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ABSTRACT 

The design o f t h e m o d i f i c a t i o n r e q u i r e d t o increase the angular r e s o l u t i o n 

of t h e Haver ah Park Magnet Spectrograph i s described,. I t i s shown t h a t the 

r e d u c t i o n i n u n c e r t a i n t y of angular measurement achieved by the m o d i f i c a t i o n 

i s c h a r a c t e r i s e d by a standard d e v i a t i o n of 0,l6°, corresponding t o a l i m i t o f 

momentum r e s o l u t i o n o f 120 GeV/c. 

The momentum spectra dfmuons i n EAS d-erived from t h e data a v a i l a b l e at 

th e conclusion o f the pe r i o d o f op e r a t i o n of the o r i g i n a l spectrograph are 

presented. These spectra r e l a t e t o muons f a l l i n g between 150 m and 600 m from 
16 

t h e cores of showers of primary energy w i t h i n the approximate range 1.0 eV t o 
18 

10 eV. The p r e l i m i n a r y r e s u l t s from t h e modified spectrograph are also 

presented but they are shown t o be s t a t i s t i c a l l y i n s u f f i c i e n t t o be considered 

as evidence, f o r or ag a i n s t , t h e v a l i d i t y o f the e a r l i e r data. 

An i n v e s t i g a t i o n of t h e dependence of the momentum spectra on primary 

energy and shower z e n i t h angle, o r i g i n a l l y undertaken using data a v a i l a b l e 

p r i o r t o the end o f the p e r i o d of op e r a t i o n of the o r i g i n a l spectrograph, has 

been repeated i n the l i g h t of t h e improved s t a t i s t i c s and r e v i s e d EAS data=> 

I n a d d i t i o n , other checks have been undertaken: (a) on the e f f e c t of the 

accuracy o f core l o c a t i o n on the momentum spectra, and (b) on the method of 

d e r i v i n g the spectra from t h e data. 

The data a v a i l a b l e at t h e conclusion o f the o r i g i n a l experiment have.also 

been used, i n co n j u n c t i o n w i t h a new t h e o r e t i c a l study o f the d i s t o r t i o n o f the 

muon charge r a t i o produced by t h e geomagnetic f i e l d , t o estimate the height 

of o r i g i n of muons i n EAS, I t i s shown t h a t measurement o f t h i s d i s t o r t i o n 

cannot be used t o give s u f f i c i e n t l y accurate assessment of t h e heig h t of muon 

pro d u c t i o n , t o allow comment t o be made on the nature of t h e primary p a r t i c l e 

or the u l t r a high energy i n t e r a c t i o n s . 

F i n a l l y , an. improved a n a l y t i c a l model of EAS i s described and t h e r e s u l t s 

are compared w i t h those of other workers and observation. 



PREFACE 

I n t h i s t h e s i s an account i s given o f t h e work done by t h e author, b o t h 

i n Durham and at Haverah Park, during t h e p e r i o d October 1968 t o August 1971 

w h i l s t under t h e supervision o f Dr. K. E. Turver, 

At Haverah Park, Extensive A i r Showers having primary energies i n t h e 

range 10"^ eV t o 10"^ eV are detected by means of arrays of water Cerenkov 

d e t e c t o r s . These array systems are operated by workers from the U n i v e r s i t y o f 

Leeds. 

A m o d i f i e d v e r s i o n o f the magnet spectrograph, o r i g i n a l l y designed and 

b u i l t by Professor G. Do Rochester and Dr„ K. E. Turver i n 1964, was completed 

i n November 1969. Dr„ K. E. Turver, Mr. A. C. Machin and the author were 

responsible for. t h e design and c o n s t r u c t i o n o f t h i s modified instrument. 

The r o u t i n e operation of the spectrograph and the treatment of t h e data 

has been the j o i n t r e s p o n s i b i l i t y of t h e author and h i s colleagues. The 

mechanical design of the modified spectrograph, described i n Chapter 2, has 

been t h e sole r e s p o n s i b i l i t y o f t h e author together w i t h the d e r i v a t i o n of t h e 

method of c a l c u l a t i n g the d e f l e c t i o n of muons i n t h e geomagnetic f i e l d , as 

described i n Chapter 5. The work described i n Chapter 6 i s a c o n t i n u a t i o n 

of t h a t begun by Dr. K. J. Orford. 

Work i n which t h e author has been i n v o l v e d has been r e p o r t e d i n t h e 

f o l l o w i n g p u b l i c a t i o n s : Machin et a l . , (1969), and Earnshaw et a l . , (1971a 

and-1971b). 
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Chapter 1 

I n t r o d u c t i o n 

1.1 The Cosmic Ra d i a t i o n 

V a r i a t i o n s w i t h h e i g h t i n the e l e c t r i c a l c o n d u c t i v i t y of the atmosphere, 

f i r s t noted at the. beginning of the t w e n t i e t h century, were explained by supposing 

t h a t a h i g h l y p e n e t r a t i n g r a d i a t i o n entered t h e atmosphere from outer space. 

Progress i n the study o f t h i s r a d i a t i o n accelerated r a p i d l y w i t h the development 

o f the Geiger M u l l e r counter and the Wilson cloud chamber. I n the cloud chamber 

cascade showers were discovered by Anderson i n 1932, and s h o r t l y afterwards both 

p o s i t i v e and negative electrons were observed i n such showers. This l a t t e r 

discovery l e d t o the explanation of these showers i n terms of two main processes; 

bremsstrahlung and p a i r - p r o d u c t i o n . An anomoly arose from t h i s e x p l a n a t i o n , 

however, i n t h a t the p r o p o r t i o n a l i t y of bremsstrahlung t o the inverse square of 

the mass of the a c c e l e r a t i n g p a r t i c l e i m p l i e d t h a t the p e n e t r a t i n g component 

of these showers should c o n s i s t of p a r t i c l e s much heavier than the e l e c t r o n 

although the manner i n which the component was absorbed r u l e d out the p r o t o n as 

a candidate. The anomoly was not resolved u n t i l 1937 9 when the muon was 

discovered. 

The weak i n t e r a c t i o n - of the muon w i t h matter d i s t i n g u i s h e d i t from t h e 

p a r t i c l e p r e d i c t e d by Yukawa i n 1935 t o account f o r the nuclear b i n d i n g f o r c e . 

This p a r t i c l e , the p i o n , was e v e n t u a l l y discovered using t h e nuclear emulsion 

techniques. I t was shown t o be created i n the h i g h energy c o l l i s i o n s of t h e 

primary r a d i a t i o n near the top of the atmosphere and t o decay i n t o a muon i n 

f l i g h t . 

Although, our knowledge of elementary p a r t i c l e s has expanded r a p i d l y w i t h 

the development of accelerator technology, the i n c r e a s i n g complexity i n the 

p a r t i c l e s and resonances so f a r discovered demand experimental i n v e s t i g a t i o n 

at higher energies i f a more, complete p i c t u r e i s t o be revealed. The 

highest energies i n v o l v e d i n the c o l l i s i o n s of the primary cosmic r a d i a t i o n 

w i t h a i r n u c l e i f a r exceed those which i t w i l l be p o s s i b l e t o achieve i n the 



2 

forseeable f u t u r e w i t h a c c e l e r a t o r s . W h i l s t the study of these c o l l i s i o n s i s 

thus of importance t o high energy nuclear physics i t i s also very r e l e v a n t t o 

astrophysics since the energy and nature of the primary p a r t i c l e s may provide 

i n f o r m a t i o n as t o t h e i r o r i g i n . The d i r e c t observation of such events i s imprac

t i c a b l e on a s t a t i s t i c a l l y adequate scale because of t h e i r low frequency of 

occurrence but i n f o r m a t i o n Way be obtained from a study of extensive a i r showers, 

(EAS), since these are produced as the r e s u l t of an i n t e r a c t i o n of a primary 

p a r t i c l e w i t h an a i r nucleus and can extend over a very l a r g e area at sea 

l e v e l . The i n v e s t i g a t i o n of the p r o p e r t i e s of EAS and the c l a r i f i c a t i o n o f the 

r e l a t i o n s h i p between t h e i r c h a r a c t e r i s t i c s a t the l e v e l of observation and the 

elementary act of i n i t i a t i o n i s thus of great importance. 

Because o f t h e i r i n e r t character, muons, e s p e c i a l l y those o f high energy, 

are of p o t e n t i a l i n t e r e s t i n t h a t they c a r r y i n f o r m a t i o n d i r e c t l y from a l l 

p o i n t s i n t h e shower. Their heights of o r i g i n thus r e f l e c t the l o n g i t u d i n a l 

development of t h e shower. Studies of t h i s p a r t i c u l a r aspect are r e p o r t e d i n 

t h i s t h e s i s . 

The momentum spectrum of those high energy muons which o r i g i n a t e i n the 

e a r l y i n t e r a c t i o n s of the shower may be expected t o be s e n s i t i v e t o c h a r a c t e r i s 

t i c s of t h e nuclear processes such as i n e l a s t i c i t y , transverse momentum and 

t o t h e mass composition o f the primary p a r t i c l e s . 

1 »2. Previous muon momentum spectra measurements 

Orfor d (1968) gives a comprehensive survey of the work done by B a r r a t t 

(1952), Dovzhenko (1957), Oda (1957),Bennett and Greisen ( I 9 6 1 ) , Khrenov (1962) , 

de Beer et a l . , (1962), and B a r n a v e l l i (196k), I t i s po i n t e d out t h a t t h e 

r e s u l t s obtained by these authors, w i t h the exception of those of de Beer et a l . , 

who quote steeper spectra p a r t i c u l a r l y at l a r g e r core distances, are confirmed 

by measurements using t h e Haverah Park Magnet Spectrograph. The bur s t spectra 



r e p o r t e d by Orford also o f f e r some c o n f i r m a t i o n of the momentum spectra 

obtained d i r e c t l y using the magnet spectrograph. 

Recently Suga et a l , , (1969) have given d e t a i l s of measurements of the 

spectrum o f burstsproduced i n the s c i n t i l l a t o r s h i e l d i n g of the BASJE a i r shower 
7 

array muon detecto r by muons i n 1600 showers of sizes l a r g e r than 5 x 10 
g 

p a r t i c l e s and i n 50 showers l a r g e r than 5 x 10 p a r t i c l e s . The spectrum 

obtained leads t o a value f o r t h e slope o f the i n t e g r a l energy spectrum from 

20 GeV t o 300 GeV of -2,2+0.2 at a distance of 100 m and at an a l t i t u d e of 

5300 m. This i s i n s u b s t a n t i a l agreement w i t h t h e r e s u l t s obtained w i t h the 

Haverah Park spectrograph at the corresponding core distance at sea l e v e l * 

1.3 High energy i n t e r a c t i o n s 

L3.1 T h e o r e t i c a l considerations 

There are gross features of high energy nuclear i n t e r a c t i o n s which may be 

described i n terms of a system, w i t h associated i n p u t and output parameters even 

though t h e processes themselves are not f u l l y understood. By i n v e s t i g a t i o n of 

th e p r o p e r t i e s of EAS i t i s hoped t o l e a r n more about these parameters, i n 

p a r t i c u l a r t h e f o l l o w i n g : 

(a) The M u l t i p l i c i t y , t h a t i s the number o f secondary p a r t i c l e s produced i n 

aiji i n t e r a c t i o n , 

(b) The i n e l a s t i c i t y , d e f i n e d as the f r a c t i o n of the energy of t h e i n c i d e n t 

p a r t i c l e which i s r a d i a t e d i n t h e form o f mesons. 

(c) The mean transverse momentum of t h e produced mesons.• 

(d) The i n t e r a c t i o n mean f r e e path f o r protons and pions. 

1&.2 I n f o r m a t i o n from EAS 

The m u l t i p l i c i t y o f the nucleon-nucleus c o l l i s i o n i s g e n e r a l l y accepted t o 

be r e l a t e d t o t h e primary energy i n a manner intermediate between the r e l a t i o n 

ship p r e d i c t e d by a m u l t i p e r i p h e r a l model, s i m i l a r t o t h a t proposed by Amati et 



a l . , (1962) and t h a t p r e d i c t e d by kinematic considerations assuming t h a t the 

energy r a d i a t e d i n ffee form of mesons i s independent of t h e primary energy i n 

the centre o f mass system. Feinberg and Ivanenko (1969) have p o i n t e d out 

t h a t t h e height of shower maximum i s e s p e c i a l l y s e n s i t i v e t o t h e form of the 

m u l t i p l i c i t y law used. l o convincing conclusions have been r e p o r t e d on t h i s 

problem however., 

Winn et a l . , (1965), obtained a mean value o f 0.54 f o r t h e i n e l a s t i c i t y 

of nucleon-air nucleus c o l l i s i o n s although the parameter i s subject t o la r g e 

f l u c t u a t i o n s * For c o l l i s i o n s of pions w i t h a i r n u c l e i the i n e l a s t i c i t y 

appears close t o u n i t y (Azimov et a l . , (1964)). 

The r e s u l t s of sever a l experiments p r i o r t o 1961 designed t o determine the 

value o f the mean transverse momentum have been summarised by Earnshaw (1968)* 

Since t h a t time t h e r e have been f u r t h e r r e p o r t s of r e s u l t s f o r the e l e c t r o n 

d i s t r i b u t i o n i n m u l t i c o r e a i r shower studies y i e l d i n g r a t h e r l a r g e values o f 

mean transverse momentum: Matano et a l . , (1967), Bakich et a l . , (1967) and 

Miyake et a l . , (1967). P a r t l y on the basis o f . h i s own group's work and also 

by considering t h e frequency of events such as those observed by the above 

workers, Trumper suggests t h a t t h e r e i s no reason t o suppose t h a t t h e d i s t r i b u 

t i o n o f transverse momentum changes d r a m a t i c a l l y beyond 5 GeV/c (Bohm et a l . , 

(1967), Trumper (1969)). Present evidence from cosmic ray experiments suggests 

t h a t at low energies t h e value o f mean transverse momentum i s about 0.4 GeV/c 

r i s i n g t o approximately 0.5 GeV/c at 10^ GeV (Kazuno (1967)),, Experiments at 

ac c e l e r a t o r energies i n d i c a t e a constant value f o r the mean transverse momentum. 

By comparison w i t h many of the other q u a n t i t i e s discussed, the mean f r e e 

path f o r nuclear i n t e r a c t i o n of protons i n a i r i s accu r a t e l y known and appears 

t o be ne a r l y independent of energy. For cosmic r a y energies Matano e t a l , , 
~2 

(1963) give a value o f 80 + 5 gm cm and t h i s value i s supported by measurements 

at the highest energies a v a i l a b l e from accelerators„ 
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1.k I n f o r m a t i o n on o r i g i n and nature of cosmic r a y primaries from EAS 

From a c o n s i d e r a t i o n of t h e number spectrum of a i r showers up t o a primary 
15 . . energy of 10 eV t h e constancy of t h e gra d i e n t i n d i c a t e s t h a t the primary 

composition i s unchanged. The observed steepening o f t h e spectrum beyond t h i s 

energy has been explained by Peters as due t o the onset of a r i g i d i t y - c u t - o f f 

f o r cosmic rays o r i g i n a t i n g i n our galaxy. A consequence of t h i s e xplanation 

i s t h a t t h e r e should be an enhancement o f the p r o p o r t i o n of heavy primaries 
15 

at energies above 10 " ev assuming t h a t heavy primaries e x i s t at any EAS 
15 

energies. Evidence f o r a mixed composition at an energy of 10 eV, which 
15 

oecomes p r o g r e s s i v e l y r i c h e r m heavier elements m the energy i n t e r v a l 3 x 10 ' 
17 . • eV t o 10 ' eV, i s , i n f a c t , claimed by McCusker dt ••'.!.„( 1969) from an analysis of 

e l e c t r o n and hadron d i s t r i b u t i o n i n shower cores and the a l t i t u d e ; dependence 

of the d e n s i t y spectrum. From an analysis of f l u c t u a t i o n s of hadron energy 
15 

f l o w at an energy of 10 eV and of Gerenkov l i g h t emission at an energy of 
16 

10 eV, t h e BASJE - MIT group f i n d evidence f o r a mixed composition at both 

energies, (Rappaport ( I 9 b 9 ) f Krieger (1969))• On the basis of a study of 

f l u c t u a t i o n s i n e l e c t r o n " s i z e " at f i x e d muon " s i z e " Vernov et a l . , (1969 

suggest a constant chemical composition w i t h a s i g n i f i c a n t number of protons 

between energies 3 x 10'̂ "̂  eV and 2 x 10"^ eV» Beyond 10"^ eV, a study by Suga 

(1969) of f l u c t u a t i o n s i n muon content y i e l d s no evidence f o r other than a pure 

p r o t o n composition and Thompson et a l . , (1969), a f t e r analysing muon d e n s i t i e s 

i n i n c l i n e d showers, conclude t h a t t h e r e i s l i t t l e evidence f o r a modulated com

p o s i t i o n . Discrepancies between the momentum spectra of EAS muons obtained from 
th e Haverah Park Mkl spectrograph and p r e d i c t e d spectra f o r primary energies 

17 

above 10 eV have been i n t e r p r e t e d as evidence f o r primary p a r t i c l e s of mass 

greater than t e n . 

At t h e Budapest Conference the evidence f o r a change o f slope of the 
18 

primary i n t e n s i t y spectrum from about - 2»2 t o - 1*6 at 10 eV f i r s t r e p o r t e d 
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by L i n s l e y , and i n t e r p r e t e d as i n d i c a t i n g the r e g i o n i n which p a r t i c l e s of 

g a l a c t i c o r i g i n can no longer be contained regardless of t h e i r charge, was 

apparently r e i n f o r c e d by Andrews et a l . , (1969(a)), Brownlee et a l . , (1969) 

and Hara et a l . , (1969). Recently, however, Andrews et a l . , (1971) ha've 
obtained r e s u l t s which i n d i c a t e t h a t the slope remains constant at - 2.3 

19 . 
up t o an energy of 2 x 10 eV. Beyond t h i s the data are l i m i t e d and allow 
no f u r t h e r conclusion. However, t h a t any showers o f primary energy above 
19 . . . 10 eV are r e p o r t e d by these authors i s o f i n t e r e s t m view o f t h e proposed 

i n t e r a c t i o n of t h e primaries w i t h t h e U n i v e r s a l 3 K black body r a d i a t i o n , 

(Greisen (1966)). 
.Turning f i n a l l y t o co n s i d e r a t i o n o f p o s s i b l e a n i s o t r o p i e s i n the a r r i v a l 

d i r e c t i o n s of very high energy p r i m a r i e s , Brownlee et a l . , (1969(b)) f i n d no 
. . ^ . 18 d e v i a t i o n s from i s o t r o p y f o r 600 showers w i t h energy greater than 10 e? and 

19 

50 showers w i t h energy greater than 10 eV. From these r e s u l t s the authors 

conclude t h a t pulsars cannot be the main cosmic ray accelerators i n the 

energy r e g i o n l O 1 ^ eV t o l O 1 ^ eV. Recent work at Haverah Park by Lapikens 

et a l . , (1971) confirms e a r l i e r work by Andrews et a l . , (1969(a)) showing no 
18 

s i g n i f i c a n t anisotropy at energies up t o 10 eV. 

1.5 Theories of t h e o r i g i n o f cosmic r a d i a t i o n 

The arguments i n favour o f supernovae w i t h i n our own galaxy being the most 

l i k e l y sources o f cosmic r a d i a t i o n on energetic grounds alone have been summar

is e d by Shapiro (1962) and Ginzburg and Syrovatski (1964), I n a d d i t i o n , Colgate 

(1966) suggests t h a t supernovae should provide an a c c e l e r a t i o n mechanism t o give 

an abundance o f elements, up t o i r o n , s i m i l a r t o t h a t observed i n cosmic r a d i a t i o n 

(Beyond i r o n i t i s pos s i b l e t h a t the synthesis of heavier elements could occur 

through neutron c a p t u r e ) . However, i f pulsars are r a p i d l y r o t a t i n g neutron s t a r s , 

as proposed by Gold (1968,1969),0striker and Gunn (L969) suggest t h a t these could 

also provide an adequate a c c e l e r a t i o n mechanism whereby very high energy cosmic 

rays might be obtained. I n t h i s context i t i s i n t e r e s t i n g t o note t h a t c a l c u l a 

t i o n s by Rosen (1969) 
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show t h a t the f i n a l composition of the r a d i a t i o n emitted from a neutron s t a r 

should be predominant i n i r o n , and t h a t t h e d i s t r i b u t i o n i n mass of the cosmic 

r a d i a t i o n should be q u i t e d i f f e r e n t from the u n i v e r s a l abundance. 

Parker (1969) has shown t h a t the u n i v e r s a l model of Burblcl^e (1965) , which 

po s t u l a t e s an i n t e n s i t y of r a d i a t i o n and den s i t y o f sources i n i n t e r g a l a c t i c 

space s i m i l a r t o t h a t i n g a l a c t i c space, r e q u i r e s t h e energy emitted i n the form 

of r e l a t i v i s t i c p a r t i c l e s t o be one thousand times as great as t h a t e m i t t e d i n 

the form o f electromagnetic r a d i a t i o n . Since t h i s i s u n l i k e l y , a g a l a c t i c model 

i s favoured. Such a model i s also favoured by Schmidt (1967). His c a l c u l a t i o n s 

i n d i c a t e t h a t f o r t h e universe t o be f i l l e d w i t h r a d i a t i o n , t e n per cent of t h e 

r e s t mass of the r a d i o g a l a x i e s would have t o be converted i n t o r e l a t i v i s t i c 

p a r t i c l e s , which he considers improbable. By co n s i d e r a t i o n o f the measured r a t i o 

of electrons t o protons i n t h e galaxy and the X-ray background, F e l t o n and 

Morrison (1966) conclude t h a t at l e a s t t h e e l e c t r o n i c component of t h e r a d i a t i o n 

must have a g a l a c t i c o r i g i n . A g a l a c t i c o r i g i n f o r cosmic r a y s , and t h e i r 

c o - r o t a t i o n w i t h t h e s o l a r system about t h e g a l a c t i c centre were also deduced 

by Peters (1970) from considerations of the upper l i m i t on anisotropy of 
IT 

d i r e c t i o n s o f a r r i v a l . For t h e highest energy r e g i o n (> 10 eV), however, 

t h i s argument may be used t o i n f e r t h a t since t h e g a l a c t i c magnetic f i e l d s are 

thought t o be unable t o c o n t a i n these p a r t i c l e s they should e x h i b i t more aniso

t r o p y than i s observed. I t i s thus suggested t h a t cosmic r a y p a r t i c l e s of energy 

l O 1 ^ eV and above may be e x t r a g a l a c t i c i n o r i g i n * Beyond 1 0 2 0 eV, however, i t 

has been p o s t u l a t e d by Greisen (1966), t h a t t h e p - y i n t e r a c t i o n of the 

primaries w i t h t h e photons o f t h e u n i v e r s a l 3K black body r a d i a t i o n should 

e f f e c t i v e l y cut o f f any e x t r a g a l a c t i c c o n t r i b u t i o n t o the primary f l u x -
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Chapter 2 
The Haverah Park Spectrograph 

2.1 I n t r o d u c t i o n 

2 . 1 . 1 General 

The general design c o n s i d e r a t i o n and c o n s t r u c t i o n a l d e t a i l s of the 

Haverah Park Magnet Spectrograph have been dea l t w i t h elsewhere, Earnshaw 

et a l . , (1967I A resume of these and a d e s c r i p t i o n of t h e basic apparatus, 

which has remained unchanged throughout the recent m o d i f i c a t i o n programme, 

i s given i n t h i s i n t r o d u c t i o n . The m o d i f i c a t i o n reported here concerns 

the improvements t o the spectrograph 1s f l a s h tube array necessary t o 

increase t h e momentum r e s o l u t i o n t o beyond 150 GeV/c, so t h a t t h e o r i g i n a l 

r e s u l t s from the spectrograph might be i n v e s t i g a t e d w i t h greater accuracy. 

These r e s u l t s i n d i c a t e d more high momentum muons a t l a r g e distances from 

the core than was expected from then accepted t h e o r e t i c a l models. 

Section 2.2.1 i s concerned w i t h t h e p r i n c i p l e s and considerations 

governing the redesigning of the instrument, w h i l s t s e c t i o n 2.2.2 describes 

some problems a r i s i n g i n the use of f l a s h tubes as t r a c k d e l i n e a t o r s , and 

S e c t i o n 2.2.3 describes the mechanical design of the modified spectrograph. 

I n S e c t i o n 2.2.4 the accuracy of l o c a t i o n of t h e f l a s h tube array i s 

discussed, and the high voltage p u l s i n g system used i s described i n 

Se c t i o n 2.2.5. F i n a l l y , c e r t a i n aspects o f the Haverah Park EAS a r r a y 

which r e l a t e t o t h e accuracy of l o c a t i o n of shower cores, are d i s c u s s e d 

i n Section 2.3. 

2.1.2 Resume" of the d e t a i l s of t h e o r i g i n a l instrument 

The o r i g i n a l Haverah Park spectrograph, constructed i n 1964, and 

r e f e r r e d t o h e r e a f t e r as the Mkl spectrograph, had a momentum r e s o l u t i o n 

of 60 GeV/c. This was achieved using a s o l i d i r o n magnet having an 
—2 

i n d u c t i o n of 1*46 Wb m and neon f l a s h tubes of i n t e r n a l diameter 1*6 cm 
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f i l l e d t o a pressure of uOO mm Hg as t r a c k d e l i n e a t o r s . I n each arm of the 

spectrograph there were arranged 7 layers of 2 m long f l a s h tubes at the 

extremity of t h e arm, and 7 la y e r s of 1°2 m long tubes nearest the magnet. 

60% of the f l a s h tubes were located i n ac c u r a t e l y machined mountings and 

were measured t o an accuracy of ± 0*2 mm. The remaining k0% r e s t e d on top 

of the accurately l o c a t e d tubes so t h a t knowledge of t h e i r p o s i t i o n was 

m a r g i n a l l y less p r e c i s e. 

2.1.3 The magnet 

This i s of the " P i c t u r e Frame" type and has been f u l l y described by 

Walton (1966), Measurements made by Walton (1966.) i n d i c a t e t h a t a cur r e n t 
—2 

of 13*5 A produces an i n d u c t i o n of ±°k6 ± 0 "06 Wb m i n the u s e f u l regions 

of t h e magnet. Recent measurements made by the author using ( i ) a fluxmeter 

d i r e c t l y , and ( i i ) an X - Y p l o t t e r t o measure the value of the "instantaneous 

v o l t a g e " - "time" i n t e g r a l , and hence the f l u x of i n d u c t i o n , N, using t h e 

r e l a t i o n s h i p JdN = /edt, have confirmed t h i s value. 

2.2 Development of the Mk2 Spectrograph 

2*2.1 Design considerations 

For the Haverah Park Magnet spectrograph the r.m.s. value of the 

t o t a l angular s c a t t e r i n g , o', i n the t r a j e c t o r y of a muon i s given by: 

2 2 2 a = a + a 
c. s. m 

where a i s the r.m.s.angular u n c e r t a i n t y i n t r a c k measurement and a 
m a J c.s. 

i s the r.m.s. angular Coulomb s c a t t e r i n g . At a l l momenta, f o r the 

Haverah Park magnet, a i s one t h i r d of the magnetic d e f l e c t i o n . As a 
c s 

consequence of t h i s , i f the maximum detectable momentum (m.d.m.) i s 

defined as t h a t momentum corresponding t o an angular d e f l e c t i o n of O, 

then at t h e m.d.m. 
a / 8 m 
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Thus at t h e l i m i t of r e s o l u t i o n t h e inaccuracy i n the measured magnetic 

d e f l e c t i o n of muons i s dominated "by the c o n t r i b u t i o n from the angular 

u n c e r t a i n t y i n t r a c k measurement. I t may be seen, t h e r e f o r e , t h a t an 

improvement i n the r e s o l u t i o n i s po s s i b l e by reducing u n t i l i t no longer 

makes a dominating c o n t r i b u t i o n t o a. A l t e r n a t i v e l y the same r e s u l t can be 

achieved by incre a s i n g the magnet t h i c k n e s s . This increases t h e " i n d u c t i o n -

p a t h - l ength" i n t e g r a l i n d i r e c t p r o p o r t i o n t o the thickness and ( J g i n 

p r o p o r t i o n t o t h e square r o o t of t h e thickness,so t h a t t h e net e f f e c t i s t o 

reduce the Coulomb s c a t t e r i n g ! magnetic d e f l e c t i o n r a t i o . For example, a 

t h r e e - f o l d improvement i n momentum r e s o l u t i o n by t h i s method r e q u i r e s the 

magnet thickness t o be increased by a f a c t o r of 2"9» However, since 

in c r e a s i n g the accuracy i n t r a c k l o c a t i o n i s simpler than i n c r e a s i n g the 

magnet t h i c k n e s s , t h i s method of improving the r e s o l u t i o n of t h e spectrograph 

has been adopted here. Nevertheless, i t should be noted t h a t any f u t u r e 

improvement of t h e spectrograph r e s o l u t i o n must i n v o l v e an increase i n the 

magnetic d e f l e c t i o n of the muon. This w i l l necessitate an increase i n 

magnet thickness since the magnet i s already operated under c o n d i t i o n s o f 

near s a t u r a t i o n . 

A design study was undertaken t o choose the optimum method of a t t a i n i n g 

the d e s i r e d improvement i n t r a c k measurement accuracy. For t h i s , as a 

t h e o r e t i c a l measure of t h e accuracy of t r a c k l o c a t i o n of a f l a s h tube 

a r r a y , the "mean c o r r i d o r w i d t h " , w, as defined by R a s t i n (196U) was taken. 

This t e r m i s defined as the mean distance between adjacent tube edges when 

a l l t h e tubes of an array are p r o j e c t e d onto a s i n g l e plane. Thus, assuming 

t h a t o J 0 = w-̂ /w 5the c o n d i t i o n f o r a t h r e e f o l d improvement i n t r a c k 

l o c a t i o n accuracy i s 



Where a i s t h e r.m.s. angular e r r o r i n measurement f o r t h e Mkl spectrograph 
m l 

2 
i s t h e r.m.s. angular e r r o r i n measurement f o r t h e Mk2 spectro

graph. 

w^ i s the mean c o r r i d o r w i d t h o f the Mkl spectrograph 

i s the mean c o r r i d o r w i d t h i n the Mk2 spectrograph. 

Fo l l o w i n g R a s t i n , f o r a given f l a s h tube i n t e r n a l e f f i c i e n c y , r i , o f 100% then 
A 

f o r — <0"8, we have; 
r •.. _ r ' ; 

w . = k5T . • • • • • • • ' • . • . . ' • ' . . . . . . 2 . 2 

Where A = i n t e r n a l f l a s h tube diameter 

F = distance apart of tube centres 

N = number of layers of tubes i n array. 

Approximation 2.2 may be modified t o take i n t o account t h e f a c t t h a t f o r p r a c t i c a l 

f l a s h tubes, r\ i s less than 100%. Assuming t h a t w i s i n v e r s e l y proportioned 

t o ri we may w r i t e : 

( i o o j + 1 

For t h e Mkl spectrograph T = 1*9 cms and H = 7, so t h a t t a k i n g ri as 90% 

and n o t i n g t h a t f o r M < 9, w i s underestimated by about 25% ( R a s t i h , (196U)), 

we o b t a i n , w^ - 0*38 cm. 

Thus, from 2.1 t h e value of w^ re q u i r e d f o r a t h r e e f o l d improvement i n 

momentum r e s o l u t i o n i s w^ - 0*1 cm. 

From approximation 2.2 i t may be seen t h a t t o o b t a i n the desired value o f 

w, i f t h e p i t c h , and hence t h e diameter, o f the tubes i s s m a l l , the number 

of layers may also be small. However, since a constant l a r g e area i s covered 

i n t h i s case, t h e t o t a l number of tubes r e q u i r e d does not n e c e s s a r i l y have 

t o be smaller and i t i s consequently not possible t o o b t a i n an optimum value 

of tube diameter from these considerations. The choice o f the tube diameter i s 

t h e r e f o r e governed by t h r e e f a c t o r s : 

(a) t h e d e s i r a b i l i t y of reducing the number of lay e r s and hence the Coulomb 



s c a t t e r i n g i n the electrodes and g l a s s , (b) c o n s i d e r a t i o n of the amount of 

space a v a i l a b l e , and (c) t h e ease of manufacture of the f l a s h tubes. The 

smallest s a t i s f a c t o r y i n t e r n a l diameter i s found t o be. approximately 7 nm« 

Below 7 mm the e f f i c i e n c y of a f l a s h tube decreases r a p i d l y even i f the 

gas pressure i s h i g h , ( C o x e l l and Wolfendale, (1960)), and i t i s very d i f f i c u l t 

t o m a intain the mechanical, s t r e n g t h necessary f o r tubes of l e n g t h 2 m. 

The smallest p r a c t i c a l value of p i t c h f o r tubes of 7 mm i n t e r n a l 

diameter was found t o be 1*1 cm and i n s e r t i o n o f t h i s value i n t o approximation 

2.3 gives a value f o r t h e number o f l a y e r s of such tubes t o give the r e q u i r e d 

r e s o l u t i o n improvement as t e n . The basic s p e c i f i c a t i o n f o r t h e Mk2 spectro

graph i s t h e r e f o r e : -

I n t e r n a l diameter of neon f l a s h tubes = 7 mm 
Number of f l a s h tube t r a y s i n each arm = 2 
Number of l a y e r s of f l a s h tubes i n each t r a y = 10 

2,2.2 Neon f l a s h tube detectors 

The neon f l a s h tube detector which was introduced by Conversi (1955), 

and developed by Wolfendale and co-workers, has been used w i t h success i n the 

Mkl spectrograph. Because of i t s r e l a t i v e l y low cost, s i m p l i c i t y of o p e r a t i o n , 

r e l i a b i l i t y and t h e ease w i t h which l a r g e areas may be covered, i t was chosen 

f o r t h e Mk2 spectrograph i n preference t o other d e t e c t o r s , f o r example, spark 

chambers . 

For t h e a p p l i c a t i o n considered i n t h i s t h e s i s , a delay of approximately 

15 Usee was necessary a f t e r the a r r i v a l of an a i r shower u n t i l the f l a s h tubes 

could be pulaed. This ensured t h a t the EAS array e l e c t r o n i c s were not a f f e c t e d 

by t h e high v o l t a g e p u l s i n g system. I t was t h e r e f o r e important t o have 

a knowledge of the f l a s h tube e f f i c i e n c y - t i m e delay c h a r a c t e r i s t i c s . The 

work of Coxell and Wolfendale (1960} i n d i c a t e s t h a t at the same pressure of 

Neon the e f f i c i e n c y - t i m e delay curve f o r small diameter tubes drops away 

much more r a p i d l y than f o r l a r g e diameter tubes; probably because f o r a 

given high v o l t a g e pulse shape, t h e el e c t r o n s i n t h e gas reach the tube w a l l s 
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before an e l e c t r o n cascade can "be i n i t i a t e d . This e f f e c t can he compensated 

f o r by in c r e a s i n g the gas pressure i n approximately inverse p r o p o r t i o n t o 

the diameter of t h e tubes, and, i n the Mk2 f l a s h tubes the pressure 

of Neon i s 2'k atmospheres as opposed t o 1*0 atmosphere f o r t h e Mkl tubes. 

I n order t o have an experimental knowledge of the a c t u a l e f f i c i e n c y -

time delay and e f f i c i e n c y - f i e l d c h a r a c t e r i s t i c s of small diameter tubes a 

small array of 10 l a y e r s o f tubes w i t h electrodes every 3 layers was 

constructed. The r e s u l t s of t h i s t e s t were s a t i s f a c t o r y , g i v i n g values 

f o r e f f i c i e n c y of the a r r a y ( t h a t i s the average of the number of tubes flashed 

i n a t r a c k ) as 58% at a time delay of 15 usee corresponding t o an i n t e r n a l 

e f f i c i e n c y of 90%. When t h e same type of t e s t s were made on the f u l l size 

t r a y s , w i t h a s i m i l a r electrode arrangement, i t was found t h a t a s i g n i f i c a n t l y 

l a r g e r f i e l d was r e q u i r e d t o produce t h e same e f f i c i e n c i e s , and t h a t t h e 

la y e r s nearest the pulsed electrode were more e f f i c i e n t t han t h e l a y e r s next 

t o the ea r t h electrode. A remedy which enabled t h e ap p l i e d v o l t a g e t o be 

reduced t o a l e v e l which d i d not cause random discharges t o the sides o f the 

f l a s h tube t r a y s was t h e i n s e r t i o n of e x t r a electrodes. I n the f i n a l form 

t h e r e was one electrode between each l a y e r of f l a s h tubes. The r e s u l t s of 

th e e f f i c i e n c y t e s t s on the modified t r a y s are shown i n F i g u r e 2.1.These 

e f f i c i e n c y t e s t s were made using a Geiger counter telescope t o sel e c t muons 

from the cosmic r a y beam. I t i s i n t e r e s t i n g t o note, however, t h a t i n 

normal r u n n i n g , w i t h EAS - muons, t h e e f f i c i e n c y has been found t o be 

somewhat higher (again see Figure 2 .1)»An explanation of t h i s may be obtained 

by considering t h e t h e o r e t i c a l values f o r t h e energy loss due t o i o n i s a t i o n 

f o r cosmic r a y beam muons, f o r which t h e mean energy i s approximately 1 GeV, 

and f o r .EAS . muons, f o r which t h e mean energy i s approximately 5 GeV. I n 

th e l a t t e r case the energy loss due t o i o n i s a t i o n i s higher since i t i s 

f u r t h e r up t h e " l o g r i s e " s e c t i o n of the energy loss curve. Evidence i n 



FIGURE 2,2 : ^ 3 a e ; f £ o r i t v a r i d s i d e e l e v a t i o n s o f fche Mk. 2. Haverab 
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support of t h e theory t h a t f l a s h tube e f f i c i e n c i e s a t time delays above a few 

microseconds r e f l e c t r e l a t i v e l y small changes i n i o n i s a t i o n l o s s , has r e c e n t l y 

been presented by Diggory et al. s ( 1 9 7 1)• Furthermore, work by the author 

( i n t e r n a l r e p o r t , U n i v e r s i t y of Durham, 1968) has also shown t h a t when t h e 

pulse r e p e t i t i o n r a t e i s high,, greater than about one per t e n minutes, the 

e f f i c i e n c y o f f l a s h tubes i n an array i s diminished * I t i s p o s t u l a t e d t h a t r ome 

charging up of the glass occurs, thus p r o v i d i n g a c l e a r i n g f i e l d sweeping 

electrons t o t h e w a l l s . Confirmation o f t h i s e f f e c t has been obtained and 

an explanatory theory o u t l i n e d by Stubbs and Breare (1969). Whilst the e f f e c t 

i s not important from the p o i n t of view o f normal o p e r a t i o n of the spectrograph, 

the event r a t e being o f t h e order of one per hour, i t may be a p a r t i a l explana

t i o n o f the r e l a t i v e l y low e f f i c i e n c i e s obtained i n Geiger counter telescope 

t e s t runs. 

S p e c i f i c a t i o n of Meon Flash Tubes 

Glass Soda 

• I n t e r n a l d i a . 7-00 ± -17 mm 

External d i a . 9*78 ± O'lk mm 

Straightness 1 p a r t i n 1000 

Gas pressure 2'k a t s . 

Gas content (approx.) 98$ Ne, 2% He 

2.2 .3 Mechanical design and c o n s t r u c t i o n of the f l a s h tube t r a y s 

To o b t a i n approximately the same acceptance c h a r a c t e r i s t i c s as f o r the 

Mkl spectrograph, t h e 7 mm tubes were p o s i t i o n e d as shown i n Figxre 2,,2 -

th e number of lay e r s and t h e i r spacing having been determined as o u t l i n e d 

i n Section 2 . 2 . 1 . The space l e f t by t h i s arrangement i n between the banks 

of 7 mm tubes was f i l l e d w i t h 16 mm tubes from t h e Mkl spectrograph t o 

ai d t r a c k r e c o g n i t i o n and separation. 



FIGURE ;2.j_;(a)X.--The : 'Gĵ e t t i t i ,c t ,c g - j p o leu the 7 mm i si. 

• •-r.flash tube ufeo' i f , :L.- . , rp^ctrograph 

( b ) ' • The pTC p .3© «.u U>f psf r>. r -jsetf f o r separating the 
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The basic requirement of the t r a y design was t h a t t h e 7 mm tubes should 

be p o s i t i o n e d as a c c u r a t e l y as p o s s i b l e ( t o w i t h i n 0.05 mm)0 Several methods 

of l o c a t i n g t h e tubes were considered i n c l u d i n g t h a t developed by t h e U n i v e r s i t y 

of Nottingham group, who used a d r i l l e d face p l a t e at t h e f r o n t and 

back of t h e t r a y . This p a r t i c u l a r idea was r e j e c t e d , i n s p i t e of i t s many 

advantages, on the grounds t h a t each hole has t o be i n d i v i d u a l l y reamed out 

t o match the exact diameter o f a p a r t i c u l a r t u b e , an excessively time consuming 

process. The method adopted was based on an e a r l i e r p r a c t i c e of l a y i n g the 

tubes i n "vee" shaped s l o t s a c c u r a t e l y m i l l e d i n duralumin bar p o s i t i o n e d 

at t h e f r o n t and back of the t r a y s f i g u r e 2,3 ) j The l 6 mm tubes were p o s i t i o n e d 

i n a s i m i l a r manner. 

A i m long 7 mm i n t e r n a l diameter tube supported at i t s ends was found t o 

have a t y p i c a l sag under i t s own weight of 5*0 mm. However, as a l l t h e 7 mm 

tubes were "hot r o l l e d " d u r i n g manufacture, p a r a l l e l i s m was maintained i n 

s p i t e of sagging, and i t may be shown t h a t a v e r t i c a l displacement of 5'0 mm 

has l i t t l e e f f e c t on t r a c k l o c a t i o n accuracy. I n the case of t h e 2 m long 

7 mm i n t e r n a l diameter tubes, the sag under t h e same c o n d i t i o n s was t y p i c a l l y 

1 cm, an amount which could not be t o l e r a t e d and which was prevented by 

i n s e r t i n g a c c u r a t e l y machined t u f n o l spacers i n between each l a y e r of f l a s h 

tubes. This remedy was not without problems however, since i t was found t h a t 

t h e f r i c t i o n between the tubes and t h e t u f n o l was such t h a t when tubes were 

s l i g h t l y d i s p l a c e d , they remained so. To e l i m i n a t e a l l p o s s i b i l i t y of 

movement, spacers t o f i t i n between each tube were manufactured from "Darvic", 

These ensured t h a t the tubes remained p a r a l l e l t o one another t o w i t h i n the 

allowable t o l e r a n c e of 1 part i n 1000. 

For reasons of economy, only h a l f t h e t o t a l number of 7 mm tubes was 

painted b lack. To minimise l i g h t leakage from tube t o tube and the 

associated spurious discharges, the tubes were loaded so t h a t p a i n t ed tubes 

a l t e r n a t e d w i t h unpainted ones, and t h e electrodes were painted w i t h a 



FIGIME '2>i t . .Olae-Dasie rlc-viT •jiag.aiffi of the nigh voltage p u l s i n g , 

u n i t s ' u = t f i f o r * <-) < lie 16 jsm i . d . f i a b h tubes, (b) i b e 

.•' -. T i f l a s h t t L b e s V v . - • '. ' '•. v : v ,.; :;v;'v.\ 
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n o n - r e f l e c t i v e matt-black p a i n t . I n p r a c t i c e these measures proved 

s a t i s f a c t o r y . 

To prevent sparks o c c u r r i n g from the edges of t h e e l e c t r o d e s , these 

were bound w i t h t h i c k i n s u l a t i n g t a p e , and perspex p o s i t i o n e r s were attached 

t o t h e electrodes t o prevent them from being displaced and touching t h e 

metal framework of the t r a y . 

2.2.k The accuracy of l o c a t i o n of f l a s h tubes 

To ensure t h a t t h e f l a s h tubes were p a r a l l e l t o t h e magnet edge, t h e 

distances of t h e centres and ends of t h e tubes from a plane defined by 

th r e e plumb l i n e s , known t o be p a r a l l e l t o the magnet, were measured, and 

any appropriate adjustments madeo I n t h i s way the distances of t h e centres 

of p a r t i c u l a r tubes from t h e magnet edge were found t o w i t h i n - 0*2 mm. The 

l o c a t i n g grooves were machined d u r i n g manufacture t o a t o l e r a n c e of 0*01 mm 

over 200 s l o t s , w i t h a t o l e r a n c e of 0*005 mm on any i n d i v i d u a l p i t c h . The 

r e s u l t i n g estimated u n c e r t a i n t y i n the l o c a t i o n of the centre of any 7 mm 

f l a s h tube was t h e r e f o r e ± 0*21 m. 

2.2 .5 The p u l s i n g system 

The h i g h v o l t a g e p u l s i n g u n i t s are shown diagrammatically i n Figure 2* 

O r i g i n a l l y both u n i t s used pulse transformers so t h a t extremely h i g h voltage 

power supplies might be dispensed w i t h , thus bypassing t h e attendent 

d i f f i c u l t i e s of i n s u l a t i o n and swi t c h i n g . U n f o r t u n a t e l y , the use of a pulse 

transformer impaired t h e r i s e time of the output pulse and t h e 'ef f i a i e n a y o f 

the 7 mm f l a s h tubes, was found t o be very low when such 

a pulse was a p p l i e d . Because of t h i s , the p u l s i n g system e v e n t u a l l y used 

f o r these tubes had a s i n g l e RC. pulse forming network which improved 

the r i s e time considerably, and enabled high e f f i c i e n c i e s t o be obtained. 
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2.3 The Have rah P a r k EAS a r r a y s / 

2.3.1 G e n e r a l 

A d e s c r i p t i o n o f t h e a r r a y s has been g i v e n i n d e t a i l e l s e w h e r e ( W i l s o n 

e t a l . , ( 1 9 6 3 ) , Tennen t (1967))j and t h e / b a s i c " a r r a n g e m e n t i s shown i n 

F i g u r e 2*5. 

The s i z e , d i r e c t i o n and l o c a t i o n o f axes o f showers a r e o b t a i n e d f r o r -

Cerenkov d e t e c t o r e n e r g y - l o s s samples and t i m e o f a r r i v a l i n f o r m a t i o n . 

The a n a l y s i s o f showers r e l a t i n g t o t h e p r e s e n t w o r k has i n v o l v e d 

t h e a s s u m p t i o n t h a t t h e l a t e r a l d i s t r i b u t i o n o f t h e Cerenkov r e s p o n s e 

b e t w e e n 500 m and 1000 m f r o m t h e shower c o r e i s s u f f i c i e n t l y w e l l r e p r e s e n t e d 

b y a power l a w . I n t h i s a n a l y s i s t h e exponen t and c o n s t a n t o f p r o p o r t i o n 

a l i t y o f t h i s l a w has b e e n i t e r a t i v e l y o p t i m i s e d . D u r i n g t h e p e r i o d o f 

t h e p r e s e n t e x p e r i m e n t , t h e method o f a s s e s s i n g t h e shower p r i m a r y e n e r g y 

has e v o l v e d . I n i t i a l l y a q u a n t i t y , E 1 0 Q J d e f i n e d as t h e e n e r g y l o s t b y 

t h o s e p a r t i c l e s i n a shower be tween 100 m and 1000 m f r o m i t s c o r e p a s s i n g 

t h r o u g h 120 cm o f w a t e r , was used t o o b t a i n t h e shower s i z e u s i n g . t h e 

r e l a t i o n s h i p g i v e n b y S u r i (1966): 

W e " ^ o o 1 ' 1 9 5 

The p r i m a r y e n e r g y was d e t e r m i n e d f r o m E 1 Q 0 b y a c o m p a r i s o n o f shower r a t e , 

o r b y d e t a i l e d c a l c u l a t i o n o f t h e d e v e l o p m e n t o f t h e s h o w e r . R e c e n t l y , 

h o w e v e r , i t has been f o u n d t h a t f o r l a r g e showers a more r e l i a b l e p a r a m e t e r 

i s t h e p a r t i c l e d e n s i t y a t 500 m f r o m t h e c o r e , p ^ 0 0 ( H i l l a s e t a l . \ , (1969)). 

S i n c e t h e p a r t i c l e d e n s i t y a t t h i s l a r g e d i s t a n c e f r o m t h e c o r e r e a c h e s 

i t s maximum l a t e r t h a n f o r t h e t o t a l shower , i t i s l e s s l i k e l y t o be 

s u b j e c t t o f l u c t u a t i o n s i n t h e shower d e v e l o p m e n t . I n a d d i t i o n , f o r 120 cm 

w a t e r Cerenkov d e t e c t o r s , t h e s i g n a l a t 500 m has b e e n shown t o be p r o p o r 

t i o n a l t o p r i m a r y e n e r g y , b u t a p p r o x i m a t e l y i n d e p e n d e n t o f p r i m a r y massV, 

w i t h i n t h e ene rgy r a n g e l O 1 ^ - l O 1 ^ eV. 



18 

2 . 3 * 2 A c c u r a c y o f c o r e l o c a t i o n 

The c o n f i d e n c e w h i c h may he p l a c e d i n t h e r e s u l t s o f t h e M k l s p e c t r o 

g r a p h depends n o t o n l y on t h e a c c u r a c y o f t h e momentum measurement , b u t a l s o 

on t h e p r e c i s i o n o f t h e d e t e r m i n a t i o n o f t h e shower c o r e l o c a t i o n . R e c e n t l y 

2 

e x t r a Cerenkov d e t e c t o r s o f a r e a 9 m have been added a t each o f t h e 150 m 

a r r a y s i t e s and o p e r a t e d i n c o i n c i d e n c e w i t h t h e 500 m a r r a y . Thus t h r e ; ; 

a d d i t i o n a l e n e r g y l o s s samples have been : a v a i l a b l e f o r use i n t h e a n a l y s i s 

o f showers h a y i n g z e n i t h a n g l e s l e s s t h a n 20° and r e c o r d e d e n e r g y - l o s s l e s s 
—2 

t h a n o r e q u a l t o O ' l l GeV m a t each o f t h e 500 m d e t e c t o r s . (Andrews 

e t a l . , (1969b) . The i n c r e a s e i n a c c u r a c y o f c o r e l o c a t i o n a f f o r d e d b y t h e 

e x t r a d e t e c t o r s e n a b l e d t h e s e w o r k e r s t o j u s t i f y t h e e a r l i e r me thod o f 

a n a l y s i s i n v o l v i n g t h e a s s u m p t i o n o f a power l a w s t r u c t u r e f u n c t i o n , and 

a t t h e same t i m e t o i n v e s t i g a t e t h e u n c e r t a i n t y i n t h e l o c a t i o n o f shower 

c o r e s . T h i s u n c e r t a i n t y was s t u d i e d a t t w o shower s i z e s u s i n g a compu te r 

s i m u l a t i o n o f showers and a l s o u s i n g r e a l s h o w e r s . F o r b o t h r e a l and 

s i m u l a t e d showers a n a l y s e d w i t h 500 m d e n s i t i e s a l o n e , 70% had a s h i f t i n 

c o r e p o s i t i o n o f l e s s t h a n 35 m , w h i c h i s i n good agreement w i t h Tennent 

(1967) who g i v e s t h e o v e r a l l u n c e r t a i n t y as 30 m f o r v e r t i c a l showers 

w i t h i n t h e 500 m a r r a y . F o r showers f o r w h i c h b o t h 150 m and 500 m 

d e n s i t i e s were a v a i l a b l e , 65% o f t h e s i m u l a t e d showers had a s h i f t o f l e s s 

t h a n 20 m, w h i l s t f o r r e a l showers ,66% o f t h e c o r e s s h i f t e d b y 25 m o r 

l e s s and o n l y 6% b y g r e a t e r t h a n 50 m. A s i g n i f i c a n t f u r t h e r o b s e r v a t i o n 

f r o m t h i s w o r k was t h a t l a r g e r s h i f t s i n c o r e p o s i t i o n t e n d e d t o be 

t a n g e n t i a l . T h i s i s r e a s s u r i n g f r o m t h e p o i n t o f v i e w o f t h e a n a l y s i s o f 

t h e s p e c t r o g r a p h d a t a , a l t h o u g h t h e consequences o f some s y s t e m a t i c 

u n c e r t a i n t y i n l o c a t i o n must be c o n s i d e r e d when i n t e r p r e t i n g t h e r e s u l t s 

o f b o t h t h e M k l and Mk2 e x p e r i m e n t s . 



C h a p t e r 3 

The a n a l y s i s o f t h e S p e c t r o g r a p h d a t a 

3 .1 I n t r o d u c t i o n 

The p r o b l e m o f m e a s u r i n g t h e momentum s p e c t r u m o f muons u s i n g t h e Haverah 

P a r k s o l i d i r o n s p e c t r o g r a p h r e d u c e d t o i t s s i m p l e s t e l e m e n t s , i n v o l v e s two 

s t a g e s : 

( a ) t h e r e c o r d i n g o f a muon t r a c k and t h e consequen t measurement o f a s p e c t r u m 

o f d e f l e c t i o n s o f muons i n t h e magne t , and 

( b ) t h e c o n v e r s i o n o f t h i s d e f l e c t i o n s p e c t r u m i n t o a momentum s p e c t r u m . 

I n t h e e x p e r i m e n t s u s i n g t h e M k l and Mk2 s p e c t r o g r a p h s , e v e n t s have been 

r e c o r d e d p h o t o g r a p h i c a l l y „ F o r t h e f o r m e r , t h e f l a s h e d t u b e s a l o n g a p a r t i c u l a r 

t r a c k were i d e n t i f i e d b y p r o j e c t i o n o f t h e n e g a t i v e o n t o a mas te r p r i n t . I n 

c o n t r a s t , t h e sys t em used f o r t u b e i d e n t i f i c a t i o n i n Mk2 s p e c t r o g r a p h e v e n t s 

i n v o l v e s t h e use o f a t r a n s p a r e n t o v e r l a y , A d e t a i l e d d e s c r i p t i o n o f t h i s 

method i s g i v e n i n S e c t i o n 3 . 2 . 1 . 

The b e s t e s t i m a t e o f a muon t r a c k i n t h e M k l e x p e r i m e n t was f o u n d b y 

u s i n g a s i m u l a t o r on w h i c h t h e a p p r o p r i a t e t u b e s c o u l d be marked and t h e 

p o s i t i o n o f t h e t r a c k d e c i d e d b y e y e , F o r t h e Mk2 d a t a , h o w e v e r , because o f 

t h e d i f f i c u l t y i n m a n u f a c t u r i n g a s u f f i c i e n t l y a c c u r a t e s i m u l a t o r , t h i s method 

has been r e s e r v e d f o r c h e c k i n g t h e r e s u l t s o f a computer p rogramme, b r i e f l y 

d e s c r i b e d i n S e c t i o n 3 . 2 . 2 . , w h i c h d e c i d e s t h e b e s t t r a c k i n a cco rdance w i t h 

c e r t a i n programmed c r i t e r i a . 

The m a g n e t i c d e f l e c t i o n o f a muon o f g i v e n momentum i n an i r o n magnet f o r 

a g i v e n f i e l d depends on t h e i n d u c t i o n - p a t h l e n g t h i n t e g r a l , t h e coulomb: 

s c a t t e r i n g and t h e e n e r g y l o s s i n t h e magnet and d e t e c t o r s . The a c c u r a c y w i t h 

w h i c h t h i s d e f l e c t i o n can be measured depends on t h e d e s i g n o f t h e t r a c k 

d e l i n e a t i n g s y s t e m , t h e a c c u r a c y w i t h w h i c h i t i s c o n s t r u c t e d , and t h e method 

o f t r a c k f i t t i n g . I n c o n v e r t i n g a d e f l e c t i o n s p e c t r u m t o a momentum s p e c t r u m 

a l l t h e s e f a c t o r s must be t a k e n i n t o account,-, A d e s c r i p t i o n o f t h e me thod o f 
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c o n v e r s i o n u s e d i n t h e p r e s e n t w o r k i s g i v e n i n S e c t i o n 3 « 3 . 

3 .2 T r e a t m e n t o f t h e Mk2 d a t a 

3 . 2 . 1 D a t a r e t r i e v a l 

D u r i n g n o r m a l o p e r a t i o n o f t h e s p e c t r o g r a p h each a i r shower t r i g g e r 

s i g n a l f r o m t h e 500 m a r r a y causes a h i g h v o l t a g e p u l s e t o he a p p l i e d t o t h e 

f l a s h t u b e s and a n image o f t h e f l a s h e d t u b e s , t o g e t h e r w i t h t h e s o l a r t i m e , 

t o be r e c o r d e d on f i l m . 

The p r o c e s s e d f i l m s a r e scanned f o r i n d i v i d u a l e v e n t s w h i c h have c o m p l e t e 

t r a c k s i n b o t h A and B t r a y s , ( see E i g u r e 2=2) and w h i c h appear t o r e l a t e t o 

one muon t r a v e r s i n g t h e i n s t r u m e n t . Those f r a m e s w h i c h a r e s e l e c t e d a c c o r d i n g 

t o t h e s e b r o a d c r i t e r i a a r e e n l a r g e d t o t h e e x a c t s i z e o f a t r a n s p a r e n t o v e r 

l a y and t h e n p r i n t e d . T h i s o v e r l a y i s p r o d u c e d f r o m a h i g h q u a l i t y p h o t o g r a p h 

o f t h e f r o n t o f t h e s p e c t r o g r a p h t a k e n u s i n g t h e n o r m a l r e c o r d i n g camera , and 

on i t each t u b e end i s r e p r e s e n t e d b y a p o i n t , and each o f t h e e i g h t f i d u c i a l 

lamps b y an a c c u r a t e o u t l i n e . P r i n t s p r o d u c e d i n t h i s way t h e n unde rgo a 

f u r t h e r s c r u t i n y , t e r m e d " f i r s t c l a s s i f i c a t i o n " , i n t h e p r o c e s s o f w h i c h t h e 

u s a b l e t r a c k s a r e m a r k e d . The sequence o f s t e p s i n t h i s c l a s s i f i c a t i o n i s as 

f o l l o w s : 

( a ) I n i t i a l s e l e c t i o n i s made o f t h o s e " h a l f t r a c k s " , t h a t i s t r a c k s i n 

one a rm o f t h e s p e c t r o g r a p h w h i c h c o u l d p o s s i b l y c o n n e c t up i n t h e magne t , 

• t a k i n g i n t o c o n s i d e r a t i o n t h e p o s s i b i l i t y o f l a t e r a l s c a t t e r i n g . 

( b ) Each and e v e r y one o f t h e s e h a l f t r a c k s must t h e n s a t i s f y t h e f o l l o w i n g 

c r i t e r i a : 

( i ) More t h a n one t u b e p e r t r a y p e r t r a c k must have f l a s h e d , 

( i i ) The e x t r e m i t i e s o f t h e t r a c k must be c o n t a i n e d w i t h i n t h e t r a y 

l i m i t s . I f any doub t a r i s e s t h e t r a c k i s r e t a i n e d f o r computer 

t r a c k f i t t i n g i n w h i c h a c c e p t a n c e c r i t e r i a can be more a c c u r a t e l y 

a p p l i e d . 
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( i i i ) Where more t h a n two t r a c k s a r e i n d i c a t e d i n t h e upper a r m , t h e 

t r a c k und.er c o n s i d e r a t i o n must n o t d i f f e r i n d i r e c t i o n f r o m t h e 

„ c . . . 
m a j o r i t y b y more t h a n 20 - T h i s i s a s a f e g u a r d t o m i n i m i s e t h e 

number o f u n a s s o c i a t e d cosmic r a y beam muons s e l e c t e d , 

( c ) F lashed, t u b e s w h i c h a r e o b v i o u s l y caused b y " k n o c k - o n " e l e c t r o n s o r d e l t a 

r a y s a r e marked, t o r e d u c e t h e danger o f c o n f u s i o n d u r i n g t h e e n u m e r a t i o n 

p r o c e s s . Where t h e d i s t i n c t i o n b e t w e e n c o r r e c t and s p u r i o u s t u b e s i s 

n o t so o b v i o u s a s i m u l a t o r i s a v a i l a b l e t o a i d d i s c r i m i n a t i o n . T h i s 

s i m u l a t o r c o n s i s t s o f a h i g h q u a l i t y , , e n l a r g e d p h o t o g r a p h o f a ' s m a l l 

s e c t i o n o f t h e t r a y s i n each a rm. By m a r k i n g t h e f l a s h e d t u b e s on t h i s 

p h o t o g r a p h an e s t i m a t e o f t h e " b e s t " t r a c k may be made b y a l i g n i n g a c u r s o r 

b y e y e . 

C o n s i d e r a t i o n o f t h e a v a i l a b l e a i r shower i n f o r m a t i o n n o r m a l l y f o l l o w s t h e 

" f i r s t c l a s s i f i c a t i o n " . The f o l l o w i n g i n f o r m a t i o n i s o b t a i n e d f r o m t h e a n a l y s i s 

o f showers c a r r i e d o u t a t Leeds U n i v e r s i t y : -

( a ) The z e n i t h a n g l e , 8 , o f t h e shower c o r e - I f t h i s exceeds 1+0° t h e e v e n t 

i s r e j e c t e d . 

( b ) The c o r e d i s t a n c e . T h i s i s n o t e d on t h e e n l a r g e d p r i n t . 

( c ) Whether t h e shower i s f u l l y a n a l y s e d * I f n o t , t h e even t i s r e j e c t e d . 

The e n u m e r a t i o n p r o c e d u r e f o r even t s w h i c h r e m a i n i n v o l v e s t h e i d e n t i f i c a -

t i o n o f t h e f l a s h e d t u b e s i n a g i v e n t r a c k , and t h e p u n c h i n g o n t o c a r d s o f t h e 

r e f e r e n c e numbers o f t h e s e t u b e s as d a t a f o r t h e t r a c k f i t t i n g programme. The 

s u c c e s s f u l e x e c u t i o n o f t h i s programme g i v e s t h e f o l l o w i n g b a s i c i n f o r m a t i o n : 

( a ) The computed i n c i d e n t a n g l e , ¥ , o f t h e muon» 

( b ) The computed d e f l e c t i o n , A ^ , s u f f e r e d b y t h e muon. 

( c ) Whether t h e muon t r a j e c t o r y r e m a i n e d w i t h i n t h e p r e s c r i b e d a c c e p t a n c e 

l i m i t s« 

( d ) The computed s e p a r a t i o n o f t h e h a l f t r a c k s i n t h e m i d p l a n e o f t h e 

magne t , Ax „ 
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The use o f t h i s i n f o r m a t i o n t o d e c i d e on t h e a c c e p t a b i l i t y o f t h e e v e n t 

i s t e r m e d " second c l a s s i f i c a t i o n " and i n t h i s t h e c r i t e r i a a r e as f o l l o w s : -

( i ) I f ¥ i s g r e a t e r t h a n 3 0 ° t h e e v e n t i s r e j e c t e d as b e i n g i n t h e 

r e g i o n where t h e s i m | f c f i c a t i o n s i n v o l v e d i n d e r i v i n g t h e a c c e p t a n c e 

f u n c t i o n a r e n o t v a l i d and t h e n e c e s s a r y c o r r e c t i o n s a r e l a r g e and 

u n r e l i a b l e . , 

( i i ) I f AY i s g r e a t e r t h a n 16° t h e e v e n t i s r e j e c t e d f o r t h e same r e a s o n s as 

i n ( i ) » 

( i i i ) I f any p a i r o f a number o f c l o s e t r a c k s i n t h e A and B t r a y s c o u l d 

p r o b a b l y r e l a t e t o one muon on t h e b a s i s o f a l l o t h e r c r i t e r i a , r e j e c t i o n 

o f t h e e v e n t i s e n f o r c e d . , 

3 « 2 , 2 Computer T r a c k F i t t i n g 

M a c h i n (1972) has i n v e s t i g a t e d v a r i o u s methods o f f i t t i n g l i n e a r t r a j e c t o r i e s 

t o t h e f l a s h e d t u b e s i n t h e Mk2 v i s u a l d e t e c t o r a r r a y . The method deemed most 

s u i t a b l e o n t h e b a s i s o f t h i s "work i n v o l v e d f i n d i n g t h e t r a c k h a v i n g t h e 

maximum p a t h l e n g t h , w i t h i n t h e f l a s h t u b e s o The computer programme w r i t t e n t o 

f i n d t h i s c o n s i s t e d o f t h e f o l l o w i n g f o u r m a i n s e c t i o n s . The combined f u n c t i o n 

o f t h e f i r s t t h r e e s e c t i o n s i s t o f i n d an a p p r o x i m a t i o n t o t h e t r a c k and t o f o r m 

a s t a r t i n g p o i n t f o r t h e f i n a l s e c t i o n i n t h e f o l l o w i n g way , 

( a ) The t o p and b o t t o m f l a s h e d t u b e s i n t h e a r r a y a r e u s e d t o d e f i n e a l i n e . 

( b ) N o n - f l a s h e d t u b e s t r a v e r s e d b y t h i s l i n e a r e f o u n d and t h e c o o r d i n a t e s o f 

t h e n e a r e s t gap found , , 

( c ) A " l e a s t s q u a r e s " f i t i s t h e n made t o a l l t h e f l a s h e d t u b e c o o r d i n a t e s 

( o r gap c o o r d i n a t e s i n t h e case o f a n o n - f l a s h e d t u b e ) , 

( d ) The l i n e f o u n d i n t h i s way i s t h e n r o t a t e d t h r o u g h s t e p s : ; i n a n g l e and 

moved i n s t ages o f l a t e r a l p o s i t i o n o v e r a l i m i t e d r a n g e . F o r each s t e p 

t h e p a t h l e n g t h w i t h i n t h e t u b e s i s c a l c u l a t e d . The t r i a l g i v i n g t h e 

maximum p a t h l e n g t h i s t a k e n as t h e b e s t f i t . 
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The r e s u l t i n g l i n e a r t r a j e c t o r i e s f o r t h e t o p and b o t t o m t r a y s a r e g i v e n 

i n t h e f o r m y = mx + e and t h i s i n f o r m a t i o n e n a b l e s t h e a n g l e o f d e f l e c t i o n , 

A Y , and t h e l a t e r a l s e p a r a t i o n o f t h e t r a c k s i n t h e m i d - p l a n e o f t h e magnet 

Ax t o be c a l c u l a t e d , m 

3-3 The me thod o f c o n v e r t i n g a n o b s e r v e d d e f l e c t i o n s p e c t r u m i n t o a 
momentum spect rum, and o f e s t i m a t i n g t h e u n c e r t a i n t y i n v o l v e d 

3»3»1 B a s i c me thod 

S e v e r a l methods o f c o n v e r t i n g an o b s e r v e d d e f l e c t i o n s p e c t r u m i n t o a 

momentum s p e c t r u m have been sugges ted (Rand (1962), R o c h e s t e r e t a l . , (1965), 

and A u r e l a (1967)/= The method used h e r e has been d e v e l o p e d and f u l l y 

d e s c r i b e d b y O r f o r d (1968). I n b r i e f , t h e o u t l i n e o f t h e method i s as f o l l o w s 

The p r o b a b i l i t y t h a t a p o s i t i v e o r n e g a t i v e muon o f m o m e n t u m p i n c i d e n t a t 

^ » 4> (see F i g u r e 3,1) e n t e r s t h e s p e c t r o g r a p h and passes i n t o t h e d e f l e c t i o n 

i n t e r v a l | A ? | t o | M ' + 6 A ¥ | r e g a r d l e s s o f t h e s i g n o f d e f l e c t i o n i s : 

Where - M(Y ) and 1 ( 0 ) a re t h e o b s e r v e d d i s t r i b u t i o n s o f showers i n Y and 
0 0 o 

A(1' o ,<J> o ,A1') i s t h e p r o b a b i l i t y t h a t a p o s i t i v e o r n e g a t i v e muon, 

i n c i d e n t i n a d i r e c t i o n s p e c i f i e d b y V Q A and u n d e r g o i n g a d e f l e c 

t i o n o f a b s o l u t e v a l u e A Y , w i l l be a c c e p t e d b y t h e s p e c t r o g r a p h . 

G i s a f u n c t i o n r e p r e s e n t i n g t h e p r o b a b i l i t y o f a muon, o f p o s i t i v e 

o r n e g a t i v e c h a r g e , b e i n g d e f l e c t e d f r o m A Y ^ t o AY b y measurement 

n o i s e and m u l t i p l e coulomb s c a t t e r i n g s 

A Y ^ i s t h e most p r o b a b l e m a g n e t i c d e f l e c t i o n t a k i n g i n t o accoun t 

e n e r g y l o s s i n t h e m a g n e t . 

I f t h e d i f f e r e n t i a l momentum s p e c t r u m under i n v e s t i g a t i o n i s d e n o t e d b y 

S ( p ) d p t h e n t h e c o r r e s p o n d i n g d e f l e c t i o n s p e c t r u m i n t h e f o r m o f a h i s t o g r a m 

i s r e p r e s e n t e d b y 

w i p s A Y ) d A ¥ 
vi _ ( O Uo 30 

M ( f q ) N ( < j > o ) A C ^ , < J > o , & ? ) & ( p , M , A ¥ ) a f dcj> dAY 
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AT . °° 

/ / 
A ¥ . g o 

J 

I ( A ^ ) - I [ s ( p ) w ( p , A ¥ ) d p dAT 

I n p r a c t i c e a mean v a l u e o f wCpjAT) f o r t h e i n t e r v a l A T . t o A T . i s 
J J + 1 

c a l c u l a t e d f o r a s e t o f momentum v a l u e s p ^ » T h u s , a m a t r i x o f " w e i g h t i n g 

f a c t o r s " w ^ i s o b t a i n e d . The p o p u l a t i o n o f an i n t e r v a l i n t h e d e f l e c t i o n 

s p e c t r u m i s t h e n g i v e n b y : 

N ( A ¥ . ) - E S ( p . ) Ap v . . 

By u s i n g an i t e r a t i v e t e c h n i q u e , t h e f o r m o f t h e d i f f e r e n t i a l s p e c t r u m g i v i n g 

t h e b e s t f i t t o t h e d a t a may be d e r i v e d * I f 0 . i s t h e o b s e r v e d p o p u l a t i o n o f 

t h e d e f l e c t i o n i n t e r v a l A ¥ . t o A ¥ . n and S ( p ) i s t h e n t h t r i a l s p e c t r u m , 
j j + 1 ^ ' n * 

w h i c h g i v e s a p r e d i c t e d p o p u l a t i o n E ^ ^ , t h e ( n + l ) t h s p e c t r u m i s g i v e n b y 

E S ( p . ) Ap v . . O . / E . , x 
. i n I J j j ( n . / 

s ( p ) A P - . ' : — 
n + 1 E 

. w. , 
J i j 

3 . 3 . 2 . The d e r i v a t i o n o f t h e w e i g h t i n g f a c t o r s 

The w e i g h t i n g f a c t o r s a r e d e r i v e d b y n u m e r i c a l i n t e g r a t i o n o f t h e f u n c t i o n 

w ( p , A ¥ ) , as d e f i n e d i n S e c t i o n 3 . 3 - 1 , o v e r t h e i n t e r v a l A T . t o A ¥ . _ f o r 
0 J + 1 

d i f f e r e n t v a l u e s o f momentum. The component f u n c t i o n , G ( p , A ¥ , A T ^ ) 

r e p r e s e n t s t h e a n g u l a r d i s t r i b u t i o n o f d e f l e c t i o n due t o coulomb s c a t t e r i n g 

and measurement n o i s e . When c o n s i d e r e d f o r one s i g n o f muon cha rge and u n f o l d e d 

about A¥ = 0 , G C P J A Y , AW ) i s a g a u s s i a n f u n c t i o n o f A ¥ h a v i n g a most p r o b a b l e 

v a l u e o f AW . The a s s u m p t i o n o f a g a u s s i a n f o r m f o r t h e a n g u l a r d e f l e c t i o n 

d i s t r i b u t i o n due t o m u l t i p l e coulomb s c a t t e r i n g a l o n e i s b a s e d on t h e w o r k o f 

Eyges ( 1 9 ^ 8 ) who gave t h e f o l l o w i n g e x p r e s s i o n f o r t h e s t a n d a r d d e v i a t i o n o f 

t h e f u n c t i o n P i 
E .. s 
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where p i s t h e momentum i n e V / c , E i s a c o n s t a n t h a v i n g t h e d i m e n s i o n s o f 
s 

e n e r g y and has t h e v a l u e o f 2 1 x 10 eV, q i s t h e e n e r g y l o s s due t o 

i o n i s a t i o n i n eV p e r r a d i a t i o n l e n g t h , and s , i n r a d i a t i o n l e n g t h s , i s t h e 

p o t e n t i a l p a t h , l e n g t h when no s c a t t e r i n g m a t e r i a l i s p r e s e n t . 

To t a k e a c c o u n t o f t h e measurement n o i s e a n o t h e r g a u s s i a n f u n c t i o n i s 

assumed h a v i n g a s t a n d a r d d e v i a t i o n 0" w h i c h i s measured e x p e r i m e n t a l l y 

( S e c t i o n 3«h,l). The t o t a l s t a n d a r d d e v i a t i o n o f t h e f u n c t i o n G i s t h e n 

f o u n d 'by q u a d r a t i c a d d i t i o n o f c and 0" « 
cs m 

The e x p r e s s i o n g i v e n by R a s t i n (196k) r e l a t i n g t h e most p r o b a b l e m a g n e t i c 

d e f l e c t i o n , A l ' t o t h e momentum, p , i n a s o l i d magnet t a k i n g i n t o a c c o u n t 

e n e r g y l o s s i s : 

2 
- £

? ) 
k 

p S .- „ __ . ; _____ 
e x p ( f ('f - V , ) I - ( s i n V + r c o s ^ ) - ( s i n ^ + ^ cos } 

I k o ± I I k 1 o k o 

where p i s i n e V / c , A i s t h e t h i c k n e s s o f t h e magnet i n cms, k i s a c o n s t a n t 

g i v e n b y 300 x B , where B i s t h e i n d u c t i o n i n gauss and e i s t h e s p e c i f i c 

e n e r g y l o s s due t o i o n i s a t i o n i n e V / c m r Y^ i s as d e f i n e d p r e v i o u s l y and Y^ 

i s t h e emergen t a n g l e measured f r o m t h e v e r t i c a l i n t h e same p l a n e as . 

The i n t r o d u c t i o n i n t o E q u a t i o n 3 . 1 o f an e n e r g y l o s s e , w h i c h i s depend

e n t on momentum, p 9 i s no t s i m p l e , To i n v e s t i g a t e t h e e f f e c t o f s u c h a 

dependence a r e l a t i v e l y e l e m e n t a r y method has been u s e d . The magnet i s 

c o n s i d e r e d t o be d i v i d e d i n t o a h u n d r e d l a y e r s » F o r an a n g l e o f i n c i d e n c e 

o f ^ o on t h e f i r s t l a y e r , t h e a n g l e o f emergence , ¥ , t o g e t h e r w i t h t h e p a t h 

l e n g t h , was c a l c u l a t e d f o r a p o s i t i v e l y c h a r g e d muon u s i n g t h e f o r m u l a e 

g i v e n i n F i g u r e 3 .2 » For each l a y e r t h e a n g l e o f i n c i d e n c e was c o n s i d e r e d 

t o be e q u a l t o t h e a n g l e o f emergence f r o m t h e p r e v i o u s l a y e r and t h e i n c i d e n t 

momentum be t h e momentum possessed b y t h e muon i n t h e p r e v i o u s l a y e r minus 



The " . • d e f l e c t i o n , in*-;*he:-;?8pee1mSgy^ ..' of a ppgiti-^s 

charged .muom possess i t% -a given iHCsiderit' momehtum» ; -([S'e : 

incident d i r e c t i o n - :is '; ;§efi;ned : by the : ang les / ^5S l ' ' : . ( f 

and. ""PHI" (.$ ) , WEATH5 : i s the t o t a l :'-pa%fr length; " i n " tpe." 
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that lo s t due to ionisation along the computed track lengths The procedure 

was repeated for a l l layers using the formula f o r energy loss due to ionisa

t i o n i n i r o n given by Sternheimer (1959)» The f i n a l angle of emergence and 

t o t a l path length was calculated f o r "both positive and negative muons f o r 

several incident directions and values of momenta. The results agreed w e l l 

with those obtained using Equation 3-1? Typical values of deflection and 

path length calculated by the method are given i n Table 3.1. 

The acceptance function, A(^, 4>, i s defined i n Section 3.3.1 and 

has been calculated by a method similar to that described by Orford.(1968). 

This involves calculating^ the acceptance function for the spectrograph 

measurement plane and for the front-back plane. The t o t a l acceptance f o r a 

given value of ̂  and $^ i s then the product of these two functions. 

I n calculating the acceptance function for the Mk2 spectrograph the 

imposed l i m i t s of ̂  were ± 30°, and of <f>o, ± h0°« Beyond these values the 

s i m p l i f i c a t i o n s made i n calculating the acceptance function are no longer 

v a l i d and corrections are very unreliable.. Figure 3.3 shows the. respective 

functions f o r the two planes for various values of ̂  and <j> . The method of 
0 0 

calculation assumes no scattering i n the iron of the magnet so that for the 

front-back plane a s l i g h t inaccuracy i s introduced. Earnshaw (1968) estimates 

that f o r the Mkl instrument t h i s s i m p l i f i c a t i o n involves a 5% increase i n 

muon densities at 1 GeV/c, a 1% r i s e at 10 GeV/c, and no effect at 100 GeV/c. 

The functions for the present instrument are very similar t o those for the 

Mkl instrument and i t i s expected that the effects of the s i m p l i f i c a t i o n w i l l 

be very much the same. 

Because of known rapid v a r i a t i o n of l i g h t i n t e n s i t y with the angle at which 

a f l a s h tube i s viewed, there w i l l be a f i n i t e p r o b a b i l i t y that flashed tubes at 

the edges of the trays and at the top of 11 and bottom Bl w i l l not be recorded 

on the film. Thus tracks in the middle of the trays w i l l be p r e f e r e n t i a l l y 
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accepted. The way i n which t h i s modifies the acceptance function has been 
investigated "by Orford (1968) for the Mkl spectrograph, and i t was found that 
i n general the number of apparent flashed tubes i n a track .decreases by 20% 
i n going from the middle of the tray t o the edges« I n the analysis of the 
Mk2 data the films have been very carefully scrutinised for possible tracks 
at the edges of the t r a y s , and a l l the evidence indicates that the'probability 
of missing a track i s negligible» However, when a s t a t i s t i c a l l y adequate 
sample of events becomes available i t w i l l be possible to make a quantitative 
estimate of the probability of completely missing a track i n r e l a t i o n t o the 
number of flashed tubes i n i t . 

3»k Noise estimation 

3»^»1 Introduction 

An attempt to f i t a straight l i n e through the tubes which have been 

caused t o f l a s h by the passage of a muon i s subject to uncertainty because of: 

(a) the location accuracy, f i n i t e diameter, and number of the tubes, 

(b) the probability of "knock-on" electrons and delta rays causing a tube 

t o f l a s h , 

(c) coulomb scattering i n the glass walls of the f l a s h tubes and i n the 

electrodes, and 

(d) d i s t o r t i o n of the muon's t r a j e c t o r y through the magnet due to coulomb 

scattering. Thus the resultant measured angular deflection i s the 

resu l t of the deflection i n the magnetic f i e l d together with the 

above effec t s . 

Scattering i n the magnet i s dealt with i n the Section 3.3-2 and we are 

concerned here with the consideration of the effects of ( a ) , (b) and ( c ) . 

The p r o b a b i l i t y d i s t r i b u t i o n for the angular deflections due to (a) and 

(c) are assumed to be gaussian, and the estimation of the respective standard 

deviations i s dealt with i n Section 3*h*2* Although the contribution of (b) 

to the measurement noise i s considered to be very small i t i s expected t o be 
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non-gauss ian.-. The implications of t h i s and of other possible non-gaussian effects 

are considered i n Section 3.3.3* 

3.̂ .2 The estimation of measurement noise 

A proportion of a l l recorded events contain EAS muons which pass through 

the central rectangu,lar "hole" i n the magnet; This contains minimal scattering 

material so that coulomb scattering may be considered as taking place only i n 

the material of the flash tubes and electrodes. The t o t a l amount of glass and 
-2 -2 

aluminium i n a single arm of the Mk2 spectrograph is 22.3 gm cm and 5.8 gm cm 

respectively. For a muon of momentum p, i n GeY/c, the r »m»s. l a t e r a l deviation 

^x, itv cms, due to multiple coulomb scattering i n one arm, using the formula 

given by Rossi (1952) i s found to be: 
A X . 2^23 

p 

The arm length of the Mk2 spectrograph i s 85.9 . cms so that the reii,s« 

angular deviation, <5 , i n degrees, corresponding to the above l a t e r a l uncertainty 

i s : 
6 = 9.65 x 1Q"2 

P 
The Observed contribution i n angular deflection f o r EAS "hole" muons i s shown 

i n Figure 1 3 A. The standard deviation, CT^, of t h i s d i s t r i b u t i o n i s 0.l6 + 0,01 

degrees. Denoting the standard deviation of the d i s t r i b u t i o n i n angular 

deflection due to measurement noise alone as 0" we may w r i t e , 

/
oo m 

S(p). ( a 2 + 6 2)5 dp 
o 

r̂p ~ 1 ' ' » . . . . . ...... .•>,.-,:., ,3:2 S(p) dp 

where S(p)dp i s the d i f f e r e n t i a l momentum spectrum of EAS muons. Using the 

spectrum derived from the Mkl.experiment, i t i s found that the value of a 

obtained from Equation 3.2 i s not s i g n i f i c a n t l y d i f f e r e n t from 0.l6 + 0.01 degrees: „ 
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3•h.3 The effect of non-gaussian measurement noise d i s t r i b u t i o n 

Although no direct evidence has been found indicating that the angular 

d i s t r i b u t i o n due to measurement noise i s other than goessian, the dis t r i b u t i o n 

i n angular deflection of EAS muons detected by the Mkl spectrograph and 

passing through the magnet hole was found to contain a small number (<10%) 

forming an elongated t a i l to the d i s t r i b u t i o n between 1„5 and 2„5 standard 

deviations from the mean. I t i s thought that these might have arisen from muons 

having "clipped" the front or back of the magnet. This i s a very plausible 

explanation but one for which i t has been d i f f i c u l t to obtain dir e c t evidence 

owing to the absence of detectors to measure the front-back angle i n the Mkl 

spectrograph. An alternative explanation i s that such an extended t a i l i s a 

c h a r a c t e r i s t i c of the angular d i s t r i b u t i o n of estimated tracks about the "true" 

track when f l a s h tubes are used as track delineators. Although u n l i k e l y i n 

view of the recent work of Machin (1972) on t h i s problem., t h i s hypothesis, 

i f correct would affect not only the measurement of those tracks passing through 

the magnet hole but also events i n which muons passed through the magneto To 

investigate the degree to which such a departure from the normal di s t r i b u t i o n 

might affect the interpretation of the data, a noise d i s t r i b u t i o n consisting of 

two superimposed gaussians, the main one having a standard deviation of 0.3° 

and the other a standard deviation of 0.6° and containing 5between 0.^5° and 

0.75°» 10% of the t o t a l area was used i n the computation of the previously 

defined "weighting factors". 

The effect of these modified weighting factors on the conversion of a 
i 

momentum spectrum predicted by a model with A = 1 and n c ^ (k, E^)"* to a 

deflection spectrum, i s shown i n Figure 3.5° I t may be seen that i n the 0 - Oo36' 

deflection i n t e r v a l the predicted population i s increased by k0%. I n spite 

of t h i s increase, however, the d i s p a r i t y between observed and predicted 

deflection spectra, i s s t i l l large. I t may be concluded, therefore, that even 

i f there i s a " r e a l " non-gaussian noise d i s t r i b u t i o n of the type described, the 
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disparity between these data and the predictions on the basis of a model i n 
i 

which A = 1 and ngoc (k.E^) 1* i s not s i g n i f i c a n t l y reduced, 

3*5 Treatment of errors i n the derivation of the momentum spectra 

3«5«1 Introduction 

Errors on spectral points a r i s e from the following causes: 

( i ) the s t a t i s t i c a l uncertainty of the numbers i n each deflection i n t e r v a l ; 

t h i s may be regarded as affecting the spectral shape. 

( i i ) the normalisation of the spectra; t h i s affects the absolute inten

s i t i e s , but not the shape . 

( i i i ) the angular resolution; again, t h i s affects the spectra l shape, but i t s 

consideration separately from ( i ) enables information on the sp e c t r a l 

shape at momenta i n the region of the m„d.m. to "be obtained, 

3o.2 The effect of the sample s i z e 

Several methods exist for representing the uncertainty i n a momentum 

spectrum r e s u l t i n g from s t a t i s t i c a l uncertainty i n the deflection spectrum from 

which i t i s derived. The method used here has been developed and described by 

Orford (1968) and involves determining the f l a t t e s t and steepest spectra which 

are produced by a single standard deviation fluctuation of the end c e l l s of 

the deflection spectrum. The corresponding fluctuation i n the non-extreme c e l l s 

i s found by percentile interpolation. This method has the advantage that the 

two spectra defined by the l i m i t s of the errors on the i n t e g r a l spectrum 

correspond d i r e c t l y to the two extreme cases of the d i f f e r e n t i a l spectra. 

3» 5 > 3 Normalisation of the spectrum 

The i n t e g r a l spectra produced by the method described are normalised to 

the i n t e n s i t y , for the par t i c u l a r distance i n t e r v a l , at a momentum of 1 GeV/c 

obtained by Earnshaw (1968) from an absorption experiment. The error l i m i t s 
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on the spectrum points are then modified by the quadratic addi t ion of the 

percentage uncertainty i n these absolute i n t e n s i t i e s » 

3«5»^ Consideration of the e f f ec t s o f angular reso lu t ion 

The e f f ec t s of the f i n i t e angular reso lu t ion are allowed f o r i n the 

"weighting fac to rs" used i n the der ivat ion of the momentum spectra, as described 

i n Section 3 . 3 . I . I t i s possible, however, by separately considering the 

angular r e so lu t ion , t o obtain information on the d i s t r i b u t i o n of " true" high 

momentum par t i c les w i t h i n that te rminal c e l l of the de f l ec t ion spectrum corres

ponding to the highest momentum. 

I f the quanti ty 

AlF * 0,36° 
J S(p) w(p 5A¥) dp dA¥ 

A^Q 

i n which S(p) dA¥ i s an a r b i t r a r y momentum spectrum and v{-p ,AV)dAV i s the 

weighting func t ion described i n Section 3 » 3 - l , i s p lo t t ed against momentum then 

the curve obtained represents the p robab i l i t y of observing a muon of momentum 

o o 

p i n the de f l ec t ion i n t e r v a l 0 t o 0.36 » I f the i n t ens i t y of muons i s assumed 

t o be a S-^tKwv I*, momenta*then the respective r e su l t i ng curves f o r the Mkl 

and Mk2 spectrographs are as shown i n Figure 3°6„ As the momentum tends t o 

i n f i n i t y (wi th coulomb scat ter ing and magnetic de f l ec t i on tending to zero as a 

consequence) i t may be seen that the curves approach a maximum value which i s 

governed sole ly by the r ,m, s . measurement noise. I n contrast , i f a f a l l i n g 

momentum spectrum i s considered then the above curves w i l l show a peak fol lowed 

by a t a i l the steepness of which w i l l depend upon the r a p i d i t y w i t h which the 

momentum spectrum f a l l s n The area under such a curve between the l i m i t s of mom

entum 1+7 GeV/c and i n f i n i t y then gives the p r o b a b i l i t y , N, of observing a muon 

of momentum greater than that corresponding t o a magnetic de f l ec t i on of 0 , 3 6 ° , 

w i t h i n the de f l ec t i on i n t e r v a l 0° t o 0 .36° . Thus we may wr i t e 



32 

Af =^0.36° p = 00 

N( >^7 GeV/c) * I J S(p) w(p.A¥ )dp d A* 

AY = 0° = U1 

This i n t e g r a l when evaluated f o r the momentum spectrum corresponding to the 

core distance i n t e r v a l 250 m t o 350 m obtained from the Mkl experiment and 

f o r that produced by the model "E" of H i l i a s when two d i f f e r e n t values of 

measurement noise corresponding to the Mkl and • Mk2 spectrographs are taken 

i n to account gives values of If, expressed i n a percentage 9 as shown i n Table 

3,2 -

TABLE 3*2 

i Core distance 
! i n t e r v a l (m) 

Or ig in of d i f f e r e n t i a l 
momentum spectrum 

Measurement 
noise a 

m 

N(> hi GeV/c) 

250 - 350 Mkl spectrograph 0 = 3° 30° 5 
ti o» i6° kk*0 

H i l l a s ' model "E" 0-3° 
11 0 = 16° k 

3«6 The predict ions of angular de f l e c t i on spectra, from momentum spectra 

I t has been found u s e f u l , t o f a c i l i t a t e comparison between theory and 

observation, to be able to predict an angular d e f l e c t i o n spectrum expected 

from a given spectrum of momentum of muons incident at the spectrograph. The 

method of computation i s e f f e c t i v e l y the reverse of the method used f o r deter

mining the momentum spectrum described i n Section 3.3.1, and uses the same 

matrix of weighting f actors w. . . The population of an i n t e r v a l i n the 

d e f l e c t i o n spectrum i s thus: 
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N(AY.) = T S(p. ) Ap v. , 

where S(p) i s the ordinate of the d i f f e r e n t i a l spectrum under consideration. 

Def lec t ion spectra predicted i n t h i s manner are compared by using the 
2 

standard X t e s t . This method has been found t o be very sui table f o r the 

comparison of various models w i t h theory (Orford and Turver (1969)). 



Chapter k 

Results from the Mkl and Mk2 Experiments 

k.l In t roduct ion 

At the Budapest Conference i n 1969 data f o r the momentum spectra of MS 

muons from the Mkl experiment were presented (Machin et a l „ , (1969)). Minor 

modif icat ion, of these data has resulted from an improvement i n the a i r shower 

analysis f o r the period of t ime covering the operation of the Mkl spectrograph. 

These modified data are presented i n Section h«2 together w i t h the previously 

unpublished resul ts of an inves t iga t ion in to the dependence of the momentum 

spectra of zenith angle and shower primary energy. 

To complement and re in force checks made on the muon data during the running 

of the Mkl instrument, two pa r t i cu la r aspects o f the data have been studied i n 

the l i g h t of improved s t a t i s t i c s , namely the e f f e c t of possible systematic core 

loca t ion errors and the d i s t r i b u t i o n of high momentum events i n small in te rva l s 

of distance from the shower core. Detai ls of the previously unpublished resul t s 

of t h i s study are given i n Section h.3. 

The prel iminary data from the Mk2 instrument are presented i n Section 4«5 9 

and the v a l i d i t y of a comparison between these and the corresponding data from 

the Mkl experiment i s discussed i n Section k,k. 

k»2 Further consideration of the Mkl data 

•4.2.1. Momentum , spectra 

The momentum spectra of muons i n EAS due to primaries of mean energy 

approximately 2 x 10"^ eV and having zenith angles less than '40° have been derived 

f o r the core distance in te rva ls 150 m to 250 m, 250 m to 350 m, 350 m to h^O m 

and 1+50 m to 600 m, taking i n t o consideration improved a i r shower data. Although 

c h i e f l y concerned w i t h an enhancement of the accuracy of the zenith and azimuth 

angles of the shower core, t h i s improvement i n a i r shower data also involved an 

.increase i n the accuracy of core l oca t ion . Resulting from, t h i s l a s t mentioned 
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fea tu re , a small proport ion of showers o r i g i n a l l y analysed p r i o r to rev is ion of 

the analysis technique changed from one distance i n t e r v a l to an adjacent one. 

The f i n a l i n t e g r a l spectra of" muons detected by the spectrograph and 

f a l l i n g i n the stated core distance in te rva ls are shown i n Figure k.l* The 

corresponding d i f f e r e n t i a l i n t ens i t i e s are given i n Table k,1, 

I t i s of in te res t to note tha t throughout the work, reported here, i n the 

der iva t ion o f the momentum spectra a more str ingent i t e r a t i o n l i m i t than has 

been applied than previously, namely tha t the predicted d e f l e c t i o n spectrum 

should agree to w i t h i n one per cent w i t h the observed spectrum i n the three 

extreme de f l ec t i on cel ls corresponding t o momenta greater than 8 GeV/c, The 

e f f e c t of t h i s has been a s l i g h t reduction i n the smoothness of the spectra f o r 

the 350 m to U50 IB and 4.50 m t o 600 m distance in te rva ls i n comparison w i t h the 

spectra presented at Budapest,, 

Table 4.1 

The d i f f e r e n t i a l i n t ens i t i e s of muons i n EAS of primary energies 

^ 2 x 10"^ eV, Incident at zenith angles less than 40° , f o r various 
-1 -2 

core distances. ((GeV/c) m ) 

^ - v . Distance 
^"S. (m) Momentum^. 

(GeV/c) ^ \ 
200 m 300 m 380 m 520 m 

1 

2 

2.40±0*7 

1 . 9 0 ± 0 . 6 

- 1 
10 

- 1 
10 

2 © 20 Q tj x 

l»35±Oo2 x 

10 1 

- 1 
10 

1 . 5 0 + ° * ^ x 1 0 " 1 

-0 .5 

8 .8OH.5 x 1 0 " 2 

7 . 9 * 2 ^ x 1 0 ~ 2 

1 ~ + l „ 8 , ~~2 4,9 , r x 10 -1 .5 

5 1»0C±0,3 X 
- 1 

10 4.85±0o2 x ~2 
10 2*85+0.1 x 1 0 " 2 1 . 5 5 ± 0 . 1 x 10~ 2 

10 3=4010,2 X 10™2 

1 . 2 8 ± 0 . 1 x -P 
10 ~ 6„60+0 .35 x 10~ 3 3-3+0,7 x 1 0 " 3 

20 9«10±lo4 X 
-3 10 3 2 o I 5 ± 0 . 3 5 x 10 3 8.30+1.2 x 10."^ , ,+2o0 in-k 3.4 ^ x 10 

50 6.70±1,7 X io~'4 2„00±0.4 x _H 
10 

-k 
lo lO±0„35 x 10 2 . r 3 ' ^ x 1 0 " 5 

100 9 ,70±4 X I D " 6 0 , 7 A +1«6 3. 70 - _ x - 1 . i i o ~ : : i 2 . 4 0 ^ ^ x 1 0 " 5 
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4.2.2 The muon charge r a t i o 

The charge r a t i o of those muons of momentum greater than 1 GeV/c f a l l i n g 

i n the core distance i n t e r v a l 150 m t o 600 m and detected by the Mkl spectro

graph has been found t o be 1.02 _+ 0.05. When the data i s subdivided by 

angular de f l ec t ion and core distance the r e su l t i ng charge ra t ios obtained 

are those given i n Table 4 .2. The charge r a t i o of those muons which or iginate 

early i n the development of the shower, say higher than 10 km, may be obtained 

using the simple re la t ionsh ip connecting muon momentum^p, height of o r i g i n , 

h , distance from the shower core at which the muon i s observed, r , and the 

mean transverse momentum of the muon, p , namely p/p, = h / . I f the maximum 

value of p^ i s taken as 1 GeV/c then the value of p x r f o r a l l muons o r i g i n 

at ing at a height greater than 10 km i s given by: 

p x r > 10 

For a l l data s a t i s f y i n g t h i s condit ion the charge r a t i o has been found to 

be 1.17 + 0.20. 

4.2.3 The dependence of the, momentum spectra on zenith angle 

The f i n a l Mkl data has been analysed t o invest igate the v a r i a t i o n of 

momentum spectra w i t h zenith angle f o r the. band of primary energies detected 
"L 6 18 

at Haverah Park, 10" t o 10 eV, and f o r various distance i n t e r v a l s . To 

maintain s t a t i s t i c a l l y acceptable numbers, the showers have been sorted i n to 

two in te rva ls o f zenith angle only, namely 0° t o 20° and 20° to 40° . The 

momentum spectrum f o r each i n t e r v a l has been derived using the method 

described i n Section 3.3 invo lv ing the ca lcula t ion of "weighting fac to r s" . 

I n t h i s context, however, i t should be noted that the d i f fe rence i n the 

acceptance func t ion f o r the two zenith angle bands necessitated the calcula

t ions of a separate set of "weighting fac tors" f o r each band. 

The r e su l t i ng momentum spectra f o r the two in terva ls of zenith angle are 

shown i n Figure 4 .2. I t may be seen that the i n t e g r a l spectrum f o r large 

zenith angles i s markedly f l a t between 1 GeV/c and 2 GeV/c wh i l s t that f o r 

small zenith angles f a l l s r e l a t i v e l y steeply over the same region. The mean 
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momenta fo r the 300 m distance i n t e r v a l t y p i f y i n g the spectra were: 

I n t e r v a l of zenith 
angle. (Degrees) 

Mean momentum 
(GeV/c) 

0 - 2 0 

20 - h0 . 

5.k + 0.5 

9.5 + 1.0 

These values are i n general agreement with those derived from models of EA'S 

and r e f l e c t the progressive absorption of low energy muons i n the atmosphere 

and i r o n magnet as the zenith angle increases. 

k.2.h The dependence of the momentum spectrum on primary energy 

The dependence of momentum spectra on primary energy has been investigated 

w i t h i n the range of primary energies detected at Haverah Park. For each of 

the core distance bands and f o r a l l zenith angles up to ̂ 0°, the data were 
. • . 16 17 17 sorted i n t o two intervals of primary energy: .10 eV to 10 eV and 10 ev 

l 8 
t o 10 eV. The deflection spectra f o r the 150 m t o 250 m and the 250 m to 

350 m distance intervals are shown i n Figures h.3 and h,h. For each distance 

i n t e r v a l a contingency t e s t between the deflection spectra fo r each energy 

range indicated, that there were no differences between the two spectra which 

had other than a high p r o b a b i l i t y of occurring by chance. 

\\. 3 Por.sible biasses i n the Mkl spectrograph data 

U.3.1 The effect of systematic core location errors 

An estimation of the error involved i n the measurement of the muon 

momentum spectra due t o possible systematic errors i n shower core location has 

been made. The data has been divided in t o 25 m distance i n t e r v a l s , and then re

grouped i n t o larger i n t e r v a l s , namely 225 m to 325 m, 275 m t o 375 m, 325 m 

to k25 m and 375 m t o U75 m, thus simulating the effects of a systematic error 

i n core location of 25 m. The deflection spectra f o r these bands have been 
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converted to momentum spectra and compared with the corresponding momentum 
spectra f o r the normal 250 m t o 350 m (see Figure k. 5) and 350 m to 1+50 m 
int e r v a l s . No fluctuations are apparent other than those of a s t a t i s t i c a l 
nature arisin g from sample size. 

I t i s concluded that no appreciable di s t o r t i o n s o f the muon momentum 

spectra are caused by t y p i c a l core location errors of* the order of 25 m - t . -,a 

i n the extreme cases of systematic over - or underestimation. 

k. 3.2 The d i s t r i b u t i o n of high momentum events i n core distance 

Those muons detected by the Mkl spectrograph and -within i t suffering a 

deflection of less than 0.36° have been sorted in t o 25 m intervals of distance 

from the shower core. The re s u l t i n g d i s t r i b u t i o n , together with the d i s t r i b u 

t i o n f o r a l l muons undergoing a deflection of less than l6°, i s shown i n 

Figure k.6. Also shown i n t h i s Figure i s the d i s t r i b u t i o n i n core distance of 

the r e l a t i v e population of the 0° t o 0.36° deflection i n t e r v a l predicted by 

the "1971" model as described i n Chapter 6. Although agreement i s not 

expected i n terms of absolute numbers, resemblerice i n terms of general shape 

i s expected. That t h i s i s i n fact observed goes some way to providing 

evidence against any possible systematic bias towards selecting spurious high 

momentum muons from the r e l a t i v e l y dense photographs obtained f o r events for 

which the shower core was comparatively close ( ? 200 m) to the spectrograph. 

h.k Problems a r i s i n g out of the data from the Mkl spectrograph and t h e i r 
investigation using the Mk2 instrument 

h. k. 1 General 

As the densities of muons possessing high momenta and f a l l i n g at large 

core distances acquired greater s t a t i s t i c a l significance with enlargement of 

the sample size i n the Mkl experiment they also became increasingly d i f f i c u l t 

to reconcile with the lower values predicted by the majority of the then 

accepted models of EAS i n which the primary was a proton. These models were 

t y p i f i e d by those of H i l l a s (1965), de Beer et a l . , (1966) and Orford and 
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Turver (1969)= The momentum spectra predicted by them are compared with the 

Mkl data i n Figures U,8, h,9, and UoIO* Continued t h e o r e t i c a l work by 

both Hi l l a s (Private communication) and the Durham Haverah Park Group has 

reduced the size of the discrepancy but t o a small extent only. With t h i s i n 

mind, the major function of the Mk2 spectrograph i s seen as one of mounting 

a further experimental attack on the problem with the minimum aim of throwing 

the c o n f l i c t between theory and experimental in t o sharper r e l i e f . 

k.h.2 The method of t e s t i n g agreement between model predictions and data 

I n order t o give a numerical value t o the level of agreement between the 

observed spectra of angular deflections i n the magnet and those-predicted by 
2 

various models of" EAS, the standard X test has been used. The test:has been 

performed on the f i r s t ten intervals of deflection only, however, because of the 

possible d i f f i c u l t y i n calculating the density of low momentum unions suffering 

larger deflections. 

The s t a t i s t i c a l significance of the Mk2 data 

To determine the point at which i t would be j u s t i f i a b l e t o regard the 

Mkl data as being supported or contradicted, a target figure has been calculated 

corresponding t o the number of events required i n the i n i t i a l Mk2 spectrum t o 
reduce t o below one per cent the p r o b a b i l i t y t h a t fluctuations of a t y p i c a l 

1 

A = l ^ n = k E1* model spectrum could produce the observed deflection spectrum 

as a matter of chance. I t was hypothetically supposed that the observed 

deflection spectrum would be similar t o that obtained from the Mkl spectrograph 

suitably modified t o take in t o account the smaller measurement noise. This 

"observed" spectrum was compared wi t h that predicted by the model of Orford and 
1 

Turver (1969) i n which A = .1 and n = kE1* for each of the two distance intervals 
s 

150 m to 600 m and 250 m to 350 m. 
The required number of events was determined as follows: 
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ho 

( i ) The " o b s e r v e d " s p e c t r u m was n o r m a l i s e d t o a g i v e n number o f e v e n t s . 

( i i ) T h i s n o r m a l i s e d s p e c t r u m was t h e n a l l o w e d t o f l u c t u a t e b y p l u s and minus 

one s t a n d a r d d e v i a t i o n movement o f t h e ex t r eme c e l l s . I n t e r m e d i a t e s p e c t r u m 

p o i n t s w e r e t h e n f o u n d b y p e r c e n t i l e i n t e r p o l a t i o n . 

2 
( i i i ) The x v a l u e s were c a l c u l a t e d f o r t h e t w o s p e c t r a o b t a i n e d b y t h e method 

d e s c r i b e d i n ( i i ) when each was compared w i t h t h e model p r e d i c t i o n . 

2 
( i v ) The s m a l l e r X v a l u e was p l o t t e d a g a i n s t t h e number o f e v e n t s . (The 

2 . 
s m a l l e r y_ v a l u e c o r r e s p o n d s t o t h e g r e a t e r p r o b a b i l i t y o f t h e o b s e r v e d 

s p e c t r u m o c c u r r i n g b y c h a n c e ) . 

( v ) The p r o c e d u r e was r e p e a t e d f o r d i f f e r e n t numbers o f e v e n t s . On t h e 

r e s u l t i n g c u r v e o f X^ a g a i n s t t h e number o f e v e n t s , t h a t number c o r r e s p o n d i n g 

t o a. p r o b a b i l i t y o f one p e r c e n t was t a k e n as t h e t a r g e t . 
2 . . . . 

Curves o f X a g a i n s t t h e number o f e v e n t s f o u n d i n t h e above manner f o r 

t h e 150 m t o 350 m and 250 m t o 350 m c o r e d i s t a n c e i n t e r v a l s a r e shown i n 

F i g u r e 4.11. I t s h o u l d be n o t e d t h a t t he se , r e l a t e t o t h e f i r s t t e n i n t e r v a l s 

o f t h e d e f l e c t i o n s p e c t r u m o n l y and t h a t t o compute t h e a p p r o x i m a t e number o f 

e v e n t s i n t h e w h o l e s p e c t r u m t h e v a l u e on t h e a b s c i s s a s h o u l d be m u l t i p l i e d 

b y 1.5. I n t h i s w a y , i t may be e s t i m a t e d t h a t t o be a b l e t o d i f f e r e n t i a t e 

b e t w e e n a M k l t y p e s p e c t r u m and t h e s p e c t r u m o b t a i n e d f r o m t h e mode l f o r a 

p r o t o n i n i t i a t e d shower t o a p r o b a b i l i t y o f 1% t h e number o f e v e n t s must 

be g r e a t e r t h a n 460 f o r t h e 150 m t o 350 m s p e c t r u m and greater^ t h a n 5h0 f o r 

t h e 250 m t o 350 m s p e c t r u m . 

4.5 P r e l i m i n a r y r e s u l t s f r o m t h e Mk2 s p e c t r o g r a p h 

Up t o J u l y 1971 a t o t a l o f 4-93 muons had been a n a l y s e d i n t h e c o r e d i s t a n c e 

band 150 m t o 350 m, o f w h i c h 165 were i n t h e 250 m t o 350 m b a n d . The r e s u l t 

i n g d e f l e c t i o n s p e c t r u m f o r t h e 150 m t o 350 m c o r e d i s t a n c e i n t e r v a l i s shown 

i n F i g u r e 4.12 t o g e t h e r w i t h t h a t o b t a i n e d f r o m t h e M k l s p e c t r o g r a p h d a t a 
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hi 

assuming an r ^ i n . s . measurement n o i s e o f Oo lo From t h i s l i m i t e d c o m p a r i s o n 

i t appears t h a t t h e Mk2 s p e c t r o g r a p h d a t a , so f a r , shows no i n d i c a t i o n o f 

d e p a r t u r e f r o m t h a t e x p e c t e d on t h e b a s i s o f t h e e a r l i e r e x p e r i m e n t . 

The d e f l e c t i o n s p e c t r u m f r o m t h e Mk2 s p e c t r o g r a p h f o r t h e 150 m t o 350 m 

i n t e r v a l i s a g a i n shown i n F i g u r e 4,13, b u t h e r e compared w i t h t h e c o r r e s p o n d 

i n g s p e c t r u m p r e d i c t e d b y t h e m o d e l o f O r f o r d and T u r v e r (1969) i n w h i c h . 

i 
A = 1 and n = kE1* and w i t h t h a t p r e d i c t e d b y H i 11 as ' M o d e l " E " f o r a p r o t o n 

s 

p r i m a r y . Because o f t h e s i m i l a r i t y b e t w e e n t h e d e f l e c t i o n s p e c t r u m o f t h e 

Mk2 e x p e r i m e n t t o d a t e and t h a t p r e d i c t e d f r o m t h e M k l s p e c t r o g r a p h d a t a poo r 

agreement i s t o b e e x p e c t e d w i t h t h e d e f l e c t i o n s p e c t r u m p r e d i c t e d b y t h e mode l 

2 

o f O r f o r d and T u r v e r . T h i s i s f o u n d t o be so - t h e X p r o b a b i l i t y o f 6 . 2 x 

—3 
10 % b e i n g v e r y ! & • , Toe M o d e l " e " o f H i H a s , o n t h e o t h e r h a n d , g i v e s a 

2 

s l i g h t l y b e t t e r f i t - i n t h i s case t h e X p r o b a b i l i t y i s 8%, I t i s i n t e r e s t i n g 

t o n o t e t h a t H i H a s * mode l "e" g i v e s s i m i l a r r e s u l t s t o t h e most r e c e n t m o d e l 

o f t h e Durham. Haverah P a r k Group f o r a p r o t o n p r i m a r y ( s ee C h a p t e r 6) . 

4.6 The v a l i d i t y o f t h e M k l d a t a 

F i g u r e 4.33. g i v e s some e v i d e n c e i n s u p p o r t o f t h e g e n e r a l a c c u r a c y o f t h e 

2 

M k l d a t a w i t h i n s t a t i s t i c a l l i m i t a t i o n s , A ji t e s t has been p e r f o r m e d on t h e 

t w o s p e c t r a and g i v e s a v a l u e o f 90% f o r t h e p r o b a b i l i t y t h a t t h e o b s e r v e d 

s p e c t r u m c o u l d o c c u r as a m a t t e r o f chance f r o m t h e s p e c t r u m p r e d i c t e d on t h e 

b a s i s o f t h e e a r l i e r measuremen t . More s t a t i s t i c a l l y r e l i a b l e e v i d e n c e f o r 

o r a g a i n s t t h e v e r a c i t y o f t h e M k l d a t a w i l l be a v a i l a b l e 9 a t l e a s t f o r t h e 

150 m t o 350 m. d i s t a n c e i n t e r v a l , o n l y when t h e t o t a l p o p u l a t i o n o f t h e 

d e f l e c t i o n s p e c t r u m f o r t h a t i n t e r v a l i s i n excess o f a p p r o x i m a t e l y 500. 



>+2 

C h a p t e r 5 

D e t e r m i n a t i o n o f t h e h e i g h t o f o r i g i n o f Muons i n . EAS f r o m t h e i r 
d e f l e c t i o n s i n t h e E a r t h ' s M a g n e t i c F i e l d 

5 . 1 I n t r o d u c t i o n 

The geomagne t i c d e f l e c t i o n o f muons i n EAS has been i n v e s t i g a t e d i n 

d e t a i l as a consequence o f t h e s u g g e s t i o n made b y Somogyi (1966) t h a t t h e 

d i s t o r t i o n o f t h e c h a r g e r a t i o o f muons b y t h e geomagne t i c f i e l d may y i e l d 

i n f o r m a t i o n , on t h e i r h e i g h t s o f o r i g i n . E x p e r i m e n t a l w o r k on t h e b a s i s o f 

t h i s p r o p o s a l has been c a r r i e d o u t b y O r f o r d e t a l . , ( l 9 6 T ) , and t h e p r e s e n t 

s t u d y i s a d e t a i l e d c o n t i n u a t i o n o f t h i s w o r k , r e i n f o r c e d b y b e t t e r s t a t i s t i c s 

and more a c c u r a t e c a l c u l a t i o n s . O t h e r w o r k e r s ( K r i s t i a n s e n (195'8), C l a r k e t 

a l . , (1958), Or en ( 1 9 5 9 ) , Kamiya e t a l . , (1962)) have made e s t i m a t i o n s o f t h e 

d e f l e c t i o n o f muons i n t h e geomagne t ic f i e l d , b u t m a i n l y i n r e l a t i o n t o t h e 

b r o a d e n i n g e f f e e t on t h e i r l a t e r a l d i s t r i b u t i o n f u n c t i o n , r a t h e r t h a n as a 

means o f d e t e r m i n i n g t h e i r h e i g h t s o f o r i g i n . 

One p o t e n t i a l advan t age o f u s i n g t h e geomagne t ic e f f e c t t o i n v e s t i g a t e 

t h e h e i g h t s o f o r i g i n o f muons i s t h a t Coulomb s c a t t e r i n g has v e r y l i t t l e 

e f f e c t on t h e geomagne t i c d e f l e c t i o n , p r o v i d e d t h e a n g u l a r d e f l e c t i o n i s 

s m a l l . The geomagne t i c d e f l e c t i o n i s supe rposed on a l l muons i n t h e shower 

r e g a r d l e s s o f s u c h s c a t t e r i n g . C o n s e q u e n t l y , t h e d e f l e c t i o n o f muons i n 

b u l k , i n t h e geomagne t i c f i e l d , c a n be t h o u g h t o f as b e i n g d i r e c t l y r e l a t e d 

t o t h e i r h e i g h t o f o r i g i n . Measurement o f t h i s b u l k d e f l e c t i o n i s p o s s i b l e 

b y c o n s i d e r a t i o n o f t h e d i s t o r t i o n p r o d u c e d i n t h e c h a r g e r a t i o by t h e l a t e r a l 

s h i f t s , i n o p p o s i n g d i r e c t i o n s , o f p o s i t i v e and n e g a t i v e muons. The d e t a i l e d 

c o n s i d e r a t i o n o f t h e geomagne t i c e f f e c t i n t h i s c h a p t e r i s j i n p a r t , c o n c e r n e d 

w i t h d e t e r m i n i n g t h e deg ree t o w h i c h t h e shape o f t h e l a t e r a l d i s t r i b u t i o n 

f u n c t i o n i n f l u e n c e s t h e c h a r g e r a t i o d i s t o r t i o n . I t i s shown t h a t t h e r e i s 

a s e n s i t i v e dependence o n t h e f o r m o f t h e l a t e r a l d i s t r i b u t i o n f u n c t i o n "but 
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1*3 

t h a t , because o f t h e way i n w h i c h t h e l o n g i t u d i n a l deve lopmen t o f t h e shower 

i s l i n k e d w i t h t h e l a t e r a l d i s t r i b u t i o n , geomagne t i c c h a r g e d i s t o r t i o n i s n o t 

s e n s i t i v e t o t h e h e i g h t o f o r i g i n o f muons i n EAS. 

5*2 C a l c u l a t i o n o f t h e d e f l e c t i o n o f muons i n t h e geomagne t i c f i e l d and 
t h e r e s u l t i n g d i s t o r t i o n o f t h e cha rge r a t i o 

5 . 2 . 1 C a l c u l a t i o n o f t h e d e f l e c t i o n o f a muon due t o t h e geomagne t i c f i e l d 

A d e t a i l e d m a t h e m a t i c a l t r e a t m e n t o f t h e d e f l e c t i o n o f a c h a r g e d p a r t i c l e 

i n t h e e a r t h ' s m a g n e t i c f i e l d i s g i v e n i n A p p e n d i x A . F o r g i v e n v a l u e s o f 

momentum and p r o d u c t i o n h e i g h t , t h e geomagne t i c d e f l e c t i o n o f a p o s i t i v e l y 

c h a r g e d muon w h i c h has an i n i t i a l d i r e c t i o n s p e c i f i e d b y z e n i t h a n g l e 9 , and 

a z i m u t h a n g l e 4>, i s c a l c u l a t e d f o r e q u a l i n t e r v a l s o f 9 f r o m 0 ° t o k0° and 

o f <j» f r o m 0 ° t o 3 6 o ° . The a c t u a l v a l u e o f momentum u s e d i n t h e c a l c u l a t i o n s 

i s a mean v a l u e o f t h e i n i t i a l and f i n a l momenta, a f t e r e n e r g y l o s s due t o 

i o n i s a t i o n has been t a k e n i n t o a c c o u n t , (See A p p e n d i x B ) . The mean o f t h e 

d e f l e c t i o n , w e i g h t e d b y t h e o b s e r v e d z e n i t h a n g l e d i s t r i b u t i o n o f showers f o r 

t h e w h o l e a r r a y , i s o b t a i n e d f o r each v a l u e o f <j>. The p r o j e c t e d component o f 

t h i s mean d e f l e c t i o n a l o n g t h e d i r e c t i o n o f each o f t h e t h r e e " l o b e " l i n e s , 

i s t h e n f o u n d (see F i g u r e 5 . 1 ) . T h e r e a r e t h r e e " l o b e " l i n e s , each o f w h i c h 

passes t h r o u g h t h e c e n t r e o f a r e a o f one o f t h e t h r e e d i s t i n c t r e g i o n s i n 

w h i c h , due t o t h e g e o m e t r y and t r i g g e r i n g c r i t e r i a o f t h e a r r a y , t h e m a j o r i t y 

o f t h e showers , s t u d i e d h e r e , a r e d e t e c t e d . 

5 . 2 . 2 C a l c u l a t i o n o f t h e d i s t o r t i o n o f t h e c h a r g e r a t i o o f muons i n EAS 
b y t h e geomagne t i c f i e l d 

The c h a r g e r a t i o o f muons i n .'EAS , h a v i n g c o r e s w h i c h f a l l i n each o f 

t h e t h r e e l o b e s i s o b t a i n e d b y a s suming ( i ) t h a t i n t h e absence o f a geomagnet 

f i e l d t h e l a t e r a l d i s t r i b u t i o n o f p o s i t i v e muons i s t h e same as t h a t f o r 

n e g a t i v e muons; ( i i ) t h a t when t h e e f f e c t i s c o n s i d e r e d t o be p r e s e n t , t h e 

" t y o " l a t e r a l d i s t r i b u t i o n s , a p p r o p r i a t e t o u ''"and y ~ , a r e s e p a r a t e d b y t w i c e t 



hh 

mean geomagne t i c d e f l e c t i o n f o r t h a t l o b e ; and ( i i i ) . t h a t a t a g i v e n d i s t a n c e 

t h e r a t i o o f t h e o r d i n a t e s o f t h e " p o s i t i v e " and " n e g a t i v e " l a t e r a l d i s t r i b u 

t i o n s g i v e s a v a l u e o f t h e cha rge r a t i o . F o r t h e p u r p o s e s o f d e t e r m i n i n g a 

mean h e i g h t o f o r i g i n a l a t e r a l d i s t r i b u t i o n d e r i v e d f r o m t h e Mk 1 d a t a and 

a p p r o p r i a t e t o t h e mean momenta c o n s i d e r e d , was u s e d . Where t h e p r e d i c t i o n s 

o f mode l s have b e e n compared w i t h o b s e r v a t i o n , t h e l a t e r a l d i s t r i b u t i o n u sed 

has been t h a t p r e d i c t e d b y t h e modelo 

E s t i m a t i o n o f t h e cha rge r a t i o f o r s e v e r a l d i s t a n c e - i n t e r v a l s was n o t 

p o s s i b l e because t h e number o f e v e n t s was s t a t i s t i c a l l y i n s u f f i c i e n t and 

t h e r e f o r e a s i n g l e d i s t a n c e - i n t e r v a l o f 150 m t o 600 m was c o n s i d e r e d . The 

d i s t a n c e a t w h i c h t h e c h a r g e r a t i o was d e t e r m i n e d t h e o r e t i c a l l y , was t h e 

d i s t a n c e w h i c h d i v i d e d t h e d a t a i n t h i s i n t e r v a l i n t o a p p r o x i m a t e l y e q u a l 

h a l v e s , and t h i s was f o u n d t o be 300 ± 10 m. 

Models o f t h e deve lopment o f t h e muon component o f " EAS have been 

compared w i t h o b s e r v a t i o n by u s i n g t h e p r e d i c t e d d i s t r i b u t i o n i n h e i g h t o f 

o r i g i n f o r muons o f a p a r t i c u l a r momentum t o d e r i v e t h e c h a r g e d i s t o r t i o n 

e x p e c t e d due t o t h e e a r t h ' s m a g n e t i c f i e l d . I n t h i s t e c h n i q u e t h e f o l l o w i n g 

w e i g h t i n g p r o c e d u r e was a d o p t e d : 

I f w\ i s t h e p r e d i c t e d f r a c t i o n o f muons o f momentum p o r i g i n a t i n g f r o m 

t h e i t h h e i g h t i n t e r v a l , and r ^ t h e p r e d i c t e d geomagne t i c cha rge r a t i o o f 

t h e s e muons a t t h e p o i n t o f o b s e r v a t i o n , t h e n t h e f r a c t i o n o f p o s i t i v e muons , 

P ^ , a r r i v i n g a t t h e p o i n t o f o b s e r v a t i o n f r o m t h e i t h h e i g h t i n t e r v a l i s : -

r . » w. 
P _ 1 1 

i :—— 
(1 + r . ) 

1 " 

The t o t a l p r e d i c t e d c h a r g e r a t i o , R , d e f i n e d as t h e r a t i o o f t h e t o t a l number 

o f p o s i t i v e t o t h e t o t a l number o f n e g a t i v e muons a r r i v i n g a t t h e p o i n t o f 

o b s e r v a t i o n and o r i g i n a t i n g f r o m a l l h e i g h t i n t e r v a l s ( i ) up t o t h e h i g h e s t , 
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...geographic-, n o r t h . Briefest, d i r e c t . i o n s , . o f a - p © s i t ± Y e i f ; 

cha rged niuon i n a, s h o w e r h a v i n g . c o r e - . d i r e c t i o h .. 

d e f i n e d by z e n i t h . ..aagi;© " t B E T A " and .azimuth, a n g l e • , • 

f ' P H . 1 " , and p o s s e s s i n g ; a - g i v e n s e a - l e - v e l mOTentiima / : 
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( i ) , i s then given "by: max 

1 = 1 , 

max 
P. 

R = 
(w. - P.) 

i = 0 

5*2.3 Typical predict ions 

Calculated values f o r the def lec t ions of muons i n the geomagnetic f i e l d , 

o r ig ina t ing at a v e r t i c a l height h above sea l e v e l and having a d i r ec t i on 

specif ied by zenith angle 8 and azimuth angle 4>, f o r two values of momentum 

and two values of height , are given i n Tables 5 .1(a) and 5 . 1 ( b ) . Values f o r 

any other momentum/height/8/<j> combination may be obtained wi th s u f f i c i e n t 

accuracy by extrapolat ion or i n t e rpo la t ion of these data. 

5 « 3 Possible sources of inaccuracy i n the method 

5 . 3 . 1 General 

I t i s shown i n Section 5 » ^ t ha t the gross e f f e c t of the geomagnetic 

f i e l d on : EAS muons at Haverah' Park i s not s u f f i c i e n t l y masked by any 

competitive process t o make i t undetectable. Nevertheless, i t i s possible 

f o r the re la t ionsh ip between the charge r a t i o d i s t o r t i o n and the height of 

o r i g i n of muons, on the one hand, and the extent t o which the re la t ionship 

i s sensi t ive to the shape of the l a t e r a l d i s t r i b u t i o n f u n c t i o n , on the other, 

to be obscured by several sources of inaccuracy, both i n the experimental 

method and i n the t h e o r e t i c a l ca lcula t ions . These sources are considered 

i n t h i s chapter, and are shown t o have a neg l ig ib le e f f e c t , i n the context 

of charge d i s t o r t i o n , f o r the showers providing the data used i n t h i s study. 

5 - 3 . 2 The muon charge r a t i o of the undistorted shower 

The recent evidence of Machin et a l . , (19'69) suggests that the overa l l 

charge r a t i o of muons i n EAS i s not s i g n i f i c a n t l y d i f f e r e n t from un i ty 
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i n a l l momentum bands considered up t o 60 GeV/c. This i s i n ; agreement with 

the work of Bennett and Greisen ( 1961) , and, at the energies considered here, 

i t i s also t o he expected from theory i f fcaon production, perhaps charge 

asymmetric, i s dominated "by charge symmetric p i on production. 

5 .3 .3 . The effect of variations of the earth's magnetic f i e l d 

Measurements made by Appleton (193^0 indicated that the earth's dipole 

magnetic f i e l d varied as the inverse of the cube of the distance from the 

geocentre. Excluding the effect of l o c a l anomalies, current theory predicts 

just such a v a r i a t i o n , (Runcorn (1,956)) 4 and measurements by Bowen et. a l . , 

(1950), have confirmed t h i s . On t h i s basis the reduction i n the magnetic 

f i e l d , at a height of kO Km, i s approximately 2% and is thus negligible f o r 

the purposes of the present calculations« 

Temporal changes i n the magnetic declination and i n c l i n a t i o n , t y p i c a l l y 

of the order of 2% to 3%, over several years, have very l i t t l e effect on the 

charge r a t i o predictions, and no attempt has been made to obtain very 

accurate values of these quantities. Thus the values used were those given 

by Kaye and Laby (196O),suitably corrected using the mean values of annual 

change. The corrected value of declination was 9 ° ¥ and that of i n c l i n a t i o n 

6 8 « 5 ° . 

5'3°h The effect of the earth's e l e c t r i c f i e l d 

Up t o a height of 1 Km the earth's e l e c t r i c f i e l d i s approximately 150V 

m 1. Above 1 Km i t decreases very rapidly u n t i l , at a height i n the region 

of 5 Km, i t reaches a value of about 20 V m - 1 beyond which i t s decrease i s 

less rapid. At 15 Kms i t has a value of approximately 5 V m - 1, thereafter 
- 1 

decreasing smoothly to 1 V m at approximately 30 Km (Handbook of Geophysics, 

1960). 
Considering a non r e l a t i v i s t i c muon originating at a height h(Km) i n a 
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shover, the core of which makes an angle 9 with the v e r t i c a l , the ele c t r o s t a t i c 
force, F, on the muon, of charge q, i s 

F = q . E 

Inserting the appropriate value f o r q and assuming, as a worst case estimate 

that up to 5 km E has an average value of 80 V ra~̂ " and above 5 km a value of 

1.5 V jsT^ than f o r a muon originating at a height of 10 km the consequent 
10 -2 

acceleration down to 5 km w i l l be 1.3 x 10 m s and from 5 km onwards: 
1 0 - 9 

? x 10 " m s ". The re s u l t i n g v e r t i c a l deflection at sea l e v e l w i l l be approx

imately 12 m which at a zenith angle of 20° corresponds to a horizontal 

deflection of approximately k m and approximately 10 m at a zenith angle of h0°. 

It may be concluded that i n the context of the present study, the earth's 

e l e c t r i c f i e l d has r e l a t i v e l y l i t t l e influence on the motion of a muon i n an 

extensive a i r shower. For zenith angles larger than h0° however the e f f e c t become 

considerable although r e l a t i v e l y simple to make allowance f o r since there i s 

no aaimuthal . dependence. 

5•3.5 Deflections i n the horizontal plane and i n the plane of the showerfront 

The geomagnetic deflections were oalsulated i n the horizontal plan© pa§§ing 

through the centre of the array, The transformation of the deflections onto the 

plane of the shower f r o n t was found to take an excessive amount of computing 

"l the error involved i n taking the horizontal plane deflections proves 

e of zenith angles considered. Figure 5*2 shows the v a r i a t 

ion f o r an extreme case, of the geomagnetic deflection with the azimuth angle 

of the shower core, i n the horizontal plane and i n the plane of the shower f r o n t . 

No deflections greater than the ones shown i n t h i s example were used i n the 

• 'f , presented here. 

> 'fine e f f e c t of errors i n core location 

The accuracy of core location obtained with the Haverah Park 5>00 m array 

has been discussed i n Chapter 2. There i s no reason to suppose that the 

inaccuracies involved are other than s t a t i s t i c a l l y random with a maximum 



error of less than 30 m. I t i s i n t e r e s t i n g , nevertheless, t o consider the 

effect of a systematic error i n core l o c a t i o n . Over-estimation of the true 

core distance, r , by an amount 6 f o r a l l showers results i n the predicted 

charge r a t i o being obtained from the l a t e r a l d i s t r i b u t i o n function at a 

distance r + .6. Due t o the general shape of the l a t e r a l - d i s t r i b u t i o n function 

the predicted charge r a t i o w i l l be smaller. Under-estimation, on the other 

hand, results i n the exact opposite. The effect of a systematic error of 

+ 30 m, i n the determination of core distance on the predicted charge r a t i o has 

been considered and ranges from 2% f o r a charge r a t i o of 1-0 t o 10$ f o r a charge 

r a t i o of 2*0. 

5*3*7 The acceptance by the spectrograph of EAS muons deflected by 
the geomagnetic f i e l d 

For the Haverah Park spectrograph the acceptance function, A(9,<J>,p)s 

defined as the p r o b a b i l i t y of a p a r t i c l e of momentum p incident at a 

zenith angle 9 and azimuth angle $ entering the spectrograph and being detected; 

i s not a rap i d l y varying function of either 6 or <f> 3 (Orford .(1968)). Because 

of t h i s s and since the maximum geomagnetic angular d e f l e c t i o n , 3a , i s less 

than 1 ° 5 ° we may assume: 

A j (9 + H . 6a), (0 + H . 6a), P r - A | (9 - | | , 6a), (<J> - -g- . 6a), p | 

5« 3.8 Errors i n the, determination of the mean; values of the momentum bands 

The deflection intervals i n t o which the data were sorted f o r the purpose 

of investigating the v a r i a t i o n of charge r a t i o with momentum, were those 

used by Earnshaw ( 1968) . The method used by this.author for determining the 

mean momentum of these intervals involves the derivation of the d i f f e r e n t i a l 

spectrum, S(p) dp, for the i n t e r v a l , and t h i s , i n t u r n , requires assuming a 

t r i a l momentum spectrum. 



TABLE 5.2 

The Mean Momentum of the Deflection Intervals used for 
studying the Variation of Charge Ratios with Momentum 

DEFLECTION- INTERVAL 
DEGREES 

MEAN MOMENTUM 
GeV/c 

5*0 - l6»0 n s- + 0-28 
l n 6 1 - 0>26 : 

2 - 1 - 5*0 + 0-80 
3 2 5 - 0»85 

l ' l - 2 - 1 
- 2-2 

0-57 - 1-1 l k ° 9 3 - 3-0 

0 - 0*57 ? - 19*3. 

The l i m i t s shown on the mean momenta are such that they 
include h0% of the area above and below the mean. 
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The mean momentum i s defined as p where 
.1000 

J S(p). p dp 
p = 

.1000 
J S(p) dp 
1 

The r e s u l t i n g mean momenta are given i n Table 5*2. 

A recent modification t o the method has been to "feed back" the output 

spectrum as the t r i a l spectrum f o r the next cycle, and to continue t h i s 

process u n t i l the output spectrum for one cycle t o the next i s sensibly 

constant. Preliminary results indicate that the uncertainty i n the value of 

mean momentum i s of the order of 10%. Nevertheless, because of the uncertainty 

in the observed charge r a t i o s , caused by the s t a t i s t i c a l l y small samples, 

even larger uncertainties i n the mean momenta, say 20%, would have l i t t l e 

effect on the conclusions arrived at i n t h i s chapter. 

5 Comparison of data and prediction-s 

5 . ^ . 1 General 

As an ove r a l l check on the v a l i d i t y of the calculations the v a r i a t i o n of 

the charge r a t i o i n each lobe with azimuth angle was predicted for a l l momenta 

greater than 1 GeV/c and for a mean height of o r i g i n of 5 Kin5 using the 

appropriate l a t e r a l d i s t r i b u t i o n function given by Earnshaw et a l . (1967) . 
+ + 

The predicted v a r i a t i o n of charge r a t i o for the X Y lobe was found t o be 

sensibly the same as for the X+Y~ lobe with reversed azimuth angle, so that 

to improve the s t a t i s t i c a l accuracy the events i n the two lobes were added 

together. Thus the events i n the 0 ° - I+50 b i n of the X +Y + lobe were added t o 

those i n the 315° - 360° bin of the X+Y~ lobe and so on. The r e s u l t i n g charge 

r a t i o v a r i a t i o n i s shown i n Figure 5«3,and i t w i l l be seen that there i s good 

agreement with observation. I n a similar way, since the predicted v a r i a t i o n of 
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+ 

charge r a t i o f o r the X Y lobe us symmetrical about 180 azimuth, the, date^for 

the 0 - ^5° azimuth "bin were added t o those f o r the 315° - 360° azimuth b i n 

and. so on, and t h i s i s shown i n Figure 5 

5 .^ .2 Mean heights of origin.of muons i n EAS 

Comparison between the predicted v a r i a t i o n of charge r a t i o with height 

of o r i g i n and the observed charge r a t i o , f o r a given momentum, has provided 

an estimation of the heights of o r i g i n of muons. 

To improve s t a t i s t i c s the data were combined as described i n the preceding 

Section, and the mean charge r a t i o found. Where appropriate the range of 

azimuth angle over which the mean was taken was l i m i t e d to include either 
+ 

positive or negative charge r a t i o s , hut not both,-, I n the case of the X~Y~ 

lobe no l i m i t a t i o n was imposed, as the predicted charge r a t i o was greater than 

u n i t y throughout the range, 0 ° - 3 6 0 ° . For the X+Y+/X+Y~ combined lobes, the 

range taken was 180° through 360° to „ I n t h i s range the predicted r a t i o 

was always less than unity« 

Thus for a l l the values of mean momentum bands there are two estimates of 
+ 

the height of o r i g i n : one f o r the X~Y~ lobe i n which the predicted charge 
+ + + — 

excess i s p o s i t i v e , and one for the combined % Y /X I lobe over the azimuth 

range giving a negative charge excess. Figure 5»5 shows the v a r i a t i o n of the 

two observed charge r a t i o s with momentum-

Estimated heights of o r i g i n are shown i n Figure 5 -6, The v e r t i c a l error 

bars indicate the one standard deviation point due to Poissonian errors on 

the number of events combined with the error due to the uncertainty i n the 

l a t e r a l d i s t r i b u t i o n function. The horizontal error bars indicate a 10% 

uncertainty i n momentum. Also shown are the predicted mean heights of o r i g i n 

according t o two shower models. I t w i l l be seen that although the uncertainty-

i s very large, i n general there i s agreement between theory and experiment* 
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5.k.3 The charge r a t i o d i s t o r t i o n p r e d i c t e d "by d i f f e r e n t models of :EAS 

A proton i n i t i a t e d shower w i t h a m u l t i p l i c i t y law v a r y i n g as t h e quarter 

power of t h e primary energy, and a shower i n i t i a t e d "by an i r o n nucleus and 

having a m u l t i p l i c i t y f o l l o w i n g a h a l f power law, represent two extremes 

i n s o f a r as t h e muon height of o r i g i n d i s t r i b u t i o n s are concerned. For t h i s 

reason they have been used t o t e s t the s e n s i t i v i t y of t h e charge r a t i o t o 

height of o r i g i n of muons. The method of c a l c u l a t i n g t h e muon charge r a t i o 

expected f o r a given momentum and d i s t r i b u t i o n of heights of o r i g i n appropriate 

t o a p a r t i c u l a r model i s described i n Section 5»2.2. The a c t u a l models used 

were those of Orford and Turver {19 '69), and t h e charge r a t i o s were p r e d i c t e d 

f o r t h e mean momenta given i n Table 5.2e I t i s i n t e r e s t i n g t o note t h a t t h e 

l a t e r a l d i s t r i b u t i o n f o r t h e A = 56- n a E 2 model i s f l a t t e r t h a n t h a t f o r 
s p 

i t h e A = 1, n a E k model, so t h a t even though t h e former develops e a r l i e r and s p 
i s more i n f l u e n c e d by t h e geomagnetic f i e l d , the e f f e c t of t h i s increased 

d e f l e c t i o n on the charge r a t i o i s not so great as i t would have been had t h e 

l a t e r a l d i s t r i b u t i o n been steeper. The p r e d i c t e d charge r a t i o s are shown i n 

Figure 5«5., and i t i s apparent t h a t t h e r a t i o s f o r a l l momenta except the 

highest are t h e same f o r t h e two models. 

I t may be concluded t h a t t h e geomagnetic charge r a t i o i s not very 

s e n s i t i v e t o t h e p a r t i c u l a r model used due t o t h e general f e a t u r e of a l l 

models t h a t e a r l y development, although p r o v i d i n g muons w i t h a longer path 

l e n g t h i n t h e geomagnetic f i e l d , i m p l i e s a f l a t t e r l a t e r a l d i s t r i b u t i o n . 

This compensates f o r the e f f e c t of t h e l a r g e p r e d i c t e d d e f l e c t i o n s when "the 

expected charge r a t i o i s c a l c u l a t e d . 

5-5 Comparison w i t h heights of o r i g i n obtained from a study of t h e l a t e r a l 
and angular separation of muons from t h e shower core 

The e s t i m a t i o n of the heights of o r i g i n of muons using the d i s t r i b u t i o n 

i n t h e angular separation of muons from t h e shower core, has been attempted 
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by Earnshaw (1968), de Beer et a l . , (1969) and r e c e n t l y , i n greater d e t a i l , by 

Machin (1972). 

The d i s t r i b u t i o n i n angular separation between t h e shower core d i r e c t i o n 

and the d i r e c t i o n of muons of a given momentum, and f a l l i n g at a p a r t i c u l a r 

p o i n t i n an MS d e t e c t i n g a r r a y , i s a f f e c t e d by t h e height of o r i g i n of t h e 

parent pions together w i t h t h e i r d i s t r i b u t i o n i n t r a n s v e r s e momentum, t h e 

angle of t h e IT - V decay and t h e Coulomb and geomagnetic s c a t t e r i n g . For t h e 

highest momentum muons t h e s i g n i f i c a n c e of these e f f e c t s w i l l be sma l l , and 

the d i s t r i b u t i o n i n angular separation w i l l a r i s e from t h e u n c e r t a i n t y i n the 

determination of t h e muon's t r a j e c t o r y and the core d i r e c t i o n ; i n p a r t i c u l a r 

the u n c e r t a i n t y i s dominated by t h e inaccuracy i n t h e d i r e c t i o n of t h e shower 

core. For t h e Haver ah Park 500 m array Machin estimates the value of 

t h i s l a t t e r u n c e r t a i n t y t o be 2*6 +_ 0*2°. 

The mean height of o r i g i n , h, i s r e l a t e d t o t h e mean angular d e v i a t i o n 

from t h e core, ft, by t h e f o l l o w i n g formula: 

n r h = 
t a n ft 

I n t h i s , r i s t h e distance t o t h e spectrograph i n t h e plane i n which ft 

i s measured. 

T y p i c a l r e s u l t s obtained by Machin ( p r i v a t e communication) are shown i n 

Figures 5 .7 and 5 . 8 .Figure 5.7 shows t h e d i s t r i b u t i o n i n angular d e v i a t i o n 

p r e d i c t e d f o r muons having momentum w i t h i n t h e range 1 - 3 GeV/c, and f a l l i n g 

a t a distance of 300 m t o one side of t h e spectrograph. The pr e d i c t e d 

d i s t r i b u t i o n was derived using t h e muon heights of o r i g i n d e r i v e d from t h e 

model of Orford and Turver (19'69) f o r a proton primary^and a thermodynamic 

i n t e r a c t i o n model.Figure 5-8 shows t h e p r e d i c t e d mean heights of o r i g i n of 

muons of d i f f e r e n t momenta, at a distance of 300 m,in showers of primary 
17 

energy of approximately 10 eV. By comparing t h i s f i g u r e w i t h Figure 5,6 i t 
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may be seen t h a t t h i s method gives a more accurate e s t i m a t i o n of t h e heights 

of o r i g i n t h a n t h a t using t h e geomagnetic charge d i s t o r t i o n of muons° The 

reasons f o r t h e la r g e e r r o r s i n v o lved i n t h e l a t t e r have already been discussed 

i n Section "y.h.3-

5.6 E f f e c t s of geomagnetic d e f l e c t i o n on the l a t e r a l d i s t r i b u t i o n o f muons 

Figure 5.9 shows t h e e f f e c t s of d i f f e r e n t d e f l e c t i o n s of p o s i t i v e and 

negative muons of momentum k^> GeV/c on t h e l a t e r a l d i s t r i b u t i o n f o r t h i s 

momentum obtained from the model of Orford and Turver (.19'69) i n which A = 1 
1 

and n a E "*. I t w i l l be seen t h a t f o r a d e f l e c t i o n of 25 m, which i s t h e s p 
mean d e f l e c t i o n p r e d i c t e d f o r a muon of t h i s momentum o r i g i n a t i n g from 

18 Km, t h e r e i s l i t t l e e f f e c t on t h e f u n c t i o n . S i m i l a r l y , f o r t h e l a t e r a l 

d i s t r i b u t i o n f u n c t i o n corresponding t o other momenta, i t can be shown t h a t 

f o r t h e expected d e f l e c t i o n s t h e r e i s l i t t l e or no d i s t o r t i o n , , I n general, 

t h e e a r l i e r experiments of Clark et al . , ( l 9 5 8 ) confirm this» This group 

found t h a t f o r p a r t i c l e s of a l l momenta greater than 1 GeV/c t h e r e was no 

detec t a b l e d i f f e r e n c e between the l a t e r a l d i s t r i b u t i o n when measured along an 

East-West b a s e l i n e , and t h a t measured along a l o r t h - S o u t h baseline. 
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Chapter 6 
EAS Model Simulations 

6.1 I n t r o d u c t i o n 

The processes i n v o l v e d i n the development of an extensive a i r shower are 

complex. Studies of t h e observable phenomena at various depths i n the 

atmosphere can be o f s i g n i f i c a n c e i n h e l p i n g t o understand these processes 

only i f an accurate model r e p r e s e n t a t i o n i s a v a i l a b l e so t h a t measurements may

be compared w i t h p r e d i c t i o n s . Such a model, indeed, i s important i n i n d i c a t 

i n g which measurements should be made since these should be of q u a n t i t i e s 

which are p a r t i c u l a r l y s e n s i t i v e t o changes i n e i t h e r the mass compositions o f 

the primary p a r t i c l e s or t h e various fundamental i n t e r a c t i o n processes, 

Comparison of t h e r e s u l t s of t h e Mkl experiment have shown t h a t t h e r e i s 

agreement w i t h many accepted models at low momenta, but t h a t at h i g h momenta 

and l a r g e core distances the observed i n t e n s i t y exceeds t h a t p r e d i c t e d by a 

s i g n i f i c a n t amount. Because o f these discrepancies and the f a c t t h a t d i f f e r e n t 

authors, using the same broad model parameters, apparently o b t a i n d i f f e r i n g 

r e s u l t s ( f o r example, H i l l a s (1965), and de Beer et a l . , (1966), - see Figures 

k . 6 t o k . 9 ) a model was formulated s p e c i f i c a l l y f o r the Haverah Park muon 

experiment ( O r f o r d and Turver (1969)). A step-by-step approach was adopted 

i n this..modeX, f o r although t h e Monte-Carlo method, as used by Bradt and 

Rappaport (1967), McCusker et a l , , (1969) and Grieder (1971(a)), d i r e c t l y takes 

account of t h e important aspect of f l u c t u a t i o n s , i t involves a p r o h i b i t i v e 
16 

amount o f computing time f o r primary energies greater than 10 eV. A step-by-

step method can be made much less demanding i n t h i s respect w h i l s t the e f f e c t 

of f l u c t u a t i o n s may be i n v e s t i g a t e d i n a l i m i t e d way by s e l e c t i v e l y f l u c t u a t i n g 

those parameters t o which t h e model i s most s e n s i t i v e . 

6.2 A model employing the method of successive c o l l i s i o n s t o sea l e v e l 

6.2:1 General 

The model o f Orford and Turver (1969), h e r e a f t e r c a l l e d t h e "1969" model, 
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was devised w i t h t h e i n t e n t i o n of t r e a t i n g the l o n g i t u d i n a l and l a t e r a l develop
ment of t h e muon component as c a r e f u l l y as po s s i b l e using conventional values 
o f t h e high energy i n t e r a c t i o n parameters. Because o f the e x t r a p r e c i s i o n 
which i s obtained i n t h i s p a r t i c u l a r approach, a method o f successive c o l l i s i o n s , 
s i m i l a r t o t h a t used by Bhabha and H e i t l e r (1937), was adopted f o r t h e treatment 
of t h e nucleon and meson cascades. P r e l i m i n a r y i n v e s t i g a t i o n s i n d i c a t e d , 
however, t h a t since n e a r l y a l l t h e muons o f momentum greater t h a n 100 GeV/L 
o r i g i n a t e d from heights above 10 k i l o m e t e r s , a saving i n computing time could 
be e f f e c t e d , w i t h o u t attendent loss of p r e c i s i o n , i f the development below 
10 kilometers was t r e a t e d i n a manner s i m i l a r t o t h a t of Holyoak (1967) using 
f i x e d heights of i n t e r a c t i o n s 

The p r e d i c t i o n s of t h e complete model were presented at t h e Budapest 

Conference i n 1969 and i t was pointed out t h a t , where comparable, t h e r e s u l t s 

were i n e s s e n t i a l agreement w i t h those of de Beer et a l , , (1966), and Murthy 

et a l . , (1967). I n terms of shape of muon momentum spectra t h e r e was good 

agreement w i t h t h e model of H i l l a s (1965) f o r a pr o t o n primary, although, t h e 

number o f muons was less t h a n t h a t p r e d i c t e d by t h i s author. To i n v e s t i g a t e 

t h i s discrepancy and t o t e s t t h e s i m p l i f i c a t i o n adopted i n t h e 1969 model, 

a new model - the "1971" model - has been est a b l i s h e d which continues, t h e use 

of t h e method of successive c o l l i s i o n s t o sea l e v e l , as o r i g i n a l l y suggested 

by O r f o r d , K.J. , and Turver, LE= , ( p r i v a t e communication) „ As an adjunct t o 

t h i s a review of those parameters c h a r a c t e r i s i n g the nuclear physics and other 

aspects of t h e model has also been undertaken i n t h e l i g h t o f recent e x p e r i 

mental work. 

6.2.2 The new model 

The basic step-by-step method i s described i n d e t a i l i n Appendix C and 

involves t h e numerical e v a l u a t i o n o f the p i o n generation f u n c t i o n f o r a m a t r i x 

of p i o n energy i n t e r v a l s and i n t e r v a l s o f atmospheric depth. The i n t e r v a l s 
o 

of energy used are i decades and those of atmospheric depth 25-8 g em. „ 
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I n i t i a l l y lA6th. decade energy i n t e r v a l s were used but I decades give s i m i l a r 

r e s u l t s and a u s e f u l saving i n computation t i m e . Again f o r reasons of economy 

of computing t i m e , only v e r t i c a l showers are considered i n the present work. 

The p i o n generation f u n c t i o n gives the p r o b a b i l i t y t h a t a pi o n of a 

p a r t i c u l a r energy w i l l be produced i n an i n t e r a c t i o n at a c e r t a i n depth. The 

p r o b a b i l i t y t h a t a p i o n i s emitted from t h e i n t e r a c t i o n i n a p a r t i c u l a r 

d i r e c t i o n i s found by using the C.K.P. d i s t r i b u t i o n described i n S e c t i o n 

6.2.3.6. Any p i o n so produced i s then assumed t o continue i n t h i s d i r e c t i o n 

and the p r o b a b i l i t y t h a t a charged p i o n assumed t o have a p r o b a b i l i t y of 

prod u c t i o n two t h i r d s t h a t f o r a l l pions - w i l l decay i n t o a muonis found by 
2 

t a k i n g i n t o account i t s l i f e t i m e d i l a t i o n f a c t o r , E/rn^c , and i t s p o t e n t i a l 

path l e n g t h . Any change of d i r e c t i o n o c c u r r i n g d u r i n g TT - y decay i s ignored. 

The p r o b a b i l i t y t h a t a muon possesses a p a r t i c u l a r energy i s then found by 

approximating the p i o n energy spectrum, over a small energy range, t o a 

power law and a l l o w i n g the decay muon t o have an equal p r o b a b i l i t y of having 

an energy between O.56 E and E . F i n a l l y a small c o r r e c t i o n i s made t o 
IT IT 

take i n t o account energy loss due t o i o n i s a t i o n and the p r o b a b i l i t y of muon 

decay. 
6.2.3 T h e o r e t i c a l considerations and experimental evidence governing 

the choice of nuclear physics i n the model. 

6.2.3.1 I n t r o d u c t i o n 

Some of the f e a t u r e s of more recent models of high energy i n t e r a c t i o n s 

have t h e i r o r i g i n s i n e a r l i e r t h e o r i e s . The models of Fermi (1950), 

Heisenberg (1952) and Landau (1953) are s i m i l a r i n s o f a r as they consider 

the energy from the i n t e r a c t i o n t o be released i n a small volume and t o be 

di s s i p a t e d i n t h e form of created p a r t i c l e s . U n l i k e Heisenberg's model, 

however, Fermi's s t a t i s t i c a l model supposes t h a t the energy of the i n c i d e n t 

p a r t i c l e i s shared among a l l t h e secondaries, and t h a t a high p r o p o r t i o n of 
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these secondaries consist of nucleons and antinucleons together w i t h K mesons, 

r a t h e r than mesons alone. Furthermore, as a r e s u l t of assuming an energy-

d e n s i t y p r o p o r t i o n a l t o the f o u r t h power of the energy per created p a r t i c l e , 

i t p r e d i c t s a m u l t i p l i c i t y v a r y i n g as the quarter power of the r a d i a t e d energy., 

I n the Landau model, although a m u l t i p l i c i t y law s i m i l a r t o t h i s i s p r e d i c t e d , 

a more pronounced a n i s o t r o p i c d i s t r i b u t i o n of secondaries r e s u l t s . I n 

con t r a s t t o these t h r e e models those of Kraushaar and Marks (195*0 , Cocconi 

(1958) and Ciok et al.,(1958) consider t h a t t h e c o l l i s i o n leaves the nucleons 

or t h e i r meson clouds i n a h i g h l y e x c i t e d s t a t e , and t h a t a f t e r the c o l l i s i o n 

t h e r e may be up t o four d i s t i n c t regions moving w i t h d i f f e r e n t v e l o c i t i e s and 

capable of e m i t t i n g mesons. 

Turning now t o consider some of the main fe a t u r e s of c u r r e n t models, t h i s 

l a s t mentioned concept of meson clouds, or f i r e b a l l s , moving slowly i n the 

C.M.S., i s f r e q u e n t l y used although some authors, Gurwitz et a l . , (1971), f o r 

example, consider t h a t t h e evidence f o r such systems i s weak. I n a d d i t i o n t o 

the p r o d u c t i o n of pions and kaons i n these f i r e b a l l s Peters (1964, 1966) and 

Grieder (1969, 1971(a)), f o r instance, include the production of nucleon-

antinucleon p a i r s , which may be important i n view of the recent data on 

nucleon-antinucleon p a i r p r o d u c t i o n frcmthe CERN I n t e r s e c t i n g Storage Rings 

experiment. 

The i n c l u s i o n of isobars i n i n t e r a c t i o n models i s a r e l a t i v e l y recent 

f e a t u r e of such models* I n general t h e decay of the isobar provides 

two or t h r e e f a s t pions or kaons which penetrate deeply w i t h the leading 

nucleon, as, f o r example, i n the -model of Peters (1962), This p r o d u c t i o n of 

pions and kaons i n comparable numbers may be contrasted w i t h the p i o n i z a t i o n 

process i n which the number of kaons produced i s only of the order of 10$ 

of the number of pions. 

6.2.3.2 M u l t i p l i c i t y 

The l a r g e s t p o s s i b l e m u l t i p l i c i t y , n , f o r a p a r t i c u l a r nucleon energy 
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E corresponds t o the c r e a t i o n of p a r t i c l e s having some standard energy which P 
i s independent of the t o t a l energy of the c o l l i s i o n and .is given by 

i -

n g (K.Ep) 2 , where K i s the f r a c t i o n of the primary energy r a d i a t e d i n the 

form of created p a r t i c l e s . Such a m u l t i p l i c i t y dependence i s used i n the i s o 

bar - p i o n i z a t i o n model of Pal and Peters (196k). A less strong dependence on 

the r a d i a t e d energy i s produced by the Fermi s t a t i s t i c a l and Landau hydrodynami-
T 

c a l models. Both these give n « (K.E ) \ although i t i s i n t e r e s t i n g t o note 
s p 

t h a t i f v i s c o s i t y i s introduced i n t o the hydrodynamical t h e o r y , the exponent 

i s increased t o one t h i r d . A m u l t i p l i c i t y law v a r y i n g as ln(K.E ) i s a 

consequence of ' s c a l i n g ' (Feynmann (1969)), but also derives from t h e m u l t i -

p e r i p h e r a l model f i r s t proposed by Amati et a l . s (1962). 

Up t o an energy of 70 GeV the m a j o r i t y of hydrogen bubble chamber data 
1 

i n d i c a t e a r e l a t i o n s h i p o f the form n « (K.E )'* although the recent work of 
s , P 

Jones et a l . 9 (1971) using a l i q u i d hydrogen t a r g e t , spark chambers and an 

i o n i z a t i o n c a l o r i m e t e r seems t o favour a l o g a r i t h m i c dependence on the r a d i a t e d 

energy. 

I n the context of : EAS . however, a knowledge of the m u l t i p l i c i t y of 

pr o t o n - a i r nucleus r a t h e r than proton-proton c o l l i s i o n s i s t h e more relevant* 

and because of po s s i b l e i n t r a n u c l e a r cascading i t i s t o be expected t h a t t h e 

m u l t i p l i c i t y w i l l be greater i n t h e former. For the c o l l i s i o n o f two 

n u c l e i of atomic mass number A the hydrodynamical t h e o r y of Belenky and Landau 

(195*0 i n d i c a t e s t h a t t h e dependence on A i s of the form n * A 0* 1^. I t would 
s 

seem reasonable, t h e r e f o r e , t o suppose t h a t f o r a nucleon-nucleus c o l l i s i o n 

the dependence on A i s c e r t a i n l y no stronger than t h i s . A recent a n a l y s i s 

by Hough, J.H., ( p r i v a t e communication), of m u l t i p l i c i t i e s obtained from 

emulsion data and^hydrogen t a r g e t s , f o r energies up t o 1 GeV, i n d i c a t e s such 

an A 0' 1^ dependence. Beyond 1 GeV no proton-proton data were a v a i l a b l e f o r 

the survey, but i t i s suggested t h a t , because of the h i g h energies, c o l l i m a -

t i o n of the secondaries w i l l dampen the i n t r a n u c l e a r cascading i n the s t r u c k 
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nucleus so t h a t i f anything the dependence of m u l t i p l i c i t y on A should he less 

strong than at lower energies. As a conclusion t o t h i s survey a charged 
i 

p a r t i c l e m u l t i p l i c i t y f o r proton-proton c o l l i s i o n s of the form n = 1«9(K.E ) 4 

s p 

i s suggested and i t i s t h i s form which i s used i n the model described here. 

Turning now t o c o n s i d e r a t i o n of pion-nucleus i n t e r a c t i o n s , t h e e x p e r i 

mental data i s more sparse than t h a t f o r nucleon-nucleus i n t e r a c t i o n s , b ut 

accelerator data i n d i c a t e t h a t , f o r a given energy of the primary, the number 

of pions produced i s greater than f o r the l a t t e r . The d i f f e r e n c e i n number 

i s found t o be approximately 20%, which i s consistent w i t h a m u l t i p l i c i t y 
i law of the form n = 1*9 (K.E )k i n which K has a value very close t o u n i t y , s p 

6.2.3.3 I n e l a s t i c i t y 

Up t o energies o f approximately 20 GeV, accelerator data i n d i c a t e t h a t 

t h e i n e l a s t i c i t y - t h e f r a c t i o n of t h e i n c i d e n t energy r a d i a t e d i n the form 

of created p a r t i c l e s - i s 0°h f o r proton-proton c o l l i s i o n s . Taking i n t o 

account t h e p o s s i b i l i t y of f u r t h e r i n t e r a c t i o n s w i t h i n t h e nucleus, t h e 

i n e l a s t i c i t y of p r o t o n - a i r nucleus c o l l i s i o n s , K^, at these energies should 

c e r t a i n l y he no lower t h a n t h i s . : Confirmation t h a t t h i s i s a lower l i m i t comes 

from measurements of the r a t i o of the i n t e r a c t i o n l e n g t h t o the absorption 

l e n g t h of the nuclear cascade. Further evidence, suggesting t h a t i s 

independent of energy i s given by Azimov et al.,(19610° This author suggests t h a t 

t h e mean i n e l a s t i c i t y of p r o t o n - a i r nucleus c o l l i s i o n s has a value of 0'5 ± 

0«07 up t o an energy of 10 TeV. Such an energy independence i s i n accord 

w i t h t h e r e s u l t of " s c a l i n g " as suggested by Feynmann and i s also supported 

by cosmic r a y emulsion work: Abraham et al.,(1967), Gierula and Krzywdzinski 

(1968) ,and Yameda and Koshiba (1967). 

I t i s concluded t h a t t h e re e x i s t s l i t t l e evidence t o suggest a mean 

value f o r of other than approximately 0*5 f o r p r o t o n - a i r nucleus i n t e r a c 

t i o n s . Throughout t h e work r e p o r t e d here a value of 0*5 has been used except 
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where comparison i s made w i t h the models of H i l l a s et a l . , (1971) who uses a 

value of O'hk. 

Accelerator data at lower energies and cosmic ray calorimeter and hadron 

a t t e n u a t i o n l e n g t h measurements at higher energies, i n d i c a t e t h a t the pio n -

a i r nucleus i n e l a s t i c i t y , , l i e s between 0'8 and 1*0. FurtheriRore, a 

value approaching u n i t y i s consistent w i t h the experimental evidence f o r the 

l a c k of lea d i n g pions i n pion-nucleus c o l l i s i o n s . Although the evidence i s 

sparse f o r higher energies, t h e r e are i n d i c a t i o n s t h a t the value of 

remains constant and has a value which i s very nearly 1*0, Such a value i s 

assumed here. 

6 .2.3.4 I n t e r a c t i o n mean f r e e paths 

Accelerator data f o r energies up t o 30 GeV i n d i c a t e t h a t A , the i n t e r a c -
P 

-2 

t i o n mean f r e e path, f o r protons i n a i r , has a value of 80 + 5 g cm . At 

higher energies t h e r e are some i n d i c a t i o n s from cosmic ray experiments t h a t the 

t o t a l i n e l a s t i c cross s e c t i o n f o r proton-nucleus i n t e r a c t i o n s increases, and 

thus t h a t ^ decreases, w i t h energy. Yodh and Pal, (1971),from an anal y s i s 

of hadron spectra at d i f f e r e n t depths i n the atmosphere f i n d the value of t h i s 

cross s e c t i o n t o be 250 mb a t an energy of 100 GeV and 350 mb at 30"1peV. 

Furthermore, an increase i n t h e cross s e c t i o n over t h e energy range 1 GeV t o 

100 GeV i s one explanation given by Kaneko et a l . , ( l 9 7 l ) of a burst spectrum, 

thought t o be produced by s u r v i v i n g protons, a t Chacaltaya. Evidence f o r a 

steady increase i n the cross s e c t i o n above a few hundred GeV has been presented 

by Bolotov et a l . s ( l 9 6 5 ) , Grigorov et al . , ( l 9 6 5 ) and by Akimov (19'69). Against 

t h i s evidence however, Jones et a l . , ( l 9 7 l ) , using a l i q u i d hydrogen t a r g e t , 

spark chambers and an i o n i z a t i o n c a l o r i m e t e r f i n d n othing t o suggest t h a t t h e 

proton-proton cross s e c t i o n i s other than constant over the energy range 100 GeV 

t o 1 TeV. W i t h i n t h i s energy range a constant cross s e c t i o n i s also suggested 

by t h e work of Alakov et a l . ,(1967) A n d r o n i k a s h v i l i et a l . ,(1967) and 
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Bozoki et a l . (1967). 

Above 1 GeV there i s a paucity of data, but i t i s inte r e s t i n g t o consider 

the implications of a cross section increasing with energy. Grieder (1971(c)) 

points out that i f such an increase takes place i t implies an increased over

lapping of the c o l l i d i n g nuclei so that more nucleons should take part i n the 

interaction , Although t h i s would explain an apparent rapid increase i n 

m u l t i p l i c i t y at very high energies, a stronger dependence on the nuclear 

mass than that observed would be expected. 

I t i s concluded that there i s l i t t l e r e l i a b l e evidence, for energies 

above 1 GeV, t o suggest that the value of X i s di f f e r e n t from that found at 
p 
-2 

accelerator energies, and a value of 80 g cm has therefore been used i n 

t h i s model. 

Even less data exists concerning the pion interaction mean free path at 

high energies, but the indications are that no rapid change occurs above 1 GeV» 

Where comparison has been made to the work of Hil l a s et a l . , (1971) a value 
-2 . 

of 100 g cm has been used m t h i s model. Elsewhere, however, a value of 
-2 

120 g cm has been taken. 
6.2.3.5 The energy spectra of secondaries 

For protons of energy 20 - 30 GeV, incident on l i g h t element targets, 

measurements of the C.M.S. energy d i s t r i b u t i o n of the produced pions have 

shown t h i s t o be approximately exponential. I n the laboratory system the 

d i f f e r e n t i a l energy spectrum giving the best f i t t o these experimental 

results i s of the form given by Cocconi, Koester and Perkins (1961): 
L -E/U , -E/T\ 

,f(E)dE = C ~ e + ± e J dE ........... 6.1 
i n which U and T are the mean laboratory system energies of the second

aries i n the forward and backward cones respectively. At cosmic ray energies 

of the order of 10^ GeV there i s some indirect confirmation of t h i s from 

emulsion measurements of the energy of y rays from the decay of TT° mesons 
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produced "by c o l l i s i o n s of cosmic ray primaries (Fowler and Perkins (196*0). 

The manner i n which the values of U,T and the constant C are calculated 

so as to conserve energy once the m u l t i p l i c i t y and i n e l a s t i c i t y of the 

c o l l i s i o n have been decided upon,is similar t o the method used by Hi l l a s et 

a l . (1971), and i s as follows: I n the laboratory system the radiated energy, 

E , can be w r i t t e n : r ' 

r s 's 

where V i s the mean energy of the secondaries i n the centre of symmetry system. 

This system has a Lorentz f a c t o r , y » which i s given by: Y = » • g 

where i s the mass of the primary, and i n the case of a c o l l i d i n g nucleon, 

E i s equal to the primary energy. For the c o l l i s i o n of a pion, of energy E_̂ , 

with a nucleus, the system i s assumed, following Salzman and Salzman (1960), 

t o behave kinematically as though the incident p a r t i c l e i s a "ghost" nucleon 

of energy E = E /'K and that E i s radiated i n the form of pionization. P' P 
Having calculated V from 6,2, U and T may be obtained from the relationships 

U = (V + 3 . C . T T ) Y and T = (V - 3 . C . T T ) Y s s s s 

where 3 g = / l - - ~ and T T 2 = V 2 - VL^.C^ 
sl ys 

i n which m̂  i s the pion rest mass. Integration of 6,1 gives an expression for 

the t o t a l energy radiated i n the laboratory system, namely E^ = C(U + T), i n 

which C = n /2. 
s 

6.2.3.6 Transverse momentum 

The mean transverse momentum, p , of the secondaries from a high energy 

in t e r a c t i o n , although invariant under a Lorentz transformation, i s d i f f i c u l t 

t o study d i r e c t l y , and the data, p a r t i c u l a r l y at high energies, are hot 

abundant. At accelerator energies most experimental data suggest a value 
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for of 0*3 GeV/c for both proton-nucleus and pion-nucleus col l i s i o n s , w h i l s t 

direct cosmic ray experiments indicate a possible gradual increase of p^ t o 

approximately O 5 GeV/c at an energy of 10 GeV (Kazuno (1967)). Nevertheless, 

these data do not exclude the p o s s i b i l i t y of a constant value of p over t h i s 

energy range. Sim i l a r l y , a value of p tending asymptotically t o 0*38 GeV/c 

at higher energies, and ari s i n g as a consequence of "scaling" as suggested by 

Feynmann, cannot be ruled out, although i t seems unlikely i n view of the 

indi r e c t evidence from EAS studies mentioned i n Chapter 1« 

The t h e o r e t i c a l work of Wang (1969), based on a s t a t i s t i c a l i n t e r a c t i o n 

model and c e l l structured nucleons, predicts a value of p which i s energy 

independent over the energy range from a few GeV to 250 GeV, although there i s 

some doubt about, the v a l i d i t y of s t a t i s t i c a l theories at higher energies 

(Gurwitz et a l . ,(1971))• I f other interaction models are considered then i t 

i s interesting to note that Feinberg and Ivanenko (1969) consider t h a t i t i s 

unlik e l y that p remains independent of energy. I n the case of the two 

f i r e b a l l model, fo r example, these authors point out that i f the m u l t i p l i c i t y 

system, then unless the energy per pion increases, the f i r e b a l l s w i l l have 

a Lorentz f a c t o r , and thus a value, of the mean transverse momentum per created 

p a r t i c l e , proportional t o E1*. For the hydrodynamical model, these authors 

suggest that p should vary with energy as I n E,and for the mult i f i r e b a l l 

theory that the mean transverse momentum per f i r e b a l l should vary as Jin E. 

In the absence of more conclusive evidence t o the contrary, a constant 

value of p of 0'k GeV/c has been assumed i n the work reported here. 

With regard t o the d i s t r i b u t i o n of transverse momentum, the so-called 

C.K.P. d i s t r i b u t i o n , due to Cocconi, Koester and Perkins (1961), i s used 

i n the present model. This d i s t r i b u t i o n i s of the form: 

i s f i x e d at n a E 4, say, where E i s the energy radiated i n the laboratory 

In E. 

dp t t f ( p j d p exp t o 
with p o 6.3 
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and is'derived from accelerator data pr i o r t o I96l although, cosmic ray data 

up to an energy of 300 GeV are i n good agreement,(Fowler and Perkins (1964),, 

Recent accelerator work on ^"p multiple pion production §t 2T OeV "by Elbert 

et a l . , (196:8), indicates a d i s t r i b u t i o n of the form: 

H i l l a s (197I) (Haverah Park Int e r n a l Note) finds that the use of 6.3 rather 

than 6.k makes only a neglible difference i n the calculation of muon densities 

at a l l momenta. 

6.2.3.7 Isobars 

I f , as suggested by Peters (1962), nucleon isobars carry away almost the 

whole of the available C.M.S. energy, then the subsequent decay pion carries 

energy which rises l i n e a r l y with primary energy. This i s i n contrast t o the 

less steep r i s e of the energy of pions from the pionization process. As a 

consequence the d i f f e r e n t i a l unassociated Y-ray spectrum and the i n t e g r a l mucn 

spectrum should follow the d i f f e r e n t i a l primary spectrum, whereas they are 

steeper (Fowler and Perkins (196*0). Even i f t h i s i s considered t o be an 

extreme case and i f , i n f a c t , only a r e l a t i v e l y small amount of the available 

energy goes i n t o a baryon resonance, a group of fast decay pions should ex i s t . 

Jones et a l . , (1971) f i n d no evidence f o r such a separate group of mesons i n 

the energy range 200-600 GeV, although a study of the energy spectrum of mesons 

i n the Tien Shan magnet cloud chamber (Azimov et a l . , (196I+)) shows h% of the 

mesons having energies w e l l separated from the main spectrum. 

The study of other phenomena which might indicate isobar production yields 

a s i m i l a r l y c o n f l i c t i n g picture. At Haverah Park, the v a r i a t i o n of muon 

densities with shower size and core distance predicted by three models of H i l l a s 

et a l . , (1971) are i n agreement with the observation of Blake et a l . , 

(1971) and two of these, namely models "K" and " l " , are isobar models, To 

( I ) e x p("S 
dp 

f ( P + H P with p 6.4 
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give a muon number agreeing with experiment, however, model "K" requires a 

primary mass greater than one, and model " i " , although giving a satisfactory 

muon number f o r a proton primary, predicts a Cerenkov response structure 

function which i s too steep. Elsewhere, Tonwar and Sreekantan (1971) f i n d that 

"isobar" models, as opposed t o " f i r e b a l l " models, predict EAS hadron time 

spectra i n better agreement with experimental observations at Ootacamund. The 

K/TT r a t i o measurements of Koshiba ( 19s67) at a primary energy of 10 GeV also 

support an increased isobar production cross section. 

Emulsion data i n the energy range 100 GeV t o 10 TeV show a slower increase 

i n anisotropy than would be expected i f isobar production of pions were 

important. I f t h i s i s taken together with the other evidence the inference 

seems t o be against any s i g n i f i c a n t contribution from isobars i n the context 

of muons i n EAS , and none has been considered here. 

6.3 Model Results 

6.3.1 Comparison of the 1969 and 1971 models 

The mean primary energy of the showers on which measurements were made 

i n the Mkl experiment has been assessed by Andrews et al.,(1969 (a)) as 
17 

1*7 x 10 eV on the basis of t o t a l energy loss measurements. Comparison of 

the observed muon densities at 300 m, obtained by Earnshaw (1968), with 

those predicted by the 1969 model, as described at the Budapest Conference, 

f o r a primary proton and n " K E **, suggests a primary energy of 7-8 x lO^eV. 
s P 

When the dynamics of the interaction are modified as described i n section 
6.2.3.2 and the pion mean free path and i n e l a s t i c i t y of the proton-air nucleus 

—2 
co l l i s i o n s taken as 100 g cm and 0-hh respectively, t h i s discrepancy i s 

reduced. The primary energy then required i s 6*3 x lO^eV. For similar 

values of A and K the 1971 model predicts a primary energy s l i g h t l y lower 
ir sr 

• 17 
than t h i s , namely 5*3 x 10 'eV. I t i s of interest t o note that the s e n s i t i v i t y 
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t o changes i n the values of \ and K i s such that a similar value f o r primary 
P P 

-2 
energy i s obtained i f the preferred values of 120 g cm and 0*5 respectively 

are used. 

Table 6»1 shows the densities of muons having energies greater than 

1 GeV for d i f f e r e n t values of piort mean free path and proton-air nucleus 

i n e l a s t i c i t y f o r the 1969 and 1971 models. 

Figure 6.1 shows the i n t e g r a l spectra predicted by the two models at a 

core distance of 300 m. When allowance is made f o r the small effect due t o 

the difference in. zenith angles for the two models i t may be seen that there 

is good agreement at a l l momenta. 
TABLE 6.1 

The predicted density of muons, Ay , of energy greater than 
1 GeV f a l l i n g at a core distance of 300 m for a primary 

energy of 2 x 10!7 eV 

Model A (,gm cm ) K P Au (m - 2) 

1969 100 0-Ml 0-27 
120 0-hk 0*25 
120 0-5 0^23 

1971 100 • Q'M 0-3 

120 0'kk 0«27 
120 0*5. 0-3 

6.3.2 Comparison with other models of jjj&j 

P artly on the basis of a recent study by the Nottingham University 

group of the v a r i a t i o n of muon densities with shower size and core distance 

(Blake et a l . , ( l 9 7 l ) ) and p a r t l y on the basis of a comparison of the 
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p r e d i c t e d and observed l a t e r a l Cerenkov response f u n c t i o n , H i l l a s e t a l . , 1971» 

suggest t h a t t h e i r model , ! E" w i t h a p r o t o n p r imary g ives t h e best agreement 

w i t h obse rva t ion at Haverah Park. This model i s s i m i l a r t o the 1971 model 

i n t h a t bo th i n v o l v e s tep-by-s tep procedures , have a charged p a r t i c l e 

m u l t i p l i c i t y which f o l l o w s a ( K . E ^ ) 4 f o r m , have "normal" C.K.P. d i s t r i b u t i o n s 

o f secondary energies and t r ansve r se momentum, and n e i t h e r i nc lude an i s o b a r . 

The i n t e g r a l momentum spec t ra p r e d i c t e d by model "E ! I and t h e 1971 model 

17 

f o r a core d i s t ance of 300 m and f o r a p r o t o n p r imary o f energy 2 x 10 eV 

are shown i n F i g u r e 6.2 •• I t can be seen t h a t i n s o f a r as t h e shapes are 

concerned t h e r e i s good agreement, but t h a t t h e r e i s a discrepancy between 

the muon d e n s i t i e s a t 1 GeV/c. F igu re 6.3 shows t h e l a t e r a l d i s t r i b u t i o n o f 

muons hav ing energy g rea te r t h a n 1 GeV p r e d i c t e d by the two models. I t i s 

apparent t h a t t h e f a c t o r by which t h e 1971 model d e n s i t i e s d i f f e r f r o m those 

o f model "E" i s s ens ib ly constant f o r a l l core d i s t ances . The discrepancy i n 

muon d e n s i t i e s i s a l so r e f l e c t e d i n t h e v a r i a t i o n o f muon number w i t h 

atmospheric depth p r e d i c t e d by t h e two models shown i n F igure 6.k. I t may 

be seen t h a t the number o f muons at maximum i s g rea te r i n the case o f model"F? 

t han f o r t h e 1971 model ,* 

The mean muon number per shower, IT ( > E ) , having energy above a p a r t i c u l a r 

t h r e s h o l d energy, p r e d i c t e d by model "E" and t h e 1971 model , i s shown i n 

F igure 6.5 t oge the r w i t h ( i ) t h e r e l a t i o n s h i p due t o Greisen (1960) ob ta ined 

by equat ing t h e f requency o f showers as a f u n c t i o n o f mean muon number t o 

t h e f requency of EAS at sea l e v e l w i t h I charged p a r t i c l e s , namely 

* Recent work ( D i x o n , H . E . , and T u r v e r , K . E . , P r i v a t e Communication) u s ing a 

h y b r i d model i n which important processes i n t h e shower development are 

a l lowed t o f l u c t u a t e has s u b s t a n t i a l l y removed t h i s d iscrepancy. 

0-75 
N.(>E.N) 1*7 x 10 
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and ( i i ) t h e mean muon number as a f u n c t i o n o f shower p r imary energy, E , 
P 

d e r i v e d by de Beer et a l . , ( l968) , assuming a p r o t o n p r i m a r y . 

Because o f t h e u n c e r t a i n t y i n t h e r e l a t i o n s h i p between shower s i ze and 

p r imary energy, an accurate comparison between the Greisen r e s u l t and t h e 

model p r e d i c t i o n s i s d i f f i c u l t . I n terms o f shape, however, t h e curves 

r ep re sen t i ng t h e r e s u l t s o f a l l t h e models are in .good agreement w i t h t h e 

Greisen r e l a t i o n s h i p above 10 GeV. 

6.3-3 Comparison o f t h e Mkl r e s u l t s and t h e model p r e d i c t i o n s 

The i n t e g r a l momentum spec t ra f o r d i f f e r e n t core d i s tances obta ined f rom 

t h e Mkl spectrograph and p r e d i c t e d b y . t h e 1971 model are shown i n Figures 

6.6, 6. 7 and 6.8. The p r imary energy i n each case was t h a t r e q u i r e d t o g ive 

p r e d i c t e d d e n s i t i e s i n agreement w i t h observed muon d e n s i t i e s a t 1 GeV/c and 

i s obta ined by assuming t h a t t h e d e n s i t i e s ob ta ined f o r a p r imary p r o t o n of 

energy. 1 0 ^ eV may be scaled as E ^ 1 , 0 . .. I t may be seen t h a t ( i ) f o r 

increas ing , core d i s tance t h e r e q u i r e d mean p r imary energy a lso inc reases , and 

( i i ) f o r those groups o f showers having mean core dis tances g rea te r t h a n 200 m 

t h e p r e d i c t e d momentum spec t ra beyond a momentum o f .approximately 10 GeV/e 

are steeper t h a n those observed. . S i m i l a r d iscrepancies were r e p o r t e d by 

O r f o r d and Turver (1969), and i t was suggested t h a t agreement w i t h t h e 

observed d e n s i t i e s could on ly be obta ined f o r a p r imary o f acceptable energy 

i f i t was heavier t h a n a p r o t o n . S i m i l a r l y , agreement on the bas i s o f 

s p e c t r a l shapes could o n l y be brought about by suggest ing t h a t , f o r a p r o t o n 

p r i m a r y , t h e energy degreda t ion should be grea ter than t h a t produced by 
1 

a m u l t i p l i c i t y r i s i n g as (K.E ) '* . 
P 

6.h Conclusions and f u t u r e work 

The p r imary aim of the work descr ibed i n t h i s chapter was t o i n v e s t i g a t e 

t h e v a l i d i t y o f the a n a l y t i c a l model o f O r f o r d and Turver (1969). I t i s 
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shown i n Sec t ion 6.3.1 t h a t i f s i m i l a r assumptions are made concerning t h e 
nuclear p h y s i c s , then t e r m i n a t i o n o f t h e method o f successive c o l l i s i o n s at 
a he igh t o f 10 km and t h e use o f f i x e d i n t e r a c t i o n he igh t s t h e r e a f t e r , g ives 
muon d e n s i t i e s , at a l l momenta, s i m i l a r t o those obta ined by c o n t i n u i n g the 
method o f successive c o l l i s i o n s th roughout the development o f t h e shower. 
I n t h e 1969 model,as descr ibed at t he Budapest Conference, t h i s s i m p l i f i c a t i o n 
was made w i t h t h e o b j e c t o f r educ ing t h e computing t i m e , but i t has been 
found t h a t , by s u i t a b l e choice o f t h e computing method (see Appendix C ) , 
t h e computat ion t ime o f the 1971 model i s comparable w i t h t h a t o f t h e 1969 
model. 

Comparison of t h e two models has been made assuming t h a t the p r imary 

p a r t i c l e i s a p r o t o n and on the bas is o f r e v i s e d nuclear phys ics data and a 

.more cons i s t en t method o f t r e a t i n g t h e energy d i s t r i b u t i o n among t h e crea ted 

p a r t i c l e s . Under these c o n d i t i o n s i t i s found t h a t bo th t h e 1969 and 1971 

models g i v e muon d e n s i t i e s f o r t h e mean p r imary energy o f showers de tec ted 

at Haverah Park lower than observed, bu t i n b e t t e r agreement than those 

p r e d i c t e d by t h e Budapest v e r s i o n o f t h e I969 model. S i m i l a r l y , bo th t h e 

1971 model and t h e r e v i s e d 1969 model , i n common w i t h H i l l a s ' model " E " , 

g ive lower muon i n t e n s i t i e s at h i g h momenta and core dis tances o f 300 m and 

beyond, than observed. I n connect ion w i t h t h e problem o f t h e observed excess 

o f h i g h energy momentum muons at l a r g e core d is tances over p r e d i c t i o n s , 

recent s i m u l a t i o n s by Earnshaw, J .C, , and T u r v e r , K . E . , ( P r i v a t e Communication) 

u s ing a Monte-Carlo t e c h n i q u e , i n d i c a t e a mean l a t e r a l d i s t r i b u t i o n f o r a 

15 

pr imary energy o f 10 ' eV, which i s somewhat f l a t t e r t h a n the scaled 

p r e d i c t i o n s o f t h e 1971 model , (see F igu re 6.9). This serves t o h i g h l i g h t 

t h e e f f e c t o f f l u c t u a t i o n s on the l a t e r a l d i s t r i b u t i o n f u n c t i o n , as p o i n t e d 

out by de Beer et al.,(1967), and t o show t h a t a study based s o l e l y upon 

t h e r e s u l t s o f a n a l y t i c a l models may be i n s u f f i c i e n t t o enable any conclusions 

t o be reached r ega rd ing the v a l i d i t y o f model parameters used h e r e . 
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A complete Monte-Carlo t y p e model at a p r imary energy o f 10 eV makes 

excessive demands i n s o f a r as computing t i m e i s concerned, so t h a t a h y b r i d 

model i s envisaged i n which p a r t i c u l a r chosen parameters are v a r i e d . H i l l a s 

(1971) p o i n t s out t h a t the development o f t h e shower i s most s e n s i t i v e t o 

f l u c t u a t i o n s i n t h e d i s t ance t r a v e l l e d between c o l l i s i o n s of the most 

energe t ic p a r t i c l e i n the nucleon cascade. Recent work by D i x o n , H.E. , 

and T u r v e r , K . E . , ( P r i v a t e Communication) has shown t h a t t h i s f r e e pa th may 

be f l u c t u a t e d , t o g e t h e r w i t h a smal l , number o f o ther quanti t ies such as 

i n e l a s t i c i t y , m u l t i p l i c i t y , and decay p r o b a b i l i t i e s , w i t h o u t a s i g n i f i c a n t 

increase i n t h e computing t i m e . 
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Chapter 7 
Conclusions and f u t u r e work 

7.1 The Mkl experiment 

7-1-.1 General checks on t h e data 

I n p a r t , t h e work, r e p o r t e d i n t h i s t h e s i s has been concerned w i t h a 

r e p e t i t i o n , i n t h e l i g h t o f an increased number o f events , o f checks on t h e 

Mkl spectrograph data o r i g i n a l l y r e p o r t e d by bo th Earnshaw (1968) and O r f o r d 

(1968). From t h i s s tandpoin t o f improved s t a t i s t i c s i t i s concluded t h a t : 

( i ) The expected dependence o f the muon momentum spectrum on shower-

z e n i t h angle i s con f i rmed , 

( i i ) For muons f a l l i n g i n t h e core d i s tance i n t e r v a l 200 m t o 600 m t h e r e 

i s no apparent v a r i a t i o n i n t h e momentum spect ra w i t h p r imary energy 

i n t h e range cons idered , namely: 1 0 e v - 10^ eVo 

( i i i ) The charge r a t i o o f muons f a l l i n g between 200 m and 600 m f r o m t h e 

shower core and de tec ted by t h e Mkl spectrograph i s c lose t o u n i t y a t 

a l l momenta up t o t h e h ighes t de tec tab le by the i n s t r u m e n t „ That t h i s 

i s so f o r those h i g h momentum muons o r i g i n a t i n g e a r l y i n the shower 

development lends l i t t l e support t o t h e p o s s i b i l i t y o f charge asymmetric 

muon p r o d u c t i o n at h i g h momenta. 

Turn ing now t o consider checks f o r biasses i n t h e d a t a , not hav ing been 

undertaken p r e v i o u s l y , t h e work r e p o r t e d here has shown t h a t : 

(a) The e f f e c t on t h e momentum spect ra o f inaccuracy i n core l o c a t i o n i s sma l l 

f o r u n c e r t a i n t i e s o f l e ss t h a n 30 m-

(b) I n comparison w i t h t h e e f f e c t o f core l o c a t i o n e r r o r s , t h e degree t o 

which t h e e a r t h ' s magnetic f i e l d d i s t o r t s the l a t e r a l d i s t r i b u t i o n o f muons i s 

n e g l i g i b l e f o r v e r t i c a l showers - I t i s impor tant t o no t e , however, t h a t f o r 

z e n i t h angles g rea te r t h a n 40° t h e geomagnetic d i s t o r t i o n o f t h e l a t e r a l d i s t r i 

b u t i o n increases r a p i d l y , 

(c ) A comparison o f t h e d i s t r i b u t i o n o f h i g h momentum muons i n core d i s tance 
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w i t h t h e corresponding d i s t r i b u t i o n f o r a l l muons o f momentum grea ter t h a n 
1 GeV/c shows t h a t t h e d i s t r i b u t i o n s are r e l a t e d i n a manner cons i s t en t w i t h 
t h e absence o f p o s s i b l e s e l e c t i o n b iasses . I t had been supposed t h a t such 
biasses cou ld have stemmed f r o m t h e d i f f i c u l t i e s i n s e l e c t i n g h i g h momentum 
muons i n t h e dense events found at s m a l l core d i s t a n c e s . 

T.1.2 'The d e r i v e d momentum, spec t ra 

No twi ths t and ing an increase i n t h e number o f events and improved EAS data 

t h e f i n a l momentum spec t ra ob ta ined f o r core dis tances grea te r t h a n 300 m 

p e r s i s t e n t l y show an excess o f h igh momentum, muons (> 50 GeV/c) , over accepted 

model p r e d i c t i o n s f o r a shower i n i t i a t e d by a p r o t o n . I n a d d i t i o n t o t h e 

des ign and o p e r a t i o n o f a spectrograph having increased momentum r e s o l u t i o n , 

o ther work which has gained Impetus as a r e s u l t o f t h e above mentioned d i s c r e p 

ancy has been concerned w i t h : (a ) examinat ion of the v a l i d i t y o f t h e model 

o f O r f o r d and Turver (1969) and (b) a t t empt ing t o p rov ide an independent e x p e r i 

mental means o f d i f f e r e n t i a . t i . n g between pos s ib l e model v a r i a n t s by measurements 

o f t h e he igh t s o f o r i g i n o f muons0 

7«2 Model c a l c u l a t i o n s 

The model descr ibed i n t h i s t h e s i s uses t h e method o f successive c o l l i s i o n s 

cont inued t o sea l e v e l and gives r e s u l t s e s s e n t i a l l y s i m i l a r , as regards shapes, 

t o t h e model o f O r f o r d and Turver (1969). The p r e d i c t e d d e n s i t i e s are s l i g h t l y 

i n excess o f those g iven by t h e l a t t e r authors but i n b e t t e r agreement w i t h 

t h e model "E" o f H i l i a s . I n t h i s context i t i s i n t e r e s t i n g t o note t h e 

r e s u l t s o f recent work by Dixon and Turver ( P r i v a t e communicat ion) , i n which 

f l u c t u a t i o n s o f a l i m i t e d number o f v a r i a b l e s are i n t roduced i n t o the model. 

Sens ib ly complete agreement w i t h model "E" i s produced. Such independent 

agreement can on ly decrease t h e l i k e l i h o o d o f t h e exis tence o f gross e r ro r s i n 

t h e model framework - Any conclusions r ega rd ing t h e v a l i d i t y o f t h e nuclear 

p h y s i c s , however, I s precluded by t h e s i m i l a r i t y between a l l t h e models i n 

t h i s r e s p e c t „ 

http://ia.ti.ng
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7» 3 The he ight o f o r i g i n o f muons 

The e f f e c t o f t h e e a r t h ' s magnetic f i e l d on the charge r a t i o o f muons i n 

EAS has been i n v e s t i g a t e d i n d e t a i l s For momenta up t o t h e h ighes t de tec tab le 

by t h e Mkl spectrograph i t i s concluded t h a t t h e d i f f e r e n c e between the charge 

r a t i o of muons, of a g iven momentum, i n a shower developing e a r l y and i n a 

shower deve lop ing more s l o w l y , i s m i n i m a l . The e a r l i e r development i n t h e 

former i s compensated f o r , i n i t s e f f e c t on the charge r a t i o , by a l a t e r a l 

d i s t r i b u t i o n f u n c t i o n which i s f l a t t e r t h a n f o r t h e l a t e r deve lop ing shower« 

A m o r e « p r a m i s i n g technique f o r measuring he igh t s o f o r i g i n i s t h e 

measurement o f t h e angular d e v i a t i o n o f muons f r o m t h e shower core as descr ibed 

by Maehin (1972) and o u t l i n e d i n Chapter 5« 

7•h The Mk2 spectrograph 

Using t h e d e f l e c t i o n o f EAS muons pass ing t h r o u g h t h e c e n t r a l h o l e i n t h e 

magnet, t h e r . m . s . angular u n c e r t a i n t y i n t h e measurement o f d e f l e c t i o n us ing 

the Mk2 instrument has been assessed as 0«l6 _+ 0.01°. I t i s concluded t h a t 

t h i s i s l a r g e r t h a n t h e t a r g e t r . m . s . angular u n c e r t a i n t y f o r two p o s s i b l e 

reasons: 

( i ) t h e approximate na ture o f t h e theo ry of" t r a c k l o c a t i o n i n a f l a s h tube 

a r r a y used i n t h e des ign s tudy , and 

( i i ) t h e use o f twen ty l aye r s o f sma l l diameter f l a s h tubes i n each arm has 

reduced t h e mean c o r r i d o r w i d t h , as d e f i n e d i n Chapter 2 , t o such an 

extent t h a t t h e u n c e r t a i n t y i n tube l o c a t i o n i s no longer n e g l i g i b l e 

by comparison.-

Dur ing a p e r i o d o f n ine months o p e r a t i o n , ^93 muons i n EAS f a l l i n g at 

core d is tances between 150 m and 350 m have been de tec ted and t h e i r d e f l e c t i o n s 

i n t h e spectrograph magnet measured,, Al though t h e r e i s no s i g n i f i c a n t d i s 

p a r i t y between t h i s spectrum o f angular d e f l e c t i o n s and t h a t p r e d i c t e d on t h e 

basis o f t h e momentum spectrum de r ived f r o m t h e Mkl da ta , t h e number o f events 

i s not ye t s u f f i c i e n t t o a l l ow o f any f i r m v e r d i c t . 
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7»5 Future work 

I n due course a s t a t i s t i c a l l y accurate va lue f o r t h e d e n s i t y o f muons of 

momentum grea te r t h a n 100 GeV/c f a l l i n g i n a core d i s t ance i n t e r v a l o f 250 in 

t o 350 m w i l l he a v a i l a b l e f rom t h e Mk2 spectrograph data-, The importance o f 

such a measurement i s considerable i n view o f t h e present d i f f i c u l t y i n 

r e c o n c i l i n g t h e va lue ob ta ined f r o m t h e Mkl experiment w i t h t h e p r e d i c t i o n s 

o f r i g o r o u s l y t e s t e d models i n which a conven t iona l i n t e r a c t i o n model i s used 

and t h e p r imary i s a p r o t o n . 

The p o s s i b i l i t y o f an independent t e s t o f t h e s u i t a b i l i t y o f the l a s t 

mentioned t y p e o f model , u s ing other de tec t ab le f e a t u r e s o f EAS, seems remote 

i n v iew o f recen t work by Dixon and Turver ( P r i v a t e communica t ion)» This work 

has shown t h a t , i n g e n e r a l , t h e a n a l y t i c a l or "averaged" Monte-Carlo type 

o f models p r e d i c t o n l y r e l a t i v e l y smal l changes i n t h e m a j o r i t y o f t h e measur

able c h a r a c t e r i s t i c s o f showers, f o r l a r g e changes i n t h e i npu t parameters 

o f i n t e r e s t such as p r imary mass or m u l t i p l i c i t y . I n the l i g h t o f t h i s 

d i f f i c u l t y , a method o f seemingly grea ter p o t e n t i a l could, be t h e use o f a 

Monte-Car lo , or M o n t e - C a r l o / a n a l y t i c a l h y b r i d model t o p r e d i c t , f o r a p a r t i c u l a r 

change i n t h e pr imary mass or other f e a t u r e o f t h e i n t e r a c t i o n , t h e type and 

f requency o f t h e f l u c t u a t i o n s i n those c h a r a c t e r i s t i c s o f showers most 

e a s i l y measured at Haverah Park. Simultaneous measurement o f t h e r a t e at 

which a c e r t a i n s i z e d f l u c t u a t i o n occurs i n a l l t h e measured q u a n t i t i e s and 

subsequent comparison w i t h p r e d i c t i o n s appears e s p e c i a l l y a t t r a c t i v e f o r t h e 

Haverah Park a r r a y because o f t h e near independence o f the method o f measuring 

the shower p r imary energy o f changes i n t h e p r imary mass. C h a r a c t e r i s t i c s 

which might be s imul taneous ly measured i n t h i s way are r a d i o s i g n a l , atmospheric 

cerenkov l i g h t , muon he igh t o f o r i g i n and muon d e n s i t y f o r a g iven momentum. 

I n s o f a r as a muon spectrograph might be concerned, u l t r a h i g h momentum 

r e s o l u t i o n would n o t , nece s sa r i l y be needed; t h e requirement would be f o r an 



increase i n t h e data c o l l e c t i o n r a t e and hence an increase i n magnet 
area. 
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Appendix A 

The Geomagnetic D e f l e c t i o n of Muons i n EAS 

I t i s assumed t h a t at pr o d u c t i o n a muon has a v e l o c i t y V along t h e shower 
-> 

a x i s . The vector V may be w r i t t e n as f o l l o w s : (see F i g u r e A . l ) 

> 

V = - V (cosBe + cosYn + cos&u) 

= - V (s i n 8. sinffie + sin8. cos<f>n + cosSii) 

where V i s t h e absolute magnitude of V. 

Representing t h e earth's magnetic f i e l d by the v e c t o r H, we may w r i t e : 

H = H (cos i n - s i n i u) 

where H i s t h e absolute magnitude of H and i i s t h e angle of d i p . 

The u n i t v e c t o r R i n t h e d i r e c t i o n of the f o r c e a c t i n g on t h e muon at 

the p o i n t of p r o d u c t i o n , due t o i t s motion i n the magnetic f i e l d , i s given 

R = V x H 

s i n a !~ 

VoH., s i n a 

[sine. coscj>. s i n i + cos 0. cos x)e - ( s i n 6. sin<£>. s i n i ) n 

- ( s i n 9 . sin4>. cos i ) u 

I f t h e o r i g i n a l coordinate system i s r o t a t e d by an angle i about t h e 

u n i t v e c t o r e t o o b t a i n t h e primed coordinate system, t h e n , assuming t h a t 

energy loss i s n e g l i g i b l e , t h e path of the muon w i l l be a h e l i x along t h e 

surface of a c y l i n d e r of ra d i u s R, the axis of which l i e s along n', (see 

Figure A. 2)'. Ris given by the expression R = p sina/H.e, where p i s t h e 

momentum of t h e muon and e i s t h e e l e c t r o n i c charge. We may now w r i t e : 

i f = R R ~ R 
s i n a L 

'sin % cos^o s i n i + cos9, cos i ) e - (sinQ. sin 1! 1, s i n i ) n 

- (sinQ. sin<j>. cos i ) u 

Now, i f t h e p o i n t of produc t i o n i s such t h a t R makes an angle 5 w i t h u' 

(see F i g u r e A„3) an&thereafter t h e p o s i t i o n vector of the muon ,T',rotates 
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about n ! w i t h an angular v e l o c i t y aj,then at time t a f t e r p r o d u c t i o n 

vector T' may be w r i t t e n : 

T' = - R s i n ( 6 + cot)e + V.t.cosa n' + R.cos( 6 + 

Transforming t o t h e unprimed system we o b t a i n : 

T = - R. s i n ( ^ + ^ t ) e + (R. c o s ( 5 + <*>fc ). s i n i + V.t. cosa. cos 

+ (R. cos (6 + a r t ) . cos i - V.t. cos a. s i n i) u . 

Now = 1 + T 
_ sin0 . coscb. s i n i + cos8. cos i • /* . ..\ = R : • - sm(5 + wt) L s m a 
. t~, i / 1 , i \ . . sin8 . sir4 <> s i n i-. „ , + R(cosl6 + o j t } . s i n l - — !+ V.t. cosa. I ' s i n a 
. L. i , r. , , \ . sin8 . sin<f>. cos i . „ , + R(cos <S + U ) t ) . COS 1 r — ) - V.t. cosoi. I sma 

Also, i f the height of p r o d u c t i o n i s Z then we may w r i t e : 

the 

I j n 

cos i n 

s i n i. u 

= Z. tan6. sin<j> e + Z. tane. cos<}> n + Z u 

Thus : 

P = Q + S 

= Rj(sin8. cos<j>. s i n i + cos8. cos i - s i n (<$ + w t ) ) + Z.tanS. sin<j> e 
s i n oc J 

R (cos( 6 + o)t), s i n i - sin8. sin<j>. s i n i ) + V . t . cosa. cos i 
s i n a 

+ Z.tan©. cos^ 

R (cos (<$ + a t ) , cos i - sin8. sin<)>. cos i ) - V.t. cosa, s i n i + Z f u 
s i n a 

The muon passes through the plane c o n t a i n i n g £. and e when the u component 
••r 

of P i s zero, t h a t i s : 

R cos(6 + art), cos i - s i n 6 . sin<j>. cos i - V.t, cosa. s i n i + Z = 0. 
s i n a 

This equation may be solved by an i t e r a t i v e method f o r t i f <5 and ^ are 

known. <5 may be found from t h e equation which gives the d i r e c t i o n cosine of 

R w i t h respect t o e namely: 
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c o s ( 6 _ 7T/2) = s i n S = s i n e , cos'!', s i n i _ + co S6. cos i 
s i n a 

Taking V t o be equal t o t h e speed of l i g h t then to may be found from: 

V. sincx to -
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Appendix B 

The mean momentum of muons between p r o d u c t i o n and observation 

- . . -2 The r e l a t i o n s h i p between atmospheric depth, t , i n gm cm and t h e height 

above sea l e v e l , Z, i n km, of an isothermal atmosphere i s assumed as , 

t = t Q exp - Z/Zq (Wolfendale (1964), where Z i s t h e "scale h e i g h t " of thr 

atmosphere and t t h e t o t a l atmospheric depth. 

For a muon observed w i t h a momentum p^ GeV/c produced at an a l t i t u d e Z km 

above sea l e v e l i n an a i r shower of z e n i t h angle 9, t h e mean momentum between 

pr o d u c t i o n and observation used i n t h e work re p o r t e d here i s defined as: 

p = p + —^— t o ( l - exp - Z/Z } 
° 2 cos9 ° 

where £ i s t h e mean s p e c i f i c loss i n momentum due t o i o n i s a t i o n i n GeV/c/gm em 
1 . -2 ~2 

Taking e as 2 • 2 x 10 ~" GeV/c/gm cm. , t as 1030 gm cm and Zq as 7.5 km 

we o b t a i n 
P - P n + ~ (1 - exp (- Z/7.5)) 

2 cos6 
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Appendix C 

The method o f successive c o l l i s i o n s used 
i n t h e model 

Let t h e p r o b a b i l i t y t h a t a proton of energy Ej w i l l i n t e r a c t i n t h e 

i n t e r v a l dx at a depth i n t h e atmosphere x be P(E^,x)dx. The p r o b a b i l i t y , 

N(E^, x, E^) dE^ dx of a pi o n being produced as a r e s u l t o f t h i s i n t e r a c t i o n 

w i t h an energy i n t h e range E t o E + dE i s then 
TT TT TT 

N(E., x, E )dE dx = f ( E , E.). P(E., x ) . n (E.) dEL dx .....,.,,,,,0,1 
X 1 1 7 1 n X X S X fT 

where n (E.) i s , t h e m u l t i p l i c i t y of secondary pions i n a nucleon-nucleus 
S X 

c o l l i s i o n o f primary energy and ^(E^, E^)dE i s t h e d i f f e r e n t i a l energy 

spectrum of t h e pions produced. 

The t o t a l p r o b a b i l i t y , p-^E^, x) AE^Ax, of a pi o n having energy i n t h e 

range E^ t o E^ + AE^ being produced i n depth i n t e r v a l x t o x + Ax, i n t h i s 

f i r s t generation i s : 

p. (E , x ) AE_Ax = 2 N(E. , x, E ), AE AX ...... „.C«.2 
-T- *T I1 x 71 TT i 

This may be represented by a m a t r i x of p r o b a b i l i t i e s f o r d i s c r e t e values of 

E^ and x, say E ^ and x^., provided i n t e r v a l s o f E^ and x are chosen which 

are small such t h a t a l l f u n c t i o n s are s e n s i b l y constant throughout t h e i n t e r v a l . 

Each element o f t h i s m a t r i x represents the p r o b a b i l i t y d e f i n ed i n Equation 

C .2 and i s represented by p ^ . 

I f n (E„, ) now r e f e r s t o pion-nucl#us c o l l i s i o n s and we define t h e s T T K 

f u n c t i o n s P-, , , as t h e p r o b a b i l i t y t h a t no decay w i l l occur and 

p. , , as t h e p r o b a b i l i t y of. an i n t e r a c t i o n o c c u r r i n g f o r a p i o n o f l nt K. . •, 

energy E ^ t r a v e l l i n g from a depth x̂ . t o a new depth xy, we may w r i t e f o r 

t h e p r o b a b i l i t y , p ,-=..» of t h e production of a second generation pion cf 
d K J 

energy E * at a depth x..» by a pi o n of t h e f i r s t generation i n t e r a c t i n g w i t h 
TTK. J 

a nuc 1 e-us . 
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P 2 £ P,. , p, . . p. . f'(EL. - , EL. ) n .(EL. ) 
2k j k .j -1 d e c i n t k j j -k "k s "k 

Where k. *~* » •» p o o m o o k 
max 

and j = l , 2 , ^ o o <-. „ j - 1 

S i m i l a r l y f o r t h e t h i r d generation 

3 k j , 2 kj *aec k j j r i n t k j j TTk TTk s ^k k j 

where k = 1 , 2, « » o <, *» k - 2 
max 

and. j 1 , 9, , »« „ *. j - 2 ° * °max 

Generally f o r t h e n t h generation 

P = 2 £ p, . p , p. . , ...«> f (EL, EL, ) n (EL, ) . . . . , .C n k j , , ( n - l ) k j ^dec k j j r m t k j j ^k ' ^k s ^k 

where = 1 , 2, ^ < , „» (k * .1 - n) 
' max 

and if = 1 9 2, .<,- . o 8 ( j m + 1 - n) 

I t w i l l be apparent • that the matrices p. , p. . , f and n need not he computed 
ciec in"c s 

afresh f o r each generation so t h a t the c a l c u l a t i o n o f the. p i o n height-energy 

m a t r i x f o r a s u f f i c i e n t number o f generations to. f o l l o w t h e shower development 

t o sea-level i s s i m p l i f i e d and computing time saved.' I n t h e development.to sea 

l e v e l the p r o b a b i l i t y of more than t h i r t e e n generations i s small and i n t h e 

a n a l y t i c a l model described i n t h i s t h e s i s . p n „ ., . was taken as the h e i g h t -
13 k j , 

energy d i s t r i b u t i o n of pions from which t h e p r o b a b i l i t y d i s t r i b u t i o n i n 

energy, height of o r i g i n and d i r e c t i o n o f rations were de r i v e d . 
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