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Abstract

We consider a nonlinear elliptic equation driven by a nonhomogeneous partial
differential operator with Robin boundary condition and a convection term. Using a
topological approach based on the Leray-Schauder alternative principle, together
with truncation and comparison techniques, we show the existence of a smooth
positive solution without imposing any global growth condition on the reaction term.
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1 Introduction
Let @ C RN be a bounded domain with a C?-boundary 92, and let 1 < p < +c0. In this

paper we study the following nonlinear nonhomogeneous Robin problem with convection:

—diva(Du(z)) =f(z,u(z), Du(z)) in <, (L1)
T+ BDulz)P =0 on a2, u > 0.

In this problem, a: RN — RN is a continuous and strictly monotone map which satis-
fies certain regularity and growth conditions listed in hypotheses H(a) below. These hy-
potheses are mild and incorporate in our framework many differential operators of interest
such as the p-Laplacian and the (p, g)-Laplacian (that is, the sum of a p-Laplacian and a
q-Laplacian with 1 < g < p < 00). The forcing term has the form of a convection term, that
is, it depends also on the gradient of the unknown function. This dependence on the gra-
dient prevents the use of variational methods directly on equation (1.1). In the boundary

condition, ;’7‘; denotes the conormal derivative of  and is defined by extension of the map

C'Q)sur— (a(Du),n)RN
to all u € W'?(Q), with x being the outward unit normal on 3. This generalized normal
derivative is dictated by the nonlinear Green’s identity (see, e.g., Gasiniski and Papageor-
giou [1, Theorem 2.4.53, p. 210]) and was used also by Lieberman [2, 3].
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Problems with convection were studied in the past using a variety of methods. We men-
tion the works of de Figueiredo et al. [4], Girardi and Matzeu [5] for semilinear equations
driven by the Dirichlet Laplacian; the works of Faraci et al. [6], Huy et al. [7], Iturriaga et al.
[8] and Ruiz [9] for nonlinear equations driven by the Dirichlet p-Laplacian; and the works
of Averna et al. [10], Faria et al. [11] and Tanaka [12] for equations driven by the Dirichlet
(p,q)-Laplacian. Finally, we mention also the recent work of Gasiniski and Papageorgiou
[13] for Neumann problems driven by a differential operator of the form div(a(u)Du).

In this paper, in contrast to the aforementioned works, we do not impose any global
growth condition on the convection term. Instead we assume that f(z, -, y) admits a positive
root (zero) and all the other conditions refer to the behavior of the function x — f(z,x, )
near zero locally in y € RN, Our approach is topological based on the Leray—Schauder
alternative principle.

2 Mathematical background—hypotheses
In the analysis of problem (1.1) we will use the following spaces:

WP(Q) (1<p<o0), CHQ)and L1(3Q) (1 <gq < o).

By || - || we denote the norm of the Sobolev space W'?(Q2) defined by
huel = (Il + 1Dul)? Ve € W2(Q).

The Banach space C1(2) is an ordered Banach space with positive (order) cone given by
C, = {u eCYQ):u(z) >0forallz e ﬁ}

This cone has a nonempty interior
. ou . _1
intC, ={ueC, :u(z)>0forall z € Q, a—lamu-1(0) <0ifaQNu"(0) #0
n

which contains the set
D, = {ue C, :u(2) >0forallze§}.

In fact D, is the interior of C, when C'(R) is equipped with the relative C(£2)-norm topol-
ogy.

On 92 we consider the (N — 1)-dimensional Hausdorff (surface) measure o (-). Using this
measure, we can define the boundary Lebesgue spaces L7(92) (1 < g < 00) in the usual
way. We have that there exists a unique continuous linear map yp: W (Q) — L#(3Q)
known as the trace map such that

volu) = ulaq  Yue W (Q)NC(Q).

So, the trace map y, extends the notion of boundary values to any Sobolev function. We
have

. Lp 1 1 1p
imyy=W?"(3Q) l; + 17 =1) and kery,=W,"(Q).
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The trace map y, is compact into L7(3<2) for all ¢ € [1, %) if p < N and into L9(0%2) for
all g € [1,00) if p > N. In what follows, for the sake of notational simplicity, we drop the
use of the trace map yy. The restrictions of all Sobolev functions on 9<2 are understood in
the sense of traces.

Now we introduce the conditions on the map a(). So, let € C(0, 00) and assume that

<¢ and <o) < cz(tr‘1 + tp‘l) Vt>0 (2.1)

0<c<
= <

forsome 1<t <p,c,c>0.
The hypotheses on the map a(y) are the following:
H(a): a(y) = ao(|y|)y for all y € RN with ao(¢) > 0 for all £> 0 and
(i) ag € CH0,00), t —> ao(t)t is strictly increasing on (0, oo) and

ay(t)t
lim ao(t)t=0 and lim o® =c
t—0* =0+ ap(t)

(ii) there exists c3 > 0 such that

B (lyl)
[yl

|Va(y)| <cs vy e RN\ {0}

(iii) we have

g
(Va()§,6)pn = %I%‘I2 vy e RM\ {0},§ e RY;

(iv) if Go(2) = fot ao(s)sds, then there exists g € (1, p) such that

1
t— Gy (ﬁ) is convex on R, = [0, +00),

qGo(t)
m

1 =c >0
t—0+t 4

and
0 < pGo(t) — ap(t)t> Vt> 0.

Remark 2.1 Hypotheses H(a)(i), (ii) and (iii) are dictated by the nonlinear regularity the-
ory of Lieberman [3] and the nonlinear strong maximum principle of Pucci and Serrin [14].
Hypothesis H(a)(iv) serves the needs of our problem. The examples given below show that
hypothesis H(f)(iv) is mild and it is satisfied in all cases of interest. Note that hypotheses
H(a) imply that Gy is strictly increasing and strictly convex. We set

G(y) =Go(lyl) VyeRN.

We have

VG(y) = Gg(m)'z—| =ao(lyl)y =a(y) VyeR¥\ {0}
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So, G(-) is the primitive of a(-) and y —> G(y) is convex with G(0) = 0. Hence

G() < (a(),y)gn ¥y RN, (2.2)

Such hypotheses were also used in the works of Gasinski et al. [15] and Papageorgiou and
Radulescu [16-18].

The next lemma is an easy consequence of hypotheses H(a) which summarizes the basic

properties of the map a.

Lemma 2.2 [fhypotheses H(a)(i), (ii) and (iii) hold, then
(a) y+—> aly) is continuous and strictly monotone (hence maximal monotone, too);
() 1a@)| < ca(1 + |y|P7Y) for all y € RN, for some cq > 0;
© @O)y)ev = Syl forally € RN

Using this lemma together with (2.1) and (2.2), we have the following bilateral growth

restrictions on the primitive G.

Corollary 2.3 If hypotheses H(a)(i), (ii) and (iii) hold, then

PP <G) <cs(L+1yl’) VyeRN

(p 1)
for some c5 > 0.

Example 2.4 The following maps a satisfy hypotheses H(a) (see Papageorgiou and Rad-
ulescu [16]).
) a(y) = |y|P2y with 1 < p < 00;
The map corresponds to the p-Laplace differential operator

Apu =div(|DulP*Du)  Yu e W(Q).

) a(y) = [yPP~y + |y|"?y with 1 <g < p < 00.
This map corresponds to the (p, q)-Laplace differential operator

Apu+Aju Vue WP (Q).

Such operators arise in problems of mathematical physics (see Cherfils and II'yasov
(19]).
(©) a(y) =1+ y») 7 ywith 1 <p < co.
This operator corresponds to the generalized p-mean curvature differential
operator

p-2

div((1+|Dul?) * Du) Yue W'(Q).

a(y) = [ylP2y( 1+1+||2)With1<p<oo_
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In what follows, by (-,-) we denote the duality brackets for the dual pair (W?(Q)*
WLP(Q)). Let A: W*(Q) — WP(Q)* be the nonlinear map defined by

(A(u),h) = / (a(Du),Dh)on dz Vu,h € WP(Q).
Q

The next proposition is a special case of a more general result of Gasinski and Papageor-
giou [20].

Proposition 2.5 If hypotheses H(a)(i), (ii) and (iii) hold, then the map A: W'(Q) —
WLP(Q)* is bounded (that is, maps bounded sets to bounded sets), continuous, monotone

(hence maximal monotone, too) and of type (S),, that is,

“if uy, s uin WP (Q) andlimsup,,_, , . (A(u,), u,—u) <0, then u,, — win W (Q)”

The hypotheses on the boundary coefficient 8 are the following:
H(B): BeC*>(0Q)with @ € (0,1) and B(z) > 0 for all z € 9RQ2.

Remark 2.6 When B = 0, we recover the Neumann problem.

Let 9,: W(Q2) — R be the C*-functional defined by
Oq(u) = | Dul|? + / B@)|ul’do  Yue WH(Q).
e
Also, we consider the following nonlinear eigenvalue problem:

—Aqu(z) =Mu(2)|u(z) in L,

;’T”q+ﬁ(z)|u|q‘2u:0 on 4L

Here 1 < g < +ooisas in hypothesis H(a)(iv) and 087”; = |Du|?%(Du, n)gn . If the above Robin
problem admits a nontrivial solution, then we say that X is an eigenvalue of —A, with
Robin boundary condition and the nontrivial solution % is an eigenfunction corresponding
to . From Papageorgiou and Ridulescu [17], we know that 7 € L*(%2), and then from
Theorem 2 of Lieberman [2] (see also Lieberman [3]) we have that % € C' ().
From Papageorgiou and Radulescu [21], we know that there exists a smallest eigenvalue
/):l(q) such that:
o M () > 0 and it is isolated in the spectrum &(g) (that is, we can find & > 0 such that
(’)tl(q),/)tl (q) + &) NG (g) = @) and if B =0 (Neumann problem), then e (¢) = 0, while if
B #£0, then /A\l(q) > 0.
o M (g) is simple (that is, if 7,V are eigenfunctions corresponding to M (q), thenuw=§&v
for some & e R\ {0}).

« we have

Vq(u)

lluel|

ng) = inf{ cue WH(Q),u ;zo}. (2.3)
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The infimum in (2.3) is realized on the one-dimensional eigenspace corresponding to
’)tl(q). It follows that the elements of this eigenspace have constant sign. By % (g) we de-
note the L7-normalized (that is, [[#1(g)ll; = 1) positive eigenfunction corresponding to
Xl(q). We have %;(g) € C, and, using the nonlinear strong maximum principle (see, e.g.,
Gasiniski and Papageorgiou [1, p. 738]), we have u;(g) € D,. An eigenfunction % corre-
sponding to an eigenvalue/): # o (q) is necessarily nodal. Sometimes, in order to emphasize
the dependence on 8, we write 1\1 (q,8) = 0.

Recall that a function f: Q x R x RN — R is Carathéodory, if

o forall (x,y) € R x RN, z+—> f(z,x,y) is measurable;

« foraa.ze Q, (x,y) — f(z,%,) is continuous.

Such a function is automatically jointly measurable (see Hu and Papageorgiou [22,
p. 142]).

The hypotheses on the convection term f in problem (1.1) are the following:

H(f): f: Q@ x R x RN — R is a Carathéodory function such that f(z,0,y) = 0 for a.a.

ze€ Q,allye RN and
(i) there exists n > 0 such that

flz,n,y) =0 foraa.zeQ, allyeRY,
(z,%,9)>0 foraa.zeQ, alo<x<n, alyeRYN,
¥ y

flz,x,y) <C1+ Gyl foraa.zeQ, al0<x<n, ally e RN,

with¢; >0, < I%;

(ii) for every M > 0, there exists ny € L*°(S2) such that

nm(z) > chi(g) foraa.ze Q,nu#ca(g),

limint/ &%)
x—0t x‘l*l

> nm(z) uniformly foraa. ze @, all [y| <M

(here g € (1, p) is as in hypothesis H(a)(iv));
(iii) there exists &, > 0 such that, fora.a.ze Q,ally e RY, the function

x> f(z,%,y) + ExP "
is nondecreasing on [0, 7], for a.a. z € @, all y € RY and
1 1
Wflz S0y | <f(@x.y) (24)
and
1
f(Z) x,)’) 5 )‘-pf<z1 X, Xy)

foraa.ze Q,all0<x<n,allye RN andall » € (0,1).



Bai et al. Boundary Value Problems (2018) 2018:17 Page 7 of 24

Remark 2.7 Since we look for positive solutions and all the above hypotheses are for x > 0,
without any loss of generality, we assume that

flzx,9) =0 foraa.zeQ, allx<0, allye RN,

Note that (2.4) is satisfied if, for example, for a.a. z € 2, all y € R, the function x —> %
is nonincreasing on (0, +00).

Example 2.8 The following function satisfies hypotheses H(f). For the sake of simplicity,
we drop the z-dependence:

Fly) N —x )+ - PP if0<x <1,
x,y) =

(" Inzx)|y|? if1<x,

with 5 > c*').:l(q) >0, p<min{r, u}, c< ﬁ, l<1<o00.

As we have already mentioned, our approach is topological based on the Leray—
Schauder alternative principle, which we recall here (see, e.g., Gasiniski and Papageorgiou
[1, p. 827]).

Theorem 2.9 If X is a Banach space, C C X is nonempty convex and 9: C — Cisa
compact map, then exactly one of the following two statements is true:

(@) O has a fixed point;

(b) theset S(¥) ={u e C:u=r3(u),r €(0,1)} is unbounded.

Finally, let us fix our notation. For x € R, we set xF = max{=£x,0}. Then, given u €
WP(Q), we define u*(-) = u(-)*. We know that

ut e W (Q), u=u"-u, || =u +u".
Also, if u € W?(Q), then
[0,u] = {h e W(Q):0<h(z) <ulz) foraa.ze Q}

3 Positive solutions

Consider the following truncation-perturbation of the convection term f(z, -, y):

+\p-1
Fzx,y) = flzxy) + &P ifx<n, o
fzn,y) +&m7! ifn <.

Evidentlyf is a Carathéodoty function.
Given v € C}(R2), we consider the following auxiliary Robin problem:

—diva(Du(z)) + &,u(z)P! =f(z,u(z),Dv(z)) in€,

, (3.2)
adTIZ +B@u(z)P =0 on 32, u > 0.
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Proposition 3.1 If hypotheses H(a), H(B) and H(f) hold, then problem (3.2) admits a
positive solution u, € [0,n] N D,.

Proof Let
Eoz,x) = /0 xf(z, 5,Dv(z)) ds
and consider the C!-functional ¢,: W'?(Q) — R defined by
o) =/ G(Du)dz + é—"||u||5+ 1/ B(2)|ul do -/’ﬁv(z,u)dz
Q p P Jaa Q

for all u € W?(Q). From (3.1), Corollary 2.3 and hypothesis H(B), we see that @, is coer-
cive. Also, using the Sobolev embedding theorem, the compactness of the trace map and
the convexity of G, we see that @, is sequentially weakly lower semicontinuous. So, by the
Weierstrass—Tonelli theorem, we can find uz, € W?(Q) such that

av(uv) = inf
Lp

ov(u). (3.3)
ueWhr(Q)

Let M > ||v||c1 ). Hypothesis H(f)(ii) implies that given & > 0, we can find § € (0, ] such
that

f@x,y) > (nm(z) — )" foraa.zeQ, all0<x <34, all |y| <M,
S0
?(z,x,Dv(z)) > (nM(z) - e)xq_l + S,,xp_l foraa.zeQ,all0<x<$§

(see (3.1)) and thus

o~

F)(z,x) > (nM(z) - s)xq + E—”xp fora.a.ze Q, all0 <x <4. (3.4)
p

R |-

Hypothesis H(a)(iv) implies that

*

c+¢e

GO) = L9 forall |yl <. (3.5)

Since 71 (q) € D,, we can find ¢ € (0, 1) small such that
i, (q)(z) € (0,8], t|Di(q)(z)| <8 VzeQ. (3.6)

Then we have

c*+¢

. t1
(@) < g -1 / (nui(2) = )7 (q)" de
q Ja

IA

¢ ~ ~
7 </Q (c*21(q) — nm(2))t1 (q)7 dz + 8)»1(!1)) 3.7)
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(recall that [|#:1(g)|l4 = 1). Using hypothesis H(f)(ii) and the fact that %, (¢) € D,, we have
o= [ (i)~ Tat@)n (@ dz> 0,
Q
Then from (3.7) we have

o (e (q)) < — (=10 + £21(9)).

SR

. 0
Choosing ¢ € (0, 71(_11))’ we see that

o(t(9) <0,
S0
@) <0=9,(0),
thus
u, Z0.
From (3.3) we have
@, () =0,
)
(A(uv),h> +§,7/ | |P 2, b dz+/ B(2)|uy P 2u,hdo
Q a0
= fg Fzu, DVhdz Vhe WY (Q). (3.8)

In (3.8) we choose & = —u; € W'?(Q). Using Lemma 2.2 and (3.1), we have

1
p-1

| Do, [, + &l [, <0,
SO
u, >0, u, #0.
Next in (3.8) we choose / = (u, — )" € W?(Q). Then
(A =)y [ - e [ ot ) do

- / (Fem DY) + £y )ty = 1) de + / £y — )" dz
Q Q
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(see (3.1) and hypothesis H(f)(i)), so
(A = A0 ))& [ (0= ), )" de <0
(see hypothesis H(8) and note that A(n) = 0), thus
uy, < 1.
So, we have proved that
uy € [0,7]. (3.9)
Then, from (3.1), (3.8) and (3.9), we have
(A(uy), h) + /;Q,B(z)ulv”lh do = /Qf(z, u,,DV)hdz Yhe WY (Q),
)

—diva(Du,(2)) = f(z,u,(z),Dv(z)) fora.a.ze€ Q,

;‘% +B@u, (21 =0 on 9Q

(3.10)

(see Papageorgiou and Riddulescu [21]). From (3.10) and Papageorgiou and Radulescu [17],
we have

u, € L*(Q).
Then from Lieberman [3] (see also Fukagai and Narukawa [23]), we have
uy € C, \ {0}.
Hypothesis H(f)(iii) implies that
flz,x,y) + é,,x”’l >0 foraa.zeQ,all0<x<np,allye RV,
Then from (3.10) we have
diva(Du,(2)) < &u,(z)"" foraa.zeQ. (3.11)

From (3.11), the strong maximum principle (see Pucci and Serrin [14, p. 111]) and the

boundary point lemma (see Pucci and Serrin [14, p. 120]), we have u, € D,. O

Next we show that problem (3.2) has a smallest positive solution in the order interval
[0, 7]. So, let

S, = {u e WYP(Q):u #0,u € [0,1] is a solution of (3.2)}.
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From Proposition 3.1 we know that
B#S, C [0,n] N D,.

Given ¢ > 0 and r € (p, p*), where

Nj .
e N_f; ifp<N,
+o0 ifN<p

(the critical Sobolev exponent corresponding to p), hypotheses H(f)(i) and (ii) imply that
we can find ¢ = c¢(e, 7, M) > 0 (recall that M > ||[v||c1(g)) such that

f(z,x,Dv(z)) > (nM(z) - s)xq’l —cex’! foraa.zeQ, allo<x<n. (3.12)

This unilateral growth restriction on f(z, -, Dv(z)) leads to the following auxiliary Robin

problem:

—diva(Du(2)) = (qm(z) — &)u(z)?™ — ceu(z)! inQ,

(3.13)
o+ B2zl =0 on 9, u > 0.

Proposition 3.2 If hypotheses H(a) and H(B) hold, then for all ¢ > 0 small problem (3.13)
admits a unique positive solution u* € D, .

Proof First we show the existence of a positive solution for problem (3.13). To this end, let
¥ : WH(Q) — R be the C!-functional defined by

¥ (u) = /Q G(Du)dz + }) a5 + }9 /mﬁ(z)lulpda
- 511 /Q(nM(z) —&)(u*) dz+ 676||u+ ||§ Yu e W (Q).

Using Corollary 2.3, we obtain

c C c _ 1, _
R L R P A L P
1

——/Q(nM(z)—s)(M)qdz,

q

SO

¥(w) = crllull” - cs(llull? +1)

for some c7, cg > 0. Since g < p, it follows that ¥ is coercive. Also, from the Sobolev embed-
ding theorem, the compactness of the trace map and the convexity of G, we have that
is sequentially weakly lower semicontinuous. Invoking the Weierstrass—Tonelli theorem,
we can find u* € W#(Q) such that

W(u*)z iI]lf ¥ (u). (3.14)
ueWwlr(Q)
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As in the proof of Proposition 3.1, using the condition on 7, (see hypothesis H(f)(ii)), we
show that, for ¢ € (0,1) and ¢ > 0 small, we have

v (ti(q)) <0,
50

V(') <0=v(0)
(see (3.14)), thus

u* #0.
From (3.14) we have

Y/ (u*) =0,

so, for all # € W?(Q2), we have

() |

Q

, /g (na1(2) = &) (1)) hde = cq / (u*)") " hete. (3.15)

Q

((u*)_)p_lh dz + / B(z) |u* |p_2u*h do
a0

In (3.15) we choose /1 = —(u*)~ € W?(Q). Then

1
p-1

[D() [, + ()", <0
(see Lemma 2.2 and hypothesis H(B)), so
u* >0, u* #0.

Hence (3.15) becomes

{A(u*), h)+ ﬂ(Z)(u*)P—lhdo:/;Z(HM(Z)_S)(M*)q—IhdZ_%/(u*)r-1hdz

Q2 Q

for all # € W2 (), thus

‘—div a(Du*(2)) = (nm — &) () (2)7" — co(u*)(z) ! foraa.zeQ, (3.16)

My B =0 on 9, u>0

(see Papageorgiou and Ridulescu [21]). As before, via the nonlinear regularity theory, we

have

u* € C,\ {0}
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From (3.16) we have

diva(Du*(2)) < cq|u* ||;_qu*(z)‘”’1 foraa.zeQ
(recall r > p), so

u*eD,

(see Pucci and Serrin [14, pp. 111, 120]).
Next we show that this positive solution is unique. For this purpose, we introduce the
integral functional j: L'(2) — R = R U {+00} defined by

W) Ja G(Dué)dz+}%fmﬂ(z)u§ do ifuzO,ué e W (Q),
J\u) =
+00 otherwise.

Let dom;j = {u € L}(R) : j(u) < +00} (the effective domain of the functional j) and consider
uy, uy € domj. We set u = (1 — t)u; + tuy with ¢ € [0,1]. Using Lemma 1 of Diaz and Sad
[24], we have

|Du(z)% { < ((1 - t)|Du1(z)% |q + t|Du2(z)$ |q)% fora.a.z € Q.

Recalling that Gy is increasing, we have

1 1

G0(|Du(z)% |) < Go(((l - t)|Du1(z)% ‘q + t|Du2(z)5 |q) q)

< (1= 0Go(|Dus (2)7 |) + tGo (| Dur(2) 7))
(see hypothesis H(a)(iv)), so
G(Du(z)%) <(1- t)G(Dul(z)%) + tG(DMQ(Z)%) fora.a.z €,

1
thus the map domj > u +— [, G(Du?)dz is convex.
Since g < p and B > 0, it follows that the map domj > u — 1% [ra ;‘5(2)14157 do is convex.
Therefore the integral functional j is convex.
Suppose that z* is another positive solution of (3.13). As we did for *, we can show that

uteD,.
Hence, given & € C}(Q) for |¢| small, we have
u* +thedomj and u*+thedomj.

Using the convexity of j, we can easily see that j is Gateaux differentiable at #* and at 7* in
the direction /. Using the chain rule and the nonlinear Green’s identity (see Gasiniski and

Papageorgiou [1, p. 210]), we have

J (u*)(h) = 1 hdz Vhe CYQ)

/ —diva(Du*)
qJa

(u*)q—l
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and

j @) = L hdz VheC'@).

/ —diva(Du*)
qJa

(@)at
The convexity of j implies the monotonicity of j'. Therefore

1 —div(Du*) —diva(Du*) . s
055/9( @y T @y )((” )@Y ae

< % [ (- ) () - @)

q Ja

(see (3.13)), so

(since g < p < r). This proves the uniqueness of the positive solution u* € D,. g
Proposition 3.3 If hypotheses H(a), H(B), H(f) hold and u € S,, then u* < u.

Proof We consider the Carathéodory function e: 2 x R — R defined by

(Mm(2) — &) (") — o) + &, ("W ifx < u(z),

(3.17)
(m(2) — &)u(2)1™! — cou(z) ™! + Eu(z)Pt if u(z) <.

e(z,x) =

We set
E(z,x) = /Ox e(z,s)ds
and consider the C!-functional t: W?(Q2) — R defined by
T(u) = / G(Du)dz + S—'7||1,t||§ + 1 B@)|ulf do —/ E(z,u)dz Vue WYP(Q).
Q p b Jag Q

From (3.17) it is clear that 7 is coercive. Also, it is sequentially weakly lower semicontin-
uous. So, we can find 77" € W1#(Q) such that

r(ﬁ*): inf  t(h). (3.18)
hewlr(Q)

As before, since g < p < r, we have
(") <0=1(0),
)

i 0.
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From (3.18) we have

SO
(A@"),n) + &, / | ["*# hdz + f B@)[#* [ u* hdo
Q aQ
:/ e(z, %" )hdz VYhe WY(Q).
Q

In (3.19) first we choose & = —(71*)~ € W?(Q). Then

C1
p-1

D~**P ~x\" ||P ~**Pd -0
IpG) I+& @) 1+ [ pe@) ) do
(see (3.17)), so

>0, w40

(see hypothesis H(B)).
Next in (3.19) we choose & = (7* — u)* € W?(2). Then

(AGE), (7 - ) )+ &, / (@) - ) de
Q
+ / ;8(2)(7‘)1771 ('ii* - u)+ do
a0
= f (nm(2) — &)ut™ — cou’™) (0" - u)" dz
Q
< /f(z, u,Dv)(ﬂ* - u)+ dz
Q
= <A(u), (w* - u)+) +&, / u”’l(ii* - u)+ dz
Q
p=1 (7% _ + d
+ /;Q,B(z)u (u u) o
(see (3.17), (3.12) and recall that u € S,), so
(AE) A, @ =)'+ 6, [ (@) -0 @ - ) de <0
Q
(see hypothesis H(B)), thus
ut<u.
We have proved that

e [0,u]\ {0).

Page 15 of 24

(3.19)

(3.20)
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Then, from (3.17) and (3.20), equation (3.19) becomes
(A, B+ /a _BE@) hdo
- /Q (n1(2) = ) (@) = o) Ve Vhe WH(Q),
so i* = u* (see Proposition 3.2), thus

u* <u. O

Using this proposition, we can show that problem (3.2) admits a smallest positive solu-
tion %, € D, on [0, 1].

Proposition 3.4 Ifhypotheses H(a), H(B), H(f) hold, then problem (3.2) admits a smallest
positive solution i, € D,.

Proof Invoking Lemma 3.10 of Hu and Papageorgiou [22, p. 178], we can find a decreasing
sequence {u,},>1 C S, such that

infS, = Vllrg Uy. (3.21)
For all # > 1, we have

(A(un),h) + /m B@ul hdo = /S;f(z, U, DVhdz Yhe WP (Q), (3.22)
)

u <wu, <n. (3.23)

Then, on account of hypotheses H(f)(i), H(8) and Lemma 2.2, we have that the sequence
{tty}n=1 € WP(Q) is bounded. Passing to a subsequence, we may assume that

Un —> 7, inWY(Q) and wu, —> 7, inI?(S)and in LP(3<). (3.24)
In (3.22) we choose ki = u,, — %, € W?(2), pass to the limit as # — oo and use (3.24). Then
lim (A(up), un =) = 0,
n—+00
)
U, — , in W(Q) (3.25)

(see Proposition 2.5). If in (3.22) we pass to the limit as # — +00 and use (3.25), then

(A(ﬁv),h>+ B hdo = ff(z,ﬁv,Dv)hdz Vhe W (Q),
a0 Q

so u* <, (see (3.23)).
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From the above it follows that
u,€S, and 7, =infS,. a
Let
C={ueC'(Q):0=<u(z) <nforallzeQ},
and let ¥ : C — C be the map defined by
?(v) = u,.
A fixed point of this map is clearly a positive solution of problem (1.1). We will produce

a fixed point for ¥ using the Leray—Schauder alternative principle (see Theorem 2.9). To

this end, we will need the following lemma.

Lemma 3.5 Ifhypotheses H(a), H(B), H(f) hold, {v,},>1 € C,v, — vin C}(Q) andu € S,,
then we can find u, € S, for n > 1 such that u, — u in C*(Q).

Proof Consider the following nonlinear Robin problem:

—diva(Dw(z)) + &, |w(z) P2 w(z) =f(z, u(z),Dv,(z)) in €,

. , (3.26)
o +B@)|wPPw=0 ond2,n> 1.
Since u € S, C [0,n] N D,, we see that
F(u(-),Dv,()) #£0 ¥n=>1
(see (3.1)) and

?(Z,M(Z),DV,,(Z)) >0 foraa.zeQ, allu>1

(see hypothesis H(f)(i)). Therefore problem (3.26) has a unique nontrivial solution u° €
D, . Also we have

(AGL), (12— n)) + &, /Q (W) (- )" de
o[BG ) do
I
:/(f(z,u,DV,,)+§,]up_1)(u2—n)+dz
Q
5/(f(z,n,Dvn)+€nn"‘l)(u2—n)+dz
Q

_ /Q £ 1l — )’ dz
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(see (3.1), hypotheses H(f)(iii) and (i) and recall that # € S, € [0,n] N D, ), so
(A () = AM), (uy )"} + & / (@) =)~ ) dz=0
Q
(see hypothesis H(8) and note that A(n) = 0), thus

0
u,

=n.
So, we have that

u?e[0,n]\ {0} Vr>1.

Moreover, the nonlinear regularity theory (see Lieberman [3]) and the nonlinear maxi-

mum principle (see Pucci and Serrin [14]) imply that
uel0,n]ND, VYn>1. (3.27)
We have

—diva(Dul(2)) = f(z, u(z), Dv,(z)) foraa.ze %,
duy B0 =0 on 9.

dng

(3.28)

Then {u2},-1 € W'#(Q2) isbounded (see (3.27), (3.28), Lemma 2.2 and hypothesis H(f)(i)).
So, on account of the nonlinear regularity theory of Lieberman [3], we can find p € (0,1)
and ¢9 > 0 such that

u?, e CY"(Q) and ||u2 ||CLM(§) <c Vn>1.

The compactness of the embedding C*(Q) € C!(Q) implies that we can find a subse-

quence {;) }x=1 of the sequence {u},>1 such that
ugk — T in CHQ)ask — +oo.
Note that

—diva(Du’(2)) = f(z,u(z), Dv(z)) fora.a.ze€ R, (3.29)
% +Bl)@°P1=0 on Q. '
Since u € S, solves (3.29) which has a unique solution, we infer that

Y-ues,

U

Hence, for the original sequence { u?,}nz 1, we have

ug — u in CYQ)asn — +o0.
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Next consider the following nonlinear Robin problem:

o~

—diva(Dw(z)) + &, |w(z2)|P*w(z) = f(z, u%(2), Dvu(2)) inQ,

2?7"; +B@)|wP2w=0 ondQ,n>1.
As above, we establish that this problem has a unique solution
ul€0,n]ND, Vn>1.
Again we have
uil —u inCY{Q)asn— +o0.
Continuing this way, we generate a sequence {uX} ,>1 such that

—diva(Duk(z)) + &,uk (z)P! =1z, uk=1(z),Dv,(2)) inQ,

iy o (3.30)
T+ @)y =0 on a2, mk>1,
uk e[0,n]ND, VYmk=>1 (3.31)
and
u]; —u inCYQ)asn— +ooVk>1. (3.32)

Fix 1 > 1. As before we have that the sequence {uX};>1 € C}(R) is relatively compact. So,
we can find a subsequence {uﬁm}mzl of the sequence {Mﬁ}k31 such that

uf{” — %, inCYQ)asm— +00,
S0

—diva(Dii,(2)) + &,1,(z)P ! :f(z, u,(2),Dv,(z)) foraa.zeQ,

% ~p—1 (3.33)
g%’;hﬁ(z)u’f, =0 ondQ,n>1

(see (3.30)). Using the nonlinear regularity theory of Lieberman [3], (3.32) and the double
limit lemma (see Aubin and Ekeland [25] and Gasiniski and Papageorgiou [26, p. 61]), we
have

U, — u inCYQ),
so

i, €[0,n]ND, Vn=>ny,

and thus

Uu,€8,, Vn>ny and u,— u in cl(Q). O
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Using this lemma, we can show that the map ©: C — C defined earlier is compact.
Proposition 3.6 Ifhypotheses H(a), H(B), H(f) hold, then the map ¥ : C — C is compact.

Proof First we show that ¥ is continuous.
So, suppose that v, — v in CY(Q), {v,},>1 € C, v e C, and let %, = ¥ (v,) for n > 1. We

have

—diva(Du,(2)) = f(z,U.(2), Dv,(2)) fora.a.ze€ <,

" S R (3.34)
S 1 B(2)ikn(2) ' =0 on 9Q,u, € [0,n],n> 1.

From (3.34) we see that {7,,},~1 € W'?(Q) is bounded and so, according to Lieberman [3],

we can find t € (0,1) and ¢y > 0 such that

U, €CY(Q) and [#nllcie@ <c0 Vn=1.
So, we may assume that

U, — 7 in CHQ)asn— +00. (3.35)
In (3.34) we pass to the limit as # — 0o and use (3.35). Then

—diva(Du(z)) =f(z,u(z),Dv(z)) fora.a.ze€ g,

o o (3.36)
g+ BuzP =0 on 9%2.
From Proposition 3.3 we have
u*<u, Vn>1
(in this case M > sup,,.; [[vallc1m), sO
ut<u
(see (3.35)), thus
ues,. (3.37)
We claim that % = ¥ (v). According to Lemma 3.5, we can find u, € S,,, n > 1, such that
u, — () in CY{(Q)asn — +oo. (3.38)

We have

Uy =00y <u, Yn>1,
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s0
u<9()

(see (3.35) and (3.38)), thus
T=0W)

(see (3.37)), and hence ¥ is continuous.

Next we show that ¢ maps bounded sets in C to relatively compact subsets of C. So, let
B C C be bounded in C!(€2). As above, we have that the set ¢ (B) € W#(Q) is bounded.
But then the nonlinear regularity theory of Lieberman [3] and the compactness of the
embedding C'*(Q2) € C}(Q) (with 0 < s < 1) imply that the set ©#(B) € C!(RQ) is relatively
compact, thus 9 is compact. g

Now we are ready for the existence theorem.

Theorem 3.7 If hypotheses H(a), H(B), H(f) hold, then problem (1.1) admits a solution
uel0,n]ND,.

Proof We consider the set
S@W) = {ue C:u=2%u),0< i< 1}.

If u € S(9), then

1
Zu=0(u),
)\u (u)

SO

1 Pl
<A(—u>,h> N / ﬂ(z)(f) hdo = /f(z, E,Du)hdz Vhe W'(Q).  (3.39)
A Ffe! A Q A
In (3.39) we choose i = § € WLP(Q). Using Lemma 2.2 and hypothesis H(f), we have
a u\ |? u u u
D —) < /f(z,—,Du —dz < /f(z,u,Du)—dz
) 2 1 A P Q A A Q AP

(e %) o= [ (5 vlo(2)])

(see (2.4), hypotheses H(f)(iii) and (i)). Recalling that ¢, < ;Tll (see hypothesis H(f)(i)), we
have

1°(;)

for some c¢y; > 0, thus

<cu VYie(0,1),
p

{D(E) } C I (9 ]RN) is bounded. (3.40)
ueS(¥)
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As above, from (3.39) with 1 = § € WLP(Q), using hypotheses H(f)(i), (iii) and (3.40), we
obtain

C1 u
Dl —
p—IH (k>

for some c15 > 0, so

p

p
+/mﬁ(z)(%> dz<cy, Yre(01),

p

V4
= (12,
V4

1
p-1

710, B)

u
A

where E: pc;llﬂ (see (2.3)), thus

{ 4 } CIP(2) isbounded,
A ueS(¥)
hence
{ i } C W(Q) isbounded (3.41)
A ueS()

(see (3.40)). From (3.39) we have

—diva(D(3)(2)) = f(z, 5 (2), Du(z)) fora.a.zeQ,

a(%) (3.42)

o+ B@)(%yPt=0 on AL
Hypothesis H(f)(iii) implies that

flz Y pu) < Af | z, (Y fora.a.z € Q. (3.43)
A A A

Then, from (3.41), (3.42), (3.43) and the nonlinear regularity theory of Lieberman [3], we
have

u

- <c3 YueS®),

A @)

for some ci3 > 0, thus S(¥) € C}(Q) is bounded.
Since ¥ is compact (see Proposition 3.6), we can use the Leray—Schauder alternative
theorem (see Theorem 2.9) and find % € C such that

u= ﬁ(ﬁ))
so u € [0,n] N D, is a solution of (1.1). O

4 Conclusion

This is the first work producing positive smooth solutions for problems driven by a nonho-
mogeneous differential operator with Robin boundary condition where the forcing term
has the form of a convection term, that is, it depends also on the gradient of the unknown
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function. In addition, in contrast to the previous works in the field, we do not impose
any global growth condition on the convection term. Our formulation incorporates (p, q)-
equations which are important in physical applications.
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