t is easy to check that the problem

Au(t-2)=0, teT,,

(3.5)
u(a+1) =mn, ub-1)=rn, Au(a) =13, APu(b-2)=r4
has a unique solution I(t). Set
y(t) =u(t)-1(t), teT,. (3.6)
Then (1.6),(1.7) can be rewritten as
Aty(t-2) = f<t,y(t) +1(8), A2 (y(t - 1) +1(t - 1))), teTs,,
(3.7)

y(a+1) =y((b-1) = A’y(a) = A’y(b-2) = 0.
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Since

|f(t,y(t) +1(8), A2 (y(t—1) +1(t - 1))) - [a(y(t) +1(t)) -p(A2(y(t- 1) +I(t - 1)))”

<atly|+ b | APy (t - 1)| +c**
(3.8)
with
*k % * 2 _ *
¢ = a" max|l(t)| +b 12%3<|A I(t 1)| +c", (3.9)

it follows that (3.2) and (3.3) still hold except that c* is replaced by c**. So, we may suppose
thatry =r, =r;=r,=0in (1.7).
LetusdefineT : Zx Z — Z x Zby

T(u,v) = (A(f(,u,v) = (au—-pv)),B(f(-,u,v) - (au - pv))), (3.10)

where A and B are the operators defined in (2.38). The growth condition (3.3) together with
the compactness A and B implies that T is a completely continuous operator. By Remark 2.1,
the problem

Atu(t-2) = f<t,u(t),A2u(t— 1)), teT,,

(3.11)
u(a+1)=ub-1) = A%u(a) = A>u(-2)=0
is equivalent to the fixed point problem in Z x Z:
(u,v) =T (u,v). (3.12)

We will study this fixed point problem by means of the well-known Leray-Schauder principle
[18]. To do this, we show that there is a uniform bound independent of A € [0,1] for the
solutions of the equation

(u,v) = AT (u,v). (3.13)

Thus, let (1, v) be a solution of (3.13). From the definition of T and (3.3), we obtain the result
that

lullz < |Allz- z{allullz +bljvllz + c}, (3.14)

[0z < lIBliz— z{allulz + blvliz + c}. (3.15)
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Combining (3.14) and (3.15) and using (3.2) and (2.38), we obtain the existence of a constant
M = M(a",b*,c*, | Allz— z/ || Bllz . z) such that

lullz + llollz < M. (3.16)

By the Leray-Schauder principle [19], we conclude the existence of at least one solution of
(3.12), and the theorem follows. O

4. Existence and Multiplicity Results for Perturbations of
Resonant Linear Problems

In this section, we consider the perturbations of resonant linear problems of the form
Atu(t = 2) + (e + ) (68%u(t = 1) = yu(t) ) = g(t,u(®) + h(t), teT, (41),

u(a+1)=u-1) = A%u(a) = A*u(b-2) =0, (4.1)

where (y,6) € [0, 00) x [0,00) with y + & > 0, px = pr(y, 6), and g and h satisfy the following.

(H1) (Sublinear growth condition) g : T x R — R is continuous, and there exist a € [0, 1),
C1,C, € (0, 00) such that

|g(t,s)| <Cils|*+Cy, seR, teT, (4.2)

(H2) There exists > 0 such that

sg(t,s) >0, forteTy, |s|>p (4.3)
(H3) h: T, — R satisfies
b-2
S h(ge(t) = o0. (4.4)
t=a+2

We will establish some a priori bounds and use these together with Leray-Schauder
continuation and bifurcation arguments to reduce results which say that there are multiple
solutions of (4.1),, (4.1) for y on one side of zero and guarantee the existence of at least one
solution for p = 0 and p on the other side of zero. To wit, we have the following.

Theorem 4.1. Let (H1), (H2), and (H3) hold. Then there exist p_ < 0 < p, such that (4.1),,, (4.1)
have

(1) at least one solution if p € [0, u.],
(2) at least three solutions if y € [u-,0).
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We have the following “dual” theorem if (H2) is replaced by the assumption

(H2') that there exists f > 0 such that

sg(t,s) <0, forteT,, |s|>p. (4.5)

Theorem 4.2. Let (H1), (H2'), and (H3) hold. Then there exist yu_ < 0 < p,. such that (4.1)#, (4.1)
have

(1) at least one solution if p € [u_,0],
(2) at least three solutions if y € (0, p.].

Define £: X — Zby
(Ly)(t) = Au(t -2) + px <6A2u(t ~1) - Yu(t)), teT,. (4.6)

Define F : Z — Z by

(Fu)(t) = g(t,u(t)), teT,. (47)
It is easy to check that F : Z — Z is continuous. Obviously (4.1) w (4.1) are equivalent to
£u+y<6A2u(t—1) —yu(t)) =F(u) +h. 47),

Define an operator P : X — X by

b-2
(Px)(t) = gc(t) D x(s)yi(s), teTy, (4.8)
s=a+2
where
gr(a) =—gr(a+2), i (b) :== =g (b - 2). (4.9)

It is easy to show the following.
Lemma 4.3. P is a projection and Im(P) = Ker(£).

Define an operator E : Z — Z by

b-2
(Ey)(t) =y(t) = g(t) D y(s)ge(s), teTa. (4.10)

s=a+2

Obviously, we have the following.
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Lemma 4.4. E is a projection and Im(E) = Im(.2).

It is clear that

X =Xpa® X_p, Z=Z_g® /g, (411)

where I represents the identity operator and Xp, X;_p, Z;_g, and Zg are the images of P,1 - P,
I - E, and E, respectively.

It is obvious that the restriction of £ to X;_p is a bijection from X;_p onto Z, the image
of £. We define M : Zr — Xj_p by

M:= (L, )" (4.12)
Since ker(£) = span{¢y }, we see that each x € X can be uniquely decomposed into
X = pYi+v (4.13)
for some p € R, and v € X;_p. For z € Z, we also have the decomposition

Z =T +h, (4.14)

withT € Rand h € Zk.

Lemma 4.5. Equations (4.1) w (4.1) are equivalent to the system

Lo + /4<6A2’0(t -1)- yv(t)) = EF(pyr +v) +h, 49),
b-2 b-2
13 (68%0(s = 1) = yo(s) )g(s) = 3] gr(9)f (s, py(s) +0(s)).  (415)
s=a+2 s=a+2

Lemma 4.6. Let (H1) and (H2) hold. Then there exists Ry such that any solution y of (4.1)#, (4.1)
satisfies

lyllx < Ro (4.16)

as long as

1

O<p<bim s,
K 2IMJlx, 0 —x 0

(4.17)

where | : X — Z is defined by

(Jx)(t) == 6A%x(s —1) —yx(s), teT,. (4.18)
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Proof. Obviously (£ + uJ)|x, , : Xi-p — Zg is invertible for |p| < 5. Moreover, by (4.17),

= || [t (1 + M)

|2+ DIz,

Zr—Xi_p

= |t wmn) |,

Zr—X_p

—P"XI-P”MIlZE_)XI*P S 2||M||ZE —Xip*

(4.19)

Let y = pgsic + v be any solution of (4.1),,, (4.1). Then we have that, if p#0,

lollx = || (2+ D)%, ECi=F(pys +0)) |
< || (‘ﬁ +”])|;(11—P Zg—Xi-p

<2|Mllz, - x, El z— 2, [”h”Z + C1(|P| ”‘Pk”z + ”U”Z)a + CZ]

<2[Mllz, —x, IElz_z [IIkllz + Ci(|p]llgx|lx + Il2llx)® + Ca]

Ellz— 2, [IBllz + Cr(lplllell . + loll2)" + C

a 4 :
-annzHX,P|Enzﬁzg[nhnz+c1<|p|||wk||x> <1+—” Ix >c] (420)
BIrAR

allol
<2Mllz, x, Elz -, | Il + Cu(lpl ol )" < m>”2]
X

=2Mllz, - x, ,IEllz - 2,

a a llollx
< |l + (ol el )™ 1+ - Nial,
[ : (ellleel) ™ (ellloel)

and hence
Tl Tl * & Tl o= Tl 2
where
Cs = IMllz,—x, L Ellzo 2. (IRl + C2),  Ca=2Ci[Mllz,_x, lIEllz— 2, (4.22)
If
lp| > (2aCy) 170 =C, (4.23)

el
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then we have

loly — __ 2Gs
(el ™ (Cllgely)

_ +2C, = C*. (4.24)

If we assume that the conclusion of the lemma is false, we obtain a sequence {7,}
with 0 < 7, < 6 and 1. — 0, and a sequence of corresponding solutions {y, = p.@k + Vs }
of (4.1),1n, (4.1) such that [ly,lly — +oo. From (4.24), we conclude that it is necessary that
|pn] — +oo. We may assume that

pn— 40, pp>C VYneN (4.25)

since the other case can be treated by the same way. Thus (4.24) yields that

loallx :< Clpnl” (4.26)
with C := C*[|gs||%.-
Now from (4.15), we get that
b-2 b-2
puttn 3, (68%¢(s = 1) = y9(5) )gc(s) = 3 () f (5, pugpc(s) + 0u(s)).  (427)
s=a+2 s=a+2
By (4.17) and (4.27), it follows that
b-2
Z #i(S) f (S, putp (s) + vn(s)) <0. (4.28)

s=a+2
Let

A" ={t|tefa+2,...,b-2}, ¢i(t) >0},
(4.29)
A" ={t|tefa+2,...,b-2}, gi(t) <0}.

It is easy to see that
A"UA #0, min{|gi(t)||t€e ATUAT}>0. (4.30)

Combining (4.30) and (4.26), we conclude that there exists a positive constant I such that, for
neN,

lloallx < T(|pn] min{|g(t)| |t A*UA})Y, (4.31)
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which implies that

lim min{p,gx(t) + v, (t) [t € AT} = +0o,

Pn— +00

(4.32)
plirrlwmin{pn¢k(t) +0,(t) [t € AT} = —c0.
Applying (4.32), (4.30), and (H2), we conclude that
b-2
> k() f (s, pugpic(s) + vn(s))
s=a+2 (4.33)
= 3 () £ (5, Putpe(9) + 0u(9)) + X () £ (5, putpc() + Va(s)) > O,
SEAT SEA

which contracts (4.28). O

Using the similar arguments, we may establish the following lemma.

Lemma 4.7. Let (H1) and (H2') hold. Then there exists Ro such that any solution y of (4.1),,, (4.1)
satisfies

lvllx < Ro (4.34)
as long as
-6<u<o, (4.35)

where 6 is given in (4.17).

Lemma 4.8. Let (H1) and (H2) hold. Then there exists Ry : Ry > Ro such that, for 0 < py < & and
R > Ry, one has

deg(j o (£+uJ - F—h),B(R),0) = deg<j o (1 + 8]),B(R),o) =41, (4.36)

where j : Z — X is the natural homomorphism, B(R) = {u € X||ul|x < R}, and “deg” denotes
Leray-Schauder degree when p#0 and coincidence degree when p = 0 (see the study by Gaines and
Mawhin in [20]). Therefore (4.7), has a solution in B(R) for p e [0, 3]

Proof. By Lemma 4.6 and the definition of £, the degree

deg(jo (£+uJ -F-h),B(R),0) (4.37)

is well defined for y € [0,6] and is a constant with respect to p.
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Now if (4, y) € [0,1] x X is a solution of
£y+5(6A2y(s -1) —Yy(s)) - u(F(y) +h) =0, (4.38)
then we have

Il =] (2+67)" 0+ F)|

sl Ll Callylli+ o). @39)

ZE—>X

Hence there exists R > 0 such that ||y||y < R;. Thus if R; = max{Rj, Ry}, then we have,
whenever R > Ry, that

deg(jo (£+6]~F~h),B(R),0) =deg(jo (£+6]),B(R),0) =1, (4.40)

which completes the proof. O

By a similar manner we may establish the following.

Lemma 4.9. Let (H1) and (H2') hold. Then there exists Ry : Ry > Ry such that, for 0 > y > -6 and
R > Ry, one has

deg(j o (£+uJ - F—h),B(R),0) = deg(j o (11 - 5]),5(12),0) = +1. (4.41)

Therefore 47), has a solution in B(R) forp e [—3,0].

Lemma 4.10. Let (H1) and (H2) hold. Then there exists 61 > 0 such that, for =61 < p < 0, one has

deg(j o (£+p] ~F ~h),B(R),0) = deg(jo (£+61]), B(Ri),0) = +1. (4.42)
Proof. Let
0= xeagf}efl)nx”j o (£x - F(x) - h)”X‘ (4.43)

Then it is not difficult to check that 7y > 0. Hence if we take 6; so small that 6;R; < 1y, then
fOI'[l € [—61,51],

deg(j o(L+uJ-F- h),B(Rl),O) = deg(j o(L-F- h),B(Rl),O) = +1. (4.44)
O
Lemma 4.11. Let (H1) and (H2') hold. Then there exists 61 > 0 such that, for 0 < y < 61, one has

deg(jo (£+uJ - F-h),B(R),0) = deg(j o (£-6:]),B(R),0) = +1. (4.45)



18 Discrete Dynamics in Nature and Society

Proof of Theorem 4.1. By the study of Massabo and Pejsachowicz in [21, Theorem 1.1], (4.7),

has a continuum C. = {(u,y,)} of solutions with |[ly,[|, < R; and p € [-61,6]. On the other
hand, since F is £-completely continuous and satisfies (H1) and since ¢ = 0 is a simple
eigenvalue, it follows from the study by Rabinowitz in [22, Theorem 1.6] that y = 0 is a
bifurcation point from infinity for (4.7) .. Moreover, there exist two continua

C={(myn)} cRxX (4.46)

of solutions of (4.7) w bifurcating from infinity at 4 = 0, that is, there exists ey € (0,1/R;), such
that for all € : 0 < € < ¢y there exist two continua C and C; with

crcch, Cc.cc,
(4.47)

1
Cec {(ﬂ/w) Hlyully = 2/ luf < 6} =t Ue(0,0),

and C¥ connects (0, 00) to 0U,(0, o0). Notice that (4, y) € C! implies that y(a +2) > 0, and
(u,y) € C; implies that y(a +2) < 0. So,

c:nc: =9. (4.48)

Now, Lemma 4.6 implies that

1
¢t { Gy il > 5, -e<u<o}. (4.49)
This completes the proof. O
Proof of Theorem 4.2. Using similar arguments, we may get the desired results. O
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