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Abstract

Whereas the Dirac delta function introduced by P. A. M. Dirac in 1930 to develop his
theory of quantum mechanics has been well studied, a not famous formula related
to the delta function using the Heaviside step function in a single-variable form, also
given by Dirac, has been poorly studied. Following Dirac’s method, we demonstrate
the decomposition of a multivariate function into a sum of integrals in which each
integrand is composed of a derivative of the function and a direct product of
Heaviside step functions. It is an extension of Dirac’s single-variable form to that for
multiple variables.

Keywords: Heaviside step function; Dirac delta function; Transform
.

1. Introduction

P. A. M. Dirac introduced in 1930 a function, now called the Dirac delta function, to
develop his theory of quantum mechanics (Dirac 1958). It takes value zero at x = 0 and
its integral is unity. A fundamental property derivable from the definition of the Dirac
delta function is that any multivariate real function can be expressed with delta func-
tions § and integrals as follows,

R(X1, Xa, -, Xny) = j j Ry, s tixe) 8 (y—X1) -8t —Xor )y —-dpg. (1.1)

The importance of this property is analogous to the Fourier transform (Bracewell
1965) for its ability to yield an alternative representation of any multivariate function
in which the variables of the function are changed. The delta function can be seen in
applications from physics to engineering: such as quantum mechanical states (Lee
1992); quantum similarity integrals (Safouhi and Berlu 2006); pseudopotential (Derevianko
2003); a spin system with a classical environment (Calvani et al. 2013); and generally,
numbers of formulae in the Fourier and Laplace transforms, and differential equations
(Schwartz 1966; Kreyszig 2011). A more rigorous mathematical theory for the delta func-
tion has also been developed and expanded under the branch in pure mathematics called
the theory of distributions by L. Schwartz (Schwartz 1945). Further development is the
generalized delta impulse (Corinthios 2003), which is an extension of the Dirac delta
function to that on the complex plane and is applied to theories of generalized Laplace, z,
Hilbert, and Fourier-related transforms (Corinthios 2005, 2007).
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Transforming the integral expression in one variable using the Dirac delta function §
into one using the Heaviside step function o,

J R(x)8(x)dx = R(0) = R(e0)- J aR(x) o(x)dx = R(—o0) + J AR(x) o(-x)dx

(1.2)

is essentially described in Dirac’s quantum mechanics text (Dirac 1958). It is derived from
the relation between the Dirac delta function and the derivative of the Heaviside step
function. As these two expressions, the left- and right-hand sides of (1.2), are mathematic-
ally equivalent, the step-function expression would be expected to find potent applications
in physics and engineering. One general example must be approximation theory (Milova-
novic and Rassias 2014). The other example is replacement of the Dirac delta functions
with the Heaviside step functions by which (divergent) delta functions can be hidden from
integrand. It helps a rigorous formalism by using only bounded functions without ad-
vanced Schwartz distributions. Nevertheless, the step-function expression has not been
extended so far compared with the application of the delta-function expression. Here we
demonstrate a unified formula that extends this step-function expression for single-
variable functions to multiple-variable functions. It can be interpreted as the decompos-
ition of any multivariate function with respect to the Heaviside step function.

2. Decomposition of multivariate functions using the Heaviside step function

2.1. Definition
Let R(X;, Xy, - -+, Xn) be a continuous real function defined for 0 < X; < o and satisfies:
e Whose derivatives ax‘"laf% exist and continuous where & = a7 + *** + ay and @; > 0
1 N
is a natural number.
. ﬁ can be integrated with respect to a given X; while the other variables are
1 N
held fixed.
: 1)_ 'R (... R (...
e Sequences of functions (E {W( X+ h, )—6)([7,1( D¢ )})h .
. aﬂR . .
uniformly converge to X X for Xjand j = i.

2.2. Premise
We follow Dirac’s method:

e The Dirac delta function is regarded as a function (not a Schwartz distribution)
e The derivative of the Heaviside step function is regarded as the Dirac delta

function

2.3. Theory
We demonstrate that the defined function R(X;, X, -+, Xy) can be decomposed into:

oo

T aaR(a:lr"‘ y T ANH ) 5 f
R(Xy Xy, Xy) = ) J J vyl U ACOL AR
aefo 1Y o ! N =1

(2.1)
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where
1 (Xi > w)
1
o(Xi-p;) = 5 Xi =w)
0 (Xi <m;)
defines a set of Heaviside step functions for each y#;> 0; @= (ay, -, an); @ = a1 + -+ + ap;

and a; =0 or 1.

2.4. Proof

The formula (2.1) may be expressed as:

T “R(arpty, ,a N «
R(X17X27 ""XN) = Z J J (81/:11.“8 a)j\[ﬂN) H{a(xs_ﬂs)d:us} ’ (22)
- N #1 HN s=1
ae{0,1}" 0o .
oR #1s 0,-,0
= (07 0, 70) + j ( la//l )U(Xl_/’tl)dﬂl
1

0

+J aR(07 /42707 Yy 0)
0

Xo—1,)d,
o, o(Xa—p,)dp,

T aR(0, ++,0,p,,0, .0

R e e
o,
2
JR(0, ---,0,

b [ RO 60

. duy

0

azR(/’tlv Hos 07 70)

X1 Xo—
+” S0, 0 (X1-py) 0 (Xo—py ) dpy dps,
00

T azR(O,"',O, /'{]7 07"'107”k7 07 70> < ) ( )
+oet j J o\ Xj—#; | o (Xi—mi ) dpdpy

L OOty ! !

a2R 07 ) Oa 1
+eot j [ ( tov- ) 0(Xn1=pn_1)o(Xn - )dpy 1 duy
. Opn_10Uy

00

[ asR(” s Uy U3, 07 70)
o | | ] TRt R o (amps)o mts ld

000
3R(0, 0,45, 0, 0,4,,0,-+,0,,,0, -+, 0)

+ +JJJ y Vo Y sy Moy P Vo y Vs Py Yy ) O'X[—

) Ot ()

00
0 (Xt 0 (X~ )dp,du,,du,

ST a4R(07“‘70’/‘0707"‘707/’lp707"'707ﬂq7 07 "'707/4}’7 0770)
i
O, O, 041, O,
0000

U(Xo_/"o)a(Xp_ﬂp>G(Xq_/‘q)o(xr_ﬂr)dﬂodﬂpdﬂqdﬂr

aNR(/"lv “‘7/41\1)
————— " 0( X1y ) o (XN ‘
A J J a//ll i ‘B/,{N U( 1 /’ll) 0( N //lN)d/ll d/’tN

We use mathematical induction.
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Using the definition of the Dirac delta-function §, then for any real function R(Xj,
XZ’ e XN)

R(X1 Xa, -+, Xy) = j j Rty o )8 s ~X) -8 i —Xor )y -, . (2.3)

Therefore,
R(X1, Xa, -, Xy) = j j Ry, - )8 (=X ) St —X )ty - (2.4)
0 0

with X; >0.

The expression (2.2) for single-variable functions (N =1),

R<x1>=j R(uoa(ul—xndul:ze(onj dimel)o(xl—m)dul (2.5)

holds by Lemma 2.1 given below. Note that, for single-variable functions, Dirac de-
scribed (Dirac 1958) the essentially equivalent expression (1.2).

To initiate the mathematical induction procedure, suppose that the expression (2.2),

j j Ry, )8 (ps X1 )-8 g —Xoe )ty g
0 0

oo

OR(uy, 0,---,0
= R(O7 0, ,0) + J %O‘(Xl_ﬂl)dﬂl
(31
0
AR(0, ---,0,4,,0,-,0
b | ORI 0 0
o;
0
aR(O’ -0, /"N) azR(/'th Ha) 0, ’”70)
+“'+J' —O'(XN—/A )dM +J J
A ouy NN 5 % O, Oy

o(X1—py)o(Xo—py)dp, dp,

0 oo a2R(07.,,70, /"jv Ov"'vovl"k7 0’ ...’0)
4ot J J T O‘(Xj—lflj>0'(Xk_”k)dﬂjdﬂk
00
aSR(07”‘70)ﬂl7 07”'707” O H'Oljl 0 o 0)
+,..+j J J\ m? ) ) ) no ) ) O-Xl—l,{
Ot O, Oty i)
0 0 0
aNR(/’{ UK )
O (Xon=ty)0 (X, ) Ay dp,, dp, + - + JOL W

o(Xa—py) 0 (Xn—py)dpy -y
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holds for some N. Using (2.6), the following,

R(Xy, -, XN, tiny1) = J J Rpy, sty i) S =X1) 8 (=X )y -+ dpay
0 0
OR Oa "'a07Mi707“'703/’£
R(0, 0,0, py 1) + -+ + J ( 5 wit) o(Xi—p;)du;
o i
azR(07 ”‘a07 M/? 07 '”’07/4](7 03 '”70’/’{N+1) % X dud

+ +J j aﬂja/'tk G( 1_/4})6( k—/lk) Hidly

00
4ot J j JasR(O,“',O,ﬂl, Oy”'vovﬂmvov ”707/";1701 “'107/’£N+1)

00 0 aﬂlaﬂmaﬂn

o (Xi=p) 0 (Xom—th,,)0 (K=, dpydps,,dps,,

T aNR(/‘I’ "'7/"N7/4N+1)
X1—pty)- 0 (Xn—pn )ty --dpty,
- +L [ e PN (X ) 0O

(2.7)
holds because R(X3, -+, Xn» v+ 1) can be regarded as one of the R(X, -+, Xy) append-

ing a parameter yy . ;. Multiplying both sides of (2.7) by d(¢x+ 1 — X+ 1) and then inte-

grating each term with respect to g . 1, one obtains on the left-hand side,

J SRRy JND) ﬂN+1)5(ﬂ1—X1)”‘5(#N—XN)5(P‘N+1—XN+1)

R(Xla ”'7XN7XN+1 J
0
Xd/"l “Apndpy .y s

(2.8)
and on the right-hand side,
J{R(O 0,0 ”N+1)}5(l‘N+1‘XN+1)dﬂN+1
| | 07 L’7Oa“'707
J { j Ma”‘ ”NH) o(Xi—u;)du; 5(#N+1—XN+1)dﬂN+1
o\lo ! )
w . a2R 07 /"]a 07'”707/’[k7 07 "'aO’”N+1
J { !) jo EVET G(Xi_ﬂj>0(xk_ﬂk)dﬂjdﬂk

X8 (Hns1=Xn1) dpiy i

] ] PR(0, 0,47, 0,0, 4,0, 0, 4., 0
00

s T 07 /’LN+1) (
Ok OH Oty

o (Xi=t) 0 (Xom—thy )0 (X
) s, dp, } S (pn1=Xn1)dpiy

T VR L
[ [ (Ml o ”NH) o(X1—py) -0 (Xn—py)dp ---duy 5(ﬂN+1‘XN+1)d/4N+1 :
Lo Opy - -Opy

(2.9)
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The order of the integrations can be changed because each integrand can be inte-
grated with respect to its corresponding p; while holding other variables fixed. There-
fore, (2.9) can be transformed into

I oo aR 07 ~.‘70’//¢,’O ‘707.MN
! +j{J ( E;/A- H)a(ﬂNH_XNH)dﬂNH o (Xi—p;)dp;
olo L
82R(0, 4,0, 5, 0+, 0,44, 0, ”'707ﬂN+1) 5 . )
+ +j J J aﬂ/aﬂk (IMI\H—I_ N+l) UN+1
0o o0o\o
xa(X} ;) o (Xe—py ) dpdpsy
R PR(0 »0 M’ ’ “’o’ﬂm’OV'VOJ’tn:O’ ”'707/4
o [ i i
0 0 0 \}

X0 (X1=441) 0 (Xon =t )0 (X ) A A, A, +

T T TRy, s
+[j J (/45 gN’”N“)5(ﬂN+1—XN+1)d/4N+1 o(Xa—py) -0 (Xn—py )y - dpy .
0L (LR N

(2.10)

The terms enclosed in braces in (2.10) can be transformed using Lemma 2.1 as follows,

[ 9R(0, -+, 0,
R(0, 0,-+, 0, 0) + J ( bo:a) O (Xn+1—Hs1) Bpin i

O 11
I aR(07 ”"07/'{‘70’ Ty 07 0) | azR(O7 ”"07/’{1'707 “"OHMN-FI)
+~~+J : +j : o (Xn1—y 1) du
{ aﬂf aﬂNHa/‘i ( + N+1) N+1
0 0
o (Xi—p;)dp;
T a2R(07 “‘707 /4]7 07 A“70uuk7 07 “‘707 0)
v
OOy
00
7 2°R(0 20,0, 0, 0,0, i)
+L aﬂN+laﬂ/aﬂk T (XN1=tn 1) dpin 1 ”(Xi‘ﬂ/)a(xk‘ﬂk)dﬂ/dﬂk
117 0,41, 0,7+7,0, 4,0, +++,0,4,.,0, +++,0, 0)
el J :
O 04, O,
000
0*R(0, -+, 0,447, 0,-+,0,44,,,0,-,0,44,,,0, -, 0, st 1)
+J - L d o(Xni1— du o(X;~u)o(X,,
| Obhng 11 OO, Ot ( N+1 ﬂzv+1) w1 (O(Xi—p)o(

)0 (X=ph, ) dp, dps,, +

_;j Dj {aNR(/h-, N, 0) +] BNHR(IH» "‘7ﬂN7ﬂN+1)

0 (Xn+1—Hy41)dp o(Xi-py)0(Xn
Opty*Ophy Opin410p1 Oty ( - NH) N !

—py)dpy - -dpy
(2.11)

where Lemma 2.2 was also used.
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Finally (2.11) becomes

R(Ov 0,0, O) + ot U(Xi_”i)dﬂi

oj aR(07 "'a07”[707 ) 07 O)
O
0

aR(07 ) 07#N+1)

3 0 (Xn1=tn1) A1
HN+1

OOy
a2R(07 50,00, OvﬂNJrl)
OOy 1y

o (X,v—/@) o (Xk —/,{k)d/ljd/,{k

0(Xi=p) 0 (Xn1~pig) Aty

a/"l a/"ma/"n

0
]azR(o,w,m W 0,0, 0, 0, 0)
0
0
0

)0 (X, )dpdps,, s,

J83R<0,~~,07/4,7 0,-,0,4,,,0,-+,0,44,,,0, -
0

T aSR(Ov =0, ,Mp 0, "307/4/(5 0, “'707/‘N+l)
+ O’(Xl'
000

OOy O 4

XU(XNH—MNH)d/‘/d/‘kd”NH +o

T [RO, 0, 0,-,0,4,,0,+,0,,,0, --,0,
+"'+J J jj ( My Fom o
O Op4,, 044, Oy 11
00 0 0

)0 (Xn=1,)0 (Xne1~pig1 ) bty A

J MRy, s py: 0)
0 opy Oty

aNHR(/"u” :/"NvI‘NH) o(X
Ot 119+ Oty

Thus, assuming expression (2.6) for N leads to the same expression for N +1. The
formula for N =1 also holds as described above. Therefore, (2.1) holds for any natural

number N.

The key is transforming integrands with Dirac delta functions to ones with Heaviside
step functions. It is represented by Lemma 2.1, which is intuitively understandable with
equality between sums of vertical stripes and sums of horizontal stripes under the tar-

get integrand F (Figure 1).

2.5. Lemmas
Lemma 2.1

oo

JF(MD Y PR 7”N)6(ﬂl_X dﬂz = (4“17 Mo 170 Hit1s ”'HMN)

o(Xi—p;)dp; ,

0 +J aF /'tl" aﬂm' '7/‘N)
0

where F is R or its derivatives.

o(Xi~py) o (Xn—py)dp -

1) "T(XN—ﬂN)‘T(XN+1—/4N+1)d/"1 edpndpy g -
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N AN
V AV

y
> X L > X

Figure 1 Equality between (A) sums of vertical stripes and (B) sums of horizontal stripes (positive
(red) and negative (green) contributions) under the target integrand.

Proof.
From (A1.2),

i

T T d
[ DXt = | El ) ol Xd
0 0

d
F(ﬂlv'”v/’{h” ,ﬂN)dM (X ”)dﬂt :

1

|
o3

If X; >0,
- . )
= | Fpyy oty ?/’tN)dM o(Xi—p)dp; = ~[F(py, sty 5 in )0 (Xi=p;) ]
) L
0 P
2 ey Xi—u)du.
+J ™ Fpy, o by s )0 (Xi—p;)dp,
\]
/ula "7°°7"'7”N)U(Xi_°°)+F(/’l1a"'7 7'”)/’LN)O-(XZ'_O)

0
87 (bys s gy ooy i )0 (Xi=p ) A,

OQ—.;B

With o(X; — o) = 0 and o(X; - 0) = 1, we obtain

T Dan/" 7“‘7”'7“‘7/"

JF(/"u~~.7/4[7'“7/41\1)5(/45_)(1’)‘1/41‘:F(/"p'“voy"'»ﬂN)Jr J (e aﬂ,l N)U(Xi—/f‘i)d/‘i-
1

0

If X; =0, the left-hand side of (2.13) is

JF(ﬂlv'”v/"iv'”,/"N) u=Xi)du; = | F(py, sty o5 tin) 8 (1) dp
0

o:——;B

(/"17 .“’Mi—1707lui+17 ”'HMN)
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whereas the right-hand side of (2.13) is

yHis ,,’/lN) U(Xi_ﬂi)dﬂj

oF (uy,
(ﬂlv M 0y i "'vP‘N) + J ! ;
0

OF (s, thyy
(Hys s ﬂN)0_<Xi_”i)dﬂi

0
:F(P‘1»""ﬂi-1a0,ﬂi+1a"'aﬂN)+ J o,
0
aF ) : ’ ) ’
n J (41 /4, i) o (Xt ),
0<
F(/'ilv M 1,0, Hir1s '”aﬂN) +0+0= F(/”l? '”aﬂi—1707/"i+17 '”a/'tN) :
(QE.D.)
Lemma 2.2
aaR(...’ﬂi’ ”‘7/"]’7 ...) aaR(”‘7/’l[7 ...7”1471’07/‘144»17 ...)
U 4y=0 Ut ’
(i#)
where a =a; + - - - + an and ;>0 is a natural number
Proof.
Since derivatives of R is continuous,
aaR('“HuH“"/’tjf“) . aRd(.."ﬂ”‘.."Mﬂ.“)
o = lim o
iz /,{1,':'0 ,bll—>0 Ui
(i=f) (i#))
1 9% 1R 9% 1R
= i li I S SR MR S AN SUPR
//lli];lo hlj»%h{ aﬂ;xﬁl.”( 7”1+ k] ) "‘aﬂ?rl"'( )/’lz’ )}
(i)
= lim (rp—0)
/‘/_’0
(i#f)
(2.14)

Where (7, _ o) is a sequence of functions. The sequence of function (r;, _, o) converges

FR( - ppi oty ) e o1 e
uniformly to T for y;and j = i. Slmllarlyﬂljgo 3 {maﬂfﬂ_“ <...7/4l, R, >_
(i=))
g;i ( Sl s )} converges pointwise for / to %{ ,gﬂ“:R“ ( it hy _
0, )— gﬂalRl ("‘a//li, =0, )} since it is continuous. Therefore, the order of

the limits can be interchanged (Rudin 1976). Finally (2.14) be
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lim (Vhao): lim lim 1 aa—lR aa—lR
#—0 PO =0 S (s ey ) s (e g

= iy ;{ﬁ("'7ﬂf+h»"‘vﬂf—°v );i(,,%:o )}

aaR<"'7/‘i7 ""/4/—1707/4/‘+17 )
YL :

(QE.D)

3. Conclusions

We have demonstrated the decomposition of a multivariate function as a sum of integrals
of which each integrand is composed of a derivative and a direct product of Heaviside step
functions. The expression offers a rigorous formalism by using only bounded functions
without the Dirac delta and Schwartz distributions; applications in approximation theory
of functions using the Heaviside step or sigmoid functions with suitable parameters and di-
mensionality; and potent applications to mathematical methods in physics and engineering.

Appendix
Some well-known formula related to the Heaviside step function appeared in the main text:
o(-X) = 1-0(X). (Al.1)
Proof.
If X>0,

o(-X) =0=1-0(X).
If X<0,

o(-X) =1=1-0(X).

If X=0,
X) = 1_ 1-0(X
o(-X) = 5 = 1-0(X)
(QED.)
do(u-X) _ do(X-p)
a - e (A1.2)
Proof.
From (Al.1),

o(u-X) = 1-0(X-p).

Therefore, by differentiating both sides,

do(u-X) _ do(X-u)

du du

(QE.D)
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