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ABSTRACT: We introduce and study new notions of continuity, compactness and
stability in ditopological texture spaces based on the notions of pre-g-open and
pre-g-closed sets and some of their characterizations are obtained.
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1. Introduction

Textures and ditopological texture spaces were first introduced by L. M. Brown
as a point-based setting for the study fuzzy topology. The study of compactness and
stability in ditopological texture spaces was started to begin in [6]. In this paper,
we introduce and study the concepts of pre-g-bicontinuity, pre-g-bi-irresolute, pre-
g-compactness and pre-g-stability in ditopological textures spaces.

2. Preliminaries

The following are some basic definitions of textures we will need later on.
Texture space: [6] Let S be a set. Then ¢ C P(S) is called a texturing of S, and
S is said to be textured by ¢ if

1. (p,C) is a complete lattice containing S and ¢ and for any index set I and
A; € ¢, i €1, the meet /\,_; A; and the join \/,_; A; in ¢ are related with
the intersection and union in P(S) by the equalities

/\iel Ai = ﬂie] A
for all I, while
VieI Ai = UieI A
for all finite 1.

2. ¢ is completely distributive.
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3. p separates the points of S. That is, given s; # s9 in .S we have L € ¢ with
s1€L,s2¢ L,or L € with so € L, s1 ¢ L.

If S is textured by ¢ then (S, ) is called a texture space, or simply a texture.
Complementation: [6] A mapping o : ¢ — ¢ satisfying o(c(A4)) = A, for
all A € ¢ and A C B implies that o(B) C o(A), for all A,B € ¢ is called a
complementation on (S, ¢) and (S, ¢, o) is then said to be a complemented texture.

For a texture (S, ¢), most properties are conveniently defned in terms of the
p-sets

P,=N{Acyp:sec A}
and the g-sets,

Qs=V{Aecp:s¢ A}.

Ditopology: [6] A dichotomous topology on a texture (5, ¢), or ditopology for
short, is a pair (7, k) of subsets of ¢, where the set of open sets 7 satisfies

1. S,¢ e,
2. G1,G5 € 7 implies that G; N G4 € 7, and
3. G;j € 7,i € I implies that \/, G; € T,

and the set of closed sets k satisfies
1. S,p €k,
2. Ky, Ky € k implies that K71 U Ky € k, and
3. K; € k,i € I implies that (| K; € k.

Hence a ditopology is essentially a "topology" for which there is no a priori relation
between the open and closed sets.

For A € ¢ we define the closure [A] and the interior |A[ of A under (7,k) by the
equalities

[Al={K€k:ACK}and JA[=\/{GeT:GC A}

We refer to 7 as the topology and k as the cotopology of (7, k).

If (7,k) is a ditopology on a complemented texture (S, , o), then we say that
(1,k) is complemented if the equality k = o(7) is satisfied. In this study, a com-
plemented ditopological texture space is denoted by (S, p, 7, k, o).

In this case we have o([4]) =]o(A4)[ and o(JA[) = [0(A)].

We denote by O(S, ¢, 7, k), or when there can be no confusion by O(5), the set
of open sets in . Likewise, C(S, ¢, 7, k), C(S) will denote the set of closed sets.

Let (S1,¢,) and (Sa,p,) be textures. In the following definition we consider
the product texture [3] P(S1) ® ¢4, and denote by ﬁ(s,t); 6(87,5), respectively the
p-sets and g-sets for the product texture (S x Sa, P(S1) ® ).

Direlation: [5] Let (S1,¢;) and (S2, ¢5) be textures. Then
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1. r € P(S1) ® @, is called a relation from (S1, ;) to (Sa,p,) if it satisfies

R1r¢ G(Syt), P, ¢ Qs implies that r ¢ 6(5/7,5).
R2r ¢ @(87,5) implies that there exists s € Sy such that P, ¢ Q, and
rg a(s',t)'

2. R € P(S1) ® ¢, is called a corelation from (S, ¢;) to (Sa, p,) if it satisfies
CR1 P(,y) £ R, Ps ¢ Q implies that Py, ¢ R.
CR2 P(,; € R implies that there exists s € 8 such that P, ¢ Q, and
Py LR

3. A pair (r, R), where r is a relation and R a corelation from (S1, ¢;) to (S2, ©5)
is called a direlation from (S, ¢;) to (S2, ¢,).

One of the most useful notions of (ditopological) texture spaces is that of difunc-
tion. A difunction is a special type of direlation.

Difunctions: [5] Let (f, F') be a direlation from (S, ;) to (S2,¢,). Then (f, F)
is called a difunction from (S, ;) to (S2,¢s) if it satisfies the following two con-
ditions.

DF1 For s, s € S1, Ps € @ implies that there exists ¢ € S such that f ¢ @(s,t)
and ﬁ(s/@ ¢ F.

DF2 For t,t € Sy and s € Sy, f ¢ Qs and Py ¢ F implies that P, ¢ Q.
Image and Inverse Image: [5] Let (f, F): (S1,¢1) — (S2,ps) be a difunction.

1. For A € ¢, the image f~ A and the co-image F'~ A are defined by

JTA={Q¢: foralls, f ¢ @(s,t) implies that A C Qs},
F7A=\/{P;: for all s,ﬁ(syt) ¢ F implies that P, C A}.

2. For B € ¢,, the inverse image f< B and the inverse co-image "B are
defined by

JEB=\{P;:foralt, ¢ Q(s,t) implies that P; C B},
F<B={Qs : for all t,ﬁ(syt) ¢ F implies that B C Q¢}.

For a difunction, the inverse image and the inverse co-image are equal, but the
image and co-image are usually not.
Bicontinuity: [4] The difunction (f,F) : (S1,¢1,71,k1) — (S2,9,, T2, k2) is
called continuous if B € 79 implies that F'*" B € 71, cocontinuous if B € ko implies
that f< B € kp, and bicontinuous if it is both continuous and cocontinuous.
Surjective difunction: [5] Let (f, F)) : (S1,¢1) — (S2,¢,) be a difunction. Then
(f, F) is called surjective if it satisfies the condition
SUR. For t, t e Sa, Py ¢ Q, implies that there exists s € Sy with f & @(87,5/) and
Py L F.

If (f,F) is surjective then F7(f< B) = B = f7(F* B) for all B € ¢, [[5],
Corollary 2.33|
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Definition 2.1. [5] Let (f, F) be a difunction between the complemented textures
(S1,¢1,01) and (S2,¢4,02). The complement (f, F) = (F ,f ) of the difunction
(f, F) is a difunction, where f = ﬂ{@(s,t)ﬁu,v with [ € Q. 01(Qs) € Qu
and P, ¢ oo(P)} and F' = VAP 5.1y 3u,v with Py, ¢ F,P, ¢ 01(Ps) and
02 (Qt) % Qv}-

If (f,F)=(f, F)/ then the difunction (f, F') is called complemented.

Definition 2.2. [7] Let (S,,7,k) be a ditopological texture space. A set A € ¢
is called pre-open (pre-closed) if A C|[A][ (JA]] C A).

We denote by PO(S, p, T, k), or when there can be no confusion by PO(S), the
set of pre-open sets in ¢. Likewise, PC(S, ¢, 7, k), or PC(S) will denote the set of
pre-closed sets.

Definition 2.3. [2] Let (S, ¢, 7,k) be a ditopological texture space. A subset A of
a texture ¢ is said to be generalized closed (g-closed for short) if A C G € T then
[A] CG.

Definition 2.4. [2] Let (S, ¢, 7, k, ) be a complemented ditopological texture space.
A subset A of a texture ¢ is said to be generalized open (g-open for short) if o(A)
is g-closed.

We denote by gc(S, ¢, 7, k), or when there can be no confusion by ge(S), the
set of g-closed sets in ¢. Likewise, go(S, ¢, T, k, o), or go(S) will denote the set of
g-open sets.

Definition 2.5. [1] Let (S, ¢, 7,k) be a ditopological texture space. A subset A of
a texture @ is said to be pre-g-closed if A C G € PO(S) then [A] C G.

We denote by prege(S, ¢, T, k), or when there can be no confusion by prege(S),
the set of pre-g-closed sets in .

Definition 2.6. [1] Let (S, ¢, T, k,0) be a complemented ditopological texture space.
A subset A of a texture ¢ is called pre-g-open if o(A) is pre-g-closed.

We denote by prego(S, ¢, T, k, o), or when there can be no confusion by prego(S),
the set of pre-g-open sets in .

Definition 2.7. [1] Let (S, ¢, T, k,0) be a complemented ditopological texture space.
For A € ¢, we define the pre-g-closure [Alpre—g and the pre-g-interior |Alpre—g of
A under (1,k) by the equalities

[Alpre—g = ({K € prege(S) : A C K} and |Alpre—g= U{G € prego(S) : G C A}.

3. pre-g-bicontinuous, pre-g-bi-irresolute, pre-g-compact and
pre-g-stable

Definition 3.1. The difunction (f, F) : (S1,¢1,71,k1,01) = (S2, @9, T2, ka,02) is
called:
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1. pre-g-continuous (pre-g-irresolute), if F* (G) € prego(Sy), for every G €
O(S2) (G € prego(S2)).

2. pre-g-cocontinuous (pre-g-co-irresolute), if f< (G) € prege(St), for every G €
ko (G € prege(Sa)).

3. pre-g-bicontinuous, if it is pre-g-continuous and pre-g-cocontinuous.
4. pre-g-bi-irresolute, if it is pre-g-irresolute and pre-g-co-irresolute.

Corollary 3.2. Let (f,F) : (S1,¢1,71,k1,01) — (S2,99, T2, ko, 02) be a difunc-
tion. Then:

1. Fvery continuous is pre-g-continuous.
FEvery cocontinuous is pre-g-cocontinuous.

Every pre-g-irresolute is pre-g-continuous.

o

Every pre-g-co-irresolute is pre-g-cocontinuous.

Proof. Clear.

Theorem 3.3. Let (f, F) : (S1,¢1,71,k1,01) = (S2, @9, T2, ka, 02) be a difunction.
Then:

1. The following are equivalent:

(a) (f,F) is pre-g-continuous.
(b) |F7A[2C F2A[S:, ., for all A€ .

pre—g’

(¢) [IB[2C)f By, for all B € @,

pre—g-
2. The following are equivalent:

(a) (f,F) is pre-g-cocontinuous.
(b) AL, C A%, for all A€ .

pre—g =

(¢) [FEB]S:, . C F<[B]%2, for all B € ¢,.

pre—g —

Proof. We prove (1), leaving the dual proof of (2) to the interested reader.
(a) = (b). Let A € ¢,. From [[5], Theorem 2.24 (2a)] and the definition of interior,

FEIFZ(A)[C fo(F(4)) € A
Since inverse image and co-image under a difunction is equal, f<]F ™ (A)[*2=
F<IF7(A)[%. Thus, f<]F7(A)[%¢€ prego(S:), by pre-g-continuity. Hence

FEIF7 (AP CAL,

pre—g
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and applying [[5], Theorem 2.24 (2b)] gives

JF7(A)[2C F2 (f=(F7 (A)[?) € F71AR,,
which is the required inclusion.
(b) = (¢). Take B € ¢,. Applying inclusion (b) to A = f<(B) and using [[5],
Theorem 2.24 (2b)] gives
2 2 S1
|BI3=CJF~ f(B)[*C F21f<(B)[pey-
Hence, we have f|B[S2C f<F>]f<(B)[5:
2.24 (2a)].
(¢) = (a). Applying (c) for B € O(S5) gives

F(B) = [TIBICIf T (B) ey

Clf(B )[p'l‘e g by [[5], Theorem

pre—g—

so F<(B) = f(B) :]f‘_(B)[grleng prego(S1). Hence, (f, F) is pre-g-continuous.

Theorem 3.4. Let (f,F) : (S1,¢1,71,k1,01) = (S2, @9, T2, ka, 02) be a difunction.
Then:

1. The following are equivalent:

(a) (f,F) is pre-g-irresolute.
(b) 17 Al ,C FIAL

pre—g—

(C) f<_] [pre g= ]fﬁB[pre g’ fO’f’ G’HBE()DQ'

for all A € .

pre—g’

2. The following are equivalent:
(a) (f,F) is pre-g-co-irresolute.

(b) f_>[ ]pre g = [f%A]pre g’ fO’f’ all A € $1-
(c) [FBl._, C FT[B]52,_,, for all B € ¢,.

pre—g

Proof. We prove (1), leaving the dual proof of (2) to the interested reader.
(a) = (b). Take A € ¢;. Then

FOIFZ ARz, C fE(FA)C A

by [[5], Theorem 2.24 (2a)]. Now f<|F~A[32,_ = F<IF A2, _ € prego(S)

by pre-g-irresolute, so f“]FHA[pTe gC]A[g,}e_g and applying [[5], Theorem 2.24
(2b)] gives
SQ Sl
]FA)A[pre gC Fi}(fe]F*}A[pre gC FA)]A[;DTG—‘(W
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which is the required inclusion.
(b) = (¢). Take B € ¢,. Applying inclusion (b) to A = f< B and using [[5],
Theorem 2.24 (2b)] gives

B[, CIF~(f<B)[52._,C F2lf“B_,.

Hence, f<]B[2,_,C fTF7)f B[l CIf < B[y, by [[5], Theorem 2.24 (2a)].

(¢) = (a). Applying (c) for B € prego(Ss) gives
f©B= fe]B[Sz C]feB[Sl

pre—g-= pre—g’

so F¥B = f< B =|fB[5},_ € prego(S1). Hence, (f,F) is pre-g-irresolute.

pre—g

Theorem 3.5. Let (Sj,goj,Tj,k:j,aj), 7 = 1,2, complemented ditopology and
(f, F): (S1,01) = (Sa2,p5) be complemented difunction. If (f, F) is pre-g-continu-
ous then (f,F) is pre-g-cocontinuous.

Proof. Since (f,F) is complemented, (F/,f/) = (f,F). From [[5], Lemma
2.20], 01 ((f ) (B)) = [ (02(B)) and o1 ((F )< (B)) = F* (02(B)) for all B € ,.
The proof is clear from these equalities.

Corollary 3.6. Let (Sj,(pj,Tj,kj,O’j), 7 = 1,2, complemented ditopology and
L F) (S, — (8o, be complemented difunction. If (f, F') is pre-g-irresolute

(f ©1 ©s 9

then (f, F) is pre-g-co-irresolute.

Proof. Clear.

Definition 3.7. A complemented ditopological texture space (S, @, T, k, o) is called
pre-g-compact if every cover of S by pre-g-open sets has a finite subcover. Here we

recall that C' ={A; :j € J}, Aj € v is a cover of S if \/ C' = S.

Corollary 3.8. Let (S,p,7,k,0) be a complemented ditopological texture space.
Then:

1. Every pre-g-compact is compact.
2. Every g-compact is pre-g-compact.
Proof. Clear.

Theorem 3.9. If (S, ¢, 7, k,0) is pre-g-compact and L = {F; : j € J} is a family
of pre-g-closed sets with NL = ¢, then N{F; : j € J/} = ¢ for J CJ finite.

Proof. Suppose that (S, ¢, 7, k, o) is pre-g-compact and let L = {F; : j € J}
be a family of pre-g-closed sets with N\L = ¢. Clearly C = {o(F};) : j € J} is a
family of pre-g-open sets. Moreover,

VO =V{o(Fy):je T} =o({F,:jeJ}) =a(d) =S,

and so we have J' C J finite with \/{o(F;):j € J } = 5. Hence N{F; : je J } =
o.
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Theorem 3.10. Let (f, F) : (S1,¢1,71,k1,01) = (S2, 99, T2, k2,02) be an pre-g-
irresolute difunction. If A € p, is pre-g-compact then f7 A € p, is pre-g-compact.

Proof. Take f7A C \/,.;Gj, where G; € prego(S2), j € J. Now by [[5],
Theorem 2.24 (2a) and Corollary 2.12 (2)] we have

AC Fe(fﬁA) - Fe(VjeJ Gj) = V_jeJ FFGJ’-
Also, F© G, € prego(Sh) be/cause (f, F) is pre-g-irresolute. So by the pre-g-
compactness of A there exists J C J finite such that A C Uje s F<Gj. Hence
fHA - f*}(UjeJ/F(iGJJ = UjeJ’fH(FHGj) - UjeJ’ Gj
by [[5], Corollary 2.12 (2) and Theorem 2.24 (2b)]. This establishes that f~ A is
pre-g-compact.

Corollary 3.11. Let (f,F) : (S1,¢1,71,k1,01) = (Sa2, ¢y, T2, ka,02) be a surjec-
tive pre-g-irresolute difunction. Then, if (S1,¢1,7T1,k1,01) is pre-g-compact so is
(SQa Po, T2, k2; 02)-

Proof. This follows by taking A = S; in Theorem 3.10 and noting that 7.5, =
f7(F*S3) = Sy by [[5], Proposition 2.28 (1c¢) and Corollary 2.33 (1)].

Definition 3.12. A complemented ditopological texture space (S, ¢, T, k,c) is called
pre-g-stable if every pre-g-closed set F' € ¢\ {S} is pre-g-compact in S.

Corollary 3.13. Let (S,,7,k,0) be a complemented ditopological texture space.
Then:

1. FEvery pre-g-stable is stable.
2. Fwvery g-stable is pre-g-stable.
Proof. Clear.

Theorem 3.14. Let (S, ¢, 7,k,0) be pre-g-stable. If G is an pre-g-open set with
G# ¢ and D = {F; : j € J} is a family of pre-g-closed sets with NjcF; C G then
Njey Fj € G for a finite subsets J of J.

Proof. Let (S, ¢, T, k, o) be pre-g-stable, let G be an pre-g-open set with G # ¢
and D = {F; : j € J} be a family of pre-g-closed sets with N;e;F; C G. Set
K = 0(G). Then K is pre-g-closed and satisfies K # S. Hence K is pre-g-

compact. Let C = {o(F)|F € D}. Since ND C G we have K C \/C, that is C is
an pre-g-open cover of K. Hence there exists Fy, Iy, ..., [}, € D so that

KgO’(Fl)UO'(FQ)UUO'(Fn) :O'(FlﬁFgﬂﬂFn)

This gives i NFyN...NF, C o(K) =G, soN
J ={1,2,...,n} of J.

ey by C© G for a finite subsets
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Theorem 3.15. Let (S1,¢1,71,k1,01), (S2,9q,T2,ka,02) be two complemented
ditopological texture spaces with (Si,¢1,71,k1,01) is pre-g-stable, and (f,F) :
(S1,¢1,7T1,k1,01) = (S2, Py, T2, ka,02) be an pre-g-bi-irresolute surjective difunc-
tion. Then (Sa, @y, T2, ka, 02) is pre-g-stable.

Proof. Take K € pregce(S2) with K # Ss. Since (f, F') is pre-g-co-irresolute,
so f<K € prege(Sy). Let us prove that f< K # S;. Assume the contrary. Since
f£Ss = Sy, by [[5], Lemma 2.28 (1c)] we have f< Sy C f< K, whence Sy C K
by [[5], Corollary 2.33 (1 ii)] as (f, F) is surjective. This is a contradiction, so
fEK #57. Hence f (K) is pre-g-compact in (S1, ¢y, 71, k1, 01) by pre-g-stability.
As (f, F) is pre-g-irresolute, f7 (f< K) is pre-g-compact for the ditopology (72, k2)
by Theorem 3.10, and by [[5], Corollary 2.33 (1)] this set is equal to K. This
establishes that (S, g, T2, k2, 02) is pre-g-stable.
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