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Abstract

In the article, we present new bounds for the function e! -1 on the interval (0,77/2)
and find sharp estimations for the Sine integral and the Catalan constant based on a
new monotonicity criterion for the quotient of power series, which refine the
Redheffer and Becker-Stark type inequalities for tangent function.
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1 Introduction
The study of this paper is concerned with the following inequality:
sint  7w?-¢?
—>———-, te(0,nm), 1.1
t T ow?+? (0.) @D

which was posted by Redheffer in [1] and was proved by Williams [2]. Recently, Zhu and
Sun [3] extended the Redheffer inequality (1.1) to the tangent function, and they estab-

lished the following inequalities:

m <— < —F—— tE(O,T[/Z) (1.2)

2
a2+ 42\ tant w2+ 4f2
t mw2—4e’

with the best exponents 7%/24 and 1. Zhu [4] further refined the double inequality

(«/714 +48t4)1/2 tant <\/7T4 + 48¢4

w2 — 442 w2482

72/6
. ) , te(0,m/2). (1.3)

It is worth noting that Becker and Stark [5] in 1978 showed the double inequality

8 ant 7’ te(0,7/2) (1.4)
—_— e — < —, ,7/2), .
w2 — 412 t w2 — 442
where 8 and 72 are the best constants. Later, Zhu and Hua [6] gave a general refinement of
the Becker-Stark inequalities (1.4) by the power series expansion of the tangent function in

terms of the Bernoulli numbers. In particular, they proved that for ¢ € (0,77/2) the double
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inequality

72 +48/m?-1t* tant w2+ (w%/3-4)
el PR Aol

< 1.5
w2 — 412 t 2 — 482 (15)

holds with the best constants 4(8/72 — 1) and (72/3 — 4); also see [7]. Chen and Cheung
[8] further presented an improvement of the left hand side inequality in (1.4), which states

that
2 ¢ tant 2 P
oar) ¢ \plap (1.6)

holds for ¢ € (0,77/2) with the best exponents o = 72/12 and 8 = 1 (also cf. [9]). Another
improvement involving the left hand side one in (1.4) was made in [10] by Nishizawa.
Very recently, Bhayo and Sandor [11], Corollary 3, again proved the Becker-Stark inequal-
ities (1.4) by using Redheffer inequality (1.1), which reveals the implicit relation between
Redheffer’s and Becker-Stark’s inequalities. They in [11], Corollaries 2, also stated that for
t € (0,7/2) we have

n? -4 - 7?3t m? -4

72— 2 “nt Ar-g (1.7)

It is an important observation that Yang et al. [12], (93), in 2014 considered the bounds

tcott—

for function e ! and established a number of inequalities for trigonometric functions.

In particular, they in [12], Corollary 16, showed that for ¢ € (0,7/2)

482 /72 _ 2
e4-t/n <etcolt1<et/3’

which can be written as

) 42 t ) £ (18)

-——<—<l-—. .
7?2 tant 3

Inspired by these results mentioned above, the aim of this paper is to determine the best

bounds for Y(t) = €/°**~! in terms of

B,(t) = (1.9)

42
et/B

(1 - pt)VBP if p € (—00,0) U (0,4/7?],
ifp=0,

on (0,7/2), that is to say, we will determine the best parameters p,q € (-0, 4/7%] such
that the double inequality

t
(1 _ptZ)l/(3p) < eXP(@ _ 1) < (1 _ th)l/(?)q) (1.10)

holds for all £ € (0, 7/2). Inequalities (1.10) also can be rewritten as

Loy e b1y L g
1+3p1n(1 pt)<tant<1+3q1n(l qt),

which offers a new type of bounds being different of the previous papers for the tangent
function.
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2 Some useful lemmas

In order to prove the main Theorem 1 in the next section, we need some preliminary
lemmas. To this end, we first introduce a useful auxiliary function Hy,4. For oo <a<b <
00, let f and g be differentiable on (4,b) and g’ # 0 on (4, b). Then the function Hy, is
defined by

Hp, = —/g—f. (2.1)
g g

The function Hy,, has been investigated with some well properties in [13], Properties 1, 2,
which plays an important role in the proof of a monotonicity criterion for the quotient of

power series; also see [14].

Lemmal ([14] Theorem 2.1, [15], Lemma 3.1, and [16], Lemma 1.1) Let A(¢) = Y 5o, art’

and B(t) = Y ro, bkt be two real power series converging on (~r,r) and bk > 0 for all k.
Suppose that, for certain m € N, the non-constant sequence {ai/bi} is increasing (resp. de-
creasing) for 0 < k < m and decreasing (resp. increasing) for k > m. Then the function
A/B is strictly increasing (resp. decreasing) on (0,r) if and only if Hyg(r™) > (resp. <) 0.
Moreover, if Hy g(r~) < (resp. >) 0, then there exists ty € (0,7) such that the function A/B is
strictly increasing (resp. decreasing) on (0, %) and strictly decreasing (resp. increasing) on

(to,}").

Lemma 2 ([17], p. 75) Let 0 <t < m. Then

1 o 22
cott = — s 2.2
p z; | n|t (2.2)
1 . (2n-1)2*" -
=+ Z | |82, 2.3)

sin? t (2n)!
n=

where B,, is the Bernoulli number.
Lemma 3 ([18]) Let By, and By,_> be the even-indexed Bernoulli numbers. Then

1 2n(2n-1)(2%3-1) |By,l 1 2n(2n-1)2%1

2.4
(@72 223 S Bonal ~@m)E 2211 24)

Consequently, we have

n2n-1) (¥ -1)(23-1) |By,|? n2n-1) 242
< .
(n+1)2n+1) 24n-2 |Bon-2Bonsa| (21 +1)(n +1) (2271 —1)2

Lemma 4 Let the function g be defined on (0,7) by

) = 3¢t —3costsing —2¢sin’ ¢ 25)
&= 3£2(t —sintcost) '

Then g is strictly increasing from (0, 7w /2) onto (2/15,4/(372)) and decreasing from (7 /2, )
onto (1/m?,4/(37?)).
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Proof To avoid complicated calculations, we here make use of Lemmas 1, 2 and 3 to prove
this lemma. For this purpose, we write g(¢) as

t cost _ 2
sin2 ; ~ sint 3t . gl(t)

_ p2cost '_ gz(t)’

sin? t sint

g(t) =

then applying Lemma 2 yields

g(t) _ gl(t) _ 200 @n+l)! |BZn+2|t _ Z;’Iio Ay "
g2(t) Z;OI Zian)' |an|t2n -2 Z;il bn+1xn )
where
22n+2 22n i 2
a, = ———|B 3 b,=—|B , x:teo,n X
n (21’! 1 1)‘ | 2n+2| n (21’1 _ 1)' | 2n| ( )

We now prove that the sequence {a,/b,} is increasing for 1 < n < 2 and decreasing for
n > 2. A simple check yields

ay 2 a 1 as 2 as 25
—=—>—==-<—=—< —=—,
by 15 by, 7 by 15 by 198

and it remains to show that a,_1/b,,_1 > a,/b,, for n > 4. Indeed, we have

ap-1 ay 2 |BZ}1| < 2 |BZn+2| )

bus! by (n-1)2n—1) [Boyal/ \n@n+1) |Byl

_ n(2n+1)  |By,| |Bal
(2n-1)(n-1) |Byy-a| |Bausa|’

Then by Lemma 3, we get

An1 [ an n2n +1) n(2n—-1) (@¥*1-1)(2*"3 1) .
1 _
b,.1! b, Cn-1)mn-1)(n+1)2n+1) 24n-2
1’12 (22n+1 _ 1) (22;4—3 _ 1)
- n2 -1 24n-2 -1

_ (22n+1 _ 17”2)2271 + 8712
2x2%n-1)(n+1)

>0 formn=>4,

where the inequality holds due to 22”1 — 17512 > 0 for n > 4. This proves the piecewise
monotonicity of {a,/b,;},>1.

According to Lemma 1, we also have to check that Hy, 4, (77) < 0 and Hy, 4, (7/2) = 0. In
fact, we have

& (V%)
H, =
glrgz(\/;) 2(«/_ gz(«/—) gl x/—

_ (snfzt_%;tt_%t)/ £ tzcost t cost 2t
- ( ta — g2eosty sin? ¢ sint sint sint 3

gm sint
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1 2£3costsint +3t2cos® ¢ + t(sin® £ — 6) sin£cos ¢ + 3 cos? £sin® ¢

" 3sint £2cost — 2tsint + cos £sin® ¢

— -0 ast—m,

then Lemma 1 leads to the result that there is a unique ¢, € (0, 7) such that g is increasing

on (0, %) and decreasing on (¢y, ). Note that

_&©)
_m 81,82

gt

o &(t) [g{(t)

= g2(t)2 gé(t)gZ(t) —gl(t)] —0 ast— m/2,

we clearly see that the unique ¢y = 7/2. A simple computation yields

2 b4 4 1

= — — = — )= —
g(07) = . g(z) . )=
which completes the proof. d

Remark 1 If we use an ordinary method to prove the piecewise monotonicity of g, then

it is very troublesome. For example, a direct computation yields

) = 14¢ - 3sin2t + 2tcos 2t u=21€(0,2m) 4 2u — 3 sinu + ucosu
gn= 3 t2(2t —sin 2t) B 3 u?(u —sinu)

= g1(u),

then differentiating g1 () gives

4 3 sinu + 3(1 + cos u)u® — u(11 + cos u) sinu + 6 sin® u

/
u)=——
a1 3 u3(u — sinu)?
As a result, there are various approaches to showing the piecewise monotonicity of g; on
(0,27), but it seems to be difficult. It thus can be seen that our method used previously is

relatively easy.

Lemma 5 For t € (0,7/2), let p —> B,(t) and p —> a,(t) be respectively defined on
(—00,4/m%] by (1.9) and

_exp(teott 1)

O‘P(t - (I_PtZ)l/(Bp)

2
ifp#0, and ao(t)zexp(tcott—1+ §> (2.6)
Then p —> B,(t) and p — a,(n/2)B,(t) are strictly decreasing and increasing on
(=00, 4/m?], respectively. Moreover, there is a unique py ~ 0.13484 such that ap(m/2) <1
Jor p € (=00, po) and ay(r/2) > 1 for p € (po,4/7?), where py is the unique solution of the
equation o, (/2) = 1 on (-00,4/7?).

Proof Let p #0. Logarithmic differentiation yields

dnB,(1) 1
p  3p?

0 Inf[a, (7 /2)B,(t)] 1 T
= (5) e,

r(t),
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where

r(t) = ln(l —ptz) + 1.

1-pt2
Differentiation again leads to

, 2p2t3
)=
T ey

for t € (0,7/2), which means that 0 = r(0*) < r(¢) < r(;r/2). These together with By(¢) =
lim,_, o B, (¢) and ag(t) = lim,_,o o, (t) show that p — B,(¢) and p —> «,((1/2))B,(t) are
strictly decreasing and increasing on (-o0,4/m2], respectively.

Note the increasing property of p —> Ina,(7/2) = =1 — In B, (/2) on (o0, 4/m?] and

) 1 p? 72
Inag(7/2)=lim[{-1- —In(l1-— ) [=—-1<0,
p—0 3p 4 12

2
1[10[1/3(71’/2) =-1- ln(l - E) >0,

which implies that there is a unique po € (0,1/3) such that Ine,, < 0 for p € (o0, pg) and
o, > 1 for p € (po, 4/7%). Solving the equation Ina,(7/2) = 0 for p gives p = py ~ 0.13484.
The proof is finished. O

3 Main results
This section is devoted to stating and proving the main results concerning some inequal-
ities for the tangent function. More precisely, we have the following.

Theorem 1 For p € (-00,4/7?], let Y(¢) = exp(t cott — 1) and B,(t) be defined on (0,7/2)
by (1.9).
(i) Ifp <2/15~0.13333, then the function t —> Y (t)/B,(t) is strictly decreasing on the
interval (0,7 /2). Consequently, for all t € (0,7/2)

t
ap(n/Z)(l —ptz)l/(SP) < exp(ﬁ - 1) < (1 —ptz)u(gp) (3.1)
an

with the best coefficients 1 and o, (1 /2) defined by (2.6).
(i) Ifp>4/(37?%) ~0.13509, then the function t —> Y (t)/By(2) is strictly increasing on
(0,7/2), and therefore, for all t € (0,7/2),

13 t 13
(l—ptz) p) <exp<@ —1) <ap(n/2)(l—pt2) p) (3.2)

with the best coefficients 1 and o, (1 /2) defined by (2.6).

(iii) If2/15 < p < 4/(37?), then there is a ty € (0,7 /2) such that the function
t+— Y(t)/B,(t) is strictly increasing on (0, ty) and decreasing on (to, 7/2), and
hence, for all t € (0,7/2),

min(a,(/2),1) (1 —ptz)l/(gp) < exp(ﬁ - 1> <Bp(1 —pt2)1/(3p) (3.3)
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with

B tocotty —1
P (1 _pt%)l/(:‘}p) ’

where ty is the unique solution of the equation

cost t 2t
- +
sint  sin’¢  3(1—pt?)

-0 (3.4)

on (0,7/2).
When p € [po, 4/(372)), the double inequality (3.2) still holds for all t € (0,7 /2). In partic-

ular, when p = py, we have

t
(1 —potz)l/(gp(’) < exp(E - 1> <Bpo(1 —potz)l/(gp()) (3.5)

with the best constants 1 and f,, ~1.0002.

Proof Let

L _1-Lin1-p2) ifp+0,
f@®) =InY(®)-InB,(t) = “* 3p p r7
— -1+ if p=0.

Differentiation yields

cost t 2t
- +
sint  sint  3(1-pt?)

[ =

_ 3t*(¢t—costsint) 3t—3costsint—2tsin2t>
©3(1-pt?)sin’t 3t2(t —sintcost)

3t%(t — costsint)
== —[p-g®)],
3(1 — pt2)sin’ ¢t [P -2®]
where g(¢) is defined by (2.5).

Noticing that (¢ — cos¢sint) = [2¢ — sin(2£)]/2 > 0 for ¢ € (0,7/2) and (1 — pt2) > 0 for
p € (—00,4/m?] and ¢ € (0,7/2), we easily see that, for all ¢ € (0,7/2),

sgnf’(£) = sgn(p - g()). (3.7)

As shown in Lemma 4, the function g is strictly increasing from (0,7/2) onto
(2/15,4/(37%)). We are now in a position to distinguish three cases to prove the required
result.

Case 1: p < minge(o,7/2) g(¢) = 2/15. Then we obtain /() < 0 for ¢ € (0, 7/2), which means
that f is strictly decreasing on (0, 7 /2). Consequently, we can deduce the following obser-

vation:

lnap<%> :f(%_) <f(8) <f(0*) =0,
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which is equivalent to the double inequality (3.1) holding for all ¢ € (0, 77/2) with the best
coefficients 1 and a,,.

Case 2: p > maX;e(0,7/2) g(t) = 4/(37?). Similarly, we have f'(¢) > 0 for ¢ € (0,77/2), which
implies that the double inequality (3.2) holds for all £ € (0, 7w/2) with the best coefficients
1 and o, (7 /2).

Case 3: 2/15 < p < 4/(372). Since t —> p — g(t) := g1(¢) is strictly decreasing on (0,7/2)
with

(O*)— —£>0 and ) - —i<0
al®)=p=1g ly )P 52 ="

we find that there is £y € (0,77/2) such that gi(¢) > 0 for t € (0,%) and gi(¢) < 0 for ¢ €
(20,7 /2). This indicates that f is strictly increasing on (0, t) and decreasing on (ty, 7/2).

Therefore, we deduce that

-

min(0, Ina,(7/2)) = min(f(O*),f(E )) <f(t) <f(to) =Inp,

for all £ € (0,7/2), that is, (3.3) holds for all ¢ € (0,7/2), where B, = Y (¢y)/B,(to).
When p € [po,4/(37?)), by Lemma 5 we have o, > 1, and it follows that

0 <f(2) = f(t0) =In By,

that is, the double inequality (3.2) still holds for ¢ € (0, 7/2).
In particular, for p = py & 0.13484, solving equation (3.4) for ¢ yields £y, ~ 1.26254, and
hence g,, ~1.0002. Thus we complete the proof. O

Taking p = 2/15 2 0.13333,1/8,1/9,0, and — —o0, respectively. Then by part (i) of The-
orem 1 and the monotonicity of p —> B,(¢) and p —> «,(77/2)B,(¢) given in Lemma 5, we

immediately obtain the following conclusion.

Corollary1 Fort € (0,7/2), the inequalities

) tz 3 tz 8/3
el <ape™ " <anp <1— 5) <ayg <1— —) (3.8)
242 5/2 t 242 5/2
1-— S — -1 1-—
<“2“5< 15 ) < Xp(tant > < ( 15 >
t2 8/3 t2 3
<[1-= <(1-2) <P
8 9

holds with the best coefficients

o 7_[_2 -5/2 N . 71’_2 -8/3 N
Oo/15 = € 1- 30 ~ 099742, o1/8 =€ 1- 32 ~ 098356,

72\ 3
oy =€t (1 - %> ~0.96200, @ = " 121~ 0.83733.
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Likewise, taking p = 4/(372) ~ 0.13509,1/7,1/6,1/3, and 4/n2, respectively, we have the
following.

Corollary 2 Fort € (0,7/2), the inequalities
48 372 /4 2 £2\2 £2\7/3
1- — <(1-=)<(1-=) <(1-=
w2 3 6 7
41’2 n2/4 ¢ 4t2 72/4
1- — — -1 1- —
< ( 3712) <eXp(tant ) <a4/(3”2)< 3712)
t2 7/3 t2 2 t2
< 0y1/7 1- ? <U/6 1- g <0173 1- g (3.9)

hold with the best coefficients

2

3\ 7 /4 2\ -7/3
-1 ~ -1 4 ~
®y/(372) = e (5) ~1.0004, 17 =€ (1 - %> ~1.0142,

72\ 72 72\7!
one =€t <1 - 2—4) ~1.0613, oy =€t (1 - E) ~2.0722.

Theorem 2 Let p,q € (—00,4/m?]. Then the double inequality

t
(1 _ptZ)l/(Sp) < exp(E _ 1) < (1 _ qtz)l/(3q) (3.10)

holds for all t € (0,7/2) if and only if p > po ~ 0.13484 and q < 2/15 ~ 0.13333, where py

is defined in Lemma 5.

Proof Clearly, the sufficiency easily follows by Theorem 1. The necessary condition for the
right hand side inequality in (3.10) to hold for ¢ € (0, 7/2) follows from the limit relation
InY(t)-InB,(¢) 1
— Y . _ (15g-2) <0.
Jim, m oo\157-2)=0
The necessary condition for the left hand side inequality in (3.10) to hold for ¢ € (0,7/2)

can be obtained from the inequality

Y(t 2\ ~1/3p)
im ():e’1 1—1i =a,>1
t—>m/2 Bp(t) 4

It follows from Lemma 5 that p > po, which completes the proof. O

4 Comparisons and remarks
By Theorem 2, we have

1 t 5 2
1+ —In(l-pot’) < — <1+ =-In(1-—¢), (4.1)
3po tant 2 15

where py &~ 0.13484.
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We denote the lower bounds for £/tant given in the inequalities (4.1), (1.2), (1.3), (1.4),
(1.5), and (1.7), respectively, by

1 2 2 2_4p2 \TI6
LY(t)=1+ 3o In(1 —potz), ZS(t) = oA Z(t) = <”7) ,
Po

m2 + 42 Vot + 48t4
4 72— 4¢? w2 —4t* —7%2/3
BS\(t)=1- — 1%, ZH({t) = —————, BS(t) = —————+——.
1) 2 ©) 72+ (7?/3 - 4)¢? 2(t) w2 -2
Proposition 1 The comparison inequalities
LY (t) > ZH(t) > BS(t) > max(ZS(t), Z(t), BS,(¢)) (4.2)

hold for t € (0,7/2). Moreover, ZS(t), Z(t) and BS,(t) are not comparable with each other
forallt e (0,7/2).

Proof (i) We first prove

1 2 —4x
D =LY -ZH =1+ —1In(1- -7 >0
1(%) (V) (V) =1+ 37 n(1 - pox) Y S
for x € (0,7%/4). Differentiation yields
, (12 = 72)%x 7212 — 67wt —9mp,
Di(x) = - x— ,
27(1 - xpo)(? + (72/3 — 4)x)? (12 —72)2

which shows that Dy is increasing on (0, %) and decreasing on (xo, 72/4), where

_ 727 —61* - 97 py

X0 = ~ 1.75059.
0 12 — 72)2

Then we conclude that D;(x) > min(D;(0), D;(r2/4)) = 0 with D;(%/4) = 0 due to py sat-
isfying oy, (/2) = 1 shown in Lemma 5.
(ii) The second inequality directly follows from

72— 442 4
ZH(t)-BS;(t)=———— (1- —¢
® 1 w2+ (w2/3 - 4)8? ( 72 )
1 £2(12 - n2)(mw? - 412)
= >0

T 372(n2 + (2/3 - 4)12)

for t € (0,7/2).
(iii) The third one is deduced by

4 72— 4 42 (n? - 41?)
BS:()-ZS@H) =(1- =¢) - _ S0,
1(8) (®) ( 2 ) T2 4+ 442 7.[2(7.[2 +4£2)
BS\(t) - Z(t) 1 (m2 - 4t2)7-[2/6—1 1 (772)7r2/6—1
N A
n? — At w2 (Jrh+ 4846 T wr (Jrh)mPie
w2 - 42 —72£2/3 B 4 t2(12t2 et 37‘[2)
w2 -t s (2 - 12)

BSy(£) - BSy(t) = <1 - %ﬁ) - >0,
T

for t € (0,7/2).
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(iv) Finally, we prove that ZS(t), Z(t) and BS,(t) are not comparable with each other for
all £ € (0,7/2). Simple computations yield

_ZSH)-2Z() (P-4 7242 \TO\ 272_12
Iim —————=Ilim¢ - =——<0,
t—0+ 12 t—0+ T2 + 442 /4 + 48t 3 72

o ZSW)-Z() 1 (2 — 442y 1671 1

Iim ——= Ilim - =—>0,
t—>(@2)- w2 — 42 t—>(2) \ w2+ 482 (7t + 4814776 272
i Z(t) — BSy(¢t) i 2 2242 \"16 22_42_p22/3

im ——————~ = lim A - -7
t—0* 2 t—0* /7% + 4814 72— 2

72-9
=—-——<0,
32
m? —4? w?/6 w2 42 - 7%t%/3
lim (Z(¢) - BS,(t)| = lim -
im, 126 - 5S:(0)] Hw)—((\/ﬂ ; 48t4> n2 -2 )
=—n?50,
9
Z8(0) — BS,(0) = 72 -4t w? -4 - 723
T A w2 -t
1, 4x?+15) 2 (15 - 7?)
T3 (m2-12) (w2 + 422) 4(15 + 2)
. 15-72
<0 if0<t<3\ /17,
. 15-72
>0 if 5/ 2z <t<3.
This completes the proof. g

Remark 2 From the above proposition we see that the sharp lower bound in (4.1) is su-
perior to those ones given in (1.2), (1.3), (1.4), (1.5), and (1.7).

Remark 3 Analogously, by comparing the limits at £ = 0 and ¢ = /2, we find the sharp
upper bound in (4.1) is not comparable with those ones given in (1.2), (1.3), (1.4), (1.5), and
(1.7). Here we omit all the details.

Remark 4 We claim that the result stated in Theorem 2 is stronger than the inequality
(1.8), that is, for ¢ € (0, /2), we have the inequalities

4 1 t 5 2 £
1- =<1+ —In(l-pot’) < — <1+ =In[1- =F ) <1- =. (4.3)
2 3po tant 2 15 3

Indeed, the right hand side for this inequality in (4.3) follows from Corollary 1, while the
left hand side one is the inequality connecting the first and third bounds in (4.2).

Remark 5 Lemma 4 tells us that

2 3t—3costsint—2tsin’t 4
—< < —
15 3t2(t — sintcost) 372

for t € (0,7/2), (4.4)

1  3t-3costsint—2tsin®¢ 4
< : «
2 3t2(t —sintcost) 32

fort € (w/2,7). (4.5)
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Then from equation (3.7) we find that for f'(t) < 0 for £ € (0,7) when p = 1/72, and so
f(t) <f(0%) = 0. This gives the following inequality:

tcost 2 £
-1-—In(1-—)<0
3 2

for all ¢ € (0, ), which can be stated as the following proposition.

Proposition 2 Forallt € (0,7), we have

t n? £
—<1l+—In|l1-—).
tan ¢ 3 w2

Remark 6 The inequality

sint 2 +cost b
—< , tel0,—],
t 3 2

is true due to Cusa and Huygens’ paper (see, e.g. [19]), which is now known as Cusa’s
inequality (see e.g. [8,20-23]). Some refinements and generalizations of Cusa’s inequality
can be found in [8, 21, 22, 24-29]. Now by letting ¢ = x/2 and simplifying, inequalities (4.4)
and (4.5) can be written as

x(x—sinx) 2+cosx sinx  x(x—sinx)

< - < for x € (0,7),
30 3 x 372
x(x—sinx) 2+cosx sinx x(x—sinx)
< -——<——+— forxe(m,2m),
42 3 x 372

which give stronger versions of Cusa’s inequality.

Proposition 3 We have

2+cosx x(x—sinx) sinx 2+cosx  x(x—sinx)

€ (0,m), 4.6
3 372 x 3 30 forxe@m (46)
2 + cos —si si 2 + cos —si
x x(x — sinx) . inx . x x(x — sinx) forx € (m,27). 47)
3 372 x 3 472

Moreover, the two double inequalities are sharp.

Remark 7 In [12], Corollary 12, Yang et al. proved that, for ¢ € (0,7/2),

t 1 sin ¢ t 5
exp| — -1) < —<exp| ——-2).
P tant t P tan(z/2)

Then by inequalities (3.10) for p = 4/(372) and q = 2/15, we obtain

a2 \"h8 t sint o tI2 £\°
1-— < jexp[ — —-1) < ——<exp -1)<(1-—
32 tant t tan(¢/2) 30

for t € (0, 7/2). Further, the right hand side inequalities can be improved as follows.
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Proposition 4 The inequalities

t
1-rt? 1/(6r)<)ue 5 -1
,Or( 4 ) s P tan(st)

sint (
< T < exp

- 1) < (1-re2)® (4.8)

tan(st)

hold for t € (0,7/2) with the best constants s =1/+/2, r =1/15 and

2
Ao = ~0.99801,
" exp(+v/27 cot(v/27/4) — 1)
= 2 ~ 0.99771
Pr= 7(1-m2/60)52 ’ ’
Proof Let
Ho) st cos(st) 1_1 sin ¢
=——-1-In—oy
sin(st) t

where s = 1/4/2. Differentiation yields

H(t) =

1 cost cosst , &
- = — + 85— -5 =
t sint sin st sin” st

Expanding in power series leads to

- 2, 22}1 2n-1 = 2}1 2n-1
H(e)=Y (1-2ns") —— By "™ =Y (2" = 21) ———— | By |£*" > 0.
© n:l( ” )(2n)!| 2] n:l( ”)(2n—1)!' 2

This indicates that 4(/2) > h(t) > h(0*) = 0 for ¢ € (0, 7/2), which proves the second and
third inequalities of (4.8). Considering the limit

2

lim — =lim ==
t—0 (2 >0 2 3

e S -1-W (1 2)
it is seen that s = 1/+/2 and A, are the best possible constants.
The first and fourth ones are derived from the decreasing property of f(st) = f(u) for
u € (0,sm/2) C (0,7/2) proved in Theorem 1 for p = r/s?> = 2/15, and then r = 1/15 and p,
are also the best. This completes the proof. d

5 Applications
In this section, we give some precise estimations for the Sine integral and Catalan constant.
The Sine integral is defined by

Si(x) = / AL
0 t

There are many interesting results concerning the Sine integral; see [26, 30—33] and the
references therein. Now we shall give more accurate estimations.
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Proposition 5 For x € (0, 7], we have

2x +sinx % + 3xcosx —3sinx . 2%+ sinx  x° + 3xcosx — 3sinx
- < Si(x) < - . (51
3 972 3 90

In particular, we have

95 472 - 4 960 — %) 44—
0.75897 ~ % £ﬁ<51<%><n( ™) AT~ 075898,

+
576 2472 5760 240
2373 +247%+24 (7 264 + 2407 — 73
13707~~~ T Si( = )<« T— T~ ~1.3708,
7272 720
572 +3 63 — 12
18514~ 3 _gitn) <« T3 1 g5,

90

Proof Indeed, integrating both sides over [0,x] for double inequality (4.6) easily yields
(5.1). Direct computations give the approximation values of Si(x) for x = 7/4,7/2,7. O

Note that
/2 T
/ In(sinx) dx = ) In2 ~ -1.08879
0

and

X

t X
—— dt = xIn(sinx) — / In(sin t) dt. (5.2)
o tant 0

We are now in the position to evaluate the integral fg In(sin¢) dt for x € (0,7 /2).

Proposition 6 Let x € (0,7/2). Then, for p € (0,2/15), we have

Ly(x) < / In(sin £) dt < U, (x), (5.3)
0
where
3p-2 1 1 1
L,(x) = xIn(sinx) — P x - —xln(l _pr) - In Vprt ,
3p 3p 3p32  1- /px
22 1 +1
Uy, (x) = xIn(sinx) — tx— — 1 VP

+—x— n .
anx 3p 3p*2 1- /px
The double inequality (5.3) is reversed for p € [4/(372),4/n%]. In particular, we have

, 1, [* . , x* 2,
xIn(sinx) —x + —x° < | In(sint)dt < xIn(sinx) — —— — —x°. (5.4)
9 0 tanx 9

Proof By the proof of Theorem 1 we see that the function

t 1 )
g 1 300

t InY(t) —InB,(t) =
= In¥() np() tant
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is strictly decreasing on (0,7/2) if p < 2/15 and increasing on (0,7/2) if 4/(372) < p <
4/72. Then, for t € (0,x] C (0,7/2), we have, for p < 2/15,

K i 2 t L i o9
tanx ! 3p In(1-p") = tant ! 3p In(1-pt%) <0,

that is,
x 1 N o9 1 .
tanx 3p ln(l px ) + 3p ln(l pr ) < —tant <1+ 3p ln(l pt ),

which is the reverse for 4/(372) < p < 4/n>.
Integrating both sides over [0, x] gives, for p € (0,2/15),

2 1 1 1
r_x ln(l —pxz) + — (xln(l —pxz) +—In VP - Zx)
3p VP 1-px

tanx 3p
Tt 1 1 x + 1
5/ ——dt<x+ — xln(l—px2)+—ln‘/ﬁ —2x ).

o tant 3p ﬁ l—ﬁx

Combining with equation (5.2) gives the double inequality (5.3) for p € (0,2/15].
Moreover, it is clear that the double inequality (5.3) is reversed if 4/(372) < p < 4/72.
Letting p — 0% in (5.3) yields (5.4), which completes the proof.

O

Remark 8 Taking p = 4/(372%) and x = 7/2,7/4 in the double inequality (5.3) and com-

puting give
2In2-721n3 372 1n(2 3) - 272 + 4
Ly T\_ % n2-72In3 + /3722 +/3) - 272 + ~ —108854,
2 8
31 3+2)-2
L[4/(3n2)(%> = _713% ~ -1.08924,

=

L4/(3n2) (_>

24/3721n(13 + 44/3) - 72In12 - 72(24/3 -1)In11 - 272 + 21n2 + 4
T

T 16
~ -1.00236,
T 24/3721n(4+/3 +13) = 24/372In11 - 272 + 7 + 21n2
Uysey| — ) =7
4 16
~ -1.00243.
Then we obtain
T /2 T
-1.08924 ~ U4,/(3n2) <§> < /(; ln(sin t) dt < L4/(37.[2) (E) ~ —1.08854, (55)
T /4 T
~1.00243 ~ Uy 5.2, (Z) < /0 In(sin£) dt < Lyyz2) (Z) ~ ~1.00236. (5.6)

Clearly, the absolute errors of the two approximations are less than 0.0007 and 0.00007.
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It is well known that the Catalan constant appearing in [34—36]

o ("
G= E ———— =0.9159655941772190...
~ (271 +1)2

is a famous mysterious constant appearing in many places in mathematics and physics. Its
integral representations [37] include the following:

1 /2
arctanx 1 x
G:/ —dx:—/ —dx
0 x 2 Jo sinx

/4 2 /4 2
= —2[ In(2 sinx) dx = r_ zln2 +/ X dx.
0 0

16 4 sin’x

Now, by using the third integral representation for G and (5.6), we easily obtain a very
accurate approximation for G, the absolute error of which is less than 0.00015.

Proposition 7 We have

b1 b 7T 7T

0.91594 ~ —— In2 = 2Ly 5,2 [ = ) < G < == 2 = 2Uy .2 [ = | ~0.91608.
2 4 2 4

Remark 9 Clearly, the above estimate for G is superior to Yang’s presentation in [26],

Proposition 4, [33], Remark 4.2.

6 Conclusions

Rather than using classical approaches, we in this paper presented the new upper and
lower bounds of ¥ on the interval (0,7/2) by way of the monotonicity criterion for the
quotient of power series. Our conclusions have not only refined the Redheffer and Becker-
Stark type inequalities concerning the tangent function, but they also showed some more
precise estimations to the Sine integral and the Catalan constant. More precisely, our con-
clusion is that the sharp lower bound of ®¢ is superior to all given results as showed by
Proposition 1 in Section 4, although its sharp upper bound is not comparable with those
given ones. In addition, we also derived a stronger version of Cusa’s inequality, and a very
accurate approximation of the Catalan constant with the absolute error being less than
0.00015.
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