-

P
brought to you by .. CORE

View metadata, citation and similar papers at core.ac.uk

provided by Crossref

Eur. Phys. J. C (2014) 74:2750
DOI 10.1140/epjc/s10052-014-2750-5

THE EUROPEAN
PHYSICAL JOURNAL C

Regular Article - Theoretical Physics

Possible existence of wormholes in the galactic halo region

Farook Rahaman'#, P. K. F. Kuhfittig? ", Saibal Ray>-, Nasarul Islam*¢

! Department of Mathematics, Jadavpur University, Kolkata 700 032, West Bengal, India

2 Department of Mathematics, Milwaukee School of Engineering, Milwaukee, WI 53202-3109, USA

3 Department of Physics, Government College of Engineering and Ceramic Technology, Kolkata 700 010, West Bengal, India
4 Department of Mathematics, Danga High Madrasah, Kolkata 700 103, West Bengal, India

Received: 4 November 2013 / Accepted: 3 December 2013 / Published online: 12 February 2014
© The Author(s) 2014. This article is published with open access at Springerlink.com

Abstract Two observational results, the density profile
from simulations performed in the ACDM scenario and the
observed flat galactic rotation curves, are taken as input with
the aim of showing that the galactic halo possesses some of
the characteristics needed to support traversable wormholes.
This result should be sufficient to provide an incentive for
scientists to seek observational evidence for wormholes in
the galactic halo region.

1 Introduction

In recent years observational evidence has been found for
black holes, once considered to be hypothetical astrophysi-
cal objects. An interesting challenge is to find evidence for
another type of strange object, the traversable wormhole, a
tunnel-like structure connecting different regions of our Uni-
verse or of different universes altogether. Although just as
good a prediction of Einstein’s theory as black holes, they
have so far eluded detection. Unlike black holes, holding a
wormhole open requires the violation of the null energy con-
dition, an example of which is the Casimir effect [1]. On the
cosmological level, phantom dark energy also violates the
null energy condition and could therefore give rise to worm-
holes [2,3].

Moving to the galactic level, we are confronted with other
peculiar phenomena that cannot be explained by the stan-
dard model, examples of which are the observed flat rotation
curves in galaxies. In particular, the rotation curves of neu-
tral hydrogen clouds in the outer regions cannot be explained
in terms of ordinary (luminous) matter. These phenomena
have led to the hypothesis that galaxies and even clusters of
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galaxies are pervaded by some non-luminous matter, now
called dark matter. Dark matter is able to account for these
flat rotation curves. The term dark refers to the fact that
it does not emit electromagnetic waves, nor does it inter-
act with normal matter. A number of candidates for dark
matter have been proposed over time: new particles pre-
dicted by supersymmetry [4], massive neutrinos collectively
known as WIMPs (weakly interacting massive particles) [5],
a source of scalar fields [6-9], global monopoles [10-12],
brane-world effects of gravitation [13-15], noncommutative
geometry [16], geometric effects of f(R) gravity [17], f(T)
gravity [18], etc.

To see how wormholes might fit in with these strange
astrophysical phenomena, we begin by noting that Navarro
et al. [19,20] have used N-body simulations to search out
the structure of dark halos, in particular the density pro-
file of dark halos in the standard CDM cosmology. Their
numerical simulations in the ACDM scenarios led to the
density profile of galaxies and clusters of galaxies having the
form

e))

where r, is the characteristic scale radius and p, the corre-
sponding density. Since this density profile of CDM halos
of several masses (between 3 x 10" Mg and 3 x 1015 M)
fits accurately, we will rely on Eq. (1) to show that the
galactic halo may be able to support traversable worm-
holes.

In the present work, essentially we are motivated to
show that the geometry of the spacetime of a galactic
halo may be described by a traversable wormhole met-
ric, fitting with the expected density profile predicted by
simulations and with the observed flat galactic rotation
curves.
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2 The solutions

While we now have the density profile, other properties
of dark matter remain unknown. We will therefore assume
that dark matter has the most general anisotropic energy-
momentum tensor, given by

TV = (p+ pouu, — pight + (pr — pontny, ()

with utu, = —n*n, =1, p; and p, being the transverse
and radial pressures, respectively.

As noted earlier, the observed flat rotation curves of neu-
tral hydrogen clouds in the outer regions of galaxies indicate
the existence of dark matter. In such galaxies these neutral
hydrogen clouds are therefore treated as test particles mov-
ing in circular orbits. The spacetime in the galactic halo is
characterized by the line element

ds? = —e>/Dds? 4+ 2V dr? 4+ r2(d6? + sin® 6 d¢?). (3)

A more convenient form for later analysis is

b -1
ds? = —e*Vdr* + (1 - ﬂ) dr?+7%(d6* +sin® 6 dp?).
r
“)

A flat rotation curve for the circular stable geodesic motion
in the equatorial plane yields

I =By, ©)

derived in Appendix A. Here [ = 2(v?)?, where v? is the
rotational velocity and B is an integration constant. The
observed rotation curve profile in the dark matter region indi-
cates that the rotational velocity v? is nearly constant. For
example, for a typical galaxy of mass 1.8 x 102 M, within
300 kpc [21], the rotational velocity is v® ~ 1073 (300 km/s).
So by letting B = 1/ ré, the spacetime metric becomes

! -1
b
ds? = — <i> dt2—|—<1 - ﬂ) dr2+r2(d6% +sin® 6 dp?).
Iy r
(6)
As shown in Appendix B, the Einstein field equations

(Guy = 8nTyy) now yield

s

n(+ )+
b(r) = 8mper [In( 1+ — +<— (7
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and
87'rrS2p,
l 812 1
=—=|1- n'(:sr“ ln(l—i—L)—i——
D) g rs (1 + %)
87T,oer2 r 1
- |In |1+ — |+ 77— |- 3
(E) Is (1 + rL)

It should be emphasized that this result is based on the two
cosmological observations made earlier, the density profile,
Eq. (1), and the observed rotation curve profile. (The expres-
sion for the transverse pressures is given in Appendix B.)

Having obtained both f(r) and b(r), we are now in a posi-
tion to examine the spacetime metric more closely. First recall
that if the line element, Eq. (4), is to represent a wormhole,
then

1. The redshift function, f (r), must remain finite to prevent
an event horizon.

2. The shape function, b(r), must obey the following con-
ditions at the throat r = ro: b(rg) = r¢ and b'(rg) < 1,
the so-called flare-out condition.

3. b(r)/r < 1forr > rg.

Regarding these requirements, observe that Eq. (6) shows
that the spacetime does not have an event horizon. To check
the shape function, we will use a graphical approach by
using some typical values of the parameters. Figure 1 (left
panel) shows the following: the throat is located at r = ry,
where b(r) — r cuts the r axis. Also, for r > ry, we have
b(r) — r < 0, which implies that b(r)/r < 1, an essen-
tial requirement for a shape function. Moreover, b(r) — r
is a decreasing function for r > rg. Therefore, b’ (rg) < 1,
so that the flare-out condition is satisfied. Figure 1 (mid-
dle panel) also supports this assertion. So all three condi-
tions are satisfied. For the sake of completeness, observe
that for the values in Fig. 1, py = 0.05 and ry, = 1,
we obtain r9 = 1.7192 kpc to four decimal places with
b'(1.7192) ~ 0.29218.

Our final task concerning the wormhole structure is to
examine the null energy condition. This condition must be
violated if the wormhole is to remain open [1]. Judging from
Fig. 1 (right panel), this is indeed the case since p, + p < 0.

For a spacetime to be asymptotically flat, both f(r) and
b(r)/r have to approach zero as r — o0. The second con-
dition is satisfied, but not the first, as we can see from Eq.
(6). So the wormhole cannot be arbitrarily large, which also
applies to the halo region. The usual procedure is to cut off
the wormhole material at some radial distance and join the
solution to an external Schwarzschild spacetime.
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Fig. 1 (Left) The throat of the wormhole occurs where b(r) —r cuts the
r axis. (Middle) Diagram of the derivative of the shape function of the
wormhole. (Right) The variation of the left-hand side of the expression

It is also useful to calculate the active gravitational mass
of the wormhole from the throat, ro (in kpc) up to the radius
R. This mass is given by

R
Mctive = 47 / przdr
ro

R

3 r
=dmpgr] | In| 1+ — ©)

1
_l’_ _
V)
s ro
Observe that the active gravitational mass Mgive Of the
wormhole is positive. This implies that seen from the
Earth, we would not be able to distinguish the gravitational
nature of a wormhole from that of a compact mass in the
galaxy.

3 Equilibrium condition

The generalized Tolman—Oppenheimer—Volkov (TOV) equa-
tion is

dpy
dr

v/ 2
+5(p+pr)+;(pr—pr)=0- (10

According to Ponce de Ledn’s suggestion [22], we rewrite
the above TOV equation (10) for the anisotropic mass distri-
bution in the galactic halo, to the following form:

Mg (o+ pr) »—» d 2
LGP P S (g = p) =0,
r dr r

(1)

for the null energy condition of matter in the galactic halo is plotted
against . We have used geometric units, G = ¢ = 1 for choosing the
values of pg = 0.05and r; = 1

where Mg = M¢(r) is the effective gravitational mass from
the throat to some radius r and is given by

M _12@/
G(r)—ir ez, (12)

This expression of mass can be derived from the Tolman—
Whittaker formula and the Einstein field equations. It is quite
natural that the modified TOV equation (11) provides the
information of the equilibrium condition for the wormhole
subject to gravitational (F) and hydrostatic (#},) plus another
force due to the anisotropic nature (F, ) of the matter compris-
ing the wormhole. Hence, for equilibrium the above equation
(11) takes the form

Fo+ F,+ F, =0, (13)
where
1)/
Fg=—3(p+l7r), (14)
dp,
Fp,=— , 15
h i (15)
2
Fy = - (pr — pr)- (16)

The profiles of Fg, Fj, and F, for the matter distribution
of the galactic halo region are shown in Fig. 2. The figure
indicates that the equilibrium stage can be achieved due to
the combined effect of pressure anisotropic, gravitational,
and hydrostatic forces. It is to be noted that value of Fy is
too small. The other two plots reside nearly opposite to each
other to make the system balanced.
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Fig. 2 Three different forces acting on fluid elements in static equilib-
rium are shown against r. The value of Fy is too small

4 Scattering of scalar waves in wormhole geometry

The minimally coupled massless wave equation in a worm-
hole background is given by

1
0P = —0,[v/—gg""9,®] = 0. 17
Ner nlv/—288 ] amn

Note that for simplicity, we are dealing with minimally cou-
pled scalar waves. Since the wormhole spacetime is spheri-
cally symmetric, the equation related to the scalar field can
be solved by separation of variables,

Ulo (r, t)
—}" .

Piym = Yigm (6, ¢) (18)

Here Y, (0, ¢) are the spherical harmonics and [y is the
quantum angular momentum.

The possibility of astrophysical observations now pro-
vides the motivation for studying the scattering of scalar
waves in our wormhole spacetime. Such observations would
be important for research on the gravitational radiation, as
well as for determining the possible existence of actual phys-
ical wormbholes.

Using the separable form (18) in (17), one can obtain

[13,3 1 92
6

ing 90 050 Yiom = lo(lo + DY,
sn6a6 "3 " sinZo 93¢2:| lom = loUo + 1) Yigm

19)
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Table 1 Values of r* for different r. (ro = 1.7192, ry = 1, py = 0.05)

*

r r

5 49884
10 11.1906
15 16.9754
20 22.5755
25 28.0675
30 33.4974
and

. 9%,

Ul() + 87‘*2 = Vlo Ulo s (20)

where the potential V,, is given by

Vlozezf[z@(lo;rl)_br—b+1(1_§>f,] o1

r 273 r

Here we have used the tortoise coordinate transformation r*,
1.€e.,

b9
el J1—=—, (22)

Br* ror’

where the dot represents the differentiation with respect to ¢.
Actually, r* is the proper distance given by (using rs = 1)

= d
/ al . (23)
\/ d7ups In(14x)+ T2 1n(1+x)+4””v

Since integration cannot be performed in exact analytical
form, we find the numerical values of the proper distance r*
for given values of radial distance r from the throat radius
ro, which is shown in Table 1.

Observe that the characteristics of the potential are deter-
mined by the shape and redshift functions of the wormhole.

Assuming the time dependence of the wave to be har-
monic, one can write

Uiy (r, 1) = Uy (r, w)e ™" (24)

Using (17) in (20), we get the Schrédinger equation

d2
|:d ") + o — Vlo(r):| Uiy (r, w) = 0. (25)

Near the throat (rp —> b(rg)), the potential ~ e2/(0)

[w] which is finite.
)
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Since the wormhole proposed here is not arbitrarily large,
we assume that the wormhole material extends from the
throat ro = 1.7192 kpc to the radius 300 kpc. For the value
of I = 0.000001, note that the magnitude of Vj, is negli-
gible at r = 30 kpc. This means that the solution has the
form of a plane wave l/jlo ~ eF” at the distance r = 300
kpc. This result indicates that if a scalar wave passes through
the wormbhole, the solution would be changed from eFior 1o
¢+ This confirms that the potential affects the scattering
of scalar waves.

5 Conclusion

We have shown in this paper that the galactic halo possesses
some of the characteristics needed to support a traversable
wormhole. The analysis is based on two observational results,
the density profile from simulations performed in the ACDM
scenario and the observed flat galactic rotation curves. The
results should provide sufficient incentives for scientists to
seek observational evidence for wormholes, all the more
since our study is based on the rotational velocity v® ~
1073 (300 km/s) and a mass of 1.8 x 10'2 M, within 300 kpc,
making our own galaxy typical enough to be a good candi-
date. We have briefly studied here balancing of the forces that
provides the equilibrium configuration of the system and also
proposed a possible detection of such wormholes by studying
the scattering of scalar waves.
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Appendix A

We derive the tangential velocity of circular orbits for the
line element

ds? = ="M dr? 4+ 2 Idr? + r2(d6? + sin’0 dg?).  (26)
The Lagrangian for a test particle is given by
2L = —e" D2 4 D24 262 4 sin? §2), Q27

where the overdot indicates differentiation with respect to
the affine parameter s. The metric coefficients do not depend

explicitly on ¢, 6, or ¢. So the Euler-Lagrange equation
yields directly the following conserved quantities: the energy
E = —e""{, the #-momentum Ly = r26, and the ¢-
momentum Ly = r2sin®6 ¢. So the square of the total angu-
lar momentum is

Ly \* . ,
L2=12+ (—"’) — 162 + 5in%6 ¢). (28)
sinf
With the conserved quantities £ and L and the norm of the
four-velocity u*u, = —1, the geodesic equation becomes
—1=—"Di? 4 032 4 1262 + 5in%0 ¢). (29)
As aresult,
(M) 2 4 () L 2
v(r r).. v(r —
e r+e (1+r_2>_E (30)
or
L2
HiP 41+ = —e " WE? =0, 31)
r

From the equation of motion
P+ V(@r) =0, (32)

we may deduce

L2
V()= —e ) <e“<’)E2 - = - 1) : (33)

r

However, according to Ref. [21], since we are dealing with
circular orbits, it is more convenient to use Eq. (31) and the
effective potential

L2
Veir =1+ =5 = eV E?, (34)

Dealing with circular orbits, the following conditions must
be satisfied: ¥ = 0, V, = 0, and V,, > 0 [23]. The first
condition gives directly

L2
E2 = ') <1 + —2> , (35)
r

and from Eq. (34), the second condition yields

L 1
= Erv/(r)e_v(r)Ez, (36)
or
v(r)
B (37)
1 —3rv'(r)

@ Springer
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and

» %r3v’(r)

== - 38
1 - %rv/(r) (38)

Turning next to the tangential velocity v?, we have [24]

W?)? = eV |:(§>2 + sin’0 (Z—‘f)z]
=r2e V") |:(d_0d_s)2 + sin’0 <d_¢d_s)2:|
ds dt ds dr
=r2e " (@% + sinzeq'sz)t.lz. (39)
By Eq. (28),
= ZLew (40)

and by Eq. (36),

¢\2 1 /
%) = Erv (r). (41)
Integrating, we obtain

e’ = Br!,

where B is an integration constant and [ = 2(v¢’)2.
Now from Eq. (34),

6L2 2 —v /N2 2 —v. I
Veff(r)rrzr_4_Ee (V)" + E“e " (42)

Substituting for E 2 12, and v, we obtain

21
Vett (r)rr = l"_2 > 0,

showing the existence of stable orbits.

Appendix B

The Einstein field equations (in geometrized units G = ¢
= 1) for the metric (3) are

PO srpi, (43)
p
b\ f' b
2 (1 SO L L s, (44)
r r r
b P 2 br—b , 1
(1‘7)[f e ‘{m}<f *?)}
= 8mp;(r). (45)
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Using Egs. (1) and (5), we obtain the following solutions:

|
b(r) = 87pyr? | In (1 + 1) |, (46)
i

! 87 psr? 1
8nrip, = 1- ﬂ/r%l’s In <1 + L) + (17
N +

(%)2 " Fg rL\)
87t,osrs2 r 1
—— |1+ =)+ —= 47
o) Is (1 + ﬁ)
2 8 psr? r 1
8uripr=|1-—3 In(l4+—)+-——+
Ts s (1 + rL;)
87'[;0er2 871,0er2 r 1
12 _ (1+r/rj)2 B (r/rx)z [ln (1+;)+ l+r/rx]
4(L)2 8mpsr? 1
G 2[1— i {m (1+;7)+71+rm”
l 1
X [r + = } . (48)
Znoow
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