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1 Introduction
Let {X,, n > 1} be a sequence of independent and identically distributed random variables
with common distribution function (df) F(x). Suppose that there exist constants a, > 0,

b, € R and a non-degenerate distribution G(x) such that
lim PM,, <a,x+b,) = lim F"(a,x + b,) = G(x) (1.1)
n—o0 n—-oo

for all x € C(G), the set of all continuity points of G, where M, = max;<;<, X; denotes the
largest of the first #n. Then G(x) must belong to one of the following three classes:

0, ifx<0,
q)ot(x) =

exp{—«7}, ifx>0,
W, () = exp{—(—x)*}, ifx<0,

1, ifx>0,

Ax) = exp{—e‘x}, x€R,

where « is one positive parameter. We say that F is in the max domain of attraction of G
if (1.1) holds, denoted by F € D;(G). Criteria for F € D;(G) and the choice of normalizing
constants a, and b, can be found in Galambos [1], Leadbetter et al. [2], Resnick [3], and
De Haan and Ferreira [4].

The limit distributions of maxima under power normalization was first derived by
Pancheva [5]. A df F is said to belong to the max domain of attraction of a non-degenerate
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df H under power normalization, written as F € D,(H), if there exist constants o, > 0 and
B, > 0 such that

Bn
sign(M,,) < x) = lim F"(a,lx|? sign(x)) = H), 1.2)
Hn— 00

Oy

lim P(
n—00

where sign(x) = —1,0 or 1 according to x < 0, x = 0 or x > 0. Pancheva [5] showed that H
can be only of power type of the df’s, that is,

0, ifx <1,
Hl,a(x) =

exp{—(logx)™®}, ifx>1,

0, ifx <0,
Hy o (%) = { exp{—(-logx)*}, if0<x<]1,

1, ifx>1,

0, ifx < -1,
H34(x) = | exp{—(-log(—x))™}, if-1<x<0,

1, ifx>0,

exp{-(log(-x))"}, ifx<-1,
H4,a(x) =

1, ifx > -1,

0, ifx <0,

Hso(x) = ®1(x) =
exp{—x71}, ifx>0,

exp{x}, ifx<0,
Heo(x) = W1(x) =
1, ifx>0,

where « is a positive parameter. Necessary and sufficient conditions for F to satisfy (1.2)
have been given by Christoph and Falk [6], Mohan and Ravi [7], Mohan and Subramanya
[8] and Subramanya [9].

The logarithmic normal distribution (lognormal distribution for short) is one of the most
widely applied distributions in statistics, biology, and some other disciplines. In this paper,
we are interested in considering the uniform rate of convergence of (1.2) with X, following
the lognormal distribution. The probability density function of the lognormal distribution
is given by

! (logx)*
F(x)—mexp{— 5 }, x> 0.

One interesting problem in extreme value analysis is to estimate the rate of uniform
convergence of F”(-) to its extreme value distribution. For a power normalization, Chen et
al. [10] derived the convergence rates of the distribution of maxima for random variables
obeying the general error distribution. For convergence rates of distributions of extremes
under linear normalization, see De Haan and Resnick [11] under second-order regular
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variation and for special cases see Hall [12] and Nair [13] for the normal distribution, which
also is extended to those such as general error distribution, logarithmic general error dis-
tribution, see recent work of Peng et al. [14] and Liao and Peng [15]. For other related work
on the convergence rates of some given distributions, see Castro [16] for the gamma distri-
bution, Lin et al. [17] for the short-tailed symmetric distribution due to Tiku and Vaughan
[18], and Liao et al. [19] for the skew normal distribution which extended the results of
Nair [13]. The aim of this paper is to study the uniform and point-wise convergence rates
of the distribution of power normalized maxima to its limits, respectively.

The contents of this article is organized as follows: some auxiliary results are given in
Section 2. In Section 3, we provide our main results with related proofs deferred to Sec-
tion 4.

2 Preliminaries
To prove our results, we first cite some results from Liao and Peng [15] and Mohan and
Ravi [7].

Inthe sequel, let {X,,, n > 1} be a sequence of independent identically distributed random
variables with common df F which follows the lognormal distribution. As before, let M,, =
max;<;<, X; represent the partial maximum of {X,,, n > 1}. Liao and Peng [15] defined

exp((2log n)!/?) 2 log4m +loglogn
= bn = 2] 1-—— ) 21
(2 ]Og n)1/2 (exp(( 0g I’l) )) 2(2 ]Og 1’1)1/2 ( )
and they obtained
lim P((M,, - by)/a, < x) = exp(—e™*) =: A(x). (2.2)

From (2.2) we immediately derive F € D;(A). The following Mills ratio of the lognormal
distribution is due to Liao and Peng [15]:
1-F(x) x

Flx)  logs’ 23)

as x — 00, where F'(x) is the density function of the lognormal distribution F(x). Accord-
ing to Liao and Peng [15], we have

1-F(x) = c(x) exp <— x% dt)

for sufficiently large x, where c(x) — (27e)™? as x — o0, g(x) = 1 + (logx)~% and
x
=, 2.4
fx) Togx (2.4)

Note that f'(x) — 0 and g(x) — 1 as x — oo.

Lemma 2.1 [15] Let F denote the lognormal distribution function. Then

1-F(x) = \/;_7_[(logx)_1 exp (— (10;,;90)2) -yx) (2.5)
_ L (logm)Lexp (- (log ) ) (1- (log)2) + S(x) (2.6)
V2
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forx >1, where

1 3 (logx)?
0<yx)< m(logx) exp <— 5 ) (2.7)
and
3 s (logx)?
0<Skx) < \/ﬂ(logx) exp <— 5 ) (2.8)

In order to obtain the main results, we need the following two lemmas.

Lemma 2.2 [7] Let F denote a df and r(F) = sup{x : F(x) < 1}. Suppose that F € D)(A) and
r(F) = oo, then F € D,(®1), where normalizing constants o, = by, By, = a,/b,.

Lemma 2.3 [7] Let F denote a df, if F € D,(®1) if and only if
@) r(F)>0,and
(ii) limgypr) %}W = e, for some positive valued function f.
If (ii) holds for some f, then f;(F)((l — F(x))/x)dx < oo for 0 < a < r(F) and (ii) holds with
the choice f (t) = ftr(F)((l — F(x))/x)dx/(1 — F(£)). The normalizing constants may be chosen
as o, =F(1-1/n) and B, :j_”(otn), where F< (x) = inf{y : F(y) > x}.

Theorem 2.1 Let {X,,,n > 1} be a sequence of independent identically distributed lognor-
mal random variables. Then F € D,(®,) and the normalizing constants can be chosen as
o = by, B =a,lb,, where a, and b, are given by (2.1).

Proof Note that F follows the lognormal distribution, which implies F € D,(®;) and o)} =
by, B = a,/b, by Lemma 2.2, where a, and b,, are defined by (2.1). O

By Lemma 2.3 and (2.3) and combining with Proposition 1.1(a) in [3], a natural way to
choose constants o, and 8, is to solve the following equations:

27 (log at,,)? exp((log an)z) =n? (2.9)

and

fle) 1

- )
oy, loga,,

B (2.10)

where f is given by (2.4). The solution of (2.9) may be expressed as

log4m +loglogn 1
v = 2logn)?))(1- 2.11
@y = (exp((2logn)'?)) ( 22 1og )12 to (log )12 (211)

and we easily check that 8, ~ (2logn)™/2.

3 Main results

In this section, we give two main results. Theorem 3.1 proves the result that the
rate of uniform convergence of F”(x,x") to its extreme value limit is proportional to
1/logn. Theorem 3.2 establishes the result that the point-wise rate of convergence of
|M,, /o, |V sign(M,,) to the extreme value df exp(-x7!) is of the order of O(x~!(logx)? x
e V*(logm)™).
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Theorem 3.1 Let {X,,n > 1} denote an independent identically distributed random vari-
ables sequence with common df F following the lognormal distribution. Then there exist

absolute constants 0 < Cy < Cy such that

G

n Bn _
ogn < SUPIF" (ea®) = @1()] < 0

for large n > ny, where o, and B,, are determined by (2.9) and (2.10), respectively.

Theorem 3.2 Let o, and B, be given by (2.9) and (2.10). Then, for fixed x > 0,

1
F'(a,xP) — &1 (x)| ~xte 1+ (14 =1 ] ,
’ (a,,x ) l(x)‘ x e + +2 ogx | logx 2logn

asn— oQ.

4 Proofs
First of all, we provide the proof of Theorem 3.2, for it is relatively easy.

Proof of Theorem 3.2 By Lemma 2.1, we have

1-F(aux™) = \/;_n (log(ot,pcﬂ”))_1 exp (—

x (1- (log(a,,xﬂ”))_z) + 8 (o)

= Ti(x) To(x) + T5(x)

(log(ar,x))>
)

for x > 0, where T;(x) = \/%(log(a,,xﬂ”))’1 exp(—w), T>(x) =1 — (log(at,x7))~2 and
T5(x) = S(auxPn).
First, we calculate T3 (x). By (2.9) and (2.10), we have

1

Ti(x) = \/E

(loga,,)?
2

(loga,)texp <— )(1 + (loger,) ™' B, logx)_1

21 2
X exp(—(log o) B logx — w>

1 - 2log?
= —(1+B;logx) 1exp(—ﬂ” o8 x)
nx 2

1 2 4 B log” x 4

= nx(l_'B” logx+O(,Bn))(1— s +O(/3n)>

= 1 (1 - p2 <1 + llogx) logx + O(ﬁ;‘l‘)). (4.1)
nx 2

Second, we estimate T, (x) and T5(x) for x > 0. By (2.10), we derive

To(x) =1- 2(1+ B2 logx) ™
=1-B2(1-2B2logx+ O(B}))

=1-B2+0(By), (4.2)
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and by Lemma 2.1 we have

\/‘Z_ (10g(anxﬁn))-5 exp <_M)
s

Ts3(x) < 5

= 3B%(1+ B2 logx) Ty (x)
=0(n'By}). (4.3)

By (4.1)-(4.3), we have

1 F" (o) = nl_x(l_ﬂg<1+ <1+ %logx> logx> + O(ﬁﬁ))

Thus, we obtain

F"(a) - @ (x)
_ (1 _ nix(l _p? (1 . (1 . %logx) logx> . O(ﬂj)))n —exp(—i)
_ exp(_i) (exp(i(ﬂﬁ(l . (1 ; %logx) 10gx> . o(ﬁ;*))) _ 1)
_ exp(é) (,s% (1 . (1 . %logx> logx) . o(,s;;)) (4.4)

for large n and x > 0. We immediately get the result of Theorem 3.2 by (4.4). O

Proof of Theorem 3.1 By Theorem 3.2 we can prove that there exists an absolute constant
C1 such that

C
F'(ayx) — @ L
110p| (nx™) 1(x)|>logn

In order to obtain the upper bound for x > 0, we need to prove

(a) sup |F” (oz,,x’s”) - <I>1(x)‘ < dlﬂﬁ, (4.5)
1<x<o0

(b)  sup |F” (o:,,xﬂ”) - CDl(x)‘ < dz,Bﬁ, (4.6)
cp<x<l

(c) Osup |F” (a,,xﬁ") - <I>1(x)| < dgﬁﬁ (4.7)

for n > ng, where d; > 0, i = 1,2, 3 are absolute constants and

1
¢35 logloga,

is positive for n > ny. By (2.9), we have
0.4(2logn)"? < loga, < (2log n)"/?

for n > ny.
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First, consider the case of x > ¢,. Set
R,(x) = —[n logF(a,,xﬁ”) + n\IJ,,(x)],

Bu(x) =exp(-Ry),  An(x) = exp (—n%(x) . i)

where W, (x) =1 — F(o,x”7) and A,,(x) — 1, as x — 00. We have

! -1 (log(auct))?
VY < \Ijn 10 B o _ (log(ancy™)?
nle) < Wnlen) < m( g(anc)) " exp < ;
1 i ogte,
(1 Aitoge)  exp( ~toge, - P E )
! 2
1 2 a
<_(1+IBnlogcn) c,
n

_(; log(2logloga,)\ " 2loglog a,,
- (loga,,)? n

<cg<1
for n > ny. So,

inf(1-W,(x)) >1-¢4>0.

x>cp

Since

2

X
T 2(1-x)

<log(l-x)<—«

for 0 < x < 1, we obtain

W2 (x) nWi(c,)
1-0,(x) - 2(-¥,w)

n 1+ Bloge,)%c,?

0 <R,(x) < o

2(1 - W,(x))
(1 + B2logc,) ¢, (logay)?
2(1—¢4)B;2
_ 2 ( B log(2loglog oz,,))_2 (logloga,)*loga, ,
V2 (1-24) (logay,)? exp( (10g;xn)2 ) n
< 25}35
for n > ny.

Hence, we have
-15-2 2 -2 2 -
n B, (1 + B, logc,,) c,”<Cs
for n > ng. Thus,

|Bu(x) —1| <R, < 5B (4.8)
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for n > ny. By (4.8), we have

|F" (atpxP) — @1 ()|
< ®1(x)B,(¥)|Au(x) — 1| + |Bu(x) - 1|

<@y (x)|Au(x) — 1| + &5 B2

for x > ¢,.
We now prove (4.5). By (2.9), (2.10), and the definition of A, (x), we have

1 1
Al (x) = Ap(x) = (exp (——ﬂﬁ log? x) - 1) <0
X 2
for x > 1. Since

0<ny(otn)<ﬁ5 and €f-1<xe® for0<x<1 and

) for n > ny,

exp(ny (@) < exp(B2) < eXP<810gn) < exp(slog o

and by (2.5), (2.9), we have
su11)|An(x) - 1‘ = |A,,(1) - 1‘

= |exp(ny(an)) - 1|
< ny (o) exp(ny (@)
<& p;

for n > ng.
Combining (4.9) with (4.10), we have

sup|F" (at,x™) — ®1(x)| < (€5 + 1) By

x>1

Second, consider the situation of ¢, < x < 1. By Lemma 2.1, we obtain

1 1 _ 1 WxPn))2 1
_n\IJ,,(x) + ; S —n(m(log(anxﬁn)) 1exp(_w> — y(anxlgn)) + ;
- ! B\ 1 _ (log(a,,x‘-“"))2>
= n(m(log(anx )) exp( —
L )2 (P _(1og(anxf‘n>)2>> 1
Ton (log(ctux)) ™ (ctnx )exp< 5 +=

= alc(l + B2 logx) ™! <—(1 — (log ) g (et ) (1 + B2 logx) )
x exp(—%ﬁf log? x) +1+p2 logx>

= (14 B2logx) Q)

Page 8 of 10

(4.9)

(4.10)
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where 0 < g,,(x) <1 and
_ 1
Qu(x) = —(1 = Brqn(enx™) (1 + B} logx) 2) exp(—iﬁﬁ log? x) +1+ B2logx.
Since e™* >1-x, as x > 0, we have
_ 1
Qu(x) < —(1 = B2gu(ctux ) (1 + B2 log x) 2) <1 - 5'33 log2x> +1+ B2logx
2 2 2 1 2
<B; ((1 + B, logx) t5 log x).
But

Q,u(x) > ﬂﬁq,, (o:,,xﬂ")(l + /35 logx)f2 + ﬁﬁ logx

> B2 log x.

Hence, we obtain
2 2 2 1 2
’Q,,(x)’ <ﬁn<(1+,3n logx) + Elog X+ |10gx|>

log(2logloga,)\ > 1
< ﬁ2<<1 - —og( Og0g )) + —10g2x+ |10gx|>
n 2
log” oy, 2

af = 1y o
< B, c8+§10g x + | logx|

for n > ng, where ¢, < x < 1. Therefore,

1
—-nW,(x) + —
x

1 _
< /35 (Eg + 3 log?x + |10gx|>x_1(1 + ﬂﬁ logx) !

1 _
< ;63 (Eg + 3 log®c, + |10gcn|)c;1(1 + ﬁ,f logcy,) !

< Cg

for n > ny. Thus, there exists a positive number 0 satisfying 0 < 6 <1 such that

1|4, () - 1] < B1(x) exp<9 (-n\pn(x) . i))

1
—n¥,(x) + —‘
x

<exp(Co)B2 sup (1+B2log c,q)_1

cp<x<l

- L1 -1
Cs + 2log x+ |logx| |x
< 610,62. (411)

By (4.9) and (4.11), the proof of (4.6) is complete.
Third, consider the circumstance of 0 < x < ¢,. In this case

®1(x) < Pi(cy) = B2,
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we have

sup |F” (a,,xﬂ”) - <I>1(x)| < F”(oz,,cf”) + ®y(cy,)

O<x<cn
< sup |[F"(aux™) = ®1(x)| + 21 (cp)
en<a<l
<(C5 + E10)/‘55 + ﬂﬁ
< ,33.
The proof of Theorem 3.1 is finished. 0
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