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Abstract An off-shell generalization of the Abbott–Deser–
Tekin (ADT) conserved charge was recently proposed by
Kim et al. They achieved this by introducing off-shell
Noether currents and potentials. In this paper, we construct
the crucial off-shell Noether current by the variation of the
Bianchi identity for the expression of EOM, with the help of
the property of Killing vector. Our Noether current, which
contains an additional term that is just one half of the Lie
derivative of a surface term with respect to the Killing vec-
tor, takes a different form in comparison with the one in their
work. Then we employ the generalized formulation to calcu-
late the quasi-local conserved charges for the most general
charged spherically symmetric and the dyonic rotating black
holes with AdS asymptotics in four-dimensional conformal
Weyl gravity, as well as the charged spherically symmetric
black holes in arbitrary dimensional Einstein–Gauss–Bonnet
gravity coupled to Maxwell or nonlinear electrodynamics in
AdS spacetime. Our results confirm those obtained through
other methods in the literature.

1 Introduction

Modified gravity theories that involves higher curvature
terms in the Lagrangian have been extensively investigated,
generally motivated by the intriguing feature that these higher
curvature terms render the gravity theories perturbatively
renormalizable in the quantization process [1]. A very natu-
ral higher-order derivative modification of general relativity
is the fourth-order theories of gravitation, which includes the
well-known theories of Weyl gravity and Einstein–Gauss–
Bonnet gravity. To the former, its Lagrangian contains the
square of the Weyl tensor, so it is invariant under the local
conformal transformation of the metric. The Lagrangian for

a e-mail: pengjjph@163.com

Einstein–Gauss–Bonnet gravity includes up to the term with
quadratic Riemann tensor, which can be thought of as the
higher curvature correction to general relativity in the low
energy limit of heterotic string theory. Due to the salient prop-
erties of the two gravity theories, together with the AdS/CFT
correspondence, a lot of efforts have been made in seek-
ing asymptotically AdS black hole solutions in Weyl grav-
ity [2,3] and Einstein–Gauss–Bonnet gravity [4–8], to pro-
vide various interesting backgrounds of spacetime. Generally
speaking, after obtaining a black hole solution, an important
task is to identify its conserved charges, such as the energy
and the angular momentum.

Till now several approaches have been proposed to com-
pute the conserved charges of asymptotically AdS solu-
tions, such as the so-called counterterm subtraction approach
[9,10] generalized from the Brown–York method [11], the
Ashtekar–Magnon–Das formalism [12,13], the covariant
phase space approach [14,15], the method [16–19] devel-
oped by Barnich et al. and the Abbott–Deser–Tekin (ADT)
formalism [20–23]. Particularly, the ADT formalism, which
is defined by the Noether potential got through the linearized
perturbation for the expression of EOM in a fixed background
of AdS spacetime, has made some progress on computation
scheme for conserved charges of asymptotically AdS black
holes in fourth-order gravity theories. Since the background
metric is a vacuum solution of the equation of motion (EOM),
the Noether potential in ADT formalism is on-shell. Recently,
in Ref. [24], Kim, Kulkarni and Yi proposed a quasi-local for-
mulation of conserved charges by generalizing the on-shell
Noether potential in the ADT formalism to off-shell level, as
well as Refs. [16–19] to incorporate a single parameter path
in the space of solutions into their definition. These modifi-
cations make it more operable to evaluate the Noether poten-
tial in terms of the corresponding current. The generalized
formalism for the quasi-local conserved charges provides a
more efficient way to compute the ADT conserved charges
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for covariant theories of gravity, and it has been extended to
the theory of gravity with a gravitational Chern–Simons term
[25] and the gravity theory in the presence of matter fields
[26]. In [27], it was utilized to obtain the mass of the three-
and five-dimensional Lifshitz black holes. To compare with
the original ADT formalism, it is meaningful to employ this
generalized quasi-local formulation to study the conserved
charges in higher-order derivative gravity theories.

In this paper, to provide a deep understanding on the gen-
eralized ADT formalism proposed in [24], we derive the
off-shell Noether current that educes the Noether potential
finally entering into the formulation of conserved charges
from different perspective. Our derivation endows the off-
shell Noether current with a natural connection with its corre-
sponding potential. Then we extend this formalism to inves-
tigate the quasi-local conserved charges of charged (rotating)
black holes with AdS asymptotics in the two typical fourth-
order derivative gravity theories: conformal Weyl gravity and
Einstein–Gauss–Bonnet gravity. The remainder of this paper
goes as follows. In Sect. 2, we give a brief review of the
method in [24]. However, unlike there, we derive the off-shell
Noether current and its corresponding potential through the
variation of the Bianchi identity for the expression of EOM.
Our results are formally different from those in [24]. In Sect.
3, we first present the explicit expressions of the off-shell
Noether potentials in Weyl gravity. Then these quantities are
applied to compute the mass of the most general static black
hole and both the mass and the angular momentum of the
dyonic rotating black hole in four-dimensional Weyl gravity.
In Sect. 4, we calculate the energy of the general charged
spherically symmetric black hole in arbitrary dimensional
Einstein–Gauss–Bonnet gravity, coupled to Maxwell or non-
linear electrodynamics in AdS spacetime. The general for-
malizations of the Noether potentials for Einstein–Gauss–
Bonnet gravity are also given. The last section is for our
conclusions.

2 The generalized ADT formalism

In this section, we shall review the formulation of conserved
charges in [24], which can be thought of as the off-shell exten-
sion of the ADT formalism since both the Noether current
and the potential there were constructed without the require-
ment that the gravitational fields must satisfy the equation
of motion. What is more, another obvious difference from
the ADT formalism is that one parameter path in the solu-
tion space was introduced to present the final definition of the
quasi-local conserved charge in [24]. However, unlike in [24],
where the starting point to derive the off-shell Noether cur-
rent and potential is the variation and diffeomorphism trans-
formation of the action, we shall give a different derivation
of the two quantities by directly varying the Bianchi iden-

tity and using the property of a Killing vector. We proceed
by considering the Lagrangian of a D-dimensional generally
diffeomorphism covariant gravity theory [14,15],

L = √−gL[gμν, R, Rμν, Rμνρσ , ∇ R, ∇ Rμν, ∇ Rμνρσ , · · ·],
(1)

which includes no other matter fields. The variation of Eq.
(1) generally yields

δL = √−gEμνδgμν + √−g∇μ�μ(g; δg), (2)

where Eμν is the expression of the equation of motion (EOM),
and �μ(g; δg)1 is a surface term. To preserve the diffeomor-
phism, Eμν satisfies the Bianchi identity

∇μEμν = 0. (3)

Varying the Bianchi identity (3), we get

∇μδEμν + δ�
μ
μλEλν + δ�ν

μλEμλ = 0, (4)

multiplying the above equation by a Killing vector ξμ, we
further obtain

∇μ

(
δEμνξν + Eμνξλδgνλ + 1

2
Eμνξνgαβδgαβ

−1

2
ξμEαβδgαβ

)
+ 1

2
δgαβLξEαβ = 0, (5)

where Lξ denotes the Lie derivative with respect to the
Killing vector ξμ. In order to get Eq. (5), the equation of
the Killing vector, ∇(μξν) = 0, is used and the variation
of the gravitational field gμν → gμν + δgμν is assumed to
preserve the Killing vector, namely, δξμ = 0. Obviously,
the component in the bracket of Eq. (5) is just the off-shell
Noether current presented in [24,28]. This makes it possi-
ble to construct the Noether current from Eq. (5). Actually,
combined with the equation

Lξ δ(
√−gL) = −√−gδgμνLξEμν

+√−g∇μ[Lξ�
μ(g; δg)] = 0, (6)

which is the Lie derivative of Eq. (2) in terms of the Killing
vector ξμ, one can rewrite Eq. (5) as

∇μ

[
δEμνξν + Eμνξλδgνλ + 1

2
Eμνξνgαβδgαβ

−1

2
ξμEαβδgαβ + 1

2
Lξ�

μ(g; δg)

]
= 0. (7)

Thus, the off-shell Noether current can be defined by

J μ = δEμνξν + Eμνξλδgνλ + 1

2
Eμνξνgαβδgαβ

−1

2
ξμEαβδgαβ + 1

2
Lξ�

μ(g; δg). (8)

1 It multiplied by
√−g is equal to the surface term �μ(g; δg) defined

in [24].
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Note that the last term in the above equation, which is one
half of the Lie derivative of the surface term �μ(g; δg) with
respect to the Killing vector ξμ, is an additional term com-
pared with the Noether current in [24,28]. Of course, it is
feasible to define the off-shell Noether current J μ the same
as that of [24,28] in terms of Eq. (7). One only needs to add
a term −∇μ

[
δ(

√−g�μ(g;Lξ g))/
√−g

]
/2 to the left side

of Eq. (7), together with the result Lξ (
√−g�μ(g; δg)) −

δ(
√−g�μ(g;Lξ g)) = 0 given in [14,15]. To see this

clearly, under the diffeomorphism ξμ, the metric gμν

transforms as δgμν = Lξ gμν = 0 and δ(
√−gL) =

Lξ (
√−gL) = 0, so Eq. (2) becomes ∇μ�μ(g;Lξ g) = 0,

whose variation leads to

δ(∇μ�μ(g;Lξ g)) = ∇μ

[
1√−g

δ(
√−g�μ(g;Lξ g))

]
= 0.

Next, we shall derive the off-shell Noether potential
Qμν

ADT, which is associated with the off-shell Noether cur-
rent J μ through the relation

J μ = ∇ν Qμν
ADT. (9)

To do this, substituting the Lie derivative of the surface term
�μ(g; δg)

Lξ�
μ(g; δg) = −2∇νξ

[μ�ν](g; δg) + ξμ∇ν�
ν(g; δg)

(10)

and Eq. (2) into the off-shell current (8), we present the cur-
rent J μ in the form

√−gJ μ = δ

(√−gEμνξν + 1

2

√−gξμL

)

−√−g∇νξ
[μ�ν](g; δg). (11)

Following [29] we define another off-shell current Jμ as

Jμ = 2Eμνξν + ξμL = ∇ν K μν, (12)

where K μν is the off-shell Noether potential corresponding
to the current Jμ, and it is easy to verify that ∇μ Jμ = 0. We
further cast the current J μ into the form

√−gJ μ = ∂ν

[
1

2
δ(

√−gK μν) − √−gξ [μ�ν](g; δg)

]

= ∂ν

(√−gQμν
ADT

)
. (13)

The above equation yields the important relation between
ADT potential and the off-shell Noether potential K μν ,
namely,

√−gQμν
ADT = 1

2
δ(

√−gK μν) − √−gξ [μ�ν](g; δg), (14)

or equally,

Qμν
ADT = 1

2
δK μν + 1

4
K μνgαβδgαβ − ξ [μ�ν](g; δg). (15)

In comparison with the results in [24], although the off-
shell Noether currents J μ and Jμ obtained by the varia-
tion of the Bianchi identity (3) are formally different from
their corresponding quantities given there, each of them is
correspondingly equal since it can easily be verified that
�μ(g;Lξ g) = Lξ�

μ(g; δg) = LξEμν = 0 for the gener-
ally diffeomorphism covariant Lagrangian (1). The merit of
our formulation for the Noether current J μ is that it becomes
more natural to get the off-shell Noether potential Qμν

ADT. In
fact, to finally get the relation between Qμν

ADT and K μν , the
condition Lξ (

√−g�μ(g; δg)) − δ(
√−g�μ(g;Lξ g)) = 0

related to the symplectic current [14,15] has been used in
[24], but it is not needed in our case. Particularly, when the
background metric satisfies the vacuum equation of motion,
Eμν = 0, all the Noether currents and potentials become the
conventional ones in the ADT formalism [20–23].

Finally, one can propose a formulation of the conserved
charge in terms of the integral of the Noether potential (15)
over the boundary of a spatial hypersurface under the con-
ditions that a background metric that is a vacuum solution
of EOM is fixed and the perturbation of the given metric is
taken as the divergence between it and the fixed background
metric, like the ADT method [20–23]. However, Ref. [24]
gave a different definition from Refs. [16–19] to incorpo-
rate a single parameter path characterized by a parameter
s (0 ≤ s ≤ 1) in the space of solutions. This path interpo-
lates between the given solution and the background solution
through parameterizing a set of free parameters C in the space
for the solutions of EOM as sC. On the basis of the Noether
potential Qμν

ADT in Eq. (14), by integrating the variable s, one
can define the quasi-local conserved charge by

Q = 1

8π

∫ 1

0
ds

∫
d�μν Qμν

ADT(g; s)

= 1

16π

∫
d(D−2)xμν�K̂ μν

− 1

8π

∫ 1

0
ds

∫
d�μνξ

[μ�ν](g; s), (16)

where d�μν = 1
2

1
(D−2)!εμνμ1μ2···μ(D−2)

dxμ1 ∧·· ·∧dxμ(D−2)

with ε012···(D−1) = √−g and

�K̂ μν = √−gK μν
∣∣s=1 − √−gK μν

∣∣
s=0

is the finite difference between the given solution and the
background solution, i.e. the two end points of the single
parameter path. Equation (16) might be proposed for the
conserved charge, defined in the interior region or at the
asymptotical infinity, for any covariant gravity theory with
the Lagrangian (1) whenever its integration is well defined.2

2 It is not always guaranteed that the conserved charge defined by Eq.
(16) is integrable. It has to satisfy some integrability conditions. For
details see [19].
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In the following sections, we shall make use of Eq. (16)
to calculate the mass and angular momenta of charged
static and rotating black holes in Weyl and Einstein–Gauss–
Bonnet gravities although Eq. (16) is defined in terms of the
Lagrangian for pure gravity, without any matter fields. We
can do this since the terms associated with the gauge fields
fall off fast enough at asymptotic infinity to guarantee that
the integration is finite.

3 Conserved charges of black holes in four-dimensional
Weyl gravity

In this section, we make use of the generalized ADT for-
malism in the previous section to calculate the quasi-local
conserved charges of the most general charged spherically
symmetric black hole and the charged rotating black hole
in four-dimensional Weyl gravity. The Lagrangian for Weyl
gravity takes the form

LW = 1

2
α
√−gC2 = 1

2
α

(
Rμνρσ Rμνρσ − 2Rμν Rμν + 1

3
R2

)
,

(17)

where α is a coupling constant, and the Weyl tensor Cμνρσ

is given by

Cμνρσ =−(gμ[ρ Rσ ]ν − gν[ρ Rσ ]μ)+ 1

3
Rgμ[ρgσ ]ν +Rμνρσ

(18)

in four dimensions. The Weyl tensor has the same symmetry
properties as the Riemann curvature but it is traceless, i.e.
Cρ

μρν = 0. The expression of EOM from the Lagrangian
(17) is

EW
μν = 2αBμν = −α(2∇ρ∇σ + Rρσ )Cμρσν, (19)

where Bμν is just the Bach tensor. By using the properties
for Lie derivative along a Killing vector ∇μLξ = Lξ∇μ and
Lξ Rμνρσ = 0, one can check that LξEW

μν = 0.
Now we present some quantities tightly related to our cal-

culation, such as the surface term �
μ
W (g; δg) and the off-shell

Noether potentials K μν
W , Qμν

W for four-dimensional Weyl
gravity. More general results for higher derivative gravity the-
ories can be found in [24,46]. The surface term �

μ
W (g; δg)

and the potential K μν
W are read off as

�
μ
W (g; h) = 2αCμνρσ ∇σ hνρ

+2αhνσ

(
∇[μ Rν]σ + 1

6
gσ [μ∇ν] R

)
, (20)

K μν
W = 2αCμνρσ ∇[ρξσ ] (21)

−4αξσ

(
∇[μ Rν]σ + 1

6
gσ [μ∇ν] R

)
, (22)

where hμν ≡ δgμν denotes the variation of the metric and
its indices are lowered or raised by the background metric
gμν or gμν . It is easy to verify that �

μ
W (g; ξ) = 0 when

hμν = Lξ gμν = 0 and Lξ�
μ
W (g; h) = 0. The off-shell

Noether potentials Qμν
W is

Qμν
W = 1

2
δK μν

W + 1

4
hK μν

W − ξ [μ�
ν]
W (g; h), (23)

where h in the second term denotes h = gαβδgαβ . For the
explicit expression of δK μν

W see Eq. (45) in the appendix.

3.1 The conserved charge of the charged spherically
symmetric black hole

In this subsection, we take into account of the quasi-
local charge of the charged black hole in static case. The
total Lagrangian is Ltotal = LW + L E M , where L E M =
1
3α

√−gFμν Fμν is the Lagrangian for the gauge field Aμ and
the field strength Fμν = 2∂[μ Aν]. The most general charged
spherically symmetric black hole in this four-dimensional
Weyl gravity theory has the form [2]

ds2 = − f (r)dt2 + dr2

f (r)
+ r2(dθ2 + sin2 θdφ2),

A = −q

r
dt,

f (r) = m + b

r
+ ar − 1

3
�r2, (24)

where the four constants (a, b, m, q) are constrained by
3ab + 1 + q2 = m2. When a 	= 0, which is the case we
first consider, we get b = (m2 − 1 − q2)/(3a) from the
constraint.

To make use of the formulation (16) to calculate the con-
served charge of the static black hole (24), we choose an
infinitesimal parametrization of a single parameter path in
the solution space by letting the constants (m, q) change as

m → m + dm, q → q + dq. (25)

Under such a parametrization and choice of the Killing vector
ξμ = (−1, 0, 0, 0), the (t, r) components of both Noether
potentials, K μν

W and Qμν
W , are given by

√−gK tr
W = 2α sin θ [2�(m2 − q2 − 1) + 3a2(m − 1)]

9a

+O
(

1

r

)
,

√−gQtr
W = α(3a2 + 4m�) sin θdm

9a
− 4αq� sin θdq

9a

+2αq sin θdq

3r
. (26)
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Then the mass of the charged spherically symmetric black
hole (24) can be computed as

M = 1

4

∫ ∫ π

0

(
lim

r=∞
√−gQtr

W

)
dθ

= α(3ma2 + 2�m2 − 2q2�)

18a
. (27)

The temperature T and the entropy S [30] of the black hole
are

T = 1

12π

1 + q2 − m2 + 3a2r2+ − 2a�r3+
ar2+

,

S = 2πα[1 + q2 − m2 − (m + 2)ar+]
3ar+

,

respectively, where r+ is the event horizon, given by the equa-
tion f (r+) = 0. Both the electric charge Qe and the electric
potential �e are

Qe = −1

3
αq, �e = q

r+
.

One can verify that the mass (27) satisfies the first law:

dM = T dS + �edQe. (28)

The above first law shows that the generalized ADT for-
mulation (16) is applicable to the static black hole in four-
dimensional Weyl gravity. However, in [32], it was claimed
that ADT formalism fails to give a finite result if one trivially
chooses the static AdS metric as the background to calcu-
late the mass of the black hole (24) when a 	= 0, so the
standard Noether method to the Lagrangian of Weyl gravity
was adapted, namely, they directly used the Noether potential
K μν

W to define the conserved charge as

Q̂ = 1

16π

∫
r=∞

d�μν K μν
W . (29)

In fact, due to the disappearance of the (t, r) component
of the surface term ξ [μ�

ν]
W (g; h) at r = ∞, one can only

utilize the Noether potential K μν
W , like Eq. (29), to calculate

the mass of the static black hole, but there exists a divergence
M0 = M̂ −M = (3a2+2�)/(18a) between the mass M and
the one M̂ got through the definition (29), since the quantity√−gK tr

W

∣∣
m,q=0 does not vanish at r = ∞. In the uncharged

case, the mass M̂ agrees with the one computed from the
conserved current that consists of the holographic response
functions in [33].

At the end of this subsection, we take into account the
a = 0 case. For convenience, we recast the function f (r) as

f (r) =
√

1 + q2 − 2m

r
− 1

3
�r2.

Performing the parallel analysis as the case where a 	= 0,
we obtain the mass M = −2αm�/3, which can also be got

through the ADT formalism and the Ashtekar–Magnon–Das
method [12,13,40].

3.2 Conserved charges of the dyonic rotating black holes

In four-dimensional conformal Weyl gravity with the
Lagrangian Ltotal = LW + L E M , the charged rotating black
hole solution, found in [3], takes the form

ds2 = − �

ρ2(r, θ)

(
dt − a sin2 θ

�
dφ

)2

+ ρ2(r, θ)

�
dr2

+ ρ2(r, θ)

F(θ)
dθ2 + F(θ) sin2 θ

ρ2(r, θ)

(
adt − r2 + a2

�
dφ

)2

� = (r2 + a2)(1 + r2�2) − 2mr + 1

6
m(p2 + q2)r3,

ρ2(r, θ) = r2 + a2 cos2 θ, F(θ) = 1 − a2�2 cos2 θ,

� = 1 − a2�2, (30)

where the constants a, m, p, q denote the mass, angular
momentum, and magnetic and electric charges, respectively.
When m = p = q = 0, the metric (30) becomes the con-
ventional Ad S4 spacetime, with the negative cosmological
constant � = −3�2. Comparing this black hole solution with
the conventional four-dimensional Kerr–Newman-AdS solu-
tion in Einstein–Maxwell gravity, one finds that the last term
related to the magnetic and electric charge parameters (p, q)

in the function � is not the usual combination p2 +q2 for the
Kerr–Newman-AdS black hole. Such a difference makes the
solution (30) has some new interesting properties [30,31].

We first calculate the energy and angular momentum of the
black hole (30) in neutral case, namely, p = q = 0. In such
a case, we take an infinitesimal parametrization of a single
parameter path by letting the constants (m, a) fluctuate as

m → m + dm, a → a + da.

In addition to the Killing vector ξ
μ
W M = (−1, 0, 0, 0), the

(t, r) components of the Noether potentials related to the
energy are given by

√−gK tr
W M = 4αm�2(3 sin2 θ + 3� cos2 θ − �) sin θ

�2

+O
(

1

r2

)
,

√−gQtr
W M = 6αam�4[4 − � − (4 − 3�) cos2 θ ] sin θda

�3

+2α�2[3 − � − 3(1 − �) cos2 θ ] sin θdm

�2

+O
(

1

r2

)
. (31)
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Utilizing the definition of the quasi-local conserved charge
(16), we obtain the energy of the neutral rotating black hole

MN R = 2mα�2

�2 . (32)

To calculate the angular momentum, the spacelike Killing
vector is chosen as ξ

μ
W J = (0, 0, 0, 1). Then the (t, r) compo-

nents of the Noether potentials related to the angular momen-
tum JN R are presented by

√−gK tr
W J = 12αma�2 sin3 θ

�2 + O
(

1

r2

)
,

√−gQtr
W J = 6αm�2(4 − 3�) sin3 θda

�3

+6αa�2 sin3 θdm

�2 + O
(

1

r2

)
, (33)

and the angular momentum is

JN R = 2αma�2

�2 = MN Ra. (34)

The mass MN R and the angular momentum JN R in the neutral
case coincide with the ones presented in [33].

Next, we consider the conserved charges of the general
dyonic rotating black hole (30). The perturbation of the
metric is determined by the change of the free parameters
(a, m, p, q) through

m →m+dm, a → a+da, p → p+d p, q →q + dq,

and both the timelike and the spacelike Killing vectors are
identical with those in the neutral case. Under these condi-
tions, after a bit computation, we get the energy and angular
momentum

MDR = αm�2(12 + a2 p2 + a2q2)

6�2 ,

JDR = αma(12�2 + p2 + q2)

6�2 . (35)

If the parameters (�, p, q) are rescaled as

� → 1

�
, p → p

m
, q → q

m
,

the energy MDR and the angular momentum JDR agree with
those obtained via the definition (29) in [3], where it is
demonstrated that both the energy and the angular momen-
tum satisfy the first law of thermodynamics. Such a match
arises from that the integral of the quantity ξ [t�r ]

W (g; h) and√−gK tr
W

∣∣
m,a,p,q=0 vanish at asymptotical infinity for the

dyonic rotating black hole.

4 Conserved charges of black holes
in Einstein–Gauss–Bonnet gravity

In this section, we discuss calculations on the conserved
charges of charged spherically symmetric black holes in d-
dimensional (d > 4) Einstein–Gauss–Bonnet gravity. The
Lagrangian has the form

L(GB) = √−g(R − 2� + αL(GB)),

L(GB) = Rμνρσ Rμνρσ − 4Rμν Rμν + R2, (36)

where the Gauss–Bonnet term L(GB) can be interpreted as
a quadratic curvature correction to general relativity and the
negative cosmological constant � is expressed as � = −(d−
1)(d−2)�2/2 in terms of the radius 1/� of the AdS spacetime.
The variation of the Lagrangian (36) yields the expression of
EOM

E (GB)
μν = Rμν − 1

2
gμν R + �gμν + 2α

[
R λρσ

μ Rνλρσ

+R Rμν −2(Rρσ Rμρνσ +R λ
μ Rνλ)− 1

4
gμν L(GB)

]
.

(37)

Like before, we now derive the surface term and the off-
shell Noether potentials. For convenience, we introduce a
tensor Pμνρσ

(GB) , defined by

Pμνρσ = ∂L(GB)

∂ Rμνρσ

= gμ[ρgσ ]ν + 2α
[

Rμνρσ − 2
(

gμ[ρ Rσ ]ν

−gν[ρ Rσ ]μ)
+ Rgμ[ρgσ ]ν] . (38)

It is easy to prove that the tensor Pμνρσ has the following
properties:

Pμνρσ = −Pνμρσ = −Pμνσρ = Pρσμν

Pμ[νρσ ] = 0, ∇σ Pμνρσ = 0. (39)

With the help of the tensor Pμνρσ , the surface term �
μ

(GB) and

the off-shell Noether potential K μν

(GB) for Einstein–Gauss–
Bonnet gravity are presented as

�
μ

(GB)(g; h) = 2Pμνρσ ∇σ hνρ, K μν

(GB) = 2Pμνρσ ∇[ρξσ ],
(40)

respectively, while the ADT Noether Qμν

(GB) is given by

Qμν

(GB) = 1

2
δK μν

(GB) + 1

2
h Pμνρσ ∇[ρξσ ]

−2ξ [μ Pν]λρσ ∇σ hλρ, (41)

where δK μν

(GB), the variation of the off-shell Noether potential

K μν

(GB), is given by Eq. (50) in the appendix.
In the remainder of this section, we utilize the above

Noether potentials and the formulation of the quasi-local
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conserved charge (16) to calculate the energy of the general
charged spherically symmetric black hole in d-dimensional
(d > 4)Einstein–Gauss–Bonnet gravity, coupled to Maxwell
or nonlinear electrodynamics in AdS spacetime. We first con-
sider the case for the coupling of Maxwell electrodynamics.
The metric of the asymptotically AdS black hole takes the
form [4–8]

ds2 = −H(r)dt2 + dr2

H(r)
+ r2d�2

d−2,

A = 1

d − 3

q

rd−3 dt,

H(r) = 1 + r2[1 − U (r)]
2α̃

,

U (r) =
√

1 − 4α̃�2 + 4α̃m

rd−1 − 2α
d − 4

d − 2

q2

r2d−4 ,

d�2
d−2 = dθ2

d−2 +
d−3∑
i=1

sin2 θi+1 · · · sin2 θd−2dθ2
i ,

0 ≤ θ1 < 2π, 0 ≤ θi < π, (42)

where α̃ = (d − 3)(d − 4)α. The total Lagrangian for this
black hole solution is L(GB) − 1

4
√−gFμν Fμν .

To get the energy of the black hole (42), we take the
same infinitesimal parametrization of a single parameter
path like in Eq. (25). The timelike Killing vector is ξ

μ
G B =

(−1, 0, . . . , 0). Then a bit calculation gives the (t, r) com-
ponents of the Noether potentials K μν

(GB) and Qμν

(GB) as

√−gK tr
(GB) = − ωd−2

α̃(d − 4)
rd−1[−2 + (d − 2)U (r)]

×
(

−1 + U (r) + r

2

dU

dr

)
,

√−gQtr
(GB) = (d − 2)ωd−2

8α̃
rd−1

(
∂U 2(r)

∂m
dm

+∂U 2(r)

∂q
dq

)
, (43)

where ωd−2 = sin θ2 sin2 θ3 · · · sind−4 θd−3 sind−3 θd−2 is
the square root of the determinant of the line element d�2

d−2.
Note that

√−gK tr
(GB) and

√−gQtr
(GB) in Eq. (43) still hold

even if U (r) is a more general function related to r , m and
q. By utilizing Eq. (16), it is very easy to obtain the energy

M(GB) = (d − 2)Vd−2

16π
m, (44)

where Vd−2 = 2π
d−1

2 /�( d−1
2 ) is the volume of the (d − 2)-

sphere. The mass (44) coincides with the one via ADT
method [22,23] or other methods [34–42]. Such coincidences
should be expected. For the conserved charges obtained
from the formulas defined on basis of Noether theorem and
exact Killing vectors, it was demonstrated that the conserved
charges should take the same forms in [16,43] if the Noether

currents are equivalent,3 namely, they differ by a trivial cur-
rent. In fact, it can be proved that the generalized ADT poten-
tial (14) matches that got from the covariant phase space
approach [14,15]. This means that the Noether potentials
for Weyl gravity and Einstein–Gauss–Bonnet gravity can be
rederived along the line of [44], which gives an explicit form
of conserved charges for general higher derivative gravity
theory. What is more, the generalized ADT potential (14) is
also equivalent to the one by the method developed by Bar-
nich et al. [16–19] for the theories of general relativity and
(2n + 1)-dimensional supergravity [26,50].

From Eq. (44), one sees that the gauge field makes no con-
tribution to the energy of the static black hole (42). This is
attributed to that the term with the electric charge parameter
q in function U (r) falls off much faster than the one with
the mass parameter m when r → ∞ so that its contribu-
tion to the energy can be neglected. The same situation takes
place for the charged spherically symmetric black hole in d-
dimensional (d > 4) Einstein–Gauss–Bonnet gravity cou-
pled to nonlinear electrodynamics in [45]. The metric of this
black hole can be reexpressed as the same form as Eq. (42)
except for the term associated with the electric field in U (r),
whose contribution to U (r) is smaller than the one from the
mass term. Therefore, the term including the mass parame-
ter still plays a dominant role in determining the energy of
the black hole. By utilizing the formulation of the conserved
charge (16), combined with Eq. (43), we obtain the energy of
the static black hole in the case for the nonlinear coupling of
electrodynamics, the same as that in Eq. (44). It also matches
the energy in [45].

At the end of this section, it is worth mentioning that the
Gauss–Bonnet term L(GB) in the Lagrangian (36) is a surface
term in d = 4 dimensions, namely, it makes no contribution
to the equation of motion. This implies that all the black hole
solutions in four-dimensional Einstein gravity are also the
ones in Einstein–Gauss–Bonnet gravity. We have applied the
generalized ADT formalism (16) to compute the masses and
angular momenta of the four-dimensional Kerr(–AdS) and
Kerr–Newman black holes corrected by the Gauss–Bonnet
term. However, our results show that this term makes no
corrections to all the conserved charges, compared with their
corresponding ones in Einstein gravity.

5 Conclusions and discussions

In this paper, we have extended the off-shell generalization
of the conventional ADT formalism proposed in [24] to cal-
culate the quasi-local conserved charges for the most general
charged static and the dyonic rotating black holes with AdS
asymptotics in four-dimensional conformal Weyl gravity, as

3 We thank the anonymous referee for pointing this.
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well as the charged spherically symmetric black holes in
higher dimensional Einstein–Gauss–Bonnet gravity coupled
to Maxwell or nonlinear electrodynamics in AdS spacetime.
Our results confirm those through other methods in the liter-
ature. To do this, we first directly vary the Bianchi identity
(3), together with the help of the property of a Killing vector,
to get the off-shell Noether currents (8) and (12), which are
formally different from the ones in [24]. But they are actually
equal to each other since both the surface term �μ(g;Lξ g)

and the Lie derivative of the surface term �μ(g; δg) with
respect to the Killing vector ξ vanish for the generally dif-
feomorphism gravity theory. The Noether current (8) makes
it natural to derive the corresponding off-shell Noether poten-
tial (15), without a further requirement of the property for the
symplectic current. Next, we present the explicit expressions
of the surface term and Noether potential for Weyl gravity as
the ones in Eqs. (20) and (22). Utilizing these quantities, we
obtain the mass (27) of the most general static black hole in
four-dimensional Weyl gravity, as well as the mass and angu-
lar momentum in Eq. (35) for the dyonic rotating black hole,
although a naive application of the original ADT method
fails to give a finite result in the static case. Finally, as the
case of Weyl gravity, we start by deriving the surface term
and the off-shell Noether potential in Eq. (40) for the general
Lagrangian (36) and then utilize them to gain the energy (44)
of the general charged static asymptotically AdS black hole
in higher dimensional Einstein–Gauss–Bonnet gravity cou-
pled to Maxwell or nonlinear electrodynamics. The energy
(44) is independent on the electric parameter due to a fast
fall-off of the term related to electric field.

Weyl gravity and Einstein–Gauss–Bonnet gravity are two
typical fourth-order derivative gravity theories. It has been
proposed that the general fourth-order gravity admits a crit-
ical theory in [47,48]. The application of the ADT for-
malism to the critical theory demonstrates that the mass
and angular momenta of all asymptotically Kerr–AdS and
Schwarzschild–AdS black holes vanish at the critical point
[40,48]. We expect to learn whether the generalized formu-
lation of the ADT charge supports this or not.

Although the formulation (16) for the quasi-local con-
served charge is defined by only taking into account of
the contribution from the pure gravity part, our analysis on
charged black holes implies that it may be applicable to the
black holes with matter fields, if the terms including matter
fields in the given metric fall off fast enough at asymptotic
infinity to ensure that the formulation (16) is convergent. Oth-
erwise the effect of matter fields must be considered [26].
For instance, the formulation (16) fails to give a finite mass
when it is utilized to the charged rotating Gödel-type black
hole [49] in five-dimensional minimal supergravity since the
(t, r) component of the Noether potential (14) is divergent at
infinity if the contribution from gauge field is omitted. To get
finite conserved charges for the Gödel-type black hole, the

effect of the gauge field has to be incorporated into the defini-
tion like in [50]. What is more, even if the conserved charge
through the expression (16) is well defined in the presence
of matter fields, it is possible for one to omit a finite value4

from the actions of the matter fields. In order to overcome
these, the contribution from the matter fields has to be taken
into account in future work.
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6 Appendix: Variations of the potentials Kμν
W and Kμν

(GB)

In this appendix, we give the explicit expressions for the
variation of the Noether potential K μν in both the Weyl and
the Einstein–Gauss–Bonnet gravity theories. Note that the
Riemann curvature in our conventions is defined through
(∇μ∇ν − ∇ν∇μ)ωρ = R λ

μνρ ωλ, where ωρ is an arbitrary
vector.

For four-dimensional Weyl gravity, δK μν
W reads

δK μν
W = 2αδCμνρσ ∇[ρξσ ]

+2αCμνρσ (ξλ∇[ρhσ ]λ − hλ[ρ∇σ ]ξλ)

− 4αhσρξρ

(
∇[μ Rν]σ + 1

6
gσ [μ∇ν] R

)

− 4αξσ

(
− hρ[μ∇ρ Rν]σ + ∇[μδRν]σ

+2Rρσ ∇[μhν]
ρ − Rρ[μ∇ν]hσ

ρ − Rρ[μ∇ρhν]σ

+Rρ[μ∇|σ |hν]
ρ − 1

6
hσ [μ∇ν] R − 1

6
gσ [μhν]ρ∇ρ R

+1

6
gσ [μ∇ν]δR

)
, (45)

where the variation of the Weyl tensor Cμνρσ is given by

δCμνρσ = 1

3

(
δRgμ[ρgσ ]ν − Rhμ[ρgσ ]ν − Rgμ[ρhσ ]ν)

+2
(

h[μ|[ρ Rσ ]|ν] − g[μ|[ρδRσ ]|ν])
+δRμνρσ . (46)

4 We have considered the effect from the action L E M = α
√−gFμν Fμν

along the line of [14,15,26]. It makes no contribution to the total con-
served charges of the black holes in this work.
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In the above two equations, δRμνρσ , δRμν and δR are pre-
sented by

δRμνρσ = −hλ[μ R ν]ρσ
λ − 2hλ[ρ R σ ]μν

λ

+∇[ρ∇|ν|hσ ]μ − ∇[ρ∇|μ|hσ ]ν, (47)

δRμν = −2hρ(μ Rν)
ρ + ∇ρ∇(μhν)ρ

−1

2

(∇ρ∇ρhμν + ∇μ∇νh
)
, (48)

δR = ∇μ∇νhμν − ∇ρ∇ρh − hμν Rμν. (49)

For Einstein–Gauss–Bonnet gravity, the variation of the
off-shell Noether potential K μν

(GB) takes the form

δK μν

(GB) = 2δPμνρσ ∇[ρξσ ]
+2Pμνρσ (ξλ∇[ρhσ ]λ − hλ[ρ∇σ ]ξλ)

δPμνρσ = 2α
[
δRμνρσ + 4

(
h[μ|[ρ Rσ ]|ν] − g[μ|[ρδRσ ]|ν])

+δRgμ[ρgσ ]ν − R
(

hμ[ρgσ ]ν + gμ[ρhσ ]ν)]

−
(

hμ[ρgσ ]ν + gμ[ρhσ ]ν) . (50)
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