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1 Introduction

Throughout the paper, let I = {1,2} be an index set, let, for each i € I, H; be a Hilbert space
with inner product (-, -); and norm || - ||;, and CB(H;) be the family of all nonempty bounded
closed subsets of H;. Denoting by 2% the family of all nonempty subsets of H;, let K :
H; — 2 and K; : Hy — 22 be two set-valued mappings such that for each x € Hj, K (x)
is a closed convex subset of H; and for each y € H,, Ky(y) is a closed convex subset of H,.
Let N;, n; : H; X H; — H; be nonlinear single-valued mappings, and let A;, B; : H; — CB(H;)
and F; : H; x H, — CB(H;) be set-valued mappings. We consider the following generalized
set-valued strongly nonlinear mixed implicit quasi-variational-like inequalities problem:
Find (x,y) € Ki(x) x K2(y), u1 € A1x, vi € Bix, uy € Ay, vo € Byy, and w; € F(x,y) such that

(Nl(ul,vl) + Wy, nl(hl,x))l + bl(x, hl) - b1(3€,9€) >0, Vh1 c Kl(x),

(1.1)
(Na(ua, v2) + wa, m2(h2,9))2 + b2 (9, h2) = b2(9,y) 2 0, Vhy € K;(y),
where b; : H; x H; — R, which is not necessarily differentiable, possesses the following
properties:
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(i) bi(-,-) islinear in the first argument;
(ii) b;(-,-) is bounded, that is, there exists a constant y; > 0 such that

bi(ui, vi) < villwillillvill,  Yui,v; € Hy;
(iii) bi(uei, vi) — bi(ui, w) < bi(ui, vi — wi), Yuy, vi, w; € Hy;

(iv) bi(-,-) is convex in the second argument.
In many important applications, Kj(x) and K;(y) have the following forms [1, 3]:

Ki(x) =m(x) + Ky, VxeH,,
Ky(y) =my(y) + Ky, Yy € Hy,

(1.2)

where m; : H; — H; are single-valued mappings, and K; are closed convex subsets of H;.
Choosing different mappings in problem (1.1), we have the following special cases.
(D) If Fi(-,-) = F5(+,-) = 0, then problem (1.1) reduces to the problem of finding (x,y) €
Hy x Hy, uy € A1x, v1 € Bix, up € Ayy, and v, € Byy such that

(Ni(u1, v1), m(h, %)) + bi(x, i) — bi(x,2) > 0, Vi e Hy,
(No(uz, v2), n2(h2, ¥))2 + ba(y, h2) = ba(y,9) = 0, Vhy € Hy.

Problem (1.3) has been introduced and studied by Kazmi and Khan [4].

(II) Ile = H2 = H; bl(': ) = b2('; ) = O) nl(hl’x) = hl —X, 772(1’12;)’) = hZ 2 andAi = Bi = Ii,
then problem (1.1) reduces to the problem of finding (x,y) € Ki(x) x Kz(y) and w; € Fi(x,y)
such that

(Nl(x;y) + W, hl _x> > 0’ Vhl S 1<1(x);
(No (2, 9) + wa, hy —y) = 0, Vhy € Ky().

(1.4)

Problem (1.4) has been introduced and studied by Qiu et al. [5].

(II) f Ny =N, =N, A=Ay =A, B =B, =B, K1 =Ky, =K, F; = F, =0, ni(h,x) =
n2(hy,y) = h — x, and by = by = b, then problem (1.1) reduces to the problem of finding
x € K(x), u € Ax, and v € Bx such that

(N(u, V), h— x) +b(x,h) - b(x,x) >0, VheK(x). (1.5)
The problem has been introduced by Ding [3].
(IV) Ile(’ ) = NZ(’» ) = (V oA+ B)()) Fl(" ) = FZ('; ) = F()r K=K =K, and Ai = Bi =
I;, then problem (1.1) is equivalent to finding x € K(x) such that w € F(x), u € A(x), and
(w+ Vu+Bx,h—x)>0, VheK(x), (1.6)
which is due to Noor [1].
(V) IfN1 :N2:N,A1 =A2 =A,Bl =Bz =B, nm ="n2 =7],F1 :F2 :O,andb1 =b2 =b,
then problem (1.1) reduces to the problem of finding x € H, u € Ax, and v € Bx such that

(N(u, V), n(h,x)) +b(x,h) —b(x,x) >0, VheH. 1.7)

The problem was introduced by Zeng et al. [6] and Huang et al. [7].
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There are many special cases of problems (1.1) and (1.3)-(1.7), which can be also found
in Cohen [8], Noor [2, 9, 10], and the references therein. In the system of the generalized
set-valued strongly nonlinear mixed implicit quasi-variational-like inequalities problem
(1.1), the two convex sets depend on the solution implicitly or explicitly, and b; is a nonlin-
ear mapping, so the projection method cannot be applied to it. This fact motivated many
authors to develop the auxiliary principle technique to study the existence of solutions of
generalized mixed type quasi-variational inequalities and also to develop a large number
of numerical methods for solving various variational inequalities, complementarity prob-
lems, and optimization problems. The auxiliary principle technique was first introduced
by Glowinski et al. [11]. Then Noor [12] extended it to study the existence and unique-
ness of solutions when A and B are compact set-valued mappings. Regretfully, A is actu-
ally a single-valued mapping in his Theorem 4.1, as it was pointed out in Liu and Li [13].
Noor [1, 2] put forward that extending the projection methods and its variant forms for
generalized set-valued mixed nonlinear variational inequalities involving the nonlinear
form b(,-) satisfying properties (i), (ii), and (iii) is still an open problem. The theory of
quasi-variational inequalities is not developed to an extent providing a complete frame-
work for studying these problems, and this is another direction for future research in this
fascinating and elegant area. Also, extending the auxiliary principle technique for quasi-
variational inequalities is still an open problem, and this needs further research efforts.

In this paper, we extend the auxiliary principle technique to study the generalized set-
valued strongly nonlinear mixed implicit quasi-variational-like inequalities problem (1.1)
in Hilbert spaces. First, we establish the existence of solutions of the corresponding system
of auxiliary variational inequalities (2.1). Then, using the existence result, we construct a
new iterative algorithm. Finally, both the existence of solutions of the original problem
and the convergence of iterative sequences generated by the algorithm are proved. Our
results improve and extend some known results.

We first recall some concepts and definitions.

Definition 1.1 The mapping n: H x H — H is said to be e-Lipschitz continuous, if there

exists a constant ¢ > 0 such that
”n(xry)” §8||x—}’||: Vx,yeH.
Definition 1.2 Let N : H x H — H be a single-valued mapping, and A, B: H — CB(H) be
set-valued mappings.
(1) N is said to be (8, &)-Lipschitz continuous if there exists a pair of constants 8,& >0
such that

N1, v1) = N(ua, vo) || < Bllug — || + Ellvi = vall, Vo, v, 2, v2 € H;

(2) N is said to be a-strongly mixed monotone with set-valued mappings A and B if
there exists a constant & > 0 such that

<N(l/[1, Vl) _N(MZ’ VZ)’x _y> = a”x —)’”2;

Vx,y € H,uy € A(x),v1 € B(x),uy € A(y), v2 € B(y).
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(3) A is said to be A-H-Lipschitz continuous if there exists a constant A > 0 such that
H(Au,Av) < M|lu-v|, Yu,veH,
where H(,-) is the Hausdorff metric on CB(H);

Definition 1.3 The mapping m : H — H is said to be §-Lipschitz continuous if there exists

a constant § > 0 such that
lmx —my| <dllx—-yll, Vx,y€H.

Definition 1.4 The set-valued mapping F(-,-) : H x H — CB(H) is said to be (/,k)-H-

Lipschitz continuous if there exist constants /, k > 0 such that
H(F(x1,7), F(%2,2)) < %1 — %]l + kllys = y2ll,  ¥&1,%0, 91,92 € H,
where H(-, -) is the Hausdorff metric on CB(H).
To obtain our results, we need the following assumption.
Assumption 1.1 The mapping n; : H; x H; — H; satisfies the following conditions:
@) ni(u,v) = ni(u, 2) + ni(z,v), Vu, v € Hy;
2) ni(u+v,w)=-n;(w-u,v),Vu,v,w € H;
(3) the functionals /1y = (N1 (241, v1) + wy, m(h,%))1 and By = (N (2, v2) + wo, 2 (ha,

¥))2 are both continuous and linear for all &; € H; and hy € H.

Remark 1.1 If n;(u,v) = u — v, obviously, Assumption 1.1(2) holds. In a word, Assump-
tion 1.1 is justified.

We also need the following lemma.
Lemma 1.1 [15] Let E be a normed vector space, CB(E) be the family of all closed bounded

subsets of E, and T : E — CB(E) be a set-valued mapping. Then for any given ¢ > 0,x,y € E,
and u € Tx, there exists v € Ty such that

d(u,v) < (1 +e)H(Tx, Ty),
where H(-,-) is the Hausdorff metric on CB(E).

2 Auxiliary problem and iterative algorithm
In this section, we extend the auxiliary principle technique to study problem (1.1) and
prove the existence of solutions of the auxiliary problem for (1.1). Then, by using the exis-

tence theorem we construct an iterative algorithm for problem (1.1).
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For each i € I, given (x,y) € Ki(x) x Ky(y), u1 € A1x, vi € Bix, uy € Ay, vo € Ayy, and
w; € F;(x,y), we consider the following problem: Find (p;, p2) € Ki(x) x Ky(y) such that

(b1, — p1)1 = (%, 1 — p1)1 — pr (N1 (u, vi) + wi, (B, pi))

+ p1[bi(x, p1) = bi(w, )], Vhi € Ki(x), 1)

(P2, 1y — pa)o = (¥, ha — pa)a — P2 (Na (U2, Vo) + W, 12 (H2, p2))2
+ 02 [bz()’,}h) - bz()/, ho)l, Vhye K2()/),

where pi1, p; > 0 are constants. Problem (2.1) is called the system of auxiliary variational
inequalities for problem (1.1).

Theorem 2.1 Foreachicl, let K; : H, — 2 and K, : Hy — 22 be two set-valued map-
pings such that for each x € Hy, Ki(x) is a nonempty closed convex subset of Hy and for each
y € Hy, Ky(y) is also a nonempty closed convex subset of Hy. Let N;, n; : H; x H; — H; be non-
linear single-valued mappings, A;, B; : H; — CB(H;), F; : Hy x Hy — CB(H,) be set-valued
mappings, and b; : H; x H; — R be a mapping such that for any given (x,y) € Hy X H,, the
functionals hy — by (x, 1) and hy — by (y, hy) are proper convex and lower semicontinuous.
If Assumption 1.1 holds, then for any given (x,y) € Hy X Hy, u1 € A1x, vi € Bix, up € Ayy,
vy € Byy, and w; € Fi(x,y), define the functionals J; : Ki(x) — R and J, : Kz(y) — R as fol-

lows:
1 .
Ji(h) = §<h1,h1)1 +]1(h1),

where

Jihy) = po(N(ur, vi) + w, i (%)), + p1ba (e, 1) — (%, i,

1
Jao(hy) = E(hz,hz)z +j2(h2),

where

Ja(ha) = pa(Na(ua, va) + wa, 12 (ha, 9)), + Paba (3, 2) = (3, 2.

Then we have:
(i) J1 has a unique minimum point py in Ki(x), and ], has a unique minimum point p,
in Ky (y).
(i) J1 and J, have unique minimum points py in Ki(x) and p, in Ky(y), respectively, if
and only if (p1, p2) is a unique solution of the system of auxiliary variational
inequalities (2.1).

Proof By Assumption 1.1(3) the functional /; + (Nj(uy,v1) + wy, m1(h1,%))1 is continuous
and linear. Since /; — by (x, 1) is proper convex lower semicontinuous on Kj (x), it is easy
to see that j; (/) is proper convex lower semicontinuous on Ki(x), and so J; (/) is a strictly
convex and lower semicontinuous functional on Kj(x). Thus, j1 (/) is bounded from below

by a hyperplane {(qi, /1)1 + a; (see [14]), where ¢q; € H; and a; € R. Hence, we have

1 1 1 1
Jalh) = 2 (s s+ ja () = 5||hl||% +lan s+ ar= Sl + aillf - 3 lgill} + a.
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It follows that
Ji(h) — 0o (as ||l ]l; > 00). (2.2)
Now let {/}} be a minimizing sequence of /; on Kj (x), that is,

lim (k) = inf )]1(h1).

h1eki(x

We claim that {/}} is bounded. If it is not true, then there exists its subsequence {/}, J such
that IIh}qk >k k=1,2,.... By (2.2) we have ]1(h}qk) — 00, which contradicts the fact that
{h!} is a minimizing sequence of /; on Kj(x). By the Weierstrass theorem (see [14]) there
exists p; € Kj(x) such that

i (Pl) = hlg}gl(x)]l(hl)'

Again from the strict convexity of ; we have that /; has a unique minimum point p; in
Ki(x). Using a similar argument, we get that J; has a unique minimum point p, in K;(y).

Now suppose that /; has a unique minimum point p; in Kij(x) and /, has a unique min-
imum point p; in Ky(y). Let us show that (p1,p,) is a unique solution of the system of
auxiliary variational inequalities (2.1). For any /; € Kj(x) and ¢ € [0,1], since j; is convex
and J/; is lower semicontinuous on Kj(x), we have

h(p1) = %(pl»plh +j1(p1) < i (p1 + £t - p1))

= 12{p1 + t(y — pr), pr + = 1)), + 1 (p1 + £ — p1))
2

1 t
< E(plzplh + §<h1 —puh—pi)+ tpu - pu+ () + E(j ) — (1)

2
= Ji(p1) + %(hl —purh—p+EHpLh —pi + t(jl(hl) —jl(Pl))~

It follows that
t
§<h1 —pu,h—pi+ (P, —po1+ i) —ji(p) = 0.

Letting t — 0 in this inequality, we obtain

(P11 = pi)y + j1(m) = ju(p1)
= (p1, 1 — pi)1 + pr(N1 (i, v1) + wy, (O, %)), + by (o, hy) = (6,
= p1(Ni(ur, 1) + wi, m(p1, ), — prba(x, pr) + (%, i
>0.

By Assumption 1.1(1) we observe that n;(p1,x) — n1(h1,%) = m1(h1, p1), so

(P, = pi)1 = (%l = pi)1 — po(Na (e, ve) + wa, (o)),
+ p1[br(x, p1) = bi(x, )|, Vi € Ky().
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In a similar way, we have

(P2l = pa)2 = (3,112 = pa)a — pa(Na (12, v2) + wa, 12 (2, p2)),
+ 02 [bz()/,pz) -by(y, hz)], Vhy € Ky (y).

So, (p1,p2) is a unique solution of the system of auxiliary variational inequalities (2.1).
Conversely, let (p1, p2) be a unique solution of the system of auxiliary variational inequal-
ities (2.1). By the first inequality of (2.1) we have

%((hl;hlh - (pLp1)1)
1
= E((Pl +(—p1),p1+ (I —P1))1 - (Php1)1)

1
=(pL-pih+ 5”1’11 —P1||%

> (p1,l —pih
> (o —pi) - pl(Nl(ul; V1) +wi, 771(/41,}91))1
+ 01 [bl(xrpl) - bl(x;hl)]'

By Assumption 1.1(1) this implies that

1
5(”’1,}11)1 = (1)1 + pr(N1(ug, vi) + wa, (i, %)), + prb(x, )

1
= E(pl:Pl)l - {(%pih + ,01<N1(u1,v1) + W1,771(P1,x))1 + p1b1(x, p1),

that is,

Jilh) = L), Y € Ki(x).

From the strict convexity of /; we conclude that /; has a unique minimum point p; in Kj (x).
Using a similar argument, we obtain that /, has a unique minimum point p, in K;(y). This

completes the proof. O

By virtue of Lemma 1.1 and Theorem 2.1 we now construct an iterative algorithm for

solving problem (1.1).

Algorithm 2.1 For given (xo,y()) € Hy x H,, I/l(l) € Alxo, V%) (S] leo, M(Z) (S Azyo, V% € Bzyo,
and wiy € Fi(xo,%0), let the sequences {(x,,yn)} C Ki(%,1) X Ky (y,-1), {ul}, (v}, {2}, {v2),
{wl}, and (w2} satisfy the following conditions:

(Fnets 11— K11 = (0 1 = a1 — 01 (N1 (2,5 v) + Wi 1 (1, 2040)),

+ p1[ o1 (s Xpa1) = b1 )], Vi1 € Ky (%41); (2.3)
Gnets 2 = Y1)z = W2 = Yua1)2 — p2(Na (1, V) + Wit 2 (2, Yna)),

+ 0202y Y1) = B2y 2) ], Vo € Ko (yan); (2.4)
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1 1 1 1
u, € A1xy, ” Uy — Uy, ”1 <|(1+ P H(A1 X415, A1xn);
1 1 1 1
v, € lem ||Vn+l —Vu “1 = 1+ m H(lerHl:len);
2 2 2 1 .
u, € Asymr |y —up |, <1+ — ) Ay, Asy); (2.5)

1
Gebun |a-vil= (10 )i B )

. . . 1
Wiq € Fi(xmyn); “Wiﬂ.l - Wi,, ”1 = <1 + n+ 1)H(Fi(xn+1:yn+l);Fi(xn;yn))y

foreveryn=0,1,2,..., where p1, p» > 0 are constants.

3 Existence and convergence theorem
In this section, we prove the existence of the solution of problem (1.1) and the convergence

of the iterative sequences generated by Algorithm 2.1.

Theorem 3.1 For each i € I, let H; be a Hilbert space, and let Ky : H, — 2™ and K, :
Hy — 212 be two set-valued mappings such that for each x € Hy, K\ (x) is a nonempty closed
convex subset of Hy and for each y € Hy, Ky(y) is also a nonempty closed convex subset of
H,. Let N;,n; : H; x H; — H;, F;: H x Hy — CB(H,), A;, B; : H; — CB(H,) be mappings,
let mappings m; : H; — H; satisfy (1.2), and let b; : H; X H; — R be real-valued functionals
satisfying the properties in Theorem 2.1 and properties (i)-(iv). Assume that the following
conditions are satisfied:

(1) N; is (a;, Bi)-Lipschitz continuous and &;-strongly mixed monotone with respect to A;

and B;;

(2) F;is (I;,k;)-H-Lipschitz continuous;

(3) A; is t;-H-Lipschitz continuous;

(4) B; is w;-H-Lipschitz continuous;

(5) m; is 8;-Lipschitz continuous;

(6) n; is e;-Lipschitz continuous.

If Assumption 1.1 holds and there exist constants py, p2 > 0 such that

ﬁ[l +py1 +e1(L+/1=2p1&1 + p2(ar Ty + Bron)? + prly)]

1
+ o5, €202l <1, 3.1)

1—;32 (L+ o272 + &2(1+/1=2p25 + p3 02Ty + fow2)? + p2ks)]

1
+ m&‘l[)lkl <1,

then there exist (x,y) € Ki(x) X Ky(y), u1 € A1x, v1 € Bix, uy € Ay, vy € Byy,and w; € Fi(x,y)
satisfying problem (1.1), and

Xy —> X, Y =, u., — u;, v, = v, W, = W; dasn—> 0o,

where the sequences {x,}, {y,}, {u.}, {v\,}, and {w' } are generated by Algorithm 2.1.
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Proof First, it follows from (2.3) in Algorithm 2.1 that, for any & € Kj(x,),

(xmhl _xn)l > (xn—b hl xn)l - ;01<N1( u, 1, Vn 1) + Wn 1’ nl(hl,xn))

+ p1[b1 (%1, ) — by (K1, 1) | 3.2)
and, for any /; € Ki(x,,41),

a1y = Xni1)1 = (X 11— Xpi1)1 — ;01<N1 (Mi,, V}q) + Wi,; nl(hlrxn+1)>1
+ 01[ b1 (s Xi1) = b1 (o, 1) |- (3.3)

Adding (—m;(x,), b — x,)1 to the two sides of inequality (3.2) and then taking /; = m (x,,) +
X1 — M1 (Xn41) € Ki(x,,), we get

(6= 113 ), 113 05) + 011 — 113 C11) — ),
> (a1 — 11 (%), 111 (56) + K1 — 111 (K1) — %),
— 1N (2,1, V) + Whp (11 (%) + 20 — 11 (%011, %))
+ [ b1 (%1, %) — b1 (%01, 111 (%) + X1 — 111 (%041 |- (3.4)

Adding (—m(x41), 1 — x441)1 to the two sides of inequality (3.3) and then taking /; =
my (Xps1) + X — m1(x,) € Ki(x441), we get

(xn+1 = M1 (Xps1), M1 (K1) + X0 — m1(%) — xn+1>1
= (xn — (xn+1)r m, (xn+1) +Xp — 1 (xn) - xn+1))1
= (N1 (213 v),) + Wy 11 (21 (041) + 0 — 111 (%), K1),

+ 151Xy K1) = by (%0, 111 (K1) + 20 — 111(%,)) |- (3.5)

Adding (3.4) and (3.5), by properties (i) and (iii) of (-, -) and Assumption 1.1(2), we obtain

(o0 — X1 — 11 (%) + 11 (K1) Xy — K1 — 11 (%) + 1111 (H001) )

< (1 — 21000, X — K1 — 11 (%) + 111 (K01)),

(=20 + 111 (0041), 11 (1) + Xy — 111(36) — X)),
+ p1(N1 (215 Vyy) + Wy 1 (11 (%) + 1 — 921(041), %) )

+ p1(N1 (14, v),) + Wiy 1 (11 (641) + %0 — 1113 (%), X101 ) )
= pr[ D11, %) — by (X1, 111 (%) + K1 — 1111 (K001)) |
= pr[ b1 Xni1) — b1 (s 111 (K1) + X — 111(31)) |

< (1 = 20 = () + 111 (K1), X = X1 — 1 (%) + 111 (K1),
+ 01N (1, 0) + Wy = (N, v,,) + W), (mm () + 2
=y (%41), %)), + P1[D1 (—xn_1,xn — 1 (%) — K1 + 111 (X41))

+ by (%, 111 (%041) + Xy — 121.(0) — K1) |
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< (ot — X = () + 111 (K1), %o — K1 — 12 (%) + 113 (K1),
+ 0N (5,3, v, 1) + Wiy = (N1 (3, v,) + W), (22 () + s

- ml(xn+1)7xn)>l + plbl (xn —Xn-1,%n — ml(xn) —Xn+1 t ml(xn+1))' (36)
By properties (i) and (iii) of &(-, -) this implies

[0 = For = 12() + 71 () |2
< [ xnr = 0 = () + 1 (i) || - (|20 — Xnr — () + 1 (00 |
+ 1 =20 = o1 (N1 (2,05 Vg ) = N (3, v3) ) [+ 116t =l
oW =wu - [ () + 20 = i), 20) |

+ pl)/l”xn—l - xn”l ”xn —Xn+l — ml(xn) + ml(xn+l)H1' (37)

So, by Algorithm 2.1 and condition (6) we have

1 — %i1 11

< otno1 = ully + 2| 11 (%) — 13 (20) |
L L AN B V) [ e
+ 01 (1 + %)H(Fl(xn—hyn—l):Fl(xn:yn))] + P11 %01 — %l (3.8)
By conditions (1), (3), and (4) and Algorithm 2.1 we have

“xn—l —Xn— P1 (Nl(u:}l’l—l’ Vil—l) - N1(Mi, Vzl'l)) ||f
= %01 = %ull7 = 201{N1 (14,1, V1) = N1 (24, V), ) ino1 — %),
+ PN ()1 v3a) = N (26 v3) [

< (1= 200E) 1 = 2all? + p2[err |y = VA|), + Bu|VEy = VA, ]
1\2
< |:1 —2p1&1 + pilonT + Bron)* (1 + ;) } (B (3.9)

It follows from (3.8) and (3.9) and from conditions (2) and (5) that

1 1\?
I = Xns1lls < 125 { |:1 + o1y + €1 (1 + \/1 —2p1&1 + pilonT + Bran)? (1 + Z)
—-28

1 1
+ph (1 + ;))] 11 — %ull1 + €101k (1 + Z) lyn-1 _yn”Z}' (3.10)

Second, it follows from (2.4) in Algorithm 2.1 that, for any 4, € Ky (y,),

Gnsha = Yu)2 = Onts By = Yu)2 — p2(Na (3, v ) + Wiy, 12 (2, y)),
+ 02[B2(Vn-1, ) — b2 V-1, 112) ] (3.11)
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and, for any 4, € Ky(¥,41),

Onts iz = Yu1)2 = O 2 = )2 = pa(Na (45, V7)) + Wiy 2 (B2, Ynan)),
+ 02 [bZ(ynvynﬂ) - b2(yn: hz)] (3~12)

Adding (—m(yu), ha — yu)2 to the two sides of inequality (3.11) and then taking /iy =
My (V) + Y1 — M2 (Yna1) € Ka(y,), we get

(n = ma ) m2(y) + Y1 = M2 (Y1) = ),
> (Y-t = 12 (V) 112 (V) + Va1 = M2 Vne1) = V),
= 22N (1, viy) + Wiy 2 (M) + Va1 = 112 (V1) V) )
+ 02[B2(V=1, ) = b2 (Y1, M2 (V) + Y1 — M2 (i) |- (3.13)

Adding (-m3(¥us1), B2 — Yus1)2 to the two sides of inequality (3.12) and then taking /1, =
My (Yns1) + Y — M2 (¥n) € Ko (Y1), we get

et = M2 na1)s M2 (i1) + Y — M2(Vn) = Y1),
> (i = 12 Vi1 112 Y1) + Y = 12 (V) = Y1),
= 02N (15, v) + Wiy 2 (M2 (s1) + Y = M2()s a1,
+ 02[D2 s Y1) = B2 (Vs 112 (na1) + Y — 112 (y)) |- (3.14)

Then repeating the method, we have
lyn = Yuella <

2
< L+ poys + &2 1+ /1=2026 + p3(aaTs + foan)?| 1+ =
1—282 n

1 1
+ pako (1 + ;))] 1¥n-1 = Yull2 + 20202 (1 + ;) lloey—1 — % ll1 } (3.15)

From (3.10) and (3.15) we have

”xn _xn+1||l + ”yn _yn+1||2

<

1\ 2
< L+pn +e|1+,/1-2p& + pilonts + Bron)?| 1+ =
1—251 n
1 1 1
+pih 1+; +1_28282,0212 1+; ll%6n-1 — %1

1 ) (1Y
+ L+ poya+ 8|1+ ,[1-2028 + p5(aaTy + fowa)?| 1+ —
1-25, n

1 1 1
+ poko{ 1+ — + erprk( 1+ = | tyn-1 —yulla
n 1-26 n

<max{6,,0; } (I1%n-1 — %ull1 + [¥n-1 — yull2), (3.16)
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where
1\2
6, = =23, [1 tontér <1 +/1=2p1& + pE oyt + ﬂ1a)1)2(1 " Z)
a1+l 1 (14 ]
+ + — +— ¢ +-),
P14 P 1-25, 20262 "
1\2
0} = 1+ paya + &2 (14 /1= 20265 + pHonts + Pow)2 (14 =
1-26, -
1 1 1
+ paka| 1+ — + ——eapk|1+— ).
P2 2( ”1)):| 1- 26, 101 1( n)
Letting
o= : [1 Thmta (1 * \/1 =21+ pileaT + fron)® + ,0111>] * &202l>
1-24; 1 T
and
e [1+p27/2+82<1+\/1_2'0252+02(a272+ﬁ2wz)2+p2k2>]+ ik
1-24, ) =7 ,

we can see that 6} — 6 and 62 — 60, as n — oo. Now, by condition (3.1) we have
max{6;,0,} < 1. Therefore, it follows from (3.16) that {(x,,y,)} is a Cauchy sequence in
H; x Hy. Let (x,,y,) = (x,7) € H; x Hy as n — 00. Since A;, B;, and F; are all H-Lipschitz
continuous, by (2.5) and by conditions (2), (3), and (4) we have

1 1
(7 (1 + m)H(Alerlelxn) < (1 t >T1||xn+1 = %nlli;

+1
! ! H(B By < 1+ — ;
||Vn+1 -V Hl = (B1%p1, Brxy) < +—— o |l%ni1 = xall1;
n+1
”M2 1~ . || 1+ H(A2yn+1;A2yn) <1+ ! T Yns1 = Yull2s
m n+1 - n+1

2 2 1 1 )
||V,,+1 -V, H2 <1+ p— H(B2)/n+1,32yn) <(1+ 1 @2 ||Yni1 = Yull2;

>H iK1 Yus1)s F(xmyn))
> l ”xn+1 _xn”l + k ”yn+1 _yn”Z)

Therefore, {!}, {+,}, and {w!} (i € I) are also Cauchy sequences. Let u, — u;, v\, > v;,
and w', — w; (i € I) as n — o0. Since u}, € Ax,, we have
d(u, Ax) < ||u1 —ul ||1 + d(u ,A1x)
< ||u1 —ul ||1 + H(A1x,, A1)

< |l - w |, + 1l —xls > 0 (1 — o0).
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Hence, we conclude that u; € A;x. Similarly, we can obtain u; € Ayy, v € Bix, vo € Byy,
w; € Fi(x,y),Viel.

By Theorem 2.1 we may assume that (p;, p2) € Ki(x) x Ky(y) is the unique solution of the
system of auxiliary variational inequalities (2.1), that is,

(p1,hy = pi)1 = (k1 = p1)1 = po(Na (g, vi) + w, (s pr)),
+ o1[br(x, p1) = br(x, )], Vi € Ki(x), (3.17)

and

(P2, h2 = pa)a = (3, — pa)a — pa(Na (s, va) + wa, ma (2, pa)),
+ 02 [bz(y,pg) - bz(y, hz)], th (S I(Q(y) (318)

Now, we prove p; = x and p, = y. By applying (3.2), (3.17), and a similar argument as in
proving (3.8), we can easily get

I, = prlly
< Notnor — %11 + 2|1 () — 1 () |

+ prea |Nu(y_yviy) = Ni(, vi) |, + [ Wiy = will ] + ovall®ns =l (3.19)

Since x, — x, w}, — wi, and Ny (ul,v}) — Nj(u1,v1), from (3.19) we have x,, — p;. There-
fore, we have p; = «.

Using a similar method, we have p, = y. Finally, taking them into (3.17) and (3.18), we
have

(N1 (1, v1) + wi, m (%)), = by (%, %) + b (x,111) = 0, Vi € Ky (),
and

(No(u2, v2) + wa, ma(ha,9)), — b2 (9,9) + ba(y,h2) = 0, Vhy € Ky(y).

This completes the proof. d

Remark 3.1 Theorem 3.1 answers positively the open problem raised by Noor [1, 2] in
the setting of a more general system of generalized nonlinear mixed quasi-variational in-
equalities. We emphasize that A and B may not be compact-valued mappings.
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