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Abstract

In this paper, we consider a class of fractional differential equations with integral
boundary conditions which involve two disturbance parameters. By using the
Guo-Krasnoselskii fixed point theorem, new results on the existence and
nonexistence of positive solutions for the boundary value problem are obtained. And
the impact of the disturbance parameters on the existence of positive solutions is
also investigated. Finally, we give some examples to illustrate our main results.
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1 Introduction
The theory of boundary value problems for ordinary differential equations and functional
differential equations plays an important role in many research fields of science and engi-
neering; for details, see [1-9] and the references therein. Meanwhile, fractional differential
equations have also widely appeared in various fields such as physics, mechanics, electric-
ity, biology, control theory, etc. Therefore, the study of fractional differential equations
has gained prominence and has been growing rapidly, see[10—18]. Last but not least, as an
important part of fractional differential equations, the integral boundary value problems
have also been extensively researched, see [19-23].

In [21], Jia and Liu investigated the existence and nonexistence of positive solutions for
the following integral boundary value problem of fractional differential equations with
a disturbance parameter in the boundary conditions and the impact of the disturbance

parameter on the existence of positive solutions

—D’u(t) =f(t,u(®)), te€(0,1),
miu(0) — mu'(0) = 0,
1
mau(1) + nad' (1) = [, g(s)u(s) ds + a,
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where €D’ is the Caputo fractional derivative, 1 < § < 2, f € C([0,1] x R*,R*) and g €
C([0,1],R").

In this paper, we are concerned with the Riemann-Liouville fractional differential equa-
tion

Dg,x(t) =f(t,x(t)), t€(0,1), (L.1)
with the integral boundary conditions

x(0) =«'(0) =0,
x(1) = fol g1(s)x(s)ds + a, (1.2)
X(1) = [y @(s)x(s) ds - b,

where Dj, is the standard Riemann-Liouville fractional derivative of order «, 3 < & < 4,
f:10,1] x [0, +00) — [0, +00) is a continuous function, gi,g» € L'[0,1], and a,b > 0. The
existence and nonexistence of positive solutions for the integral boundary value problem
(1.1)-(1.2) and the impact of the disturbance parameters a, b on the existence of positive
solutions is also investigated. Finally, we give two examples to illustrate our results.

2 Preliminaries
In this section, we present some useful definitions and related lemmas.

Definition 2.1 (See [12]) Let « > 0. The fractional integral operator of a function y :
(0, +00) — R is given by

() = ﬁ /0 (£ — 5 1y(s) ds

provided the integral exists.

Definition 2.2 (See [12]) Let o > 0. The Riemann-Liouville fractional derivative of a func-
tion y: (0, +oc) — R is given by

1 d\* !
Dg,y(t) = D*I5 . y(t) = Fe—a) <a> /0 % ds,

where z € N, z -1 < « < z, provided the right-hand side is pointwise defined on (0, c0).

Lemma 2.1 (See [12]) Fora >0,z€ Nandz-1<a <z, ifx € L'[0,1] and I§,*x € AC?[0,1],
we have the equation

I8, D% x(t) = x(t) + 1t + ot 2 + 3t 4 -+ ",
wherec;€R,i=1,2,3,...,z.

Lemma 2.2 The boundary value problem (1.1)-(1.2) is equivalent to the following integral
equation:

x(t) = /01 G(t, s)f(s,x(s)) ds + /OIH(t, s)x(s) ds

+ (@ =Da +b)t*? - (& = 2)a + b)t* ™, (2.1)
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where
(E=s)*1+ (1 =-s5)* 222
1
G(t,s) = @) x ((s—1) + (@ —2)(1 - ?t)s), 0<s<t<l, (2.2)
Q=82 2(s—t)+ (@ =2)1-1¢)s), 0<t<s<l
and
H(t,s) =t 2t —at +a — Dgi(s) + 72 (¢ - 1)ga(s). (2.3)

Proof Assume that x = x(¢) is a solution of (1.1), it follows from Lemma 2.1 that

1

L

t
/ (t- s)"‘_lf(s,x(s))ds + % 4 et 4 gt 4 gt Y,
0

wherec; e R,i=1,2,3,4.
From the boundary conditions x(0) = '(0) = 0, we get ¢3 = c4 = 0.

And from the boundary conditions x(1) = fol g1(s)x(s)ds +a and (1) = fol S(s)x(s)ds—b

we can get

1 1
a=02- a)/(; g1(s)x(s)ds + /(; g(s)x(s)ds

1
_ % /0 1-5)*2(as - 25+ 1)f (s,%(5)) ds - b — (@ = 2)a,

1

1
= _1 d _ d
acle )/0 81(s)x(s) ds /0 &(s)x(s) ds
1 11 ) s 1
+m/0( —9)*7%sf (s,%(s)) ds + b + (a — 1)a.
Then

t 1 1
x(t) = ﬁ /0 (t- s)""lf(s,x(s)) ds+ (2 - ) /0 ai(s)x(s)ds + 7 /0 2(s)x(s) ds
ta—l 1

T(@) Jo

(1-5)*2(as - 25+ 1)f (s,%(s)) ds
1 1
o—2 _ _ a2
+t“(ax—1) /0 g1(s)x(s)ds — ¢ /0 g(s)x(s)ds
i 1(1 ) (s)) ds + (@ = a + b)t* 2 - (@ = 2)a + b)t*
+m/o —9)*7%sf (s,2(s)) ds + (@ = Da + b)t** — ((« = 2)a + b)

i ﬁ /0 (=9 + Q=92 ((s = 1) + (= 2)(1 - 1)3) ) (s,(s)) ds

1

1
-2 0—2
+@/t Q=922 ((s = 8) + ( = 2)(A = B)s)f (5,%(s)) ds

1 1
+t72 2 —at+a—1) f g1(s)x(s)ds + 22t -1) / 2(s)x(s)ds
0 0

+ (= Da +b)t* — (& = 2)a + b) ™!

’
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1 1
= / G(t,9)f (s,x(s)) ds +/ H(t,s)x(s) ds
0 0

+(( = Da+b)t* > — (& = 2)a + b)t*".

Hence, x = x(¢) is a solution of the integral equation (2.1) if it is the solution of the bound-
ary value problem (1.1)-(1.2), and vice versa.
The proof is completed. d

Lemma 2.3 Let G be defined by (2.2), then
(1) G(¢s) € C[0,1] x [0,1], and G(t,s) > 0 forany t,s € (0,1),
2) (- 2)q(t)k(s)ﬁ <G(ts) < Mok(s)ﬁ < Moﬁfor any t,s € [0,1], where

My = max{oc -1, (x— 2)2}, q(t) =t“2(1 - 1), k(s) = s*(1 - 5)* 2.

Proof (1) It is easy to show that the result holds.

(2) For s < t, we could use the mean value theorem of differential calculus and get

Gl(t,s) = ﬁ ((t - s)((t —8)* 2 (- ts)"“z) + (@ =2)1 -1)s(t - ts)"“z)

> ﬁ (—(t =)@ = 2)(¢ — ts)*s(1 — 8) + (a = 2)(1 - £)s(¢ — £5)*7?)

> L(oe —2)8%2(1 - 5)*22(1 - t)?
(@)
and
G(t,s) < — (—(t — )N =2)(E -9 3s(1—t) + (@ —2)(1 - t)s(¢ - ts)“’z)

(o =2)s(L =) ((t—t)* > = (£ —9)*?)

(@ —2)%s21 - )2 31 - 5)* 3

For s > t, we have that

Glts) > —— (o = 2721 — )" 25(1— ) > —— (@ — 2)%2(1 — )25 (1 1),

(a) ~ IN'a)
1 M
G(t,s) < msa’z(l —8)" (s + (a0 =2)s) = Ta)s“’l(l -8 (e -1) < TO(Z))'
The proof is completed. O

Now we make the following assumption.
(BO) g1,8 € L'0,1] such that 0 < inf; (01 H(Z,s) < Sup; sepo1y H(£,8) =M < 1.
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Let the Banach space C[0,1] be endowed with the norm [|x|| := max;eo,1] |%()|, and let
P={xeCl[0,1]:x(t) > 0, €[0,1]},

then P is a cone in C[0,1].
We define an operator A : P — C[0,1] by

1
(Ax)(t):/0 H(t,s)x(s) ds.

Lemma 2.4 Assume (BO) holds, then the operator A satisfies the following properties:
(1) A is a bounded linear operator;
(2) A(P)C P
(3) the operator A is reversible;
@) 10-A) <

Proof By (B0), it is obvious that (1), (2) hold.

(3) Since M < 1, we get that ||Ax| < M|x| < ||x|, then ||A]| <M <1, sothat I — A is
reversible.

(4) Let y(2) = x(t) — Ax(t), that is, x(£) = y(£) + Ax(t), x(t) = (I — A)"Yy(¢), and y € C[0,1]
for ¢ € [0,1]. From the definition of operator A, we have that

1
x(t) = y(¢) + / H(t,s)x(s) ds.
0
Let
1
xo(t) = x(t), X (t) = y(£) + / H(t,s$)xma(s)ds, m=12,....
0

We apply the method of iteration to solve the above equation.
According to this method, we can get that

1
#(6) = (T~ AY5(0) = 5(0) + / R(t,9)y(s) ds,
0
where

R(t,s)= Y Hit,s),  Hi(t,s)=H(ts) and
j=1

1
H,'(t,s):f H(t,1)Hi1(T,s)dr, j=2,3,....
0

Because of 0 < H(t,s) < M < 1, we have that

[o¢]
M
05R(t,s)=§ I-I,(t,s)<M+M2+---+M”+---:m. (2.4)
-1

Since (I — A)™1y(£) = x(t), we get

Iyl
1-M

M 1 M
|T-A)y@)| < |y@)| + ’/0 Y ds| < llyl+ 777l =

1-M
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and
a0 a I
1T —A)"y|| ‘2}%“1"‘4) y(0)] ST
So
-1
[ p—
The proof is completed. d

We define another operator T : P — C[0,1],

(Tx)(¢) = /01 G(t, s)f(s,x(s)) ds + ((a —1)a + b)t‘)‘_2 - ((a —2)a + b)t“_l. (2.5)

It can be easily shown that 7' : P — P. x(¢) is a solution of the boundary value problem
(1.1)-(1.2) if and only if it satisfies

x(2) = (Tx)(2) + (Ax)(2).

Hence,

1

x(t) =T - A) N (Tx)@) = (Tx)(@) + / R(t,s)(Tx)(s)ds

0
and
1 L )
(I - A)(Tx)() =/ G(t,s)f(s,x(s))ds+/ R(t,s)/ G(s, 7)f (t,x(z)) dr ds
0 o A
1
+ / R(t,5)((( = Da + b)s* > — (@ = 2)a + b)s* ") ds
0
+ (@ =Da+b)t*? - ((a = 2)a + b)t* . 2.6)
Let

Py = {xeP:x(t)z %;NI)

Ilx|l, £ € [0,1]}.

Lemma 2.5 Assume that condition (BO) holds, then the operator (I — A)™*T : P — Py is

completely continuous.

Proof From the continuity and the non-negativeness of functions G, R and f, we have that
if x € P, then (I - A)™(Tx)(t) > 0 and (I - A)™'(Tx) € P.
It follows from (2.4) and Lemma 2.3, for x € P and ¢ € [0, 1],
(- A)H(Tx)(0)]

= [@-a7 - [7=(0)]
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<1z M‘f k(s)f 5,4(s)) ds + (@ = Da + b)t* > = (o = 2)a + b)t* ™

< ﬁ ( ; mk(s)f(s,x(s)) ds + 472 ((oz —2)a(l-t)+b(1-1t) + a)).
Hence,
M, 1 [t
”(1 A NTx) H =1 ;)VI (I’(oz) ‘/0 k(s)f(s,x(s)) ds+ (@ —1)a + h). (2.7)

By (2.4), (2.5) and (2.6), we have
(- A) (T = (To)(0)
(- 2)q(t> f (o (6
+ ((a - l)a + D)% — (@ = 1a + b)*™

= % folk(s)f(s,x(s)) ds + ((a - 1)a + b)ta—Z(l _ t)
q@®) [* o
> @ /0 k(s)f (s,x(s)) ds + ((& = Da + b)t*>(1 - 1)

1 1
= q(t)(m ./o k(s)f(s,x(s)) ds+ (@ —1)a + b).

It follows from (2.7) that

a-ari e = L2700 - a1

Hence (I - A)~'T(P) C P,.
Let {x,} C P,x € P,and ||x, — x| — 0 as n — +00, there exists a constant r > 0 such that
%]l <rand |x| <r. We have

lim £ (s,%(s)) =/ (s,%(s)) fora.e.s€[0,1].

n—00

By the Lebesgue dominated convergence theorem, we get

lim (I — A)N(Tx,)(8) = I — A)~HTx)(2).

n—00

So

lim (1 - A) ' Tx, — (I - A) " Tx|| =
n—00

Then the operator (I — A)~!T is continuous.
Let Q C P be bounded. Then there exists a positive constant / > 0 such that ||x|| </ for
all x € Q. Let N = maxo<;<1,0<x<i [f (£, %)| + 1. By (2.7), for all x € 2, we have

N
| -A) (T)e)| < (1ij1) <T t(@-Da+ b)

which means (I — A)"1T(R) is bounded in P.
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In addition, for any given x € 2, because G(t,s) is continuous for (¢,s) € [0,1] x [0,1],
then it must be uniformly continuous. So, for any ¢ > 0, there exists a constant § > 0 such
that for all s € [0,1], as |£; — £2] < 89, we have that

|G(t1,5) - G(t2,9)| < &,
572 -5 <,

a-1 a-1
|t1 -1 | <e.
For each x € Q,

(1= AU (T)(8) - (- A) () (8|

< [|@-A)7" - |(T)(8) - (Tx)(2))

1 1

< | 1669 - 629 (5409
(a-La+b, ,_ o (0=2)a+b, ,_ o
B e anC I B w7 e L

N+ Q2a-3)a+2b

< E.

1-M
We have

+ (2 —=3)a +2b
1-M

N
1= A (Tx)(0) - U - A (To) (1) | < &,
and (I — A)~'T(R) is equicontinuous in Py.

Now, according to the Arzela-Ascoli theorem, we conclude that (I — A)™1T(Q) is rela-
tively compact.
Therefore, (I — A)™!T : P — P, is a completely continuous operator.

The proof is completed. O
By Lemma 2.2, we can easily deduce that the following lemma holds.

Lemma 2.6 Assume x € C[0,1], D§,x € L1[0,1]. Then the boundary value problem (1.1)-
(1.2) has a positive solution if and only if the operator (I — A)™\T has a fixed point in P.
Furthermore, if x is a positive solution of the fractional boundary value problem (1.1)-(1.2),
then x € Py.

To prove the existence of positive solution for the boundary value problem (1.1)-(1.2),

we state the following Guo-Krasnoselskii fixed point theorem, see [24].

Lemma 2.7 Let E be a Banach space and P C E be a cone. Assume that Q1, Q2 are bounded
open subsets of E with 6 € Q; C QU CQ,andlet T:PN (2w \ Q) — Pbea completely
continuous operator such that either

@O 1IT@I < x|, Yo € PN 3Q; and || T (x)|| > ||lx|l, Yx € PN 3Ry, or

2) ITE) = llxll, Vx € PN 3Q; and || T ()| < l|lx]l, Va € PN Q.
Then the operator T has at least one fixed point in PN (Q \ Q1).
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3 Existence and nonexistence of positive solutions

Denote
t, . t:
fo =liminf inf I x), f° =limsup sup 4 x)’
a=>0% te[1,2] X x—0+ tel0] X
t, . Ly
foo =liminf inf 4 x)’ [ =limsup sup M,
X0 el 3] X x—oo tef0]] ¥
g -M) (1-M)3%? 1-M7I' () 7,680I" («x)2“
o = min = , o=—""-"-, = ————.
tel},3) M, Moa My +al'(«) 2030 (ax —2)

Theorem 3.1 Suppose (BO) holds, f° < py and fs, > pa. Then there exist small enough aq
and by such that the boundary value problem (1.1)-(1.2) has at least one positive solution

forO<a<agand 0<b<b,.

Proof Since f° < py, there exists a constant 71 > 0 such that
f(t,x) < prx < pin

forall £ € [0,1] and x € [0, r].

Let Qi ={x € Py:|x|| <}, 0 <a<ay,0=<b<byand max{ag, by} < p111.

By Lemma 2.3, for x € 9€2;, we have ||x|| = r; and

0 < (=AY IO = |1 -4 - [(B0)] = — [T

Sﬁ(r(a)/fs,x(s) ds+(a 1)a+b>

5;(1“( )/fs,x(s) ds+ (@ —1)a0+b0>
M

< o Pl + T (@ = Darlsl + sl

_ My +al(a) ~

- il = el

Sowe get ||(I — A7 Tx|| < ||lx, x € 3.
Since fy > p2, there exists a constant R > 0 such that

f(t,x) > pax
forallte[ ]andxe [R, +00).
Let r, > max{ry, R} and 2, = {x € Py : ||x]| < 72}
For all x € 92;, we have that ||x|| = r, and x(¢) > q(t) ||x|| >o|x|=0r >Rforte
[4, 4]. Then

(I—A)‘I(Tx)<%) > (Tx)(%) > /()IG(%,s>j(s,x(s)) ds

_ (@-2q)

1
/ )
F@) | ((s)f(s x(s)) ds
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1
> (o — 2)Q(2)/ k(s)f(s,x(s))ds

I (er) 1

_ (o- 2)o 0y

3
4
@), KOl

(a (o =2)op
= ](1 2 dslx]
2030 (a —2)

= 7680r ()2 2

So [|(1 - A) ' Tx|| = |lx[l, x € 3.

By Lemma 2.7, we conclude that the operator (I — A)™'T has at least one fixed point in
Py N (2 \ 1), which implies that the boundary value problem (1.1)-(1.2) has a positive
solution.

The proof is completed. d
Theorem 3.2 Assume (BO) holds, > < p1 and fy > pa. Then there exist small enough a,
and by such that the boundary value problem (1.1)-(1.2) has at least one positive solution

forO<a<agand0<b <b.

Proof Since f* < py, for ¢ = —f > 0, there exists a constant R; > 0 such that f(£,x) <
(o1 —&)xforte[0,1] and x € [Rl, +00).
Let L = max,x)efo1]x[0,8,1.f (£ %), s0
ftx) <L+ (p1—¢e)x forte[0,1] andx € [0, +00).
Let r3 > max{R;, %}, Qs={xePy:|x|| <r3}, 0 <a<ay 0 <b<byand max{ag, by} <

P173.
For all x € 9Q23, we have ||x|| = r3 and

=AY (T < |44 |(T0)] < %M|(Tx>(t>|

—M(,/ MO s, ds+((x 1)a+b>

My
m(/() e )f(s x(s))ds+(oc—1)ao+b0)

I A

IA

M o
= m/o (L + (o1 = €)llxl)) ds + ==l
My + al'(«)
= mmllxll = |1l

So (I - A) ' Tx| < ||x]l, x € 9.

Since fy > py, there exists a constant 0 < r4 < Ry such that f(¢,x) > pox for £ € [i, %] and
x € [0,r4].

Let Q4 = {x € Py : ||x|| < r4}. Similar to the proof of Theorem 3.1, we show ||(/ —A) ™ Tx|| >
[[x]l, x € 0€24.



Wang et al. Boundary Value Problems (2015) 2015:186 Page 11 0f 13

By Lemma 2.7, we conclude that the operator (I — A)™'T has at least one fixed point in
Py N (R, \ R1), which implies that the boundary value problem (1.1)-(1.2) has at least one
positive solution.

The proof is completed. d

Theorem 3.3 Suppose (B0) holds, fo, > pa. Then there exist large enough positive constants
ay and by such that the boundary value problem (1.1)-(1.2) has no positive solution for a > a;
and b > b;.

Proof Assume that for any large enough a > 0 and b > 0, the boundary value problem
(1.1)-(1.2) has a positive solution x(z).
Since f5 > p2, there exists a large enough constant Ry > 0 such that

13
f(t,x) > ppx  forx € [oRy,+00) and £ € [Z' E:|

Let min{ay, b1} > 2“7 'Ry, a >a; and b > by. So aa + b > aa; + by > (a + 1)2%7 1Ry > 2%7IR,.
By (2.1), Lemma 2.3 and (BO0), we have

x(t) > ((a —1a+ b) 2 ((a —2)a + b) oL

Hence,

a-2 a-1
x(%) > ((a—l)a+b)<%> —((06—2)61‘”7)(%)
1 a-1 1 a-1
= (§> (xa +b) > (5) (aay + by) > Ro,

and we get ||x|| > Ry.
On the other hand, in view of Lemma 2.6, x € Py. Then x(¢) > o ||x|| > o R, for t € [i, %].
Therefore,

x(%) - (1—A>-1(Tx><§> > (Tx)(%)
1 1 1 a-2 1 a-1
:/o G<§,s)j(s,x(s))ds+((oz—l)a+b)<5) —((a—2)a+b)<5>

( —2) % 1 a-1
e / k(s)dsnxn+(§) (2((@ -V +b) (@@ - 2a + b))

2030 (o — 2) 1\**!
> 220 TS - 2a-2—a+2)+b
_7,680F(a)2“p2||x”+<2) (e =2~ +2) +b)

1 a-1
> ol + (5) (wa+b)

> ||| + Ro.

So ||x|| > ||x|| + Ry, which is a contradiction. Thus, there exist large enough positive con-
stants a; and b; such that the boundary value problem (1.1)-(1.2) has no positive solution
fora>a; and b > b;. O
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4 Examples

To illustrate our main results, we present the following examples.

Example 4.1 We consider the boundary value problem

x2sint,

(4.1)

and we can establish the following results:
(1) The boundary value problem (4.1) has at least one positive solution if parameters
a €[0,0.001) and b € [0,0.001).
(2) The boundary value problem (4.1) has no positive solution if parameters
a € (215 x 1019, +00) and b € (2.15 x 10'°, +00).

Proof The boundary value problem (4.1) can be regarded as the boundary value problem
(1.1)-(1.2), where « = %,gl(s) = %,gz(s) = %,f(t,x) - x? +x%sint.

_ 1 7 o a®1-M) _ (1-M)3%~2 1-M)r
ThenM—; My=3,0= min, 1 31 S5 = S =0.0122, ,ol_MWr(a =0.16,
p2 = SN = 65,296.4 and

Joo = 00> py, fP=0<p.

(1) Let r; = 0.0064, we choose max{ag, bg} < p1r1 = 0.001. When x € (0,0.0064], ¢ €
[0,1], we have f(¢,x) < pir1. Then, by Theorem 3.1, when a € [0,0.001) and b € [0,0.001),
the boundary value problem (4.1) has a positive solution.

(2) Let Ry = 4.26 x 10°, when x € [5.2 x 107,+00) and ¢ € [1,3], so we choose
min{ay, by} > 2°'Ry = 2.15 x 10'°. By Theorem 3.3, for a € (2.15 x 10%, +00) and b €
(2.15 x 10, +00), the boundary value problem (4.1) has no positive solution. O

Example 4.2 We consider the boundary value problem

13 1
T 1)x3
Dy x(t) = CEE

x(0)=%'(0) =0, (4.2)
x(1) =1 fol x(s)ds + a,
x(1) =2 [ x(s)ds - b.

The boundary value problem (4.2) has a positive solution for parameters a € [0, 8.16) and

b €[0,8.16).
1
Proof Wherea = 2,g1(s) = 3, 02(5) = 2, f(£,%) = (t\f:})_xg ,wehavethat My = 3,M=1,0 =
. a®1-M) _ 1-M)3°2 _ (1-M)r 7,680T( 2“
mlnte[%%] Mo = TMpae T 0.0097, p1= ]V[O*Ta 0.12 and P2 = W@lgﬂ 75 722.

We set r3 = 68.04, when x € (68.04, +00), £ € [0,1], and we choose max{ag, bo} < o173 =
8.16 for a € [0,8.16) and b € [0,8.16). So we have

fo=00>po, f*=0<p.

By Theorem 3.2, the boundary value problem (4.2) has a positive solution. O
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