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Abstract 

Chapter 1 serves as a b r i e f i n t r o d u c t i o n t o the 
ideas which form the subject of t h i s t h e s i s , i n t e r n a l 
symmetry, bootstraps, d u a l i t y and the quark model. 

I n Chapters 2 and 3 we survey p r e d i c t i o n s f o r 
i n t e r n a l symmetries made from /̂D bootstraps and the 
d u a l i t y hypothesis r e s p e c t i v e l y . Both approaches 
p r e d i c t a Lie group s t r u c t u r e and p r e d i c t the meson 
representations. I n a d d i t i o n the d u a l i t y equations 
imply t h a t the baryons transform as two-quark composites. 
A phenomenological choice of a subset of the d u a l i t y 
c o n s t r a i n t s can be made which has a phys i c a l three-
quark s o l u t i o n . Symmetry breaking i s discussed i n 
both cases. 

I n Chapter 4 we c o n t r a s t the p r e d i c t i o n s surveyed 
i n the previous two chapters. Du a l i t y requires 
exchange degeneracies among t r a j e c t o r i e s of d i f f e r e n t 
m u l t i p l e t s but these do not r e s u l t from /̂D models. 
I n the dual case the even-signature, i s o s i n g l e t 
t r a j e c t o r i e s are i d e n t i f i e d w i t h mixed f , f' s t a t e s , 
degenerate w i t h the (A), <t> r e s p e c t i v e l y , whereas bootstrap 
models always produce a h i g h - l y i n g s i n g l e t t r a j e c t o r y 
which i s most n a t u r a l l y i d e n t i f i e d w i t h the Pomeron. , 
I t i s argued t h a t these dif f e r e n c e s make i t u n l i k e l y 
t h a t dual models can be deduced i n any simple way from 
the bootstrap hypothesis. 
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An /D quark model with meson exchanges i s 
examined i n Chapter 5» With the assumption t h a t the 
quark mass i s much l a r g e r than the meson mass, a 
s i n g l e t meson t r a j e c t o r y i s obtained which l i e s an 
order of magnitude above the octet t r a j e c t o r i e s . 
This r e s u l t i s unal t e r e d i f symmetry breaking of any 
order i s allowed. These d i f f i c u l t i e s are not removed 
by t r e a t i n g the p a r t i c l e exchange forces as perturbations 
t o a background term* I t i s concluded t h a t these 
r e s u l t s together w i t h the known d i f f i c u l t i e s of 
o b t a i n i n g p h y s i c a l slopes and i n t e r c e p t s imply t h a t 
t h i s type of quark model should probably be discarded* 
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CHAPTER 1 

I n t r o d u c t i o n . 

Since the advent of high energy accelerators 
p h y s i c i s t s have been faced w i t h a great p r o l i f e r a t i o n 
of elementary p a r t i c l e s . I t i s widely thought t h a t 
at the present time the best way t o describe t h i s 
teeming population and t h e i r strong i n t e r a c t i o n s l i e s 
w i t h i n t h e framework of the S - matrix, w i t h no reference 
t o any underlying Lagrangian formalism. (see eg. C h e w ^ ) . 
This viewpoint w i l l be adopted here. The S - matrix 
i s taken t o s a t i s f y the f o l l o w i n g , generally accepted, 
p r i n c i p l e s : (a) Lorentz covariance, (b) connectedness 
decomposition, (c) u n i t a r i t y , (d) crossing symmetry. 

Phenomenologically the attempt t o understand the 
p a r t i c l e spectrum began w i t h the search f o r conserved 
quantum numbers, such as strangeness, which, together 
w i t h the already known pr o p e r t i e s such as charge and 
p a r i t y , l a b e l the p a r t i c l e s . The idea t h a t strong 
i n t e r a c t i o n f orces are i n v a r i a n t under neutron - proton 
exchange l e d t o symmetry under the SU(2) group of 
transformations'and the c l a s s i f y i n g of p a r t i c l e s i n t o 
representations o f t h i s Lie group. To incorporate , 
the strangeness or hyperchange quantum number i n t o an 
extended symmetry scheme, Gell-Mann and Ne'emen chose 
SU(3) from amongst the second rank Lie groups and 
conjectured t h a t the lowest mass mesons and baryons 
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correspond t o o c t e t representationsof t h i s group. 

This scheme has met w i t h great success i n t h a t the 
p a r t i c l e spectrum c l e a r l y r e f l e c t s a. m u l t i p l e t s t r u c t u r e 
corresponding t o representations of SU(3) despite the 
f a c t t h a t the symmetry i s badly broken. However a l l o w i n g 
the broken symmetry p a r t of the mass matrix to transform 
i n a c e r t a i n way under SU(3) led to the Gell-Mann -

(3) 

Okubo sum r u l e f o r p a r t i c l e masses w i t h i n a m u l t i p l e t . 
The most dramatic success of t h i s r u l e was the p r e d i c t i o n 
of the mass of a strangeness - 3 p a r t i c l e , the Q. , 

t o complete the spin V2 baryon decuplet. This p a r t i c l e 
was subsequently found and w i t h the predicted mass. 

At about the same time as the i n t r o d u c t i o n of 
U 

SU(3), ideas were proposed, notably by Chew and Frautschi 
t o give a t h e o r e t i c a l understanding of the dynamical basis 
of the p a r t i c l e spectrum. The crux of these ideas, 
a l t e r n a t i v e l y c a l l e d "nuclear democracy" or"the b o o t s t r a p " 
i s t h a t a l l the s t r o n g l y i n t e r a c t i n g p a r t i c l e s are 
composite or bound s t a t e s of each other, owing t h e i r 
existence e n t i r e l y t o forces of the Yukawa type, i . e . 
forces expressible i n terms of p a r t i c l e exchange* The 
p a r t i c l e s are democratic i n t h a t none has a more elementary 
status than any other. To implement these ideas two , 
f u r t h e r S- m a t r i x p r i n c i p l e s are hypothesized. (a) The 

. p r i n c i p l e of maximal a n a l y t i c i t y of the f i r s t k i n d : the 
connected p a r t s of the S - m a t r i x are a n a l y t i c f u n c t i o n s 
of the momenta on which they depend apart from poles 
corresponding t o p a r t i c l e s and the consequent s i n g u l a r i t i e s 
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implied by u n i t a r i t y . This p r i n c i p l e establishes 
t h a t the S - matrix s i n g u l a r i t i e s are determined once 
the poles have been s p e c i f i e d . However w i t h no 
a d d i t i o n a l p r i n c i p l e s these poles may be a r b i t r a r y . 
(b) Maximal a n a l y t i c i t y of the second kind: there 
are only i s o l a t e d s i n g u l a r i t i e s i n the continued angular 
momentum plane. This implies t h a t a l l the poles of 

(6,7) 

the S - m a t r i x are Regge poles and, loosely speaking, 
t h a t a knowledge of the cut d i s c o n t i n u i t i e s of the S -
matrix determines these poles. These two p r i n c i p l e s 
give a set of non-linear self-consistency c o n s t r a i n t s 
from which i t i s hoped t h a t the physical p a r t i c l e masses 
and coupling constants w i l l emerge uniquely. I t i s 
conjectured t h a t the only f r e e parameter w i l l be a 
dimensional parameter needed t o set the scale of the 
masses and there w i l l be no dimensionless free parameters. 
I n p a r t i c u l a r the p a r t i c l e symmetries, together w i t h the 
p a t t e r n of representations and of symmetry breaking, 
should not be a r b i t r a r i l y imposed but should emerge 
as the unique s o l u t i o n t o the bootstrap. 

However, the idea of nuclear democracy s u f f e r s 
from severe p r a c t i c a l l i m i t a t i o n s , when one t r i e s t o 
t e s t i t . Since a s e l f - c o n s i s t e n t closed subworld 

i 
should not be a s o l u t i o n , the whole strong i n t e r a c t i o n 
problem must be considered simultaneously. To complete 
a p r a c t i c a l c a l c u l a t i o n i t i s usually assumed, without 
much j u s t i f i c a t i o n , t h a t low mass s t a t e s are most 
•important and the higher mass p a r t i c l e s are omitted* 
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Secondly one has t o make mathematical approximations 
and these w i l l almost c e r t a i n l y introduce extra f r e e 
parameters i n t o the c a l c u l a t i o n , against the s p i r i t 
of bootstrapism. Of course i t must be said t h a t 
the p o s s i b i l i t y t h a t the bootstrap equations w i l l t u r n 
out t o be i d e n t i t i e s cannot be r u l e d out. 

H i s t o r i c a l l y the f i r s t bootstrap c a l c u l a t i o n was 
(9) 

t h a t of tfachariasen who t r e a t e d the p - meson as a 
TDTt composite, using the determinantal approximation 

t o the N/D equations of Ghew and Mandelstam. (A b r i e f 
review of these equations i s given i n Appendix 0 .) I n 
t h i s c a l c u l a t i o n the TC - meson has an elementary s t a t u s . 
A l l the e a r l y bootstrap c a l c u l a t i o n s were based on 
multichannel coupled i n t e g r a l equations which attempt 
at some i n c o r p o r a t i o n of u n i t a r i t y . The r e s u l t s have 
the general f e a t u r e i n common th a t the coupling constants 
come out too l a r g e . 

More r e c e n t l y consistency equations f o r each two 
p a r t i c l e process have been w r i t t e n down using the r a t h e r 
vague p r i n c i p l e of d u a l i t y . This p r i n c i p l e may be stated 
as the equivalence, i n some average sense, of the 
resonance and Regge d e s c r i p t i o n s of an amplitude f o r 
some region o f the dynamical v a r i a b l e s s and t . (see e.g.; 
r e f . ^ " ^ ) . These equations are much simpler than the 
p a r t i a l ' wave, coupled N/D equations but since they are 
l i n e a r do not give a complete bootstrap. I n p a r t i c u l a r 
the absolute values o f the coupling constants are not 
determined* 
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An a l t e r n a t i v e understanding of the p a r t i c l e 
(12) 

spectrum i s the s o - c a l l e d quark model of Gell-Mann 
(13) ' 

and Zweig , I n t h i s model the known p a r t i c l e s 
are thought t o be composites of elementary spin 2 

o b j e c t s , "quarks" and t h e i r a n t i p a r t i c l e s , which 
tra n s f o r m as the fundamental t r i p l e t r epresentation 
of SU(3). The c o r r e c t SU(3) spectrum i s obtained i f 
the mesons are quark- antiquark composites and the baryons 
are three quark s t a t e s . This i d e n t i f i c a t i o n gives i n 
a d d i t i o n the c o r r e c t p a r i t y and charge conjugation 
p r o p e r t i e s of the mesons, but d i f f i c u l t y i s found f o r 
the baryon states i f the usual Fermi s t a t i s t i c s are 
assumed f o r the quarks. (See eg. r e f s . ^ ' " ^ . 
One might also ask why three quark states should be 
more s t r o n g l y bound than f o r instance two or four quark 
s t a t e s . The quarks, would be f r a c t i o n a l l y charged 
p a r t i c l e s , and i f they e x i s t they have so f a r evaded 
d e t e c t i o n . One possible explanation f o r t h i s i s t h a t 
the quarks have an unusually large mass. 

In the f o l l o w i n g chapters we survey and i n v e s t i g a t e 
aspects of these a l t e r n a t i v e approaches t o an understanding 
of the p a r t i c l e spectrum and i n p a r t i c u l a r to the 
p r e d i c t i o n of p a r t i c l e symmetries. We make a c a r e f u l 
comparison of p r e d i c t i o n s based on N / n bootstrap models, 
dual models and the quark model. 
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CHAPTBR 2 

Bootstrap p r e d i c t i o n s f o r Symmetries 

i n t h i s chapter we survey the various arguments 
leading t o the p r e d i c t i o n of Lie group symmetry based 
on bootstrap models. These arguments o r i g i n a t e d w i t h 
Oulkosky 's work based on the Bethe - Salpeter 
equation. However i d e n t i c a l r e l a t i o n s are obtained 
i n an ̂/d c a l c u l a t i o n and we adopt t h i s l a t t e r approach, 
f o l l o w i n g e s s e n t i a l l y the arguments of Chan,de Celles 
and Paton and Hwa and P a t i l (See also C a p p s ^ S 

2.1 Mesons 

One considers the e l a s t i c s c a t t e r i n g of a set of 
pseudoscalar mesons (P), P a + P D —> Pc .+ P̂  i n the s -
channel, where the lab e l s denote i n t e r n a l quantum numbers. 

i s-channel a + b — » c + d 
i i t-channel a + c ——* b + d 

i i i u-channel a + d -—> c + b 
Fig.2.1 

N, , The /D equations can be w r i t t e n (see appendix U) 
oo 

i f f 1 / ClS' _ > _L,£ S ~ S 0 L,A 

4m* 

«p t (s- )N: , i C d (s) 
( 2 . 1 ) 
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n* - 6 / ds p t (s)N a b , c d

£ (s ' ) 
Uab,cd - °ab > Cd / ( S ' -s)(sf"%) 

W ( 2 .2 ) 

where p,(s) = 2 q c

2 t + 1 / 7s , m is the pseudoscalar 
meson mass and S 0 the s u b t r a c t i o n p o i n t . Dab,cd 
i s the ' p o t e n t i a l ' term s p e c i f y i n g the l e f t hand cut 
d i s c o n t i n u i t y , and c a l c u l a t e d i n t h i s model from the 
exchange of a set of M degenerate vector mesons (V) 
i n the t and u channels* i f f a b r denotes the PPV 
coupling constant, which w i t h Bose s t a t i s t i c s must be 
antisymmetric under the interchange of a and b, then 

B o b ' d = F £(s) icCC 4
 M /CO 

where F (s) = Q*fc) Rfa) 
1 32 ft q s

2 * * 2 (see equation 10 
Appendix U). 

PuttingV„ ' b , c < f ( s ) = I ( f a

r J b

r

d • (-l/Ot )' 
t h i s i s a r e a l symmetric matrix which may be diagonalized 
by tne energy independent, orthogonal matrix U, whose 
columns are the eigenvectors of V 

Uij = where- V ^ ' j = V Ip'j ( 2 . 4 ) 

u \ l l = V A

d whe re V £

d , . = \ " 6 ( j ( 2 . 5 ) 
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l t can ea s i l y be shown irom equations ( l j and ^ ) 
t h a t t h i s t r a n s f o r m a t i o n simultaneously dla/jonaliaeo 
N and D and hence the p a r t i a l wave amplitude B. 

U1N,U = N t

d ( s ) 

i f 1 n U - 1 - §z£> f ds ,p l(s)Np d(s) 

4m* 

= 1 - cx£(s) 

t 

U"1B,U = B (

d ( s ) = N t

d ( s ) ( 1 - a A ( s ) ) " 1 

The f o l l o w i n g bootstrap conditions are imposed 

d 
a) Require t h a t B^ (s) has M degenerate poles at 

• 2 2 
S = (vector meson mass) • = ft . This w i l l be so i f 

ai,i (nriv) = 1 for K i < M 

b) Assume t h a t N 1 ) i

d ( s ) = N 1 > (

 d ( m v

2 ) n ( S ) , 

1 I ̂  M This i s the assumption t h a t the M 
eigenfunctions corresponding to the vector meson poles 
have the same s dependence, and includes the r e s u l t s 
of c e r t a i n s p e c i a l approximations, eg. the determinantal 
or l i n e a r D approximations. The residues of the vector 
meson poles are: 

( 2 . 6 ) 

( 2 . 7 ) 

( 2 . 8 ) 
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l im(m v

2 - s)Bj(s)= r ^ ' d ( 7 \ ? ( 2 . 9 ) 
L d _ i , i j m v 2 

= Y for 1<i<M 

= 0 for i>M 

The assumption (b) ensures t h a t y i s independent of j . 
This implies 

(2.10) t f a b

r = Y ^ 4 V o r t h a t 

(2.11) V j j C d f c d

r '= X 1

r f a b

r The PPV coupling 
c o e f f i c i e n t s form the f i r s t M eigenvectors of V''". 
This r e s u l t f o l l o w s , provided analagous assumptions t o 
(b) are made, f o r the coupling c o e f f i c i e n t s Q„ . r of 

zeros A

 y t ' a b 

any •poloa- of D • One obtains 

Ve„b,cd gi,cd r = ( 2 . 1 2 ) 

By o r t h o g o n a l i t y of the eigenvectors of a r e a l symmetric ' 
ma t r i x , we o b t a i n w i t h s u i t a b l e normalization* 

I g ' ^ g U = 6,j (2 .13) 
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To be consis t e n t the other poles of must occur at 
higher mass Values than the vector mesons. 

N j ( s ) < N 1 ? i

d ( s ) , 1 < j < M 

c) The above conditions c o n s t i t u t e the weak bootstrap 
c o n d i t i o n s . I f we add the c o n d i t i o n N^j d (s) = 0 

f o r j > M we obtain a stronger form of the bootstrap 
c o n d i t i o n . This implies 

1 1 M r r r 

M 
=

 r ^ ( f ac f bd " fad f be ) 

We see by the antisymmetry of the f's t h a t \ = y w i t h 
the r e s u l t t h a t 

f ab r f c d r = f r ac ^ bd ~ ̂  ad f r be (2.15) 

The s t r o n g bootstrap c o n d i t i o n ensures t h a t the 
vector mesons (and t h e i r Regge recurrences) are the 
only poles which occur i n the odd — p a r t i a l waves. 
In a d d i t i o n there i s the p o s s i b i l i t y of extra poles i n ' 
the even — £ p a r t i a l waves. Cutkosky^^) i n a VV V 
model was able t o show (by assuming a gauge invariance 
f o r the couplings e.g. charge conservation) t h a t the weak 
bootstrap conditions imply the strong ones. I n the VVV 

(2.14) 
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model the kinematics are much more complicated and 
a d d i t i o n a l assumptions (the neglect of c e r t a i n couplings) 
have t o be made. The advantage gained i n a model w i t h 
only one type of p a r t i c l e i s t h a t i f we assume t h a t the 
fgb are t o t a l l y antisymmetric i n a l l three i n d i c e s , 
then equation (15) becomes the Jacobi r e l a t i o n , s a t i s f i e d 
by the s t r u c t u r e constants of a Lie group. With t h i s 
assumption of antisymmetry, the metric f a D

c f"cd a must 
be non-positive and negative d e f i n i t e i f indices corres
ponding t o p a r t i c l e s w i t h zero f - i n t e r a c t i o n s are 
ignored. The Lie group must th e r e f o r e be semi- simple 
and compact and i t s s t r u c t u r e constants are p r o p o r t i o n a l 
t o the V VV coupling c o e f f i c i e n t s . Since semi - simple 
groups can be expressed as the d i r e c t product of simple 
groups we can r e s t r i c t our a t t e n t i o n to simple groups 

' w i t h o u t loss of g e n e r a l i t y . The vector mesons must 
form a. basis f o r the a d j o i n t representation space of 
t h i s group. The model as i t stands cannot d i s t i n g u i s h 
between various simple Lie groups Or t h e i r dimensions. 

For i l l u s t r a t i o n we solve our o r i g i n a l PPV model 
assuming t h a t the symmetry i s SU(3) and t h a t the f's 
become the s t r u c t u r e constants of t h i s group. The 
eigenvalue of V "̂ f o r JL odd i s j u s t one and the 
associated eigenvectors form the a d j o i n t , i n t h i s case 
the o c t e t , r e p r e s e n t a t i o n . For the even p a r t i a l waves,V 

; has the eigenvalues, 2 f o r the s i n g l e t representation, 
1 f o r the octet and - 2/3 f o r the 27 representation. 
The1 model thus p r e d i c t s t h a t there w i l l be s i n g l e t and 
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o c t e t poles occuring i n the even p a r t i a l waves. The 
s i n g l e t , w i t h eigenvalue 2, i s predicted t o l i e above 
the o c t e t t r a j e c t o r y , which i n t h i s simple model turns 
out t o be exchange degenerate. I t can be shown (see 
Cutkosky ^) t h a t the eigenvalues of the s i n g l e t and 
a d j o i n t r e p r e s e n t a t i o n s , obtained from a d j o i n t - a d j o i n t 
s c a t t e r i n g , are independent of the p a r t i c u l a r simple 
Lie group chosen. The above feature w i t h a s i n g l e t 
l y i n g above the a d j o i n t t r a j e c t o r y i s therefore general. 
These bootstrap p r e d i c t i o n s f o r the t r a j e c t o r i e s w i l l 
be contrasted w i t h those obtained from d u a l i t y i n chapter 
k» The second general f e a t u r e shown by t h i s model i s 
the existence of a d d i t i o n a l p a r t i c l e s i n other p a r t i a l 
waves. To be c o n s i s t e n t these p a r t i c l e s should be 
included both as exchange forces and as e x t e r n a l 
s c a t t e r i n g channels. The problem r a p i d l y becomes more 
d i f f i c u l t . 

As a. f i r s t g e n e r a l i z a t i o n , one can attempt t o 
include even p a r i t y meson exchanges i n our simple PP 
model w i t h odd p a r i t y a d j o i n t exchange. (See eg. Chan et 
a l j ^ ) Capps'(20) ) # The p o t e n t i a l s i n t h e antisymmetric 
and symmetric states are 

V r = 2 ( £ u 0 0 C r r . , g r . 2 * l%.CrtQS ) (2.16) 

V, =' 2 ( I u e o g r ? • I u M C r r , g r . 2 ) (2.17) 
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where r , s l a b e l antisymmetric and symmetric states 
r e s p e c t i v e l y . C• . denotes the (s, t ) crossing matrix 

J 

and the coupling c o e f f i c i e n t s . The assumption 
has been made t h a t s t a t e s of a given p a r i t y are degenerate 
and (Jgo denotes the p o t e n t i a l i n the even p a r i t y 

(20) 
• s t a t e a r i s i n g from odd p a r i t y exchange, e t c . Capps 
shows t h a t a l l the U" are a t t r a c t i v e p o t e n t i a l s and 
assumes t h a t L f o e = K 0 U"oo and (Jee = Ke U"eo 

where K 0 > K e ^ r e p o s i t i v e constants. He argues 
t h a t i n the low energy region the shape of the p o t e n t i a l 
i s not expected t o be important. The strong bootstrap 
c o n d i t i o n s f o r the odd and even p a r i t y states and the 
determinantal approximation (see appendix C) give 

I. 6 r r , g r ? = \ 0 ( I, C r K g r ? + K 0 I C r s , g s ? ) (2.18) 

f 6 S S . g f -~ M £ Csr,gr2 + K e Z gs.=) (2.19) 

where X 0 > X e
 s r © p o s i t i v e constants. Following Hwa 

and P a t i l the crossing matrix can be w r i t t e n as 
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'st 

s' 

S 
r 
M 

Since the square of the crossing matrix i s 1, i t 
f o l l o w s t h a t 

2.20) S + M N - 1 , SM + M A = 0 , 

« 1, A N + NS = 0 , A 2 

A + 
2 o S - MN = S, A - N M =*• -A 

These r e l a t i o n s show t h a t the matrix A has eigenvalues - 1, 
1/2. and S has eigenvalues 1, - 1/2* Our equations 
(1.16) and (1.17) are now w r i t t e n 

( 1 - \ A ) g - X 2 N s = 0 (2.21a 

( 1 - X 3 S ) s - X 4 M a = 0 (2.21b 

where 
/ 

a f 9 r 2 

and X| are p o s i t i v e 
s S s 2 j 

constants 

Using r e l a t i o n s (1.20) above we obtain 

1 - x iV W + ( W W'W) a 
2. , . 2 

a = O (2.22c 
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2 2 
S - 0 

(2.22b 

Hence a, _s must be eigenvectors of A, S r e s p e c t i v e l y 
w i t h eigenvalues d i f f e r i n g i n sign. The eigenvalues 
of A are - 1 or V 2 and so we requ i r e , 

1 - ^1^3* 
1 

2 
This has s o l u t i o n s 

= - 1 o r k (2.23) 

Xo = 1 f o r eigenvalue -1 (2. 24c 

or 

3*2 V = ( 2 + X 1 ) ( 2 + X 3 ) f o r eigenvalue ̂  (2.24I 

The t o t a l c rossing matrix has eigenvalues - 1. 

Let k be an eigenvector w i t h eigenvalue + 1 

t o solve k [IS 

VQ 
In the two cases 

(2.24) above we can f i n d | I , V which s a t i s f y 
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o r 

1 + v _ 1 + A1 

^ x 2 (2.25a) 
i L . 2 + A 
v 

3 X 4 (2 .25b) 

Since X| * > 0 i n e i t h e r esse we must have i^\/>0 
So we have proved t h a t equations (2.18) and (2.19) 
have s o l u t i o n s which correspond to eigenvectors of 
the crossing matrix w i t h eigenvalue one. Since 

a r = g r > S
s
 = and % > 0 the 

eigenvectors must have components with one s i g n . This 
(23) 

eigenvector c o n d i t i o n was f i r s t found by Chew i n a 
s t a t i c /̂D meson - baryon model with a l i n e a r D approx
i m a t i o n . The same c o n d i t i o n w i l l be found i n the 
exchange degenerate dual models surveyed i n the next 
chapter. 

S p e c i a l i z i n g the above model t o the case of 5U(n), 
the r e d u c t i o n of the product of ad j o i n t s representations 

A S A S contains the re p r e s e n t a t i o n I,D,M, Pg , P^ , P , P . 
A s 

(The n o t a t i o n i s t h a t of N e v i l l e ). P A
A occurs only 

S A 
f o r n > 3» and P^ , Pg D occur only f o r n > 2 . 
For n > 2 the eigenvector s o l u t i o n s contain at l e a s t 
three m u l t i p l e t s . Retaining only s o l u t i o n s i n v o l v i n g ; 

the. a d j o i n t , M, re p r e s e n t a t i o n , the three m u l t i p l e t 
s o l u t i o n s are 

I . D,M w i t h % 9/: %9o2- 9M

2 

r 2 ( n 2 - 1 ) : n 2 : ( n 2 - 4 ) (2.26a] 



I ,M PA

A w i t h % g i

2 : g ^ : g 0 f 

= 2 ( n + 1 ) : 1 : ^ (2.26t) 

The second s o l u t i o n e x i s t s only f o r n > 3 and involves 
A 

many more states than the f i r s t , eg. f o r SU(6J, has 
dimension 189« The simpler s o l u t i o n [a) seems t o 
represent the phys i c a l s i t u a t i o n . for n = 2 there 
are s o l u t i o n s i n v o l v i n g only two m u l t i p l e t s 

I ,M w i t h % q»= ^g* ( 2 . 2 6 c 

We have t a l k e d about P PV and V V V models and we 
now t r y t o generalize these t o include a l l e x t e r n a l 
P and V channels. The f i r s t attempt along these l i n e s 

(IB) 

was made by Hwa and P a t i l but they got the wrong 
answer because they t r i e d t o ov e r s i m p l i f y the treatment 
of the p a r t i c l e s pins. we f o l l o w e s s e n t i a l l y the 
arguments of Leung but dispense w i t h one of h i s 
assumptions. There are three types of coupling 
allowed by angular momentum and p a r i t y conservation, 
and we consider only those p a r t i a l waves i n which the 

P p a r t i c l e s can resonate, the 1" and 0" s t a t e s . 
The f o l l o w i n g assumptions are made: i ) A l l i n t e r a c t i o n s 
proceed v i a the p - wave. I n the 1~ s t a t e the V P, P P 
channels must have o r b i t a l angular momentum t = 1 

but the VV channel can also have JL — 3 • I n the 0" 
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s t a t e the V P, VV channels must have JL =1 , while 
the PP channel dosen't have such a s t a t e . The Jl=3 , 

VV channel w i l l be neglected. This coupling i s expected 
to be suppressed r e l a t i v e t o the Jt = 1 p a r t i a l wave 
at resonance energies anyway. 

In a d d i t i o n we make the f o l l o w i n g r a t h e r less 
p l a u s i b l e assumptions. 
i i ) ' Complete P V mass degeneracy. This i s obviously 
a r a t h e r bad assumption. 
i i i ) The i n t e r n a l V - mesons couple t o the p - wave 
o r b i t a l angular momentum as a s p i n 0 object. This 
assumption was f i r s t discussed i n the context of the 
s t a t i c model f o r baryons by Capps^ 25) and B e l i n f a n t e 
et a l J 2 6 ) . Thus i n t h i s model there w i l l be no V VP 
coupling w i t h a V meson i n t e r n a l s t a t e . 

i v ) P r o p o r t i o n a l i t y of a l l Born p o t e n t i a l terms. 
Leung^ 2*^ has demonstrated t h a t t h i s i s v a l i d i n the 
n o n - r e l a t i v i s t i c l i m i t . The extent t o which t h i s 
assumption and assumption ( i ) are broken gives a 
measure of the in c r e a s i n g symmetry breaking t h a t we 
can expect f o r higher energies. 

With these assumptions the v e r t i c e s can be 
w r i t t e n ( 6 jj i s the Knonecker delta and E^py t n e 

completely antisymmetric SU(2) tensor). 

(a) VVP X l 

d i j P e « P Y 
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(b) VVV 
f i j k 6a(3 

(c) VPP 

(d)PPV 

9pyq'6a|3 

'p'q" 

Figures 2.2(a) t o ( d ) . 
( i j k ) l a b e l the i n t e r n a l quantum numbers of the 
V - mesons and (p q ) those of the P - mesons. 
The Greek indices are s p i n l a b e l s and f o l l o w i n g 

assumption ( i i i ) above, i n t e r n a l P - mesons have spin 
l a b e l s whereas i n t e r n a l V - mesons do not. 

We now w r i t e down strong bootstrap conditions f o r a l l 

channels. V. 

(a) 
o r Pr;o 

s-channel 

Vor P 

t or u-channel 
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2.27 (The summation convention f o r repeated indices 
i s used) 

fal/fccT 6(XB &Y6 + Cl a b

r d c d

r ( 6 t f ^ 6p6 - 6 a 6 6pY ) 

= * { f a c

r WAy 5pt> + d a c

r ' d b d

r ' ( 6 a P c\ 6 - 6 W 6 P Y ) 

- fa d r fbc r 6<u> 6py *- 6a& 6^ ( 6 ^ 6 - 6 a Y ^ ) } 

(b) V 
Vaa 

V ' V . 
t or u channel 

(2.28) d a / g ^ e a p 6 = x { g c V 9 d b / ' - d a / g r V

b } e * r 

( c ) 
V P' 

V, 

Vr 

vb,(3 Pd' 
s-channel V / \ p 

t o r u-channel 
( 2 2 9 ) f a b

r gc'dr 6«, = A{ g<^g r < d

b - g d h * g^d} 6 a P 

Px y P P \ / V 

( d ) 

b,3 % 
s - channel 

V 

X V P / W 
t-channel u-channel 
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gaV'b 9r'c'd 5
P 6 M f Qdlkf-Qj Q r ' c ' I V (23C 

Pv /P 

(e) 

s-channel 

V 

P / N p 

t o r u-channel 

Figures 2 .3 (a ) to (e ) 

ga-b'r gc<d-r = *{Qa'J - 9a'dr 9 c v } (2.31) 

We solve equations (2.27) t o (2.31)• Bose s t a t i s t i c s 
are antisymmetric 

symmetric i n 
k 

implies t h a t f |j k

? g p q ' 

i s t h e i r lower ind i c e s and d ( j P 

i t s lower i n d i c e s . We assume tha t f |j i s 
t o t a l l y antisymmetric i n i t s indices, as above. Then 
p u t t i n g a = p = Y = 6 i n (2.27) the antisymmetry 
of the f'S implies X = 1 and we recover the 
Jacobi r e l a t i o n (2*15)» 

r r r r 
1 ab ^cd 

r r r r 
= f „ / f . / - f a d fv ac ~bd " x a a xbc 

The f ' S are thus the s t r u c t u r e constants of. a 

semi - simple Lie group. P u t t i n g Ct = P y = 6 

we obtain 

2.32 
r r f r - d r ' d r ' d r ' d r ' fab f c d * U a c u b d " U a d u b c * 
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Th i s equation f i x e s the normal i z a t i o n of the d's 

r e l a t i v e to the f ' s . (This f a c t was not r e a l i z e d 

by Leung). Equations (2.29)and (2.30) are i d e n t i c a l 

and can be w r i t t e n i n matrix form 

[ga,gb]= WV 
(Square brackets denote the commutator). 
This equation was f i r s t obtained by P o l k i n g h o r n e ^ ^ 
i n the context of Regge poles generated by i t e r a t i o n s 
of ladder - l i k e Feynmann diagrams, and applied t o 
the couplings of p a r t i c l e s w i t h s p i n 1 t o the V -
mesons. Here i t shows t h a t the PPV couplings form 
a r e p r e s e n t a t i o n of the group. Equation (2.31) 
i s the same as (2.15) which was f i r s t w r i t t e n down 

(17) 
by Chan e t . a l . r / I f we assume t h a t the P and V 
mesons both transform as the same representation of 
the group then (2.31) becomes the Jacobi r e l a t i o n 
and f = g. This w i l l be assumed here a f t e r . 
I t remains only t o solve (2.28)and (2.32). 

. Assuming d i j ^ i s completely symmetric i n i t s 
i n d i c e s (2.28) can be w r i t t e n 

[ d ° , f b ] = fob r d r 

The d's must transform as the a d j o i n t or i d e n t i t y 
:- representations of the group. By equation (2.3^) 
. the d's cannot a l l vanish. The d's transforming as 

the a d j o i n t r e p r e s e n t a t i o n e x i s t only f o r the u n i t a r y 
groups SU(n) f o r n > 2 ^ 2 8 ^ . Assuming SU(n) 
symmetry, equation (2.32) has a. unique s o l u t i o n w i t h 



-29-

the d couplings corresponding t o a d j o i n t plus 
s i n g l e t representations. The s i n g l e t and a d j o i n t 
symmetric couplings can be included i n a si n g l e 
n o t a t i o n i f the indices are extended t o include a 
s i n g l e t index, denoted by zero. The d's remain 
completely symmetric i n a l l t h e i r indices and equation 
(2.32) gives t h e i r normalization r e l a t i v e t o the 
s t r u c t u r e constants f . With the normalization 
f o r the f's given by Appendix A d|j 0 -J^ 6[j 
whenever one or three of i t s indices are zero. 
When two of i t s indi c e s are zero d l o o

 = 0 

The other equations remain unaltered by t h i s i n c l u s i o n 
of a s i n g l e t p a r t i c l e since the s i n g l e t cannot have 
antisymmetric couplings. Our equations can now be 
w r i t t e n as a s i n g l e equation - the Jacobi r e l a t i o n 
f o r the s t r u c t u r e constants of SU(2n) 

[ E a , t t E b ' p ] = E < " E . b C ( W (2.33 ) 

E Q ' can be w r i t t e n i n t h e i r 
SU«®SU(2 ) decomposition as 

Eabc CLPY = dabc -̂ftpy + fabc £ap6 

where d^py i s defined to be t o t a l l y symmetric 
i n i t s indices w i t h Cctpv = 0 when e i t h e r 
none or two of i t s indices are zero, and ^ t t p 0 = 6 ^ 

otherwise. The P and V mesons now span the a d j o i n t 
r e p r e s e n t a t i o n space of SU(2n). 

I n t h i s model there i s some ambiguity concerning 
the i n t e r n a l spin couplings and assumption ( i i i ) 
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appears to be r a t h e r a r b i t r a r y . (This ambiguity 
i s discussed i n the context of meson baryon couplings 
by B e l i n f a n t e and Renninger .) Invariance of 
the v e r t i c e s under W - spin gives the most successful 
p r e d i c t i o n s . (For d e f i n i t i o n and discussion of W -
spin see r e f . ' ^ ' ) . , I n t h i s p r e s c r i p t i o n the s i n g l e t 
and t r i p l e t W spin states are i d e n t i f i e d as f o l l o w s 

W U = Y 1 , W1Q . P, Wi_i - - V_x , W0Q = V Q 

where the V mesons are l a b e l l e d by t h e i r spin component 
i n the i n t e r a c t i o n d i r e c t i o n . S p e c i a l i z i n g t o the case 
of SU(6)^, the a d j o i n t representation contains P and V 
o c t e t s , the P s i n g l e t and two components of the V s i n g l e t . 
Since the W - spin s i n g l e t , the t h i r d component of 
the V s i n g l e t , . i s not bootstrapped i n the above model 
the V s i n g l e t i s not required t o be degenerate w i t h 

(31) 
the other P,V s t a t e s . (See Capps ). In general 
a W - spin s t a t e w i s a superposition of physical 
s p i n s t a t e s w - 1, w, w + 1 and so the physical 
s t a t e s w i l l a c t u a l l y correspond to representations 
of SU(6) ® 0 ( 3 ) . 

We see t h a t t r y i n g t o extend the o r i g i n a l PPV model 
by i n c l u d i n g e x t e r n a l p a r t i c l e s w i t h s p i n i s simple 
when the symmetry group i s SU(n), which extends . 
n a t u r a l l y t o SU(2n)* I t seems probable t h a t a consistent 
extension f o r the other classes of simple Lie groups i s 
not pos s i b l e . 

I f we assume t h a t the spin components behave as 
i n t e r n a l symmetry quantum numbers under crossing, which 



-31-

w i l l be t r u e i n the forward and backward d i r e c t i o n s , 
(32 ) 

the f o l l o w i n g argument of Capps may be used t o 
obta i n the permutation symmetries of the meson v e r t i c e s . 
These have been assumed above. Let £ijk denote n 
general three meson v e r t e x k — » i + j, where the meson 
labels include both s p i n and i n t e r n a l symmetry quantum 
numbers and the mesons may be of e i t h e r p a r i t y . 
Reversing the d i r e c t i o n s of the emitted p a r t i c l e s gives 

9I,K = -nIJk OiiK (2.34) 
where 7] ' i k i s the o r b i t a l p a r i t y of the vertex 
and i s the product of the i n t r i n s i c p a r i t i e s of the 
mesons. The g's are defined t o have the f o l l o w i n g 
crossing property 

9 Uk = 9*XKJ (2.35) 
where i denotes the conjugate i meson s t a t e . 
I f a l l the meson states are taken to be s e l f - conjugate 
then these two p r o p e r t i e s ensure tha t the g are 
completely symmetric and r e a l or antisymmetric and 
imaginary according as T| i s p o s i t i v e or negative. 

Again i t i s possible t o include the e f f e c t of ^ 
even p a r i t y meson exchanges i n the SU(2n) w model as we 
d i d above i n the PPV model and obtain the r e s u l t s 
given by (2.26). The model can now claim some , 
completeness i n t h a t i t includes a l l the low - l y i n g 
mesons both as e x t e r n a l states and as exchanged s t a t e s . 
The even p a r i t y mesons form the (35 ® 1, 3) represent
ations of SU(6)® 0(3) which gives octets of J c = 0 + , l + , 2 + , l ~ 

c + + (33) 
and s i n g l e t s of J = 0 ,2 ,1 . These states d i f f e r 
from those obtained by the quark model only i n the absence 

of an even p a r i t y 1 + s i n g l e t . 
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We should now go on t o include the even parity-
mesons as e x t e r n a l s t a t e s as w e l l as exchanged states 
but the kinem a t i c a l d i f f i c u l t i e s involved become much 
greate r . 

2.2 Baryons 

So f a r no account has been taken of baryons w i t h 
the assumption t h a t they w i l l not e f f e c t the meson 
bootst r a p . However a model of mesons as BgBg bound 
s t a t e s has been considered by Hara^^^* (Bg w i l l 
henceforth denote the l / 2 + baryon octet and D the -V2+ 

d e c u p l e t ) . We assume t h a t the meson r e s u l t s above stand 
and attempt t o bootstrap the baryons. The baryons 
d i f f e r from mesons i n t h a t they carry a u n i t of conserved 
quantum number* 

Models of t h i s s o r t o r i g i n a t e .with the s t a t i c 
model of Chew^2^) i n which the A p a r t i c l e i s t r e a t e d 
p r i m a r i l y as a P - wave meson - nucleon resonance. 
I n the s t a t i c approximation i n which the nucleon r e c o i l ^ 
i s neglected, the o r b i t a l angular momentum can be 
t r e a t e d as forming an JL - spi n s t a t e w i t h the P -
meson. This e a r l y model lead to the r e c i p r o c a l 
bootstrap model i n which a u - channel nucleon i s the 
primary fo r c e f o r producing an s - channel A resonance 
and v i c e versa. The SU(3) g e n e r a l i z a t i o n was given 

(35) 

by Copps and Gerstein & Mahantha ppa (36). Now 
the Bg octet and D decuplet r e c i p r o c a l l y bootstrap 
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—• F / 
each other* The P BgBg /D r a t i o i n t h i s approach 
can take a range of values depending on which exchange 

(37) (25) forces are included . Capps and Be l i n f a n t e 
(26) 

& Cutkosky generalized again t o SLf(6) by i n c l u d i n g 
the V - mesons, coupling t o the o r b i t a l angular momentum 
as we assumed above. The r e s u l t i n g s i m p l i c i t y i s 
t h a t the baryons can be included i n one SU(6) m u l t i p l e t , 
the 56, w i t h the mesons M i n the 35* The P BgBg F/D 
r a t i o i s now f i x e d by SU(6) t o be 2/3» By i n c l u d i n g 
the exchange of t - channel mesons Capps obtained 
the equation 

G o b W = A2 (Gaf5Gbl! + KG a c * f„* ) (2.36) 

where G denotes the MBB coupling and f the MM couplings, 
which are the s t r u c t u r e constants obtained above. 
Symbolically ( f i g u r e 2*1+) 

B B 

B 

B B B M 

M + 

M M \ 

B 

/ \ / 
s-channel M 1̂1 M "B 

t -channel u-channel 
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I f one makes the e f f e c t i v e range approximation as 

w e l l as the s t a t i c approximation A = 1 and 
the equation (2*34) becomes the same as t h a t f i r s t 

(27) 
derived by Polkinghorne • I t implies t h a t the 
baryons correspond t o a representation of the group. 
I n the s t a t i c approximation even - p a r i t y baryon 
exchanges i n the u * channel e f f e c t only even p a r i t y 
s - channel s t a t e s , and s i m i l a r l y f o r odd p a r i t y exchanges* 
So the even and odd p a r i t y baryons separately s a t i s f y 
an equation l i k e (2*34)* Only the value of K may be 
d i f f e r e n t i n the two cases. Put t i n g A =1 (1*34) 
may be w r i t t e n i n terms of i r r e d u c i b l e representations 
i, and the crossing matrices C* For ever) p a r i t y baryons 

6 I B G B

2 = C?B G B

2

 + K e v e n C l t

M G B f (2.37) 

For odd p a r i t y baryons, R 

ft. f i 2 - p su 
° IR ^ R ' " <~iR < V + K o d d CflJJ G B f (2.38) 

Using general formulae of Bel i n f a n t e and Cutkosky, (26) 

f o r M belonging t o the a d j o i n t representation 

st 
IM B 

IB 
1 (X , - X B - X M ) / X B 



-35-

where i s the quadratic Casimir operator f o r 
r e p r e s e n t a t i o n i . With these s u b s t i t u t i o n s i t 
can be seen t h a t (2.35) w i l l be s a t i s f i e d f o r any 
choice of baryon r e p r e s e n t a t i o n B provided K even = 

S i m i l a r l y (2.36) w i l l be s a t i s f i e d f o r any 
choice of the R re p r e s e n t a t i o n provided the B and 
R columns of 1'- C s U are p r o p o r t i o n a l . C a p p s^^ 
has proved t h i s w i l l always be so when the M B B 
coupling i s unique. The number of possible s o l u t i o n s 
f o r the B and R representations i s thus very large. 
We take the p h y s i c a l l y r e l e v a n t case t o be the 56 
and 70 representations of SU(6) W f o r B and R r e s p e c t i v e l y . 
As above the p h y s i c a l s t a t e s correspond a c t u a l l y t o 
representations of SU(6)® 0 ( 3 ) . B w i l l correspond 
t o (56, 1) and R t o (70, 3) representations. 

2.3 Broken Symmetry 
s 

(21) 
Cutkosky has pointed out t h a t the bootstrap 

equationsfbr N mutually i n t e r a c t i n g V - mesons have 
0(N) symmetry. The derived p a r t i c l e symmetry i s SU(n) 

2 
where N = n - 1 and so the problem i s r e a l l y not one 
of o b t a i n i n g symmetry but of breaking i t . Here we 
s h a l l study the breaking of SU(n) symmetry and i n 
p a r t i c u l a r SU(3)« 

In the simple PPV model we can include some 
symmetry breaking by a l l o w i n g the P meson masses t o 
vary by a small amount from degeneracy. I f the e f f e c t s 
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of the mass changes of the exchanged mesons and 
changes i n the coupling c o e f f i c i e n t s are neglected 
dne o b t a i n s ^ ^ ' ^ ^ t o f i r s t order i n the p e r t u r b a t i o n 

Sm^ =Vf T r ( f ' 6 m p f J ) (2 . 39 ) 

f o r the V - mesons, and 

6 m V = ^ T r ( d ' 6 m p d j ) (2 . 4 0 ) 

f o r the even - p a r i t y o c t e t , spin 2, T mesons. 
Here d 1 , f denote the symmetric and antisymmetric 
a d j o i n t r e p r e s e n t a t i o n matrices of SU(3)» For 
s i m p l i c i t y the mass perturbations 6m P etc* are 
w r i t t e n as matrices 

d / d s a i ( m v

2 ) K v = - 4 
oh (my) 

a 2 ( m T
2 ) 

where a ^ ( s ) i s the t r a j e c t o r y f u n c t i o n . Since 

^ClS a i ( n n 2 ) and (IT) 2 ) are both p o s i t i v e 

K y , K T < 0. 

P u t t i n g 6lTI | j = A d j j gives (see Appendix A) 

6m\ = ' . -4 'd 8 u K v (2.41) 



6rn\ = - 3 A . KT (2.42) 
10 

These r e l a t i o n s imply t h a t i f the P mesons s a t i s f y 
the Gell-Mann - Okubo mass formula then so w i l l the 
V and T mesons. Since K <C 0 we have ITLfClTL 

m ^ l T l ^ e t c . A l t e r n a t i v e l y one might put 6mJ = AD^ 7 ' 0 

(the m a t r i x transforming as the T = 0, 
Y » 0 member of the 27 representation) which gives 

6m); = (2.43) 

6m]] = ^ 0" (2.44) 

For t h i s dissymmetry mode we have ITU < IT1 =^ ID > n X * 
K P •» 

e t c . In t h i s simple model, i n which the P - meson 
dissymmetry i s put i n by hand, there i s no bootstrap 
argument t o d i s t i n g u i s h between the two dissymmetry 
modes. The model however i l l u s t r a t e d the general 
f e a t u r e t h a t the dissymmetry modes do not mix i n a 
l i n e a r theory. This f e a t u r e i s unaltered i f account 
i s taken of the changes i n mass of the exchanged 
p a r t i c l e s and changes i n the coupling constants. 
P h y s i c a l l y the symmetry breaking i s not small and 
although the P mesons s a t i s f y the Gell-Mann - Okubo 
formula, the V, T mesons do not due to mixing between 
s i n g l e t s and octets* The s i n g l e t V - meson i s however 
not coupled i n t h i s model. A s i m i l a r f i r s t order 
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c a l c u l a t i o n can be: performed for the baryon mass 

di f f e r e n c e s w i t h s i m i l a r r e s u l t s . 
Toachieve a s e l f - consistent dissymmetry, 

not one put i n by hand, the above model has t o be 
extended, f o r instance by bootstrapping the P meson 
as a PV bound s t a t e , and making the above argument 

(39) 
c i r c u l a r . Capps found by extending his equations 
t o non-linear ones t h a t the octet type of symmetry 
breaking was favoured. The model now has a so c a l l e d 
"spontaneously broken" symmetry. The idea that 
asymmetric s t a t e s i n f i e l d theory could a r i s e from 
a symmetric Hamiltonian was o r i g i n a t e d by Goldstone^"^ 

(42 23) 
and f i r s t applied t o the SU(3) case by Baker and Glashow* ' 
I t requires the existence of massless bosons. However 
i n a purely S - matrix theory they do not seem to be 

( H ) 

necessary. I t i s shown by Cutkosky and Tarjanne 
t h a t r e t a i n i n g mass perturba t i o n s up t o second order 
one obtains equations of the form 

6m, = Ki 6mt + I L i j k 6mi6m k (2 .45) 
jk ' 

where i l a b e l s the dissymmetry and i s 8 or 27 i n the 
SU(3) case. For a s o l u t i o n i n which S i r ^ ^ S l T l g . , 
one derives 

6 m S 1 " K 2 7 L 6 8 6 
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Provided L_ 2 7 — L 8 then t h i s i s consistent i f 

1 - K 8 « 1 - K 2 7 (2.47) 

Dashen and Frautschi generalised (1*41) by adding 

a d r i v i n g f o r c e d^ 

Orrij = Kj 6m, * d, ( 2 . 4 8 ) 

where d^ might include higher order terms or maybe 
a small e x t e r n a l p e r t u r b a t i o n (eg. Ne'eman's^ f i f t h 
i n t e r a c t i o n or possibly the weak or electromagnetic 
i n t e r a c t i o n s ) . Here octet enhancement i s obtained i f 

1 " K e « 1 " K g 7 (2 .49 ) 
d 8 d 2 7 

The above authors c a l c u l a t e Kg and K27 i n c e r t a i n 
models and conclude t h a t (1*43) i s not unreasonable. 
They also f i n d t h a t an SU(2) subgroup remains unbroken, 
but the d i r e c t i o n of t h i s sub group, i n one of three 
d i r e c t i o n s i n weight space a t 120° to each other i s 
undetermined. 

(47 4$) 
I t i s conjectured by some authors ' t h a t 

although the electromagnetic and weak i n t e r a c t i o n s 
are a much smaller e f f e c t than the medium strong 
SU(3) breaking, they may provide s u f f i c i e n t d r i v i n g 
f o r c e . Their f u n c t i o n being possibly to point a. 
broken symmetry s o l u t i o n i n a c e r t a i n d i r e c t i o n * 
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Of i n t e r e s t here are two r e s u l t s by Brout 
(a) A rank two Lie group i s much more unstable t o 
spontaneous breakdown than one of rank one. 
(b) A d r i v i n g force of octet type may lead t o breakdown 
at 120° t o i t s e l f i n weight space. A force along the 
Q - axis (eg. electromagnetism) might lead t o broken 
symmetry i n the Y - d i r e c t i o n . 

A l l these considerations of broken symmetry have 
two fundamental f a i l i n g s . I n a l l p r a c t i c a l cases 
where a broken symmetry s o l u t i o n i s looked f o r a 
symmetry s o l u t i o n i s also possible. How do we 
d i s t i n g u i s h between the two so l u t i o n s V S i m p l i c i t y 
would favour the symmetry s o l u t i o n . Some ra t h e r 
unconvincing ideas have been put forward about s t a b i l i t y 
of s o l u t i o n s . (See eg. Tar janne .) ' Secondly from 
p r a c t i c a l necessity we have t o assume the symmetry 
breaking i s small. This i s experimentally untrue and 
as we have seen the discussion of spontaneous breakdown 
goes beyond the c o n s i d e r a t i o n of f i r s t order terms, 
as we would expect of any bootstrap argument* 



CHAPTER 3 

Dua l i t y Predictions f or Symmetries 

This chapter l i k e the preceding one w i l l be a 
survey of p r e d i c t i o n s f o r i n t e r n a l symmetry, but now 
a r i s i n g from the d u a l i t y hypothesis. We give a b r i e f 
i n t r o d u c t i o n t o FESR and d u a l i t y and o u t l i n e a model 

(32 51 ) 
of Capps ' which embodies a complete set of 
d u a l i t y c o n s t r a i n t s f o r a l l meson and baryon two -
p a r t i c l e r e a c t i o n s . This model uniquely p r e d i c t s 
the symmetry and representations t o which a l l p a r t i c l e s 
belong. However the predicted baryon spectrum i s not 
the physical spectrum, and the second p a r t of t h i s 
chapter w i l l be devoted t o a phenomenological'discussion 
of how the phy s i c a l spectrum s a t i s f i e s a subset of the 
co n s t r a i n t s * Broken symmetry .within t h i s scheme w i l l 
also be discussed. 
3*1 FESR and D u a l i t y . 

The idea of d u a l i t y developed from FESR(52^. 
These equations can be derived merely from the assumptions 
of a n a l y t i c i t y and Regge behaviour* One considers the 
amplitude A(V,t), say f o r PP s c a t t e r i n g , where V i s 
the antisymmetric v a r i a b l e V & s .(The d e r i v a t i o n 
f o r amplitudes of processes w i t h spin i s e s s e n t i a l l y 

the same)*. A( V, t ) i s assumed t o have the Regge 
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asymptotic form 

A ( v , t ) * I - P ( t ) . 5 L ^ v a<(t) (3.1) 
Ivl 4 oo 2sinTca,(t) 

where the sum extends over Regpe poles w i t h signature 
S-̂• The FESR i s obtained by w r i t i n g down the Cauchy 
theorem f o r the contour C i n the complex V plane, 
(shown i n f i g . (3.1) ). 

Fig. 3*1 The contour C consists of the c i r c l e C 
at I V I = N together w i t h p a r ts along the r i g h t 
and l e f t r e a l axis enclosing the branch cuts. 

<j> v ' n A(v',t ) dv' = 0 
C N -V0 

gives 

v' nD s(v',t)dv' + jv ' nD u(v' , t)dv'= -J ^ n A R J ^ ; t ) d v ' 
N i s chosen so t h a t A ( N V, t ) a t t a i n s i t s Reg£e form (3*1) 
on the c i r c l e at | V | = N • D s , D u stand f o r the r i g h t 
and l e f t hand d i s c o n t i n u i t i e s of the amplitude across 
the r e a l a x i s . Making the replacement V — » -V 

(3.2) 
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i n t he second i n t e g r a l on L.H.S. and performing 
the i n t e g r a t i o n round the c i r c l e by p u t t i n g V s Ne'^ 

(3*2) becomes 
N 

v ' " ( D 5 ( v , t ) * ( - i r 1 D u ( - v ; t ) ) d v ' 

a, + n +1 . 
= I ?P . V n T T <1t<~1> s< > 0.3) 

This r e l a t i o n i s c a l l e d the n'th moment sum r u l e . 
The assumption has been made i n d e r i v i n g (3*3) t h a t 
both 0C |(t ) and (3| ( t ) are r e a l , f o r r e a l t» I t 
can be shown t h a t i f two t r a j e c t o r i e s do not cross CX|(t) 
and P , ^^T'2CX must be r e a l f o r t below the t -

X Q t (7) channel threshhold. (See eg. r e f . ' ' ) • The presence 
n *4t 1 

of the f a c t o r ( 1 + (-1) S^) ensures t h a t only 
n + 1 

poles w i t h signature Ŝ  = (-1) contr i b u t e t o 
+ 

the R.H.S. Def i n i n g the signatured amplitudes A ~ ( v , t ) 
by oo 

A*(v, t ) = l [ ( D s ( v : t ) - - D u ( - V > t ) ) d v - ( 3 4 ) 

2 J v - v' 

The even and odd moment FESR can then be w r i t t e n 
N 

Mai+2n + 1 ' 
v ' 2 n 1mA"(v; t ) = E f t™ ( 1 - s ) (3.5a) 

1 2(a j + 2n+1) 



- ' 2 - 1 l m A + ( v ; t)=i p , N C L ^ 2 n ^ 2 j ( 3 5 b ; 

' 2(a i +2n + 2) 

The idea of average d u a l i t y i s t h a t L.H.S. of 
the FESR can be w r i t t e n e n t i r e l y as a sum of s and u 
channel narrow resonance terms, so the Regge poles 
are 'dual 1 t o the resonances. 

There i s a d i f f i c u l t y f o r e l a s t i c processes l i k e 
TC TC — > TC U whose high energy behaviour i s dominated 
near the forward d i r e c t i o n by a t - channel Pomeranchon 
t r a j e c t o r y , but which have no d i r e c t s - channel resonances. 
The a d d i t i o n a l hypothesis i s made t h a t the FESR breaks 
down i n t o two pa r t s . w-' 

I IT! (s and u channel resonances) <jV 

- L ( t channel t r a j e c t o r i e s w i t h o u t the Pomeron) 

(background) (jV = Pomeron 

Subtracti n g two such FESR*s (3.i>) f o r d i f f e r e n t 
end p o i n t s N2 one obtains f o r the zeroth and f i r s t 
moment sum r u l e s 

N 2 

l m A - r e s d V : (3.7a) 

N 2 

R+/K|CX++-2 Ma + + 2 N 
v-'lmA+ r e sdv' = P ( N * - N 2 > 

a\2 (3.7b) 
N i 



-45-

where only the leading p o s i t i v e and negative signature 

Regge t r a j e c t o r i e s have been retained on R.H.S. I t 
i s assumed t h a t f o r some N-j_, Np and t the second 
equation can be approximated by 

" i m A ^ d V S P* ( N f 1 - N f - 1 ) ( 3 

a +1 
N1 

This i s the wrong signature zeroth moment sum r u l e 
i n which possible nonsense f i x e d poles c o n t r i b u t i n g 
t o t h e R.H.S. have been ignored. The leading such 
pole at X ~ -1 would cancel anyway. Adding (3»7a) 
and (3.$) 

. . ( a ' + 1 ) ™ (3.9) 

Equation (3»9) expresses the idea of l o c a l d u a l i t y : 
the idea t h a t the s - channel resonance and t - channel 
Regge t r a j e c t o r y d e s c r i p t i o n s f o r the imaginary part 
of the amplitude are equivalent i n some average sense 
and f o r some range of s .and t . 

I t i s evident from (3*9) t h a t there must be 
exchange degeneracy of opposite s i g n a t u r e d t r a j e c t o r i e s • 
i f the quantum numbers are such t h a t no resonances can 
be formed i n the's '- channel. In t h i s case the L.H.3. 
of (3*9) i s zero, and t o s a t i s f y the equation f o r a 
range of t t h i s requires 



-46-

a*( t ) = a ( t ) (3.10) 

P (t) = p" ( t ) (3.11) 

I f • n o n - l e a d i n g t r a j e c t o r i e s are retained i n (3*9) 

such a matching i s also required f o r them* 
A l t e r n a t i v e l y the exchange degeneracy r e l a t i o n s 

(3*10, 3 » H ) may be derived without the approximation 
of (3»8) i f resonance s a t u r a t i o n i s assumed f o r a l l 
s and not j u s t f o r low and intermediate energies as 
above. With t h i s assumption A+ ( V , t ) = -A~( V 7 t ) 
when no resonances can be formed i n the s - channel 
and ( 3 * 9 ) now f o l l o w s from (3*7a)« 

The d u a l i t y equations can be expressed g r a p h i c a l l y 
' ' ' («) by the quark s c a t t e r i n g diagrams of Harari and 

(56) 
Rosner . "Exotic" resonances are d e f i n e d t o be 
those not predicted i n the quark model and i t i s 
assumed there are no e x o t i c resonances i e . a l l mesons 
are quark - .antiquark s t a t e s , and a l l baryons are three 
quark s t a t e s . 

Fig* 3*2 Allowed d u a l i t y diagrams (a.) meson-meson 
s c a t t e r i n g (b) meson-baryon s c a t t e r i n g * 

M M 

(b) a) 

a M 
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(a) (b) 

Fig.3.3 I l l e g a l d u a l i t y diagrams (a.) meson-baryon 
non-planar diagram (b) baryon-antibaryon diagram 
w i t h exotic qcjcjcj intermediate s t a t e s . 

Allowed diagrams f i g (3»2) are planar w i t h no exot i c 
intermediate s t a t e s . Processes f o r which no allowed 
diagrams can be drawn are predicted t o have vanishing 
imaginary parts at high energy. However t h i s scheme 
meets d i f f i c u l t i e s f o r baryon antibaryon scattering'as 
can be seen i n f i g ( 3 . 3 b ) . No diagram can be drawn 
f o r t h i s process which does not involve exotic i n t e r 
mediate states and y e t these processes do not have 
vanishing imaginary parts at high energy 

3.2 - Meson Processes, 

i s - channel a + b — » c + d 

i i t - channel a ,+ c — > "b + d • 

i i i u - channel a + d~—>c + "b 

Fig. 3.4 PP s c a t t e r i n g . 
' We w r i t e consistency conditions corresponding t o 

(3*9) f o r the e l a s t i c s c a t t e r i n g of a set of degenerate 
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P mesons (see f i g * 3 * 4 ) w i t h the exchange of V and T 
(cn) 

meson t r a j e c t o r i e s , f o l l o w i n g Scmid and Y e l l i n w , 
and Capps (32,51) # I n accordance w i t h (3*10) and 
(3*11) the V and T t r a j e c t o r i e s must be exchange 
degenerate. As above we denote the PPV and PPT coupling 
constants by f a D r and d a ^ r r e s p e c t i v e l y . Following 
the arguments of Chapter 2, equations (234,235) and 
the assumptions made there about s p i n , f a b r i s imaginary 
and completely antisymmetric and d g ^ r e a l and completely 
symmetric. 

The B r e i t - Wigner form f o r the s - channel 
resonances R of s p i n J i s 

A r e s ( V i t ) = •SWa'cdrg ( z , ) q » ( 2 J+n ( 3 1 2 ) 

( v R - v - i r R ) 

where g K v, stands f o r e i t h e r f , or d , . The & a b r abr abr 
narrow w i d t h approximation f o r the imaginary part 

gives 

ImApesCv/t) =g a b r g* c d r ^6(v -v R )? (z R )q R

2 J (2J + 1) (3-13) 

where 
z
 1 + 2 t 

R ( m 2 _ 4 m 2 ) - ma = resonance mass 

2 + ' m = P meson mass* 

vR = m/~ 2m + i -

m,2 - 4 m 2 

q R = 
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The t - channel Regge pole c o n t r i b u t i o n i s given 
by (3*1)• Near the t - channel resonance mass 
mj i t has the form 

A (v,t) = J i P f l s ^ m j J v 
Regge Tia ' ( t -np j ) 

where a' i s the t r a j e c t o r y slope, assumed constant. 
This i s complared w i t h the B r e i t - Wigner form f o r 
a t - channel resonance as |V| > oo 

lim 
| v | -

gqcrQ b̂dr 3 ( z t ) q t
2 J ( 2 J + 1) 

( i V - t ) 

gacr g*bdr V J Cj (2J 1) 
2 J ( m / - t ) 

(3.14) 

(3.15) 

since Pj ' ( z t ) — * Cj Zt 

and t -
v 
2 q t

2 

Comparing (3*14) and (3*15) gives 

(3a c,b d (m, 2) = s j 9 o c r g ' b j r TCa-Cj(2J*1) 
2J 

(3.16) 
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S u b s t i t u t i n g (3.13) and (3»16) i n t o e i t h e r side of 
(3*9)» taken at t =» o say> and assuming t h a t 

Y, = p a b , c d v w y i s independent of (ab, c d ) , 

gives 

} Cj g*r.g% d r = }> VQacrg ' b d r (3.17) 

where 

Y (N a ( 0 ) + 1-N a ( 0 ) + 1 ) 
(a (0) + 1) 2 2J 

3 n d ^ .= t n q R ^ (2J • D 

f j i s . a p o s i t i v e f r a c t i o n depending on N]_ and 

The si g n of A j depends on the sign of Yj and t h a t 
T 2J of !a j on the sign of * I t w i l l be assumed 

t h a t the sign of P ( t ) doesn't change between t = o 
2 

and t ta rtij and tha't a l l the resonance poles occur 
above threshhold. With these assumptions £ j and 
^ j are a l l p o s i t i v e . W r i t i n g out (3.17) i n terms 

of the coupling c o e f f i c i e n t s g - j j ^ = f j j k when J i s 
odd and g - j j ^ = d i j k w n e n J i s even where f ^ - j ^ * d ^ j i c 

are imaginary and r e a l r e s p e c t i v e l y , gives 

£•! W ^ c d r ~ £ 2 ^ a b r ^ c d r = ^1 W W ~ ^-2^0:1* d b d r (3.18) 
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Renormalizing the d's r e l a t i v e t o the f's t h i s can 
be w r i t t e n 

fabr ^cdr ~ ^abr ^cdr = ^ 1 ^acr ^abr " ^ 2 d a c r ^bdr 

where K1 = ^ t r , K 2 = are p o s i t i v e 
constants. 
Summing over permutations of (abed.) one obtains 

(d a b r d c c j r • cW d b d r * d a d r d b c r X 1 - K 2 ) ; O (3.19; 

So Kg = 1 i f the d's are not a l l zero. P u t t i n g 

b = c i n (3«18) y i e l d s K-̂  = 1. F i n a l l y the consistency 

equation may be w r i t t e n i n terms of the commutators 

of matries ( f i ) j k > ( d i ^ j k 

[ f c . f a ] = [dc.Cla] (3.2C 
Since PP s c a t t e r i n g i s the same i n a l l channels 

i d e n t i c a l equations are obtained f o r the (s,u) and 
( u , t ) p a i r s of channels. Equation (3.20) states 
t h a t the coupling constants form an eigenvector of 
the ( s , t ) crossing matrix w i t h eigenvalue one. 
This c o n d i t i o n was also found i n Chapter 2. The 
d u a l i t y equations, however, always appear l i n e a r i n 
the coupling constants u n l i k e the bootstrap equations, 
(see eg. equation (2.12) ). The d u a l i t y equations , 
thus do not determine the o v e r a l l magnitude of the 
coupling constants. 

The advantage of the d u a l i t y f ormulation i s t h a t 
i t allows p a r t i c l e s of both p a r i t i e s to be included 
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on the same f o o t i n g . Taking external mesons of 
both p a r i t i e s , and t r e a t i n g t h e i r spins as i n t e r n a l 
quantum numbers under crossing, equation (3*17) 

(32) 
becomes generalized (see Capps ) t o 

rU)^J ^ a b r ^ c d r = ^abcd rg<) ^ J ' 9 a c r 9 bdr 

where T] a b c c } i s the product of the i n t r i n s i c p a r i t i e s 
of the mesons a,b,c,d. P u t t i n g g a b r - ^ a b r w n e n 

T] a b r i s odd and g a b r = d a b r when T] a b r i s even, 
y i e l d s (3*20) when T] a b c d i s even. WhenT) a b c d i s 
odd one obtains 

[dc, fa ] = [ f c , d a ] (3.21) 
Whereas equation (3»20) can be derived from those 
of Chapter 2, equation (3»2l) i s completely new, 
since b o o t s t r a p equations f o r the case when the p a r i t y 
f a c t o r 7] i s odd were not w r i t t e n down. 

The f o l l o w i n g r e s u l t s can be obtained from 
these two equations: 
a) There are t r i v i a l s i n g l e state s o l u t i o n s w i t h 
only one d non-zero and these are the only solutions 
i n v o l v i n g zero f ' s . 
b) Summing (3*20) over permutations o f ( a b c d ) j and 
i n c l u d i n g the minus sign f o r odd permutations, the 
Jacobi c o n d i t i o n (2.15) can be derived f o r the ' f ' s * 
The f's are thus the s t r u c t u r e constants of a compact 
semi-simple Lie group. 
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c) Summing (3*21) over permutations of (abc) one 
obtains 

[ d a > f d ] = "fadr d r (3.23) 
This imp l i e s t h a t da transforms as the a d j o i n t 
r e p r e s e n t a t i o n when f a d r t 0 f o r some r,d , and as 
the s i n g l e t i f f g d r = 0 f o r a l l r,d. 
d) P u t t i n g p, = f, + d, and m, = f j - d f , and 
applying permutation operators to the sum and d i f f e r e n c e 
of (3*20) and (3.21),one obtains , 

[ P c P o ] = 2 W P r ' ( 3 . 2 2 ) 

{ P C , Pa] = 2 d a c r p r ( 3 . 2 3 ) 

: pTo 'Ta ] '= 2 f a c r m r (3 . 2 4 ) 

{ T C , T a } = " 2 d a c r m r ( 3 . 2 5 ) 

Equations (3.22) and (3*23) show t h a t a l l products 
of the pi are l i n e a r combinations of themselves, 
the combination matrices transforming l i k e a d j o i n t 
and s i n g l e t r e p r e s e n t a t i o n s . This i s s u f f i c i e n t 
t o f i x the symmetry group uniquely t o be 3U(n) and 
the p| t o transform as the fundamental 'quark' 
r e p r e s e n t a t i o n . (For proof see Capps^)), 
S i m i l a r y the m̂  transform as the fundamental a n t i -
qUark r e p r e s e n t a t i o n . (The m̂  transform as the 



-54-

conjugate r e p r e s e n t a t i o n t o tha t of the Pj because 
of the r e l a t i v e minus s i g n occurring between (3.2-3) 
and (3*25) )• . For n > 2, the unique s o l u t i o n , 
i g n o r i n g the t r i v i a l one st a t e s o l u t i o n s , has exchange 
degeneracy between t r a j e c t o r i e s of opposite p a r i t y , 
the mesons on both t r a j e c t o r i e s transforming as quark-
antiquark combinations i e . a d j o i n t s i n g l e t . 
For n = 2 a s o l u t i o n w i t h o u t p a r i t y doubling i s 
possible i n which an i s o s i n g l e t t r a j e c t o r y i s exchange 
degenerate w i t h an i s o t r i p l e t t r a j e c t o r y of opposite 
p a r i t y . Choosing the phys i c a l symmetry t o be SU(6) 
the unique s o l u t i o n has mesons of e i t h e r p a r i t y 
belonging t o the 35® 1 representations, and l y i n g 
on a s i n g l e exchange degenerate t r a j e c t o r y * 

3.3 Meson Baryon Processes. 
M a M c ; 

Bb Bd • 

Fig.3.5 MB s c a t t e r i n g . The channels are defined 
as i n f i g . (3*4) • 

We w r i t e down conditions analgous to (3*17) f o r 
meson-baryon s c a t t e r i n g as i n fig.(3*5)» Let G^j^ 
denote a. general meson-baryon-baryon coupling constant. 
Then the (s,u) c o n d i t i o n becomes 
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£ G c d r G a b r = âbcd £ Gad> G*c~br (3.26 

The ( s , t ) and ( u , t ) conditions involve t - channel 

meson couplings g^-j^t 

I Gabr G*Cdr = KT] a b c d £ g a c r G rt>d (3.27) 
The couplings of odd p a r i t y mesons t o baryons of 
the same and opposite p a r i t y are w r i t t e n as the 
matrices F g , p g , where'the index a always r e f e r s 
t o a meson. Then assuming t h a t the even p a r i t y 
meson couplings t o baryons are the same as the odd 

(32) 
p a r i t y meson couplings, (Capps shows t h a t t h i s 
f o l l o w s from the conside r a t i o n of c o n s t r a i n t s from 
B B s c a t t e r i n g ) (3.26) and (3-27) become 

^ [Da , DcJ = [ F a , Fc] (3 .28) 

Pc Pa + F C Fa = K ( f a c r 5 + dacrCV ) (3.29) 

Pc fa + F c p a - K ( f a c r p r + d a c r F r ) (3. 30) 

The (S|t) c o n d i t i o n i s (3*29) or (3*30) according as 
the e x t e r n a l baryons have the same or opposite p a r i t y . 
W r i t i n g Pi - Fj, + Mi = - pi> as above, 
one obtains 

[Pc , fa] = 2 K f a c r Pr 

{Pc\6} = 2Kd a c rF? 

(3.31) 

(3.32) 
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2Kfa cr Mr (3.33 

{ M C ) M Q } " = • - 2 K d a c r M r (3.34 

transform as fundamental quark representations. 
Note t h a t now doesn't transform as the antiquark 
r e p r e s e n t a t i o n since (3.33) and (3*34) have the same 
si g n on the r i g h t hand side, while (3.24), (3*25) 
have opposite signs. Thus i n the simplest s o l u t i o n 
the baryons correspond t o quark-quark composites and 
not the expected three quark combinations. I f 
baryons of opposite p a r i t y correspond to states of 
opposite symmetry under the exchange of the two 
quarks, the need f o r p a r i t y doubling i n the s o l u t i o n 
i s avoided. 

The above s o l u t i o n can be generalized by al l o w i n g 
the baryons t o have a set of "passive" quantum numbers.. 
A baryon s t a t e i s then l a b e l l e d | CX (3 Y > where CX;(3 
are the two quark indices and y i s a t h i r d index 
corresponding t o some representation ( s ) . Then 
the Pg, Ma matrices become 

[•Pc.Mal 0 (3.3E 

Equations (3.31) t o (3.34) imply t h a t both ? ± 1 H ± 

<a'PY|P„ | a p Y > = K X - ^ e p p / e ^ , 

< a'PY M0 aPY> = K X a 
pp aa YY 
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The e x t r a f a c t o r s 6yy' j u s t cancel on e i t h e r side of 
equations (3»31 - 3-35)- Choosing the extra quantum 
number t o be a t h i r d quark gives the usual quark model, 
and i f the symmetry i s assumed t o be SU(6) one obtains,, 
w i t h the p a r i t y r u l e above, baryon states 56 © 70 of 
one p a r i t y and 70® 20 of opposite p a r i t y , i n agreement 
w i t h observation. However i f equations f o r baryon -
antibaryon s c a t t e r i n g are w r i t t e n down the extra 6yy' 

f a c t o r s do not cancel and only the unphysical two 
quark s o l u t i o n i s allowed. This s i t u a t i o n can 
r e a d i l y be seen i n d u a l i t y diagrams. I n meson 
baryon s c a t t e r i n g , f i g . (3.2a) a spectator quark f o r 
the baryons can be 'added at w i l l , but i n the baryon -
antibaryon case, f i g (3»3b), only the two quark baryon 
i s allowed. 

3«4 Phenomenological D u a l i t y 

I n the l i g h t of the above s o l u t i o n f o r baryons 

i t i s d i f f i c u l t t o t r e a t the d u a l i t y hypothesis as a 

fundamental p r i n c i p l e . R o s n e r ^ ) suggested t h a t the 

existence o f high mass exotic mesons which do not 

couple to low mass mesons, and are not ruled out by 

experiment could save the s i t u a t i o n i n baryon - a n t i 

baryon s c a t t e r i n g . However we would c e r t a i n l y not 

wish t o admit the non-zero t r i a l i t y baryons which 

f o l l o w from the complete equations above. 

A l t e r n a t i v e l y as suggested by Mandula., Weyers and 

Z w e i g ^ ^ , d u a l i t y may be regarded as g i v i n g only an 



approximate set of c o n s t r a i n t s , whose v a l i d i t y decreases 
the higher the threshhold of the channel considered. 
I n p a r t i c u l a r the c o n s t r a i n t s coming from decuplet -
ant i d e c u p l e t s c a t t e r i n g should not be expected to be 
v a l i d at a l l . Their explanation f o r t h i s breakdown 
of d u a l i t y i s t h a t the d u a l i t y hypothesis (3»9) i s 
s a t i s f i e d i n p r o p o r t i o n t o the size of the overlap 
region i n which the two approximations - resonance 
s a t u r a t i o n and Regge behaviour - are v a l i d . Thus 
suppose t h a t resonance s a t u r a t i o n i s a. good approxim
a t i o n f o r s < s m a x , and Regge behaviour f o r s > s mi n» 
Provided s m a x - sm^n i s s u f f i c i e n t l y p o s i t i v e the 
d u a l i t y hypothesis i s w e l l s a t i s f i e d . I f s m a x < s m ^ n 

d u a l i t y i s not expected t o hold at a l l . S m a x i s 
expected t o be independent of the p a r t i c u l a r channel 
i n v o l v e d , and t o depend merely on the p a r t i c u l a r 
resonances which can be formed, whereas s m i n i s 
s t r o n g l y dependent on the threshhold of channel 
considered. Thus i f we compared the equations f o r 
meson poles i n MM and BB-^scattering, s m a x would be 
the same f o r both channels but s m ^ n would be much 
l a r g e r i n BB s c a t t e r i n g . The c o n s t r a i n t s coming from 
MM s c a t t e r i n g are t h e r e f o r e expected to be b e t t e r 
s a t i s f i e d * 

I n t h i s s e c t i o n we look at the phehomenological 
question of the p a t t e r n of t r a j e c t o r i e s predicted by 
various subsets of the d u a l i t y equations. The symmetry 
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i s assumed t o be SU(3) w i t h mesons belonging t o 

representations contained i n 3 © 3* - 1 © 8 and 

baryons i n 3 © 3 $ 3 » 1 © 8 ® 8 ® 10. One looks 

f o r so c a l l e d minimal s o l u t i o n s , i e . those i n v o l v i n g 

the smallest number of t r a j e c t o r i e s . This question 

has been i n v e s t i g a t e d by a number of authors,(61-65) 

and t h e i r conclusions d i f f e r depending on how complete 

i s the s e t of c o n s t r a i n t s they have taken. For a 

f a i r l y complete discussion see Rimpault and Sal i n 

and also Mandula, Weyers and Zweig. A common 

r e l a x a t i o n of the c o n s t r a i n t s i s t o employ (3*9) 

only when one of the channels i s e x o t i c , i e . when both 

sides of the equation must be zero, 

(a) Mes ons 

For meson - meson s c a t t e r i n g the above relaxed 

c o n s t r a i n t s are equivalent t o the complete set. 

Requiring no exot i c c o n t r i b u t i o n s ensures t h a t the 

amplitude must be an eigenvector of the crossing 

matrix. The f o l l o w i n g exchange degeneracies are 
(67) 2 2 p r e d i c t e d , w i t h the coupling p a t t e r n g-j : g a : 

2 2 
e 16:5*9 as given by equation (2.26) ( g s stands 

f o r the coupling of the symmetric octet etc.) 

Process considered T r a j e c t o r i e s ( J P G ) r e l a t e d 

P P —> P P 8 e 1 ( 2 + + ) 8 ( 1 " ) 
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8 e 1 ( r ~ ) *=>8(2 + + ) 
8 a1 ( f ) «-» 8(0~ + ) 
8 © 1 (2" )<=*8(1 + + ) . 

8 e1 (0" + ) 8 ( f " ) 

8 e1 8 ( 2 " ) 

Following the arguments above these degeneracies 
are expected t o be less w e l l s a t i s f i e d the f u r t h e r 
down the l i s t they appear. For instance the 0""+ and 
++ 

1 s i n g l e t s f i r s t appearing at t h e bottom of the l i s t 
are not expected t o be even nearly degenerate w i t h 
t h e i r respective o c t e t s . 

Chui and F i n k e l s t e i n ^ ̂  showed t h a t the no 
exotic c o n d i t i o n can be maintained even when the octet 
masses are allowed t o depart from SU(3) degeneracy but 
keeping exact symmetry f o r t h e couplings, provided 
there i s s i n g l e t - octet mixing. A precise p a t t e r n 
f o r the symmetry breaking emerges i n which there are 
three separate t r a j e c t o r i e s . One t r a j e c t o r y (pu)A 2 f) 
has exchange degenerate 1 = 0 and 1 = 1 states, the 
second (K* K* * ) has only strange I = V2 states and 
the t h i r d vacuum t r a j e c t o r y ( <b f ' ) couples only t o 

A d e f i n i t e mixing angle t a n 6 = ^ ? - t h e 
i d e a l quark mixing, i s predicted f o r both the V and 

PV—> PV 

v v — > v v 
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T nonets. This p a t t e r n f i t s the experimental p i c t u r e 
impressively w e l l (see f i g . 3«6). The same p a t t e r n 
of symmetry breaking w i t h strong mixing i s predicted 
f o r the other nonets 9 ( l + + ) «=*9(2") and 9(CT +)«=* 
9 ( l + * " ) . However the 1 + + , 0""+ octets s a t i s f y t h e 
Gell-Mann - Okubo r e l a t i o n w i t h l i t t l e mixing. As 

++ + 

we remarked above the p r e d i c t i o n s f o r the 1 , 0" 
nonets come from the highest threshhold channel W — » 
W and are not expected t o be w e l l s a t i s f i e d . The 
p a t t e r n of mixing which one might thus expect i s the 
1 , 2 + + nonets t o show stron g mixing, the l + - t 2~~ 
nonets t o show moderate mixing and the 0" , 1 
nonets t o show l i t t l e mixing. 
(b) Baryon T r a j e c t o r i e s 

One looks f o r minimal sets of baryon m u l t i p l e t s 
which s a t i s f y t h e f o l l o w i n g c o n d i t i o n s : 
i ) No ex o t i c s i n any channel of the r e a c t i o n PB—* 
PB where B denotes e i t h e r the baryon V 2 + octet or 
the 3/2 + decuplet. 
i d ) P o s i t i v i t y of residues, 
i i i ) F a c t o r i z a t i o n of residues. 

With t h i s set of c o n s t r a i n t s Rempault and S a l i n ^ ^ 
obtained the f o l l o w i n g r e s u l t s : 
i ) . There are, no two m u l t i p l e t s o l u t i o n s . 
i i ) There are three l i n e a r l y 1 independent three 
m u l t i p l e t s o l u t i o n s whetl only octet B c o n s t r a i n t s are 
considered. 
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i i i ) When decuplet channels are added, only two 
of these s o l u t i o n s can be extended. These s o l u t i o n s 
are 

5 1 : 8 + (1 ) + 10 + <-* 8"(1) + T, 
w i t h the 10 + not coup l i n g t o PB^, and 

5 2 : 8 + ( - 1 ^ ) 8 " ( - V 3 ) + 10" 
The s u p e r s c r i p t denotes the signature, and the f i g u r e 
i n brackets the V D value f o r the octets coupling t o 
PBg. The r a t i o s of the'couplings t o PB^ f o r these 
s o l u t i o n s are: 

51 gr : g s V : gs-2'-.= 64 :15 : 5 

5 2 g1Q2 : g2 + : gs2 = 32 :15 : 5 

2 
where gg + denotes the symmetric coupling of the + 
oc t e t t o PBg etc* The so l u t i o n s can be i d e n t i f i e d 
w i t h baryon t r a j e c t o r i e s of opposite normality as 
f o l l o w s 

S, : X & 8 ) <—> N Y ( 2 ~ ' 8 ) *• A " ( ^ 1 ) 

S 2 : N p

+ ( | ; 8 ) « - » Ng ( | +

) 8 ) • ^ , 1 0 ) 

except t h a t a 3/2 + o c t e t approximately degenerate w i t h 
the ^/2 + decuplet i s not known. I t i s argued t h a t 
since the predicted coupling r a t i o of t h i s octet t o 
the decuplet i s small t h i s discrepancy i s not too 



-63-

.. s e r i o u s . A l l the other m u l t i p l e t s can be i d e n t i f i e d . 
. w i t h known p a r t i c l e s and the predicted ̂ /D r a t i o s are 
. found to be not unreasonable. 

One may f u r t h e r r equire the amplitude t o be an eigen
v e c t o r of the (s,u) crossing matrix. An unique 
combination of Ŝ  and corresponds t o such an eigen
v e c t o r w i t h eigenvalue one, and one obtains e s s e n t i a l l y 
an unique s o l u t i o n f o r the A and B amplitudes i n PBg 
PBg. Such amplitudes have been e x p l i c i t l y constructed 
by White ,'using the Veneziano model. When crossed 
i n t o the t - channel both the A and B solutions p r e d i c t 
F/D = V3 f o r the V and T couplings t o Bg Bg. However 
the two t r a j e c t o r i e s Ŝ , S2 of opposite normality, are 
now required t o be completely degenerate. For an 
a l t e r n a t i v e i n which the Ŝ , S2 are not required t o 

be degenerate see A u v i l et a l . ^ 3 w o r t h 
(71) 

n o t i n g t h a t Ademollo e t a l . f i n d from current 
algebra, considerations t h a t th<3 t r a j e c t o r i e s should 
be s p l i t by Aa = 0.5. 

The S-̂  and Ŝ  degeneracies are quite badly 
broken although some p a r t i c l e s show very accurate 
degeneracies (see f i g . ' 3»7» 3«8). Barger and 
Michael, g n c j Capps^ 2^ have t r i e d , (as Chui and 
F i n k e l s t e i n d i d f o r mesons) t o s a t i s f y the MB c o n s t r a i n t s 
when the B masses are allowed to depart from SU(3) 
degeneracy, keeping exact symmetry f o r the couplings 
but i n c l u d i n g possible mixing. T r a j e c t o r i e s of 
d i f f e r e n t strangeness are not required t o be degenerate 
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and so immediately one can incorporate s p l i t t i n g 
according t o the strangeness quantum number. Barger 
and Michael also show t h a t f o r the S-j_ s o l u t i o n No^Ny 
and — Q , ~ y are r e q u i r e d to be degenerate only 
through exact SU(3), and i f t h i s c o n s t r a i n t i s relaxed 
the exchange degeneracy i s no longer necessary. This 
i s r a t h e r a t t r a c t i v e as these degeneracies are very 
badly s a t i s f i e d ( f i g . 3*7a»c). There remains the 
question of the degeneracies of the strangeness minus 
one t r a j e c t o r i e s . Capps shows t h a t f o r the Ŝ  s o l u t i o n , 
by considering only (s,u) c o n s t r a i n t s , i t i s possible 
t o incorporate T. ~ A s p l i t t i n g p r o v i d i n g also t h a t 
mixing between the ^/2" i s o s i n g l e t s i s included. 
There are t h e n two strangeness =,-1 exchange degener
acies: 

i ) A (1116) — * A(1520) — * A(1815) 

i i ) E(1189)~> Z ( 1 6 7 0 ) , A ( 1 6 9 0 ) - * 1(1910) 

The f i r s t of these i s extremely w e l l s a t i s f i e d and 
the second less w e l l s a t i s f i e d ( f i g . 3»7b). However 
the branching r a t i o s K N / T C Z f o r the mixed s i n g l e t s 

A (1520), A (1690) seem t o c o n t r a d i c t experiment* 
S i m i l a r considerations have not been applied t o the 
S2 s o l u t i o n . I t seems completely a r b i t r a r y t o introduce 
mixing w i t h an unknown m u l t i p l e t . The strangeness zero 
degeneracy (fig.3.Sa) of A ( 1 2 3 6 ) — * N (I67O) 

A(1950) seems w e l l s a t i s f i e d but there i s again the 
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problem of 51 — A mixing f o r the S = - 1 case. 
( 7 1 ) 

Logan and Hoy ' h a v e shown by considering the 

processes Tt + p -> TX + p , TX+ p ~ * k + Y . + k + T . + - * k + I + 

f o r which only A's can be exchanged i n the s - channel, 

that the t - channel meson nonet t r a j ec to r i e s are 

required to be completely degenerate8* This argument 

i s symptomatic of the problems treated i n th i s section. 

I f a l l the const ra ints , including those from high mass 

channels are considered an over r e s t r i c t e d , non physical 

so lu t i on emerges. I t seems that the constraints coming 

from BB —* BB, and probably also MM —> BB, should be 

discarded* When th i s i s done the physical spectrum 

s a t i s f i e s the relaxed constraints f a i r l y w e l l . 

However many other solut ions are now possible* 
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F i g . (3.8b) 

S = -1 

$P! 
2.(2030) 

(1765 

F i g s . 3.8(a,b) Baryori. t r a j e c t o r i e s of the scheme 

s 2 • 8 p + ( f - ~ ) ^ 8 ~ ( | - + ) + 1 0 " ( | - + ) . The 3 ~ ( f + ) 
resonances are unobserved. 
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CHAFTER 4 

Comparison of Bootstrap and Duality Predictions 

We summarise and compare the symmetry predictions 

of the bootstrap and dua l i ty equations surveyed i n the 

previous two chapters* In pa r t i cu la r we contrast the 

predicted re la t ionships between mul t ip le ts and the 

consequent i d e n t i f i c a t i o n of the even signature s ingle t 
( 7 k ) 

t r a j e c t o r i e s , f o l l o w i n g Coll ins & Hutt . We 

examine whether the exchange degeneracies essential 

t o the dua l i t y scheme can arise i n a bootstrap 

ca l cu la t ion . 

4 * 1 Meson Tra j ec to r i e s . 

With s imi l a r assumptions about symmetry of the 

couplings the d u a l i t y and bootstrap equations both 

lead to the Jacobi r e l a t i o n ( 2 . 1 5 ) f o r the antisymmetric 

t r i l i n e a r couplings of three odd par i ty mesons. Hence 

a compact, semi-simple Lie group structure is predicted 

w i t h the odd pa r i ty mesons belonging to the ad jo in t 

representation. The even par i ty mesons are also 

required to transform as some representation of the 

group. I n the dua l i ty approach a. complete set of 

equations corresponding to a l l possible odd and even 

pa r i t y external mesons can be w r i t t e n down. Apart from 

t r i v i a l one meson solut ions , the equations have a 

unique so lu t ion wi th SU(n) symmetry, with the mesons 

of e i the r pa r i t y transforming as quark - antiquark 

composites. Hence the mesons belong to adjoin t 
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s ing le t representations. The greater kinematical 
d i f f i c u l t i e s of the p a r t i a l wave N /D equations allow 
only a subset of the complete set of bootstrap 
equations to be w r i t t e n down wi th any ce r t a in ty . 
However SU(n) seems to give a favoured so lu t ion and 
probably the only s o l u t i o n , with the simplest pattern 
f o r the mesons being tha t of ad jo in t s ingle t represent
ations as above. Neither approach gives any constraint 
on the dimension n of the algebra, but as.we have 
suggested th i s may be part of the problem of broken 
symmetry. 

The predic ted ' re la t ionships between the mul t ip le t s 

are however quite d i f f e r e n t . Both sets of equations 

require the couplings, wi th sui table renormalization 

of the symmetric t o the antisymmetric couplings, to 

be an eigenvector of the crossing matrix with eigenvalue 

one. The prescr ipt ions f o r the renormalization are 

t o t a l l y d i f f e r e n t i n the two cases. The SU(n) 

eigenvectors are given by ( 2 . 2 6 ) . The physical 

eigenvector is taken to be 

I : M: D * 2 ( n 2 - 1 ) : n 2 ; (n 2 - 4 ) 

In the dua l i ty so lu t ion the s ing le t and ad jo in t mesons 

are degenerate and l i e on an exchange degenerate 

t r a j e c t o r y . We have seen i n the case of SU(3) how 

symmetry breaking f o r the masses may be incorporated, 

i n good agreement wi th the physical spectrum ( f i g . 3 * 6 ) . 

There are now three separate exchange degenerate 

t r a j e c t o r i e s and the even signatured ispsinglet t r a j e c t 

ories are i d e n t i f i e d wi th the f J f ' pa r t i c l e s . For 
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the bootstrap equations wi th the determinantal approx

imation the predicted mul t ip l e t masses are proport ional 

to the inverse elements of the eigenvector. Thus 

the predicted pattern of t r a j ec to r i e s has the even 

signatured s ing le t l y i n g highest above the odd 

signature ad jo in t representation, which i n t u rn l i e s • 

above the even signature ad jo in t representation. As 

we remarked i n Chapter 1 t h i s pattern of a high - l y i n g 

s ing l e t i s l i k e l y to pers is t even when the Lie group 

i s not SU(n). The s ing l e t i s natura l ly i d e n t i f i e d 
(7c) 

w i t h the Pomeron. J ' 

We invest igate whether t r a j ec to ry degeneracy as 

obtained from dua l i ty can be obtained i n an ^/D 

ca lcu la t ion , without making the strong assumption of 

p ropor t iona l i t y of Born terms made i n Chapter 2 . We 

special ize hereafter to the case of SU(3) symmetry* 

Two types of exchange degeneracies are involved, 

a.) Degeneracy between par t ic les of the same SU(3) 

quantum numbers eg. p , (b) Degeneracy between 

pa r t i c l e s of the same signature but d i f f e r e n t SU(3) 

quantum numbers. Type (a.) degeneracy requires no 

u - channel force which i s suggestive of high mass 

thresholds c o n t r o l l i n g the d y n a m i c s . T y p e (b) 

seems incompatible wi th the in te rna l symmetry crossing 

matrices, which give the eigenvalues of the po ten t ia l 

matrix and the corresponding mul t ip le t masses as 

explained above. 
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1 8 S S 8 s a 8 a s 8 a a 
1 0 10 2 7 

1 
1 
8 

1 0 0 ! 1 + 5 
- 4 

+ 5 
- 4 

2 7 
8 

8 S S 

1 
8 

3 
1 0 0 0 

4 1 
- 2 

- 1 
+ 2 

- 1 
+ 2 

2 7 
4 0 

8sa 0 0 
+ 1 
- 2 

1 
2 0 4 

/ 5 
4 0 

8 Q s 0 0 
1 
2 

+ 1 
- 2 0 + 4 

+ 75 
" 4" 0 

8aa + 1 
- 8 

+ 1 
- 2 0 0 

1 
2 0 0 

- 9 
+ H 

1 0 + 1 
- 8 

_ 2 
+ 5 

1 
7 5 

- 1 
7 5 0 

1 
4 

1 
4 

- 9 
+ 4 0 

1 0 
+•1 
" 8 

- 2 
* 5 

1 
+ 1 

0 
1 
4 • 

1 - 9 
+ 4 0 

2 7 
1 
8 

'1 
5 0 0 

_ 1 
+ 3 

_ 1 
+ 2 

_ 1 
+ 2 

7 
4 0 

Table: SU (3) 3 ® 8 > 8 ® 8 crossing matrix from 

r e f . ( 7 7 ) The upper.and lower signs r e fe r to ' the ( s , t ) 

and (s,u) crossing matrices, respectively. We have 

changed the signs of the sa and as elements i n the 

( s , t ) crossing matrix to conform to the usual convention 

f o r the F - type coupling to baryon - antibaryon (see 

r e f . ( ? 8 > ) . 

We consider PP sca t ter ing with the exchange of 

T,V (octets) and S(s ingle t ) mesons. We do not give 

a spec i f i c form to the potent ia l Born term due to Regge 

pole exchange, but make use of the argument of Chew^79) 

that i t i s a f a i r l y good approximation to represent the 
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exchange of a t r a j e c t o r y by the exchange of the lowest 

mass pa r t i c l e s on i t . Thus f o r the V meson t r a j ec to ry 

the Born term r e s u l t i n g from the exchange of a spin 

one p a r t i c l e w i l l probably be sa t i s fac to ry , and we 
2 v 2 denote i t by g v F (s) where g v is the coupling of 

the V - mesons. The S and T exchanges are probably 

more complicated due t o the presence of both an S -

Wave part (which may be repulsive ) and a D - wave 

a t t r a c t i v e pa r t . From the arguments of r e f . w e 

can expect the resul tant t o be a weak a t t r ac t ion and 
2 fl, , 

we denote the s ing le t force by g s F (s) and the octet 
2 Q 

force by g T F (s) assuming the s ingle t and octet tensor 

mesons are degenerate. From the ( s , t ) crossing matrix 

of the table the potent ia ls i n the various s - channel 

mul t ip le t s are: 

i ; ^ v ^ ( s ) = BgMsKgMs) • gv

2Fv(s) 

I \4s(s)> : jgg,V(s) - ^ g / F ' t e ) . * ^g v

2 F v (s) 

; V a a (s)> 1 gs

2F«(s) + 2 g / F { ( s ) • \ g*Fv(s) ( 4 J ) 

V,o^s) ,• V«(s) = l g s

2 F £ ( s ) - £ g , 2 F t ( s ) -
8 J s ' ' " 5 

V2 7(s); = gg s

2F'(s) •1 gT

2F<(s) - \ g v Fv(s) J 
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Note tha t V__ is the force i n the tensor channel and 

that V Q a i s that i n the vector channel, because of 

the symmetry of the couplings. 

For no a t t r a c t i o n i n the 10, 10, 27 representations 

we need 

g T * > ^ q * , g v = F v ( s ) > ( l g f . l g T

2 ) F t ( s ) (4.2) 

Note that i n the strong bootstrap conditions used i n 

Chapter 2 we required the potentials i n exotic states 

to be zero. Here we take the weaker form of the 

conditions that they be non-posit ive. I t i s immediately 
. 2 2 

apparent tha t •> V a a unless g = g^ = 0 , when the 
2 

above inequa l i t i e s w i l l be v io la ted unless also g g = 0. 
2 

Also V g a ^ V s g w i th equal i ty only i f = 0, i e . 

the tensor octet decouples, which is inconsistent since 

V g g > 0. Hence we are forced to have the S t r a j ec to ry 
l y i n g highest above the V t r a j e c t o r y , wi th the T 
t r a j e c t o r y lowest. These conclusions are unaltered 

s j . T 

i f we allow breaking of the input degeneracy i e . F t F . 

The high l y i n g S t r a j ec to ry is i d e n t i f i e d wi th the Pomeron 

and i t i s i n t e re s t ing to note that the s ingle t t r a j e c t o r y 

func t ion w i l l have a s imi l a r J!- dependence and hence 

slope as the octet t r a j e c t o r i e s . 

I t could be that the degeneracies arise from a 

multichannel ca l cu la t ion . The channel wi th the next 

lowest threshhold which we might introduce i s the PV 

channel. In th i s channel the roles of vector and 



-76-

tensor mesons are reversed from the PP case i n that 

they couple wi th opposite symmetry. The addi t ion 

of t h i s channel might therefore help to produce the 

exchange degeneracies. However the SU(6) model of 

Chapter 2 which includes a l l P, V external states 

produces the same pat tern of t r a j ec to r i e s as the simple 

PP model. For completeness one should attempt to 

invest igate t h i s multichannel problem without the gross 

assumptions of SU(6) symmetry. An attempt along 

these l ines has been attempted by Chan & Wilkin 

but these authors introduce the equal ly.drast ic 

assumption of pa r i ty doubling fo r the mesons. They 

do f i n d however a meson spectrum wi th essent ia l ly the 

same pat tern as that i n the PP model. In summary we 

conclude that a multichannel N/D ca lcula t ion w i l l not 

produce the exchange degeneracies of dual i tyo 
(61) 

Alte rna t ive ly i t has sometimes been argued 

that the BgBg channel could be more important i n 

producing meson bound s ta tes . In th is channel exchange 

degeneracy of opposite signatured t r a j ec to r i e s wi th the 

same SLf (3) quantum numbers i s guaranteed by the absence 

of an exchange force coming from the exotic BB channel* 

The s i t u a t i o n i s complicated by the fac t that V and T 

mesons now have both symmetric and antisymmetric 
2 

couplings to BB. We denote the couplings by where 

i = ( 1 , g s s , g s a , 8 a g t 3 a a , 10 , f o , 2 7 ) . ' In the dua l i ty 

so lu t ion f o r th i s case, which we have previously eschewed, 
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th e pat tern of exchange degeneracies i s the same as 
2 

f o r the PP case. The couplings G^ must form an 

eigenvector of the ( s , t ) crossing matrix with no 10 , 

10 or 27 s ta tes . The two such eigenvectors are (16, 

5 , 0 , 0 , 9 , 0 , 0 , 0 ) and ( 0 , 0 , 1 , 1 , 0 , 0 , 0 , 0 , ) . Factorization 
2 

requires G a a G s s = G and so the unique s o l u t i o n i s 

G t

2 « ( 1 6 , 5 , 3 / 5 , 3 / 5 , 9 , 0 , 0 , 0 ) . This gives F / D = 
fih G a S /Gsa = 1 f o r b o t h V ' T c o u P l i n g s t 0 B$P&* 

The l e f t hand, cut potent ia ls fo r the ^/D ca lcula t ion 
of the BgBg channel are from the tab le : 

V,(s) = | G , 2 F 1 ( s ) + (G 2

S + G2

aa )F 8 (s) . " ' • 

V s s (s) = £ G, 2F 1(s) * (• 3G2

5 S ^Gl )?%) 

. V s a(s) = "V„(s).= G s s G a a F 8(s) • 

V„„(s) = i . G , 2 F 1 ( s ) + 

V10(s) = V r o(s) --^G,2F\s) - § G 2

S Fe(s) 

V2 7(s) = i G , 2 F 1 ( 5 ) •. (1G 2

s - l G 2

a )F8(s) 

2 
'ss F 8(s) (4.3) 
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where the V^s are i d e n t i c a l fo r both signatures and 
F 8 (S) = FV(S) + F f l (S) . Diagonalizing the octet 
po t en t i a l matr ix , we f i n d an a t t r ac t ion i n one diagonal 
element and repulsion i n the other. I d e n t i f y i n g the 
a t t r a c t i v e element wi th the input pole gives ^/D = 1 
f o r consistency of input and output couplings, fo r both 
the V and T octets, i n agreement wi th what was found 
from dua l i ty above. Subst i tu t ing t h i s value i n (4*3) 
we again f i n d repulsion i n exotic states 1 0 , . 1 0 , 27» 
provided G 2 F 8(S) > 5 / i 6 G 2 F (S), and we 
f i n d tha t > V^. I d e n t i f y i n g the s ing le t wi th 
the Pomeron, the exchange 'degeneracy of the forces 
means that there has to be a t ra jec to ry of odd signature 
degenerate w i t h the P. The absence of such a channel 
presumably means that the BB channel cannot i n f ac t 
be dominant* 

k»2 BaryonTra.lector i es . 

For baryons the d u a l i t y pr inciple leads to a 

completely wrong spectrum, wi th baryons being two 

quark composites. Ignoring the constraints coming 

from the high threshhold BB —• BB channel allows a 

three quark so lu t ion but now there are many possible 

so lu t ions .Specia l iz ing to the case of SU(3) there are 

two minimal solut ions w i t h the three mul t ip le t degeneracy 

patterns 

S, : 8 a ( f > * ) - * 8 Y ( § ^ 1 ( | " ) V 

S 2 : 8 p ( | " ' ) ; 8 5 ( | + ) + 1 0 ( | + ) 



which are i d e n t i f i e d wi th baryon t r a j ec to r i e s of 
3 + 

opposite nomality, except f o r the &fo(~r) ) which i s 

not observed. Broken symmetry can be incorporated 

in to the S-̂  so lu t ion w i t h some success except f o r the 

strangeness -1 t r a j e c t o r i e s ( f igs* 3»7» 3»B). 

The N/D bootstrap equations merely predict that 

the baryons belong to some representation of the group, 

not necessarily i r r educ ib le and we have seen that many 

representations w i l l s a t i s f y the equations. In the 

s t a t i c l i m i t the even and odd par i ty baryon equations 

become independent and there i s no requirement fo r 

exchange degeneracy between them. A detai led analysis 

of the meson and baryon exchange forces was given by 

Golowich(^^ who found there are strong a t t rac t ive 

forces i n A g , N ^ i Ay but very much weaker forces 

i n Np and Ng * 
'4*3 Conclusions. 

The main conclusion we wish to draw i n th i s 

chapter i s that although both the bootstrap and dua l i ty 

hypotheses may be used to derive the f ac t that the 

strongly in te rac t ing pa r t i c l e s w i l l occur i n mul t ip le ts 

which form a representation of a.Lie group, t he i r 

predict ions are by no means iden t i ca l as regards the 

re la t ionships between d i f f e r e n t mu l t ip l e t s . In general 

the N/n method does riot r e s u l t . i n degenerate t r a jec to r ies* 

neither exchange degeneracy (unless channels wi th exotic 

u - channel quantum numbers are chosen) nor degeneracy 

between d i f f e r e n t mul t ip le t s of the same signature is . 



predicted* On the other hand, degeneracies are 

essential to the d u a l i t y scheme. Of course the N /D 

scheme which we have used is only an exceedingly crude 

f i r s t approximation to the dynamics and i t might be 

argued that a. more exact bootstrap treatment could 

restore agreement wi th the dua l i ty predict ions. 

Against t h i s i t should be noted that i n both schemes 

the arguments f o r the occurence of an in te rna l symmetry 

r e l y on the poles dominating the amplitudes. I f the 

bootstrap equations are such that poles are not a good 

f i r s t approximation to the dynamics then the fac t tha t 

these couplings appear to obey SU(3) symmetry would be 

ju s t a dynamical accident. 

For baryons there are so many mult iple ts involved 

that neither model gives predictions which compare 

c r i t i c a l l y wi th experiment, but f o r mesons the s i t u a t i o n 

i s much more transparent* The observed exchange 

degeneracy between the vector and tensor mesons is 

not found i n ^/D models unless we regard the mesons 

as bound states of a. high-mass channel wi th exotic 

;u - channels such as BB* Even then the SU(3) crossing 

matrix does not permit the tensor s ingle t to be degenerate 

wi th the octet . The s ingle t always l i e s higher and so 

sould seem to be i d e n t i f i a b l e as the Pomeron rather than 

the f , f ' mixed s ta te . 

Essent ial ly the same problem has been noted i n 

the mul t iper ipheral bootstrap (which i s essent ial ly 
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t h e same as the /D method w i t h an i t e r a t e d p o t e n t i a l 

and no c u t - o f f ) by Chew & S n i d e r T h e i n p u t 

Pomeron i s g i v e n t h e s p e c i a l s t a t u s suggested by-

d u a l i t y , and i t i s t h e n found t h a t t h e o u t p u t may t a k e 

th e f o r m o f a s p l i t P, P' d o u b l e t ( t h e ' s c h i z o p h r e n i c 

Pomeron')* The a u t h o r s a d m i t t h a t t h i s seems hard 

t o r e c o n c i l e w i t h t h e d u a l i t y r equirement t h a t the P 

occur as a normal t r a j e c t o r y degenerate w i t h the p e t c * 

These r e s u l t s t a k e n t o g e t h e r w i t h t h e d i f f i c u l t i e s 

o f g e n e r a t i n g s t r a i g h t t r a j e c t o r i e s must c a s t c o n s i d e r a b l e 

doubt on t h e p o s s i b i l i t y o f deducing d u a l i t y from any 

s i m p l e b o o t s t r a p t h e o r y . I t has been noted •>' t h a t 

s t r a i g h t t r a j e c t o r i e s suggest a. dynamics c o n t r o l l e d by 

v e r y h i g h mass channels r a t h e r t h a n the decay channels, 

and t h e argument of t h i s c h a pter i s t h a t t h e observed 

i n t e r n a l symmetries are u n l i k e l y t o be o b t a i n e d f r o m 

c o u p l i n g t o low mass hadrons e i t h e r * 



CHAPTER 5 

Quark Model C a l c u l a t i o n s 

I n accordance w i t h t h e c o n c l u s i o n s t o Chapter 4 

we i n v e s t i g a t e t h e c o n s i s t e n c y of r e g a r d i n g t h e v e c t o r 

mesons as bound s t a t e s o f quarks and a n t i q u a r k s , u s i n g 

t h e d e t e r m i n a n t a l a p p r o x i m a t i o n t o the ^/D eq u a t i o n s * 

Since i t i s g e n e r a l l y supposed t h a t the quarks have a 

l a r g e mass, M ^ 5 GeV, t h e quark model i s a e x p r e s s i o n 

of the o p p o s i t e p o i n t o f v i e w from the b o o t s t r a p 

h y p o t h e s i s , i n which t h e l o w e s t t h r e s h h o l d channels 

are assumed t o dominate. D u a l i t y has i t s s i m p l e s t 

e x p r e s s i o n i n terms of quark s c a t t e r i n g diagrams and 

we hope t o shed l i g h t on t h e d i f f e r e n c e s between d u a l i t y 

and b o o t s t r a p p r e d i c t i o n s found above, and i n p a r t i c u l a r 

on t h e appearance o f t h e Pomeranchuk t r a j e c t o r y . 

5*1 I n t r o d u c t i o n t o t h e Quark Model. 

The immediate a t t r a c t i v e n e s s of the quark model i s 

t h a t i t p r e d i c t s t h e c o r r e c t quantum numbers f o r the 

mesons. (See eg. r e f . ^ ' " ^ V I f a 'dynamic' quark 

model i s c o n s i d e r e d , t h a t i s one w i t h o r b i t a l e x c i t a t i o n s , 

one o b t a i n s meson bound s t a t e s which are SU(3) s i n g l e t s 
L L+S 

and o c t e t s w i t h p a r i t y (-1) and charge - p a r i t y (-1) . 

For the ground s t a t e L = 0, one gets pseudoscalar and 

v e c t o r mesons* The h i g h e r mass mesons can be accommodated 

i n e x c i t e d , L 0, s t a t e s . There are f o u r types of 
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s t a t e s J = L - 1, L, L + 1 w i t h S = 1 and J = 1 w i t h 

S = 0. I t i s c o n j e c t u r e d t h a t t h e r e i a a Regge 

t r a j e c t o r y c o r r e s p o n d i n g t o each t y p e . The t r a j e c t o r y 

J s= L + 1 can have no J = 0 s t a t e and so i t s i n t e r c e p t 

must be p o s i t i v e w h i l e t h e o t h e r t h r e e i n t e r c e p t s must 

be n e g a t i v e . 

The baryons are supposed to be t h r e e quark composites, 

which c o r r e c t l y g i v e SU(3) s i n g l e t s , o c t e t s and d e c u p l e t s . 

The l o w e s t mass baryons can be i n c o r p o r a t e d i n t o a s i n g l e 

r e p r e s e n t a t i o n o f SU(6), t h e 56. This r e p r e s e n t a t i o n , 

a s - w e l l as the s p i n 3/2 SU(3) d e c u p l e t , i s c o m p l e t e l y 

symmetric i n i t s s p i n and u n i t a r y s p i n quark i n d i c e s . 

I f t h e se s t a t e s are ground s t a t e s w i t h L = 0, then t h e 

u s u a l Fermi s t a t i s t i c s demands t h a t the space p a r t o f 

t h e ground s t a t e wave f u n c t i o n be a n t i s y m m e t r i c under , 

i n t e r c h a n g e o f the quarks. This i s p e c u l i a r b u t not 

i m p o s s i b l e . The second d i f f i c u l t y w i t h baryon s t a t e s 

i s t h e q u e s t i o n o f why a 3q s t a t e i s more s t r o n g l y 

bound t h a n a 4q s t a t e , f o r i n s t a n c e . 

I t has been s h o w n t h a t i n c e r t a i n circumstances 

the i n t e r n a l dynamics o f quark - a n t i q u a r k meson bound 

s t a t e s can be t r e a t e d n o n - r e l a t i v i s t i c a l l y , even 

though t h e quark mass might be very much l a r g e r t h a n , 

the meson mass. I n such a n o n - r e l a t i v i s t i c model i t 

i s easy t o account f o r t h e s p l i t t i n g o f the f o u r meson 

t r a j e c t o r i e s by h a v i n g a s i m p l e s p i n o r b i t term i n t h e 

p o t e n t i a l . I f we a l s o suppose t h a t the s t r a n g e quark 



has a mass A g r e a t e r t h a n the non-strange quarks the 

mass s p l i t t i n g amongst the meson nonets can be accounted 

f o r / W r i t i n g t he meson mass m A =< A IMq,-U a A * 
where (J(x ^ s a n SU (3) - i n v a r i a n t p o t e n t i a l , 

g i v e s f o r example m n = I T I t t J m *̂ = ID 0 + A 

4 k 2 
m o ) 8 = m s + 3 A a n d m(D 0

 r m o + 3 A 

For t he v e c t o r mesons i f we put m g = ITI nnd we 

have the c a n o n i c a l m i x i n g , then m ^ - IT) + 2 A , 

ITl(j) =. (Tip = m • These p r e d i c t i o n s which 

are reasonably w e l l s a t i s f i e d agree w i t h t h e q u a l i t a t i v e 

p a t t e r n o f t r a j e c t o r i e s o b t a i n e d from d u a l i t y . The 

v a l u e of A o b t a i n e d f r o m t h e v e c t o r meson masses i s 

o n l y c o n s i s t e n t , w i t h t h a t o b t a i n e d from t h e pseudoscalar 

masses i f squared masses are used i n the r e l a t i o n s * 

The same c o n s i d e r a t i o n s f o r t h e d e c u p l e t baryons g i v e s 

th e e q u a l s p a c i n g r u l e and a f a i r l y c o n s i s t e n t v a l u e 

o f A , b u t breaks down f o r the o c t e t baryons where 

i t i m p l i e s I D r = I T I A . To account f o r t h i s d i f f e r e n c e 
... I A 
m^ i symmetry b r e a k i n g e f f e c t s must be 

i n c l u d e d i n the p o t e n t i a l . 
5.2 N/D Model f o r Meson Exchanges. 

We c o n s i d e r an N/D model f o r quark - a n t i q u a r k 

s c a t t e r i n g a m p l i t u d e s , w i t h the exchange of v e c t o r meson 

p o l e s , and make t h e assumption t h a t / x j y j 2 « 1 , 

where m i s t h e v e c t o r meson mass. I t has been shown v o^' 

t h a t i n such a model i t i s easy t o o b t a i n an a p p r o x i m a t e l y 
i 2 

s t r a i g h t meson t r a j e c t o r y f o r |sj <3< 4M 

However, t h e observed slopes and i n t e r c e p t s cannot be 
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o b t a i n e d w i t h o u t imposing c u r i o u s c o n s t r a i n t s on t h e 

i n p u t f o r c e s ^>°?' 4 y j e W i l l i g n o r e s p i n i n our 

c a l c u l a t i o n s 'for the sake o f s i m p l i c i t y , e x p e c t i n g 

t h i s t o make no q u a l i t a t i v e d i f f e r e n c e t o our r e s u l t s . 

We c o u l d a t t e m p t t o i n c o r p o r a t e t s p i n i n t o the c a l c u l a t i o n 

by assuming SU(6) symmetry and a t t h e same time i n c l u d e 

t h e p seudoscalar mesons. 

a) We assume exact SU(3) symmetry f o r masses and 

c o u p l i n g s . We c o n s i d e r the q u a r k - a n t i q u a r k s c a t t e r i n g 

a m p l i t u d e f o r q Q + q b —> q c + q d 

as shown i n f i g . 5»1» w i t h exchange of v e c t o r mesons. 

Fig. 5.1 
. qq s c a t t e r i n g . 

The channels are d e f i n e d 
as i n f i g . 2 . 1 . • 

Let I T I q = o c t e t meson mass 

m, s i n g l e t meson mass. 

The MnQ c o u p l i n g c o e f f i c i e n t s are 

a mj, > =• g B2 s 

< C I < A ™ 0 > = g (

2 

^ab • 

5ab 

' ° 73 
-x i 

where ^ ab a r e ^he fundamental m a t r i x , r e p r e s e n t a t i o n s 

of SU(3). (See Appendix A f o r commutation r e l a t i o n s ) . 

The f a c t o r ' s ]2 , ]3 are i n c l u d e d f o r n o r m a l i z a t i o n . ' 

Using .the d e t e r m i n a n t a l a p p r o x i m a t i o n t o the ̂ /D 

e q u a t i o n s (See Appendix C) w i t h s i n g l e t and o c t e t 
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t - channel v e c t o r meson exchanges, one o b t a i n s f o r t h e 
S - wave N and. D a m p l i t u d e s 

N a b ) C d ( s ) '= 5s |^f 0 fe ) + ! ^ c | ! b d f 8 ( S ) (5.1) 

^ab,cd (s) = 6 a b 6 c d 

o o 

. s -Sp I Nab|cd(s')2qs' ds' 
n ^ ' ( s ' - s X s ' - s J 

4 M 

(5.2) 

where f, (s) - ^ 2 Qo(zt') %(z' s) 

2m, 2s 
s - 4 M 2 ' z s = 1 + m.2_4M2 

So f, (s) = 2g,2£n 4 M 2 - s - m , 2 

rrij2 

00 

Put F, (s) = s - s c 

TL 
4 M 

f,- (s')2q s 'ds' 
2 js' (s-s)(s'-s0) 
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So i s t h e s u b t r a c t i o n p o i n t which i s not s t r i c t l y 

necessary* 

R e p l a c i n g t h e v a r i a b l e s by non-dimensional ones 

s % M 2 m2—* g2—^ 

we o b t a i n 

' : 2q , 2 Ai ( (1 -s -m i 2 ) m,2 ) 
T US) s^'"1 

p i / s \ _ p 2(s-so) f £n(C1 -s -m 2 ) m 2 ) ds 
y i n J y i^~1) (s ' -s ) (s ' -s 0 ) 

We quote t h e r e s u l t s of Appendix B t h a t f o r s m a l l s 

and m̂  t h e s e two f u n c t i o n s may be.expanded i n powers 

01 s, m • 

; ; f (s); =; log mi 2 (a,+ a2s +... ) + b1 + l̂ s + .. +0(m 2 ) 
•' •': - • (5.3) 

F'(s) = log m, (Ai(s0) + A2$+ ,..)+ B/sJ + B2s +0(mp) • 
(5.4) 

The c o e f f i c i e n t s a^) b^* A^, are g i v e n i n Appendix B, 

Below we w i l l t a k e our equations always t o lowest o r d e r 

in « land . / | ^ ' ' ^ ^ 
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We can now d i a g o n a l i z e N ^,cd. by the u n i t a r y 

m a t r i x formed f r o m i t s n o r m a l i z e d e i g e n v e c t o r s 

The r e s u l t i s (see Appendix A) 
77' Js " 

N 8 (s)> f 0 ( s ) / 3 - f 8 ( s ) ^ (5.5) 

N0(s). = f 0 ( s ) ^ • 8 f 8 ( s ) / 

[These r e s u l t s demonstrate t h a t the 3 ® 3* 

( s , t ) c r o s s i n g m a t r i x i s 

1 • 8 " : \ 

(5.6) 

3.® 3 

1 

8 

\ 8. 73 • x3 

"3 '3 

] 

The same energy independent t r a n s f o r m a t i o n w i l l 

diagonal'ize D f l b l o d and B g b > c d # 

1 D B(s). = T - ( i E ( s ) - k ( s ) ) ' 8 3 'o 3 'b 

D 0(s) = 1 - (^FD(s) + | F b ( 3 ) ) 

(5.7) 

(5.8) 

We see t h a t p r o v i d e d t h e F^ are a t t r a c t i v e f o r c e s , 

the f o r c e i n the s i n g l e t channel i s always g r e a t e r 

t h a n t h a t i n t h e o c t e t c h a n n e l , and only when Fg = 0 

w i l l t h e y be t h e same* R e q u i r i n g Dg = 0 a t the o c t e t 
2 p 

meson mass - m g a n t f D
Q - 0 f l t 3 = m

0 » gi v e s 



3 lo ( m 0

2 ) > ' 3 F e ( m 0 2 )" = 1 ' ; (5.9) 

3 F 3 O - V ) - §-FB(mB«)'•=: 1 : V (5.10) 

The c o u p l i n g c o n s t a n t e q u a t i o n s 

- N e ( n V ) 
g 2 

9o 2 

[ < f s D B ( s ) J m 8 2 

- N 0 (m 0

2 ) 

give 
n 2 - f o ^ m 8 2 ) - fe(m 6

2 ) 
9 8 " F o W ) , F i W ) 

• '.• Unrip 2) * 8 f 8 ( m 0

2 ) . . 
9° P„'(m0

2) * 8 f c W ) ' , . 

Using t h e r e s u l t s (5*3) and (5«UJ t a k e n t o lo w e s t 

o r d e r i n s j m ^ we o b t a i n f r o m (5«9, 5*1°) 

F, a g ^ V B ^ o g m 2 ) = 3 

= * l o g m 0

2 = ] T g 2 - (5.13) 
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F 8 "= g 8

2 (A 1 + B 1 log m 8

2 ) = 0 

* log m 8

2 = (5.14) 

and i n p r i n c i p l e (5*11) and (5*12) are now s o l v a b l e 

f o r g 0
2 , g g 2 . 

We g e t t h e r a t h e r absurd r e s u l t t h a t f o r c o n s i s t e n c y 

we r e q u i r e t o o c t e t exchange f o r c e t o be zero. This 
2 An 

w i l l be so i f l o g m̂  = - /By From the t a b l e o f 

Appendix B t h i s r a t i o ranges f r o m about 1.4 t o +2 as 

v a r i e s a l o n g t he L.H. cut,'and does not g i v e a s u f f i c i e n t l y 

s m a l l v a l u e of mg 2 t o make t h e a p p r o x i m a t i o n msJk^ < < ; 1 

• v a l i d . . However l o g m 0
2 « 3 / g Q

2 - A]_ d o e s g i v e a 

2 2 
s m a l l v a l u e f o r m 0 i f g 0 ~ 1. We see t h a t c o n s i s t e n c y 

r e q u i r e s n o t merely t h a t t h e s i n g l e t t r a j e c t o r y l i e s 

above the o c t e t t r a j e c t o r y as do b o o t s t r a p models, b u t 

t h a t t h e o c t e t mass i s an o r d e r o f ^/^M 2 g r e a t e r t h a n 

t h e s i n g l e t mass* 

b) We now l o o k f o r a broken symmetry s o l u t i o n i n 

the hope t h a t by i n t r o d u c i n g s i n g l e t o c t e t m i x i n g t he 

above r e s u l t s might be m o d i f i e d and i n p a r t i c u l a r 

e l i m i n a t e t he need t o have Fg = 0. We keep the 
2 • assumption m /^M2 < ^ 1 b u t a l l o w symmetry b r e a k i n g 

Anru 
o f t h e masses and c o u p l i n g s t o a l l orders of , 
A n 2 > -j ^ / g 2 . We assume exact SU(2) and e q u a l i t y o f the 

quark masses i s p r e s e r v e d . Let m̂  = mass of the v e c t o r 

mesons i = o,...6 where m̂  => ̂ 2 ^ m 3 and m̂  = m̂  = m^ 'a m̂  



t o s a t i s f y the r e q u i r e m e n t s o f i s o s p i n and charge 

c o n j u g a t i o n i n v a r i a n c e . The c o u p l i n g c o e f f i c i e n t s 

are now w r i t t e n 

< 9c 9b m,> = g, A ab 
72 i = 1, 7 

- g e(cose - sin e ̂  )J = 8 
12 E 

cos g ^ ), i = 0 
73 

where % c S 2 = 63 a n d £4 = 65 » g$ ".87 • 
Q i s t h e s i n g l e t - o c t e t m i x i n g angle and t h e 

c o u p l i n g s are w r i t t e n t o preserve SU(2) and charge 

c o n j u g a t i o n i n v a r i a n c e , and t o keep the mg, mQ s t a t e s 

o r t h o g o n a l . Put t = t a n 0 and r e p l a c e 

; 9 8 —+ 9 8 Aut2) g0—> g0/Tl + t 2 ) ;' 
and t h e mg, m 0 couplings/ t h e n become 

< 9o 9b m 8 > = 9 e ( ' t ' 72 73 
18 

< 9 a 9 b m o > = 9o . ( t J r - ^ > 

Using t he d e t e r m i n a n t a l a p p r o x i m a t i o n as above, t h e jN 

and D f u n c t i o n s may now be w r i t t e n '. 



Nobles) = J ^Qci'\s)rbd + i t 2 ^ c f ° ( s ) x8;d 

(f°(s) - f8(s))( X8

ac 6bd+6cic)S*d) 

+ 3 (f°(s> + t 2 f 8 ( s ) ) 5 a C 6 b d (5.15) 

Dab,cd (s) .= 6 ^ 6 ^ - > ^ f ] W ^ s / 
' TI Vs'(s-1)(s'-s)(s'-s) 

1 (5.16) 

where as b e f o r e 
f ' (s ) - 2 a 2 ^ ( ( 1 - s - m , 2 ) / m , 2 ) 

1 s -1 
We make t h e same u n i t a r y t r a n s f o r m a t i o n s t o t h e N and 

D f u n c t i o n s as we d i d i n the symmetry case above, 

b u t now the N and D m a t r i c e s are n o t d i a g o n a l i z e d , and 

we are l e f t w i t h o f f - d i a g o n a l terms terms, 

e t c . , due t o s i n g l e t - o c t e t mixing* We .obtain (see 

Appendix A) 

"' ;U 1 V* NT - 2 ^ a b N<rt),cd ̂ c d 

1 r 4t 2 4t 2 

= g { ( - 3 f i + fe(1- jp+2t )• + f o ( 2 + J r + t ) ) I 3 , 

( f e (-2 .+J^2i?)* f 0 ( 2 - | " - 2 t 2 ) ) I 4 , 

( 3 f r 8 f 4 + f 8(3 +Jf + 2 t 2 ) * f 0 ( 2 ^ + 3 t 2 ) I 1 ) 

' (5.17) 
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f o r i j « 1, ... 8, where I n i s the n - d i m e n s i o n a l 

u n i t m a t r i x . 

D,J ( s ) -=^ X*b N a b, c d(s) A J

c d 

( 2 F s H + | ^ ) + 2 F 0 ( 1 - | - t 2 ) ) I 4 

(3Ef - 8 ' 5 + ^ ( 3 + ^ 2 ^ ) 

> £ (2 -Jjf , + 3 f ) ' ) ! , } (5.18) 

N00(s): l 6 a b N a b | C d 6 c d 

= 5 Of, + 4 f 4 + ( 1 + t 2 ) f 8 + ( 1 + t 2 ) f Q ) (5.19) 

D°° (s) = '. 3" 6 a b Dab>Cd 6Cd 

= 1 - ^ (3hJ + 45 + ( 1 + t 2 ) ^ + (U t 2 ) ^ ) (5.20) 

N°*(sj ^ N8o(s) - = l x * b N ^ d 6 c d . 

= - | - ( 3 f 1 - 2 f 4 - f e + ^ ( f 0 - f 3 ) - t 2 f 0 ) (5.21) 

D0 8 (s) = D*°(s) = -§ (3^ - 2F4 -FQ+f(FQ -F3 ) - t V c ) 
• ' (5.22) 
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B,J;'"'= N i k (D" 1) k j 

/ T V J 3 

i88r\Oo NTD' 
A 

-N 8 8 D 8 o + D 8 SN e° 
A 

A 
N°° D8o+D°° N8° N°°D 8 8 

A 

where A = D*8 D°° - (D°8 f 

We see t h a t B 1^ i s not symmetric, i n v i o l a t i o n of 

t i m e r e v e r s a l i n v a r i a n c e . This i s t h e u s u a l t r o u b l e 

encountered i n t h e d e t e r m i n e n t a l a p p r o x i m a t i o n t o t h e 

^/D e q u a t i o n s , and we w i l l symmetrise by hand, and 

t h e r e a f t e r i g n o r e t h e problem. (For d i s c u s s i o n o f t h i s 
I tin \ 

problem see Zachariasen & Zemach ) . 

Under t h e same t r a n s f o r m a t i o n t h e ou t p u t r e s i d u e 

m a t r i x becomes 

B 
R E S . 

9 i 2 I : 

g 8

2 + t 2g 0

2 ,( t- g8

2) f 

(g0

2- gl)t, g|tV g0

2 
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T h i s m a t r i x can be d i a g o n a l i z e d by the' f u r t h e r 

t r a n s f o r m a t i o n LP 1 B R E S U where 

u =• 
13, 
~ 7 14. 

cos©,sin Q 
-sins, cos© 

B> becomes 
R E S 

a 2 I yi ~ 3 ' 

g|(r*#), 

. ( I f g 0 ~ => gy t h i s f u r t h e r t r a n s f o r m a t i o n i s 

unecessary as %gs ^ s a 3 - r e a d y d i a g o n a l ) » Hence 

t h i s f u r t h e r t r a n s f o r m a t i o n must a l s o d i a g o n a l i z e 

t h e a m p l i t u d e B a t the resonance p o s i t i o n , which 

w i t h our a p p r o x i m a t i o n i s t a k e n t o be s = o. I t 

w i l l n o t i n g e n e r a l d i a g o n a l i z e both N and. D. This 

r e q u i r e s ' . 

(5.23) 
a 

NUDHR- NBBDOO 
(5.24) 

at s = Q a 
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and B t h e n becomes 

4\ ~3> 

^ / 
where 

(5.25) 
a 

N 8 - N e 8 D 0 0 cos2® + DR*sin29 o o ^86 • 
+ ( - D O 8 (Noc+ N6e) + NoB( D o g ) )sin s cos Q 

N 0 = N 6 E D 0 0 sin© + N C O C B 8 COS 2©' 

- ^ D o 8 ( N o o + N 8 & ) + Nosd^B+CioMsinscoso 

As i n ' t h e symmetry case we t a k e our p o l e and r e s i d u e 

e q u a t i o n s t o l o w e s t o r d e r i n s» However, f o r A t o be 
2 2 

zero a t b o t h s = i % and s = m 0 we need i t t o be zero 
2 

t o o r d e r S . To a v o i d double poles i n t h e a m p l i t u e 

we need N g = 0 ( 3 ) , N Q = 0 ( S ) . The pole and r e s i d u e 

c o n d i t i o n s become 
D1 = 0 (s ) 

D 4 = 0 (s) 

D 8 8 D o 0 - D o 8

2 : 0(s 2) 

N 8 = 0(s) 

(5. 23) 

(5.24) 

(5. 25) 

(5.26) 
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No = O(s) (5.27) 

9- _f -Ni 
dDj 
ds 

at s=0 (5.28) 

ds 

at s "= 0 (5.29) 

g 8

2 ( u t 2 ) = 
dNs 
as 4 

d s 2 

at s = 0 (5. 30) 

dN 0 

ds, 

ds' 

at s = 0 (5.31) 

Equations (5 .26) (5.27) imply 

> ; ; -: N f t D + N DoR = 0 (s) 
88 oo oo 8° 

(5.32) 
a 

N08 ( D 8 Q

+ D o o ) - D ^ N ^ N ^ ) •= 0"(s) (5.33) a 
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The s imples t s o l u t i o n t o these equations and (5*25) i s 

\y^.--:-: D °° r O(s) (5.32) 
De* = 0 ( s ) (5.33) 

D o 8 = 0 (s) (5.34) 

These equations obvious ly have the c o r r e c t l i m i t as 

t —> o, and we w i l l ignore a1 t e n t a t i v e s o l u t i o n s 

i n v o l v i n g complicated products of the N and D f u n c t i o n s . 
2 ? 

I n the excep t iona l case g 0 = gg we also a r r i v e at 

(5.32) t o (5 .34) . The pole equations (5.23, 5.24, 5.32 -

5«34) can be. w r i t t e n i n m a t r i x form 3 0 1 -2/2t + 2t2 • 2+ 2 j 2 U t 2 - 6 \ 
0 0 -2+j2t + 2t2 2- /2 t - 2t2 -e / 

3 -8 3+ 2J51 + 2t2 2- 2j2t + 3t2 - 6 

6 8 2 + 2t 2 2 + 2t2 - 6 / 

3 2 -(1 + 2 72t) 2/2t - t 2 0 / W 
= 0 

These equations only have a s o l u t i o n when the determinant 

o f the m a t r i x vanishes . Unfo r tuna t e ly t h i s happens f o r 

•real t only when t «= o. i t can then be shown tha t the 

equat ions above have only the symmetry s o l u t i o n F]_ = F^ = 

Fg a 0 and F 0 = 3. So we have proved tha t the only 

s o l u t i o n t o our equations i s the symmetry one* 

c) A l t e r n a t i v e l y we could give the strange quark a 

d i f f e r e n t mass f r o m the non-strange quarks and look 

f o r a d r i v e n type o f broken symmetry0 However i t i s 

d i f f i c u l t t o t r e a t t h i s problem genera l ly except as a 
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p e r t u r b a t i o n ser ies i n M ' With the assumption 

m Y^2<3< 1 maintained as above, t h i s p e r t u r b a t i o n 
A M : 

cannot e f f e c t the r e s u l t s above unless ^ ^ f s / ) 2 ^ * ^ " f y l * 

Wi th canonica l quark mixing the p, UJ vec tor mesons 

couple only t o the non-strange quarks p, n and 4) 

couples only t o the s trange quarks X • The problem 

then decouples i n t o th ree p a r t s . . 

(i) 

'(H) 

(iii) 

PA 

P,n 

X 

p,n 

X 

X 

p,a) 

•p,n 

p,n 

X 

P,n 

X 
A l l o w i n g the strange quark to have a d i f f e r e n t mass 

A M / 

t o any order i n . / M a l lows d i f f e r e n t masses f o r 

the three types o f p a r t i c l e ( p,0) )} k* and (J) , but 

doesn ' t a f f e c t the problem of ob t a in ing s i n g l e t s whose 

mass i s an order lower than the other p a r t i c l e s . This 

f e a t u r e i s now seen i n ( i ) which invo lves 3U(2) symmetry 

only*. The SU(2) c ross ing matrix; f o r t h i s process i s 

o 

1 

V y2 

1 - > 
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d) An a l t e r n a t i v e s o l u t i o n to m 0 <<C 
2 2 

equations (5«13 , 5*14) above i s g Q >»> gg . 

of 

However t h i s i s not a cons i s t en t s o l u t i o n of the residue 

equations (5*11) and ( 5 . 1 2 ) , but i t does suggest the 

exis tence of a background s i n g l e t f o r c e , denoted P, 

not corresponding t o a p a r t i c l e pole and an order of 

magnitude g rea te r than the p a r t i c l e exchange f o r c e s . 

We modify our equations t o inc lude such a. te rm. The 

p a r t i c l e fo rces w i l l now appear as smal l pe r tu rba t ions 

t o P and we hope i n t h i s way to produce s i n g l e t s and 

oc te t s w i t h masses o f the same order . 

With exact SU(3) symmetry the modi f i ed pole and 

res idue equations are 

8 £ P(m 0

2) + 1 (5.36) 

P(m 8

2) ( + 2 - L§ = 1 (5. 37) 

9 o 
2 P(m Q

2 ) 
"dP-
.ds m 0 

2 

(5. 38) 

9s 
P (m s

2 ) 
'dPl 
ds_ m D

2 

(5. 39) 



We assume P(s) = P(o) + P f ( o ) s . . . . f o r s <gc; 1, 

and then the zero th order so lu t i ons t o (5*36, 5*37) i s 

P « 1 , 

The f i r s t order s o l u t i o n i s 

P'(o)m 0

2

 + + 8_E(o) = 0 
3 3 8 

(5.40) 

F,(o) P'(o )m 8

2 + '.k F^(o) 0 (5.41) 

9 o 2 = 9 B 2 = 
p(o) 
?(o) 

(5.42) 

P u t t i n g X 2 a n < 3 again using the forms 
M 8 

g ,2 (A1 +. B 1 I Og I D , 2 ) we de r ive 

(X-1)logA = 9 ( A ^ B 1 log m | ) - (5.43) 

The LoH.S. o f t h i s equat ion i s never negative and 

equals zero f o r X = 1 • T n e R«H.S. i s ^ 0 only 

i f l o g mrt - A v B l . We see t h a t al though now we 
i • 

can have mo ^ nig w i t h e q u a l i t y when X = 1 , and 

g 0

2 t= g g 2 » both masses are now not smal l r e l a t i v e t o 

the quark mass. 

We next r e l a x the c o n d i t i o n of exact SU(3) symmetry 

but r e t a i n SU(2)„ The masses and coupl ings are g iven 

as i n s e c t i o n (5 .2b) . The mod i f i ed equations (5*35) are 
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1 1 2 (5.44) 

-3P'(o)m 4

2 = (F0-F^-^~ t 2 ) ( 5 . 4 5 ) 

V3P'(o)m 2 = £(1-J2t • 3 I ) + 45" + 72t + 12) 
(5,46) 

-3P(o)m 0

2 = Fi(1 f t 2 ) + 3Ff + 45 + F^(1+t2) (5.47) 

,2 
0., = - k ( 2 j a - f K 3 I T - 2 5 - F^(2/2t-»-1) 

(5.48) 

The residue equations become 

g , 2 > g4

2;=\g/(f+:?)•.='• g*o +12) 

" P'(o) 
(5.49) 

These equations are i n v a r i a n t under the t r ans format ions 
1/ 

under t —> _ ' t , F 0 < > Fg as they should be. 

P u t t i n g F i = g i ( A 0 + ' B 0 l o g m ^ 2 ) , s u b s t i t u t i n g (5*4$) 

i n t o (5.44 - 5*47) and then d i v i d i n g (5.44 - 5*47) 

by (5*45)> provided F Q 4= F g , (1 - ~ f ) * 0 ' 

and t £ OT - J2 we obta in 

m = 3 l o g Mi(1 + t 2 )(1 + 20)+ l o g p i 8 ( t 4 - 4j2?- 4{2t-1) 
: - ' V V > ' : ( 1 ^ X ^ ^ - / l ) ( l o g | i 8 - - 3 l o g i i 1 ) ; •,. 

(5.50) 



• 3 j o g M l + t * X f f i - l f + 'og^(t 4 - 2j2t3-7t2-7./2t~1) 
(1" + -P X-t2 + • log |JLB-

0 - log i i 0 (2 j2 t~ t 2 ) + 3(1vf ) | 0 g ^ - (2j2t+1)log 

; ^ -3 (721-1 log IA, -(t 2-4i2t-1)log n 8 

where \i\ = — 

Equations (5•50» 5*51) can be solved by d i r e c t 
2 

e l i m i n a t i o n and then | i 0 and ' can be found by 
s u b s t i t u t i o n i n t o (5-52, 5•53) • I t might be vhoped 

t h a t (5*53) would g ive a reasonably smal l value f o r 
2 

m^ . ; I n p r i n c i p l e s u b s t i t u t i o n of the s o l u t i o n i n t o 

(5.44) would then determine t i n terms of P"'. 

A computer search was made f o r so lu t ions i n the 

range (which i s s u f f i c i e n t because 

the equations are i n v a r i a n t under t - » ~ i and FQi—» Fg) 

and i n the. range 10 l o g (1 < + 10. Solu t ions were 



found (see the t a b l e ) f o r ^ > t <" - 0 • 3 

but not f o r - 0 • 3 > t > 1 . For some t there are 

two s o l u t i o n s . The s o l u t i o n s f l u c t u a t e w i l d l y 

t = t an 
0 

l o g m i 2 

\ 2 

l o g mg^ 
m. 2 

4 

2 

log m 0 

i 
m 4 2 

l o g \ 2 + k l / B i 

0.63 2 . 1 . 0.0 -6 .3 0.0 

0 .49 1.3 0 . 1 - 4 . 1 0.0 

0.3i> -0 . 3 0.8 2 .1 2.0 

0.35 1.2 0.2 -4*4 0 .1 

0 .21 -0 . 4 0 .4 3.4 7.8 

0 .09 -0 .6 0 .4 11.5 1000 

- 0 . 9 - 1 . 0 0.4 -16.3 2 . 1 

- 0 . 2 1 - 1 . 9 0 .7 - 9.6 1.6 

but have i n common t h a t l o g m^ + A]yg^ i s always 

non-negat ive , and hence ' the corresponding value of 
2 

i s not s u f f i c i e n t l y s m a l l . 

The case t ( ° r equivalent l y t = - J2), 

which i s the canonica l mix ing angle, i s i nves t i ga t ed 

separa te ly as t h i s corresponds to a s i ngu l a r case of 

our equa t ions . The R.H.S. of (5*45) i s now zero 

and so we r equ i r e f " ( 0 ) = 0 . The remaining equations 

are then . 
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0 = V F 0 - 3 F l / 2 

' 0 > 3 ^ F o + 3 F l / 2 - F 4 + 3 Fg 

0 = 3 / 2 F 0 O F 1 + 4 F 4 ' + 3 / 2 Fg 

0 « 3 / 2 F 0 + 3 F 1 - 2 F 4 - 3 F g 

These equations have on ly the nonet degeneracy s o l u t i o n 

F q s = = Fg = 0 which we r e j e c t e d above, and 

f o r which t h e mix ing angle i s meaningless. 

5*3 Conclusions. 

We conclude f rom the r e s u l t s o f t h i s chapter t h a t 

i t seems impossible t o o b t a i n the phys i ca l meson spectrum 

as a s e l f - c o n s i s t e n t set of quark - an t iquark bound s tates 

w i t h the fo rces respons ib le f o r b i n d i n g the quarks being 

the mesons themselves, and w i t h the assumption t h a t 

m^/.^2<S:C i . This assumption seems tomake our equations 

over - determined. The conc lus ion remains una l te red 

i f we t r y to add some indeterminacy by i n t r o d u c i n g a 

background s i n g l e t te rm w i t h the p a r t i c l e forces now 

as pe r tu rba t ions* 

There seem to be two a l t e r n a t i v e courses e i t h e r 

t o d i s c a r d the assumption m^/j^2 1 or r e j e c t such 

a model of the quark - an t iquark b ind ing f o r c e s . The 

former r a i ses the ques t ion of why such low mass quarks 

have not been seen/and the l a t t e r * . taken w i t h the d i f f i c u l t y 
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df genera t ing t r a j e c t o r i e s w i t h the r i g h t slopes 

and i n t e r c e p t s seems to be the more appropr ia te 

c o n c l u s i o n . 

Summing up the conclusions of Chapters k and 

5 we see t h a t both the boots t rap and the quark models 

considered do not reproduce the phys ica l p a r t i c l e 

spectrum. Thus both models support the idea t h a t 

h igh energy s c a t t e r i n g i s not dominated simply by the 

exchange of a Regge pole and account must be taken 

of p roduc t i on processes. However too l i t t l e i s 

known about these processes t o inc lude them i n a 

dynamical c a l c u l a t i o n a t present . 
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A P P E N D I X A 

Commutation Rela t ions and Traces f o r SU(3) matrices 

(See eg. Tar janne) < 

The f o l l o w i n g formulae have been used extens ive ly* 

[ \ , . X , ] = 2 i f U K \ k (A .1) 

Square brackets stand f o r the commutator and c u r l y 

brackets the ant icommutator . 

tr(AiXj) = 2 6u (A.3) 

WX.Xj^) .= 2(d i j k + if i j k ) ; : ' ^ A : - (A.4) 

JiJ, = - liikA - 3d i i k (jk + rij_i _ 5^ (A.5) 

d .d = l i i i i i - ' S k A ' " • W - M * A i (A 6) 
2 2 6 3 6 

where 
[ij}ab= 6 l ( £ j b + 6 j a6ib 

[ i j j a b r 6ta 6 jb - 6(b 6 ja 

tr(f, fj) = -36,/ (A.7) 

tr(dd,) = ' l 6„ (A.8) 
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t r ( d , d . d k ) - l d i j k (A-9 

t r ( f i fjfk ) = - ^ c L Uk (A.10 

" t r^i P 2 7 d k ) = i D 2 7 i k (A.11 

tr ( f i D 2 7 fk) = D 2 7 i k (A.121 

where D 2? i s the ma t r ix t r a n s f o r m i n g as the s i n g l e t 

member o f the 27 r e p r e s e n t a t i o n . 

e 2 7 - 3, 

-3J4, 
91 

• i j 
I n Chapter 5 we c a l c u l a t e g a b N ab,cd S cd where 

g'ab = ^ab Q r ^ 

x'a; x o c f'(s)x" bd -̂ cd 

=(fa i f c6 c b +(d i 8 k + i u ) x k

b c ) f ( s ) ( ^ d b c 

+ ( d i 4 m + i f i l m ) X m

c b ) 

4 

jAm 1 'jim 

k :f6}i1 ( s ) t 2 ( d i l k f ( s ) d j k l f f l l k f ( s ) f J k l ) (AB) 
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S i m i l a r l y we may show 

>»i Jj J J * j 4 . 2 e / A / I / I 1 

A a b A a c A bjAcd =4 OjQ 0 j e +y= der.3"D<i ' A - 1 4 ' 

A^abdacSbd ĉd = 26,. (A.15 

. C ( X \ c 6 b d + 6 a c O * c d =4d8ij ( A . 1 6 

6 a b X * a c f l ( s ) X u

b d 6 c d = 2 I f ' ( s ) (A17) 
t 

^ab^acA^bdGcd = 2 (A.18) 

W A B

a c 6 b d + 6 a c A 9

b d ) 6 c d = 0 (A19) 

6Qb6ac6bd6cd= 3 (A . 20) 

6abA\ c f * (s)X A * b d A j

c d = 2 5 j 8 d 8

J L J L f i ( s ) (A.21) 

; 6 * X B

a c r b d A j

c d = 2 d ^ 6 j B (A.22) 

uab ac§ bd+ 6 a c X w ) X j

c d = 4 6 j 8 / (A.23) 

6ab6ac6bd Xjcd = 0 (A.24! 

With these: r e s u l t s equations 2*1 t o 2*6 .of Chapter 5 

can bd w r i t t e n down a f t e r some s i m p l i f i c a t i o n * 
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A P P E N D I X 13 

B. I n Chapter 5 we c a l c u l a t e the f o l l o w i n g i n t e g r a l s : 

R(s) = 2of(s-So) An ( (1 -s ' -mf )/m2)ds' 
IT; J v^T?^1)(s-s)(s'- So) 

= 2g*(Ij(s) - I j ( S o ) ) (B.1 ) 
1 

.2, 

I t 

where 

I i (s) = / OnCl-s'-m:) -JLnmf)ds' 2 N N 2< 

v/sCs7- D(s'-s) 

Make the f o l l o w i n g s u b s t i t u t i o n , 

t = / s ' - 4 - . J5=^ - 2dt 

The i n t e g r a l becomes 
1 

I ( (s) - 2 / (^ 1 - m ' 2 - 1 / (1 - * 2 ) ) -W) dt' 

= A, (s) + lnm :

2 J s (s) + J,(s) ^' ;' ( B . 2 : 
where 

1 

J,(s) = - 2 ' d t 

b 
(sT^T-s) 

1 h 
-2tan (s/1-s) 

7s(1 -s) 

2(1 + | s + | s2+ ) f o r s « 1 
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l ( e . V - - / < n ( 1 - f )dt 
J

3

( s > - - 2 / (sti 1-s) 
1 

I s r/Xn(1~1 2)( ) dt 
s=o 

S « 1 

These i n t e g r a l s may be computed by i n t e g r a t i o n 
by pa r t s 

J , , (s) = / M f o V W ) 
1,1 ' (st+1-s) 

dt 
o 

D i f f e r e n t i a t i n g w i t h respect to m^ 

1 

M - / H - n n t 
am,2 " J t(1-rn 2 ) + m. 2)(st2

t1-s) 
o 
1 

(1-s-mf)(t2(1-rr?)+mf) " (1-s-mfXsfcl-s) 

(B.3) 

d t 

1 

(1-s-rrf) 7ni2(1-rrf) 
tan 

-1/ 

tan 
1 -s 

We expand t h i s i n powers of tn^ , which i s supposed 

smal l and we can then i n t e g r a t e w i t h respect t o 

m^ term by te rm. 

We o b t a i n 

where loa t d t 

mi 2,0" I ( S t > 1 - s ) 

(B4 ) 

= 2 1 sT 
rso 

t ) d t f o r S « 1 
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These i n t e g r a l s may again be computed by p a r t s . Adding 

the r e s u l t s , we f i n a l l y o b t a i n f o r m± , S « 1 

I i (s ) = -log m, 2 ( 2 + | - s ) - 2>78~ 3-18s +0(m, s 2 ) 

(B.5 

The i n t e g r a l s I i ( S 0 ) where S 0 i s not smal l cannot be 

computed as a se r i es i n powers of S Q , but the expansion 

f o r smal l i s s t i l l v a l i d . 

It (S 0 ) = C 1 l o g m.^ + G 2 +. 0 ( m i ) 

The c o e f f i c i e n t s (^(S ) , 0 2 ( S Q ) were evaluated .•'..'} ] : 

numer i ca l ly f o r a range of values of S 0 . As 

S Q ^ - oo (corresponding t o no s u b t r a c t i o n ) 

C l > G 2 — > ° -

We w r i t e the o r i g i n a l i n t e g r a l 
2 2 (B.6) 

F i ( s ) = A + B l o g m i + 0 ( a 1 m±. ) 

where the c o e f f i c i e n t s A, B are f u n c t i o n s of the 

s u b t r a c t i o n p o i n t S 0 and tend t o the values given by 

equat ion (b) as S r t - > -
Table 1 . 5 O / 4 M * - o o -2 .U -1.5 - 1 . 0 -0.5 +0.5 4-0.9 

A / B 1.3V 1.9 2.0 2 .1 2.2 2.7 3.5 

• e* V B 
4 .0 6.7 7.4 8.2 9.0 14.9 33.1 

The r a t i o A/^ alone appears i n our c a l c u l a t i o n s . I f So 

i s placed on the l e f t hand c u t , t h a t i s S Q . < - 1 , we 

have VB < 2 > 1 » and i t w i l l only decrease s i g n i f i c a n t l y 

i f i t i s placed near the r i g h t hand cut at + 1 , The 

usual arguments place i t on the l e f t hand c u t . ' 



-113-

APPENDIX C 

B r i e f summary of the ̂ /D equations and the 
determinnntal approximation (See eg. ref. 7>B,10 ) 
The o >- channel, rocluood p a r t i a l 'w.nvo .-mplibudc IJ^ (s) 
i n normalized no t h a t the c l a s t i c unibariby equation 
i s 

I m B ^ s ) . ^ B J l *(s)p i ( s ) B £ (s) ( C D 

2 2 f 1 
where p£ (s) = y = ^ ~ 

This p a r t i a l wave i s w r i t t e n i n the form 

6 , ( 3 ) , ^ ; (C.2) 
where the N 4 ( s ) f u n c t i o n 

has only l e f t .hand cut s i n g u l a r i t i e s ( o r i g i n a t i n g from 
Yukawa type forces i n the crossed channels) and D £ (s) 
has only the r i g h t hand e l a s t i c u n i t a r i t y cut* 
( I n e l a s t i c u n i t a r i t y i s ignored). 

Im D/s) = -p^s jN^s ) , on the : R.H. cut (C.3) 

; ; lmN £(s) = D £ ( s ) lmB £ ( s ) o n t h e t . H . C u t . (C.4) 

Now B i (s) can be normalized to one at 6 - s n 

(usually taken as some p o i n t on,bhe LAl, c u t ) , 
N £ (s) » 0 at s «= s 0 , when once subtracted; d i s p e r s i o n 

: r e l a t i o n s can be W r i t t e n f o r N and D. v:;> 



d , (s) = 1 s ^ f o M M ^ l ^ . 
K J (s ' -So)(s '~s) 

(C.5 
R.H.cut 

N.(s) = - (Lisa) / BA(s')D t(s')ds' 
1 K (S'-SoXs'- s) (C.6 

L H cut 

Now define 

Bi(s) = 
L.H.cut 

B L (s)ds / 

S' -S 
— oo 

Then by w r i t i n g a d i s p e r s i o n r e l a t i o n f o r the f u n c t i o n 

C£(s)S N t (s) - (s)D t (s) , 
one obtains 

oo 

Nt(s) = B t

L(s) 4 Nrs 
B ^ ) - § ^ B t

L ( s ) « Pt(^)Nt(s') ds' 
R.H.cut 

(c.v; 
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; Equations 5) and 7) generally provide a more convenient 
basis f o r c a l c u l a t i o n s than 5) and 6 ) . ' Equation 7) 
i s a i n t e g r a l equation of the Fredholm type generally-
solved by i n t e r a t i o n . The determinantal approximation 

/ cons i s t s i n p u t t i n g N^(s) = B g L ( s ) , 

c a l c u l a t e d from the lowest order Born approximation, 
and using t h i s t o c a l c u l a t e (S) from equation (5)» 

V I t dan be seen t h a t t h i s approximation i s equivalent 
t o p u t t i n g Dg_ (S) t o be u n i t y on the L.H. cut i n 
equation (6)» 
The Born approximation f o r the exchange of a spin t' 
p a r t i c l e i n the t - channel. 

WMMsU' g 2 ( 2 ^ 1 ) q , ^ - ( z t ) , ( c 

m 2 - t - i f 

";: has a t - d i s c o n t i n u i t y i n the narrow width approximation 
^ given by 

D, (s,t) - n g 2 6( t -m 2 ) f?( z t ) q t

2 t '( 26.'* 1) -

(C.9) 
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which. gives 

OO 
B L (s) = — f ° ^ z s ) D t (s,t)dt 

3 2 T t q s
2 l + 2 

(G.10 ) 

The g e n e r a l i z a t i o n of these equations to include 
coupled two body channels was f i r s t w r i t t e n down 
by Bjorken. The above equations now become matrix 
equations. The only d i f f i c u l t y encountered i s t h a t 
the determinantal approximation v i o l a t e s time r e v e r s a l 
i n t h a t the approximate matrix amplitude c a l c u l a t e d i n 
t h i s way i s not symmetric. The attempts t o remedy 
t h i s f a u l t s u f f e r s from other ugly features and we have 
used throughout the simple unsymmetrized form. The 
departure from symmetry found w i l l measure the goodness 
of the approximation. (For discussion see Zachariasen 

• ,(87) and Zemach). 
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