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Abstract

We study one-term operator L acting in the space H; = L,([0, 00); H) generated by the
operator-differential expression £ = —(%(P(x)%) and the boundary condition y(0) = 0.
We evaluate the asymptotic number of eigenvalues of the operator L under certain
conditions.
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1 Introduction

1.1 Related work

The theory of operator-differential equations with unbounded operator-coefficients is a
common tool for the study of infinite systems of ordinary differential equations, partial
differential equations and integro-differential equations. The main task in this theory is to
determine the behavior of the eigenvalues and eigenfunctions of the associated differential
operator. The first significant investigation in this direction belongs to Kostyuchenko and
Levitan [1]. They studied the asymptotic behavior of the spectrum of Sturm-Liouville op-
erator with operator coefficient. Later, the subject of investigation has been developed by
Gorbachuk [2], Gorbachuk and Gorbachuk [3, 4], Otelbayev [5], Solomyak [6], Maksudov
et al. [7], Adiguzelov et al. [8] and Vladimirov [9].

In recent years, Maslov [10] has investigated the number of eigenvalues for a Gibbs en-
semble of self-adjoint operators. Muminov [11] has studied the expression for the number
of eigenvalues of a Friedrichs model. Also, Vladimirov [12] has calculated the eigenvalues
of the Sturm-Liouville problem with a fractal indefinite weight.

1.2 Formulation of the problem
Let L denote the differential operator in the space H; = Ly([0,00); H) generated by the
operator-differential expression

d d
ﬁ:_%( (x)%) @)

with the boundary condition

where P(x) (0 < x < 00) is a self-adjoint operator function in a Hilbert space H.
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In this paper, we suppose that the operator L has a discrete spectrum. For instance,
in [13], the authors present some conditions under which the operator L has a discrete
spectrum.

The aim of the present paper is to study the asymptotic behavior of the eigenvalues of the
operator L. The existing methods still are not capable to evaluate the number of eigenval-
ues of the operator L directly. The reason is as follows. It is impossible to apply Courant’s
variational principle [14] directly because on a finite interval the operator, generated by
the differential expression £ and Neumann boundary conditions, has an infinite number
of eigenvalues. (For example, 0 is an eigenvalue of infinite multiplicity.) In order to avoid
this difficulty, we consider instead of the operator L its some relatively compact perturba-
tion L, = L + P¥, where P¥ is the ath power of the operator P(x). In this, we base on the
study of Marcus and Matsaev [15], where under certain conditions the authors show that
the main terms of the asymptotics of the eigenvalues of the operator L and the unbounded

operator with a relatively compact perturbation L, are the same.

2 Main results

Throughout the paper, we suppose that the operator-valued function P(x) satisfies the
following relative compactness (RC) conditions: There exist self-adjoint operators A >
E (here E denotes the identity operator) and B > E with D(P(x)) C D(A) = D(B) and
AL, B! € 0, (here 0, denotes the set of compact operators in H); local integral func-
tions g(x) > 1, ¢(x) > 1 and constants 0 < @ <1/2, 8 > 0 such that for any f € D(P(x)) the
following inequalities are satisfied:

@) g)(Af.f) = (PH)f.f) < px)(Bf.f);

(b) (Bf.f) < (AP, f);

(c) limy_ oo fz\?o ﬁ f;[ ©*(s)dsdx = 0.

Below we present a range of lemmas, based on which we prove two main theorems. In
Lemma 1, under certain conditions we prove that the operator P* is compact with respect
to the operator L. In Lemmas 2-6 we evaluate the asymptotics of the eigenvalues of L,, =
L + P*, which is the same as for the operator L.

First, we prove the following lemma.

Lemma 1 The operator P*(x) in the space H, is compact relative to operator L under RC-

conditions.

Proof Let us introduce the spaces L}(0,N;P) and L,(0,N;P%) as a closure of H-valued

smooth finite functions near x = 0 and x = N with metrics
N
||y||L§(o,N;p) = fo (P(x)y’,y/) dx
and
N
191y 0.zp) = / (P*(x)y,y) dx,
0

respectively.
We need to check the following two assertions to prove Lemma 1:
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1. For any ¢ > 0, there exists a natural number N(g) such that for any N > N(¢) and any

y € D(L) the following inequality holds:

N N
/ (P*(x)y,y) dx < / (Pw)y,y') dx
0 0

2. Embedding operators from the space L} (0, N;P) to L,(0, N; P*) are completely
continuous.
To check assertion 1, we will use Lemma 1 from [13].

Lemma [13] For every finite function y, defined on [0, 00) and taken from the domain D(L),
the following two inequalities hold:

> © dt o0
Y )= 5 dx,
/0 (I(yy)|//x yl(t)> x<2/0 (PGl y)
/Do(yry) dxf C/w(y("_l),y(”))x2n—l dx.
0 0

Lety) <y» <ys <--- <y, <--- be the eigenvalues of the operator B. Then, using the
above lemma from [13], under RC-conditions we obtain the following chain of inequalities:

/ (P*(x)y,y) dx < / ¢* (x)(By,y) dx
N N
) / Y v e @)y dx

¥ " @) )| dx

/ Vi($)yk(s) ds| dx

=2Zyk“/:<o“(x)

i o0 o0 1y )y ()] [ = dt
SZZV/?/ ¢’a(x)/ ’ koo 1fsd 10 " dsdx
x fs 70 t

N
o0 00 o 1 o)
<23 [Tt | i | aoribiof ds

© 1 x o0 o
:/N @/Ngo“(s)dsdt/]\[ q(s)(B*y,y') ds.

Since A > E and 1- 8 < 1, by using condition (b) of relative compactness, we have (B*f,f) <
(AYPf,f) < (Af,f). Then from the above chain of inequalities we obtain

/N " (P, d < /N gy / s)dsadt / q(s)(4y,y') ds
< /N o /N 0%(s) ds dx /N " Py, y) dx

From these inequalities and part (b) of the RC-conditions we get assertion 1.
To establish assertion 2, we use Lemma 1 from [16].
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Lemma [16] If the operator function Q(x) is Bochner integrable on the interval [0, N] and
its values are the essence of completely continuous operators in H, then the embedding op-
erator from W,(0,N) to L,(0,N; Q) is completely continuous.

Since the operator ¢*(x)A~* is completely continuous for all 0 < x < 0o, the above lemma
from [16] implies that the embedding operator from L}(0,N;E) to Ly (0, N; % (x)A~*) is
completely continuous.

If function u is replaced by u = A 2 y, we establish the continuity of the embedding oper-
ator from L3(0, N; A) to Ly (0, N; p* (x)A1P).

From parts (a) and (b) of the RC-conditions we have

N N
/ (Ay.y)dx < f (Px)y',y') dx,
0 0

N

N N
/ (P*(x)y,y) dx < / 9% (x)(B*y,y) dx < / 9*(x) (A "y, y) dx.
0 0 0
To finish the proof of Lemma 1, we use Theorem 17 from [17].

Theorem [17] Ifa symmetric operator K and a positive operator K are defined on D4 and
the inequality |(Kf,f)| < (Kif.f) holds for all f € Dy, then the complete continuity of the
operator Ky with respect to A implies the complete continuity of the operator K with respect
to A. Here D, denotes the domain of definition of the operator A.

From the theorem and the last integral inequalities it follows that the embedding op-
erator from L}(0,N;P) to L»(0,N;P*) is completely continuous, which proves Lemma 1.
d

We now turn to the calculation of the asymptotics of the eigenvalues of operator L,

generated by the operator-differential expression

La(y) = ~(P)y) + P (x)y 3)
and the boundary condition

»0) =0. )

Let y1(x) < y2(x) <--- < y,(x) < --- be the family of eigenvalues of the operator function
P(x). Suppose that the following conditions are satisfied:
(i) yix) = C*? for large x, where C; > 0 and § > 0.
(if) P(x1) < P(xy) for x1 < x5.
(iii) There exists a positive number m > 0 such that 2—; +m< % and P~%(0) € o,,, where
om = {K € 0 | tr((K*K)™?) < 00} and K* denotes the adjoint operator of K.
For our purpose we also need to consider the following operators:
1. Operator L}, acting in the space Ly([1 7 ,00); H), generated by expression (3) and
the boundary condition

y (17) = 0. 5)
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2. Operators L}, and L, acting in the space Ly([A 75, 00); H), generated by expression
(3) and the boundary conditions

9(0) =y(273) =0, (6)
¥(0) =y (273) =0, ?)
respectively.

3. Operators foi and L(IXI’_ acting in the space Ly ([x;_1,%;]; H) and generated by expression
(3) and the boundary conditions

y(xi1) = y(xi) =0, (8)
Y (xi1) =y (x:) = 0, )
respectively.

Lemma 2 If the function y(x) satisfies (i), the intersection of the set (interval) (0, 1) with
the spectrum of the operator LY, is empty.

Proof After some algebra (one can find the details in [13], in the proof of Lemma 2), it can
be shown that

N N g N o
/o(y,y)dfo/O )/1(x)dx/o (P(x)y,y') dx.

From this inequality and condition (i) we obtain

/1 (P(x)y/,y’)dxzC1(4+8))»1+ﬁ , ydx>a | (,y)dx.
Py

2+8 L2+8 A248

The last inequality holds for large A. Lemma 2 is proved. d

Let A be some positive number. Denote by N, (1), N1 (1) and N!'(1) the numbers of eigen-
values of operators L, L, and LI, respectively, which are less than or equal to A. Taking
into account Courant’s variation principles [14], we find that

NL(A) < Ng(h) < NYQ).

Let us split the interval [0, Aﬁ] into subintervals of equal length w. Let M be the number
of the created subintervals, and 0 =xg <x; < -+ - <xpr = )ﬂlﬁ.

Lemma 3 Ifthe operator function P(x) satisfies condition (ii) for any x1 < x,, then for large
A the following inequality is valid:

A=y (x)
¥;(x)

11
ny <

dx + 1}, (10)

¥ (i) <A

where nllis the number of eigenvalues of LtIin’ which are less than or equal to X, and i =

i

1,2,...,M.
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Proof Since the operator function P(x) satisfies condition (ii), we have P(x;_;) < P(x) for all
x € (x;_1,x;). Therefore, operator Lgl, is not less than Ly*, acting in the space Ly([x;21,%;]; H),
generated by the expression

—(P(xi_l)y')/ + P (xim)y

and the boundary condition (9).
Let ;7 be the number of eigenvalues of the operator Lj*, which are less than or equal
to 1. Then

ng’, <n* (11)

a;*

Eigenvalues of the operator L;* are of the form

wk 2
y,»(xi_l)(x ) + yj“(xi_l) (k=0,1,2,...,j=1,2,...).

i~ Vi1

From here it directly implies that
A=y (xi1)
mrs Y {9 ’7[+1}. (12)
! 7 v Vj(xi—l)
¥ (i) <A

It follows from condition (ii) that all eigenvalues y;(x) are monotonically increasing. There-

fore, on the interval (x;_5,x;_1) we have

Yi(%) < yi(xic1).

A—yfxic) e (A= y(x)
ML/ Bsienid T g
) / vV opw

From inequalities (11) and (12) and from the last inequality we obtain

Hence,

11
My, <

A=y (x)

) dx+1}.

¥ (xi) <A
Lemma 3 is proved. 0

We denote by /;(1) (j =1,2,...) the functions defined by the following equation:

Vi(d) = min{ sup (x), 1755 ] (13)

¥ (%) <A

We prove the next lemma.

Page 6 of 15
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Lemma 4 Under conditions of Lemma 3, the following inequality holds:

Vi 1 A=y ()
¥ (%)

11 11
NI <nl + X}: {/0

¥ (1) <A

Proof According to Courant’s variation principle, we have

M
NI() < Z .
i=1

By Lemma 3, from this inequality we obtain

Ml [A -yt
NI(n) < nll +; Z / y(]x) dx+1 (14)

xz <A

Furthermore, we have

zz/ S

i>2
xz 1)<
ZZ/ Sy )
~ = e 0 ¥j(%)
where
x?:min{ max (xi_l),kT}a?}. (15)
¥ (i) =2

On the other hand, x}(-) < ¥j(A), so

A— )/i‘" (x) v ) — y}
; Z / o) dx < Z / ” (x) dx. (16)
x, 1)=<Xx x1 )<A

Taking into account (15), we estimate the sum

DR NDIE

i>2 i>2
¥ (x, D<A ¥ (i) <A
= - Z Z (xl 1~ X 2)
i>2
V] (xiz1)=<A
1 1
_—— 0 —
Ly sl Y e
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From inequalities (14), (16) and the last inequality we obtain

% A—pX .
ot T[]

v (

Lemma 4 is proved. O

Lemma 5 Under the conditions of Lemma 3 the following inequality holds:

1 ¢ij0) A =y (x)
na’z Z —/ 7]dx—1},
x)<)L xi V;(x)

where ¢;j(A) = min{x;,1, ¥;(A\)} and i=1,2,..., M.
Proof Since by our assumption the operator function P(x) increases, then P(x) < P(x;) on
the interval (x;_,x;), which implies that the operator foi is not greater than the operator
L}, actingin the space Ly([x;-1,%;]; H) and generated by the expression

~(Pa)y) + P (x)y
and boundary condition (8). In this case

nL’, >y, (17)

where 7, is the number of eigenvalues of the operator L; , which are less than or equal
to A. Elgenvalues of the operator L;, are of the form

wk 2
)/j(xi)< > +y7(x:), wherek=12,...andj=1,2,....
Xi —Xi-1

From the inequality

rk \*
¥ (%) + ¥ () <A,
Xi —Xi-1

it follows that
w )\—J/,“(x)} {a) A=y () }
", = (= = -1p (18)
’ yq%:q{ﬂ ¥j(x) 21: Vo )
J 1) =

¥ (i) <k

where w = x; — x;_;.
Since the function y;(x) monotonically increases, it is clear that when yj"‘ (xi11) < A, in

other words, when x;,1 < ¥j(A),

A— y"‘(xl /‘le A— y] (xl /‘le A— y]
) y(:) J/,(x)
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and when x; < ¥;(1) < %41,

A— y] (x, vih) A - y} (%) % A—yj"‘(x)
(i) ¥i(xi) (%)

Thus, we see that, for yj“ (x:41) <A,

A—V,»“(xl ¢ij®) - [X — J/,(xl)d
¥(%) ¥i(x)

)

where ¢; (1) = min{x;,1, ¥;(1)}. From inequalities (17), (18) and from the last inequality we

find
1 ijA) A —v%(x
> {_/ ’ /L()dxq}. (19)
e T 7)
j 1) =

Lemma 5 is proved. O

Lemma 6 Let the operator function P(x) satisfy conditions (ii) and (iii) for any x; < x,.
Then the following inequality holds:

A V, 1ﬁ;(k)
0/0‘) y/

NL(n) > > (20)

where @oj(A) = min{w, ¥;(1)}.
Proof By Courant’s variation principles and Lemma 5, we have

0ijf(A) A — )/]a(x)

>Zn >ZZ / e

1>1

‘ﬂz] A— ]/
ZZ / y,(}x) x_l}' (21)
j i1

Let us estimate the first term on the right-hand side. Given that ¢; (1) is of the form ¢;j(A) =

min{x;,q, ¥;(A)}, we get

20 ) — V(x)
D) e

i>1 y,(x

1 2 [h =y (x) % A=y () Y0k =y (x) }
- — 4 U kg Y A

x ;{/ pe / pe T / Vo &
oy L e, (22)

¥j(%)
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where x;, satisfies the condition x;, < ¥;(A) < &;,,1. Furthermore,

H0 [ -y (x) A= yf(x) }
U dx— ———d
{/0 ) /0 w7

1 VR A =y () 1 Vi® A =y (%)
- Y T dx-— — 17
o ;/ eGP /0 pw

¥i(h=m
A=y
21 Z / AW
T ynem y’(x)
=— dx — ———dx
V,x) 0 ¥j(%)
—_— (23)
©0,/(A) J//(x)

From inequalities (21) and (22) we find

PijA) ) — )/1
ZZ / y,(x

i>1

_L MO 1o
i /v’o,j()n) (; V/(x) dx>' (24)

For the second term on the right-hand side of (20), as before (in the proof of Lemma 4),

we have

ZZK—ZW/ (25)

i>2

Finally, taking into account (21), (24) and (25), we obtain the desired inequality (20).

Lemma 6 is proved. 0

Corollary Under the conditions of Lemma 6, the following inequality holds:

¥
Nt >—Z/ - )/1 dx Vawey — )l;\, (26)

¥i(%)

where c; is a constant and I, is the number of eigenvalues of the operator P*(0), which are

less than or equal to 1, i.e.,

L = Z L
v

#(0)<Ar
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Proof In fact, by Lemma 6

NI >—Z/W1 - y’

V;x)

w00 A — )/]
y,(x)

- —Z/ Zw, (27)

Let us estimate the second term on the right-hand side of this inequality. Since all functions

¥i(x) (j =1,2,...) monotonically increase on half axis [0, 00), we have

‘/’0/ A— y
—Z/ AW

V;(x

©0,/(2) A f 1
5 [ e S 5 [
Vz(x T o V¥

(ORI

wf
S cla)\/—
5T

For the third term on the right-hand side of (26), we find

1 Y1(d) Y1(2)
- ij(x) === 1= b (28)
J ¥ ()<
From these inequalities, we obtain inequality (26), which proves the corollary. d

Assume that P~%(0) € 0,,, where m is some positive number satisfying the condition

L im < =. Then we have

244
const > Z ()/j_“(O))m Z AT

¥ (0)2 ! ¥4 (0221
=V 1)#”211%
0z ¥ (0)=2
Hence
I, < const - A™. (29)

Now take the step w as

1
A2+8 1
W= ,  where
[z 5+9] 2448

1
+9+m<§. (30)

Using this form of , we estimate the numbers N. (1) and NX(}).
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From Lemma 4 it follows that

V) 1 (A —y®(x) Y1)
11 11 . :
Ny (A) <my + ; {/0 - ) dx + - } (31)

¥ () <A
. . . . II
Using inequality (29), we estimate the number #,,,

w [A=v0)  y(n)
: Z( YORN w)

(0)<?»

oA 1 1
< + 1<cA270 4+ c3A"0, (32)
g Z,: vl ;

¥ (0)=h ¥ (0)<A

where ¢, > %tr(P‘% (0)) and c3 > tr(P~*"(0)) (here, tr(A) denotes the trace of the opera-
tor A).
It follows from inequalities (31) and (32) and formula (13) that

NII ) < Z / / l,\ + cz)ﬂ 0 4 A

o)

< fz / \/_ dx + 2750 4 030 caa, (33)
e

Using the corollary to Lemma 6, inequality (29) and formula (30), for N1 (1), we obtain the
following inequality:

Vi) A =y (x)
N == Z / ’) dx—cy )20 — cap 73 0, (34)
)// X

Let us estimate the first term on the right-hand side:

1 Vi® - h =y (x)
el Z / — I dx
T 7 0

¥i(%)

2 20()  p2(x)
o [ -2+ BB ey
X
(%)

2

ijQ (%)

1 i) («/X)2 - 2)/}"(96)‘% + 45
— d
2 %@ ¥

(x)

Sy R e

dx — e (M), (35)
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From inequalities (34) and (35) we obtain

2 v q
N > % Z/ N dx— Az —caz0 — Lz med (36)
j o0 e

By Lemma 4 and inequalities (33) and (36), we obtain

¥i(2)
l § / / ;dx_cok—%+ﬁ+m+0
m=Jo V)

1 1
dx + ¢ "2tz el

1
= ;21:/0 Vi)

Given that —3 + 715 + m + 6 < 0, we finally obtain the following relation for the number of

eigenvalues of the operator L,:
lim
)\i)oo Z /

Thus we have proved the following theorem.

(37)

Theorem 1 Let the operator L have discrete spectrum. Then under RC-conditions and (i)-
(iii), the number N, (L) of eigenvalues of operator L, satisfies relation (37).

The next theorem is Theorem 3.2 in [15] which has been proved by Marcus and Matsaev.

Theorem [15] Let M be a normal operator with discrete spectrum; and all its eigenvalues,
which lie in the corner Yy = {A : |@| < 20} (0 < 6 < 7), are positive and their number is
infinite. Also let B be an operator, which is compact with respect to M, and A = M + B. If
lim, s 0060 w#w 1, then N(r,0,A) ~ N,(r,M). Here, N, (r, M) denotes the number
of positive eigenvalues of M, which are less than or equal to r.

Operator P* is compact relative to operator L, and all the conditions of the above the-
orem are satisfied for operators M = L,, B=—-P* and A = L, — P*. Then

Ni(La) ~ Nu (D).

By taking into account Lemma 1 and Theorem 3.2 from [15], we obtain the following main
theorem.

Theorem 2 Under the conditions of Theorem 1, the following relation is satisfied for the
asymptotics of the eigenvalues of the operator L when A — 00:

N ( ¥i(x) )
N, (L) = — d (1
(L) n; oAme”)

3 Example
Example Consider the operator L generated by the differential expression

ak+1 8k+lbt
L 1)k ) ——— 38
”‘)a@&“”ww) (38)
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and the boundary and initial conditions

Rl
I £1)=0, i=0,1,....k—1;
ay (39)

M(O,y) =

where a(x,y) >1forall0 <x <oo0,-1<y<1.
This operator can be reduced to the operator generated by the operator-differential ex-

pression
d d
Lu=—— <P(x)—u)
dx

and the boundary condition
u(0) =0,

where
k k
P(x)f={( 1)k”d ( (x,y)df> f(ﬂ:l) 0,i=0,1,..., k- 1}.

The operator function P(x) acts in the space Ly(-1,1) for all x.

Consider the following functions:

a(x)=_min ay),

a(x) = max_ a(x,y).
-1=<y<1

Assume that there exists such a number 0 < o < % for which the following condition is
satisfied:

(1) imy—oo [y ﬁfﬁag‘(s)dsdxzo.
Then the RC-conditions are satisfied, where operators A and B and functions g(x) and

¢(x) are defined as follows:

de l
k f—(il 0,i=0,1,...,k—1},

Af=Bf={< )

q(x) = a;(x), @(x) = ax(x).

Let the function a(x,y) and the order k of differential operator P(x) satisfy the following
conditions:

(2) ar(x) = cx®*°.

(3) The function a(x,y) is monotonically increasing with respect to the variable x.

(4) The order k of differential operator P(x ) is such that the condition ) -, nm%ﬂk <00

is satisfied for some number m, where ﬂ +m < =
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Then, for the asymptotics of the number of eigenvalues of the operator L, we have the
following formula:

Vies( [>® 1
N,\(L)=7HZI:</O T(x)dxm(n),

where o, (x) are eigenvalues of the operator P(x).
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