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1 Introduction

Stability analysis of numerical methods for stochastic differential equations (SDEs) has
recently attracted an increasing interest. Most researchers are concerned with two kinds
of stability, i.e., almost sure stability [1-7] and moment stability [8—13], of the numerical
solutions to SDEs as well as SDDEs. Generally, almost sure stability is less restrictive than
moment stability, and almost sure stability results are more difficult to establish if deriv-
ing from the moment stability by the Chebyshev inequality and the Borel-Cantelli lemma.
The situation has been improved since the martingale techniques were introduced to in-
vestigate the almost sure stability. By the discrete semimartingale convergence theorem
(cf. [1]), the numerical stability of SDDEs has been examined, for example, by [4, 5].

To the best knowledge of authors, there is no similar result about almost sure stabil-
ity of Runge-Kutta type methods for SDDEs, and nearly all existing results concerned
with Euler-Maruyama type schemes. Recently, stabilized explicit Runge-Kutta schemes
have proved successful for solving SDEs, which are called S-ROCK (stochastic orthogonal
Runge-Kutta-Chebyshev) method; see, for example, [14, 15]. In this paper, we investigate
the almost sure stability of the S-ROCK method applied to SDDEs. Consider It6 SDDEs
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of the form
dy = £ (y(8), y(t - 7)) de + g (y(2), y(t — 7)) dw(2) (L1)

for every t > 0. Here time delay 7 > 0. The initial function y(¢) = ¥ (t) when ¢ € [-7,0]. We
further assume that the initial data is independent of Wiener measure driving the equation
and w(t) is a scalar Brownian motion on the complete probability space (2, F, Fi>0,P)
with a filtration satisfying the usual conditions. Moreover, f,g : R x R — R are Borel-
measurable functions.

The rest of this paper is organized as follows. In the next section, we propose the
S-ROCK method for SDDEs. Our main stability results will be derived in Section 3.

2 The S-ROCK method and preliminary results

In the following, we employ an equidistant step points Za; = {to, 1, ..., tn} where the time
step size is a submultiple of the delay 7, i.e., At = v/m for a given positive integer m, and
the nth step point is denoted by ¢, = nAt for 0 < n < N. The numerical approximation
of y(t) at t,, is denoted by Y,,, and we denote the increment w(t,,;) — w(¢,) by J,,.. Next we
introduce the S-ROCK method for solving SDDEs (1.1), which is given by

2At

Yo = = FED, ZW) 42K - KU 4+ ],(1 - 2a)g (KW, 207D, (2.1)

where {K ,(,i)} and {Zi,i)} are the stage values defined by

KV =y,
At
K® =Y, + —f(KD,ZD),
v O2AE L, : , (2.2)
K9 = 7f(1<,§l-1>,zfj-“) + 2K 02 fori=3,...,v-1,
2At
KW = — FKYD, Z0) 4 2K — KO 4 Jag (KD, Z0D),

and

0 _ w(Fn +BiAt—1), t,+BiAt—1T <0, (2.3)
N e ty+ BiAE—T > 0.
Here parameters o € [0,1/2] and 8; = (i —1)?/v2 fori=1,...,v.
Let C([-7,0];R) be the family of continuous functions ¢ from [-7,0] to R, equipped
with the supremum norm || || = sup_, .5 [¢(6)|. Also, denote by beo ([-7,0];R) the fam-
ily of bounded, Fy-measurable, C([-7,0]; R)-valued random variables.
Now we give some definitions on the almost sure exponential stability of exact and nu-
merical solutions to SDDEs (cf. [16]).

Definition 2.1 The solution y(¢, ) to SDDEs (1.1) is said to be almost surely exponentially
stable if there exists a constant n > 0 such that

. 1
lim sup - 10g|y(t, 1/f)| <-n as. (2.4)
t—oo L

for any initial data ¥ € C’}:O([—I,O];R).
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Definition 2.2 The solution Y,, to numerical scheme (2.1) is said to be almost surely ex-

ponentially stable if there exists a constant y > 0 such that

1
limsup —log|Y,| < -y as. (2.5)
nAt

n—00

for any bounded variables v (9 At) when ¥ At € [-7,0].

For the purpose of stability, we assume that f(0,0) = g(0,0) = 0, which implies that (1.1)
admits the equilibrium solution y(¢) = 0 corresponding to the initial condition ¥ () = 0
for t € [-7,0]. As a standing hypothesis, we shall impose the following local Lipschitz
condition (cf [7]) on the coefficients f and g.

(Al) For each integer D, there exists a positive constant Kp such that, for all

Yi.¥2,21,22 € Rwith |y1| V |y2| V |z1| V |22| < D,
[f 01, 21) = f 2, 22) 1> V |g01,21) — (02, 22)1* < Kp(Iyn — 321 + |21 — z2]%), where V is
the maximal operator.

In what follows we introduce the result of almost sure stability of SDDEs (1.1). The proof
of the following lemma can be found in [4].

Lemma 2.3 Let Assumptions (Al) hold. Assume that there are four nonnegative constants
Ay...,Ag Such that

29f(,0) < =Myl
[f(2) = f (,0)| < Aalzl,

602 2)” = Aalyl + hall?
fory,zeR.If
M >2h + A3+ Ay,
then the trivial solution of (1.1) is almost surely exponentially stable.

To explain our idea, we cite the discrete semimartingale convergence theorem as follows
(see also [4]).

Theorem 2.4 Let {A;}, {U;} be two sequences of nonnegative random variables such that
both A; and U; are F;_-measurable for j=1,2,...,and Ao = Uy = 0 a.s. Let M; be a real-
value local martingale with My = 0 a.s. Let { be a nonnegative Fo-measurable random
variable. Assume that {X;} is a nonnegative semimartingale with the Doob-Mayer decom-

position
)(,=§+Aj—LIj+M/.
Iflim;, .o Aj < +00 a.s. then for almost all w € Q,

lim X;<+00 and lim U;<+oc.
j—+00 Jj—>+00
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3 Almost sure asymptotic exponential stability of numerical solution
Consider the linear SDDE

dy(t) = (ay(t) +dy(t - r)) dt + (by(t) +cy(t - r)) dw(t). (3.1)

It seems that the stability of approximate solutions to (3.1) using Runge-Kutta type meth-
ods is still an open problem. Here we consider the almost sure stability of the linear equa-

tion
dy(2) = ay(¢)de + (by(t) +oy(t - r)) dw(t), (3.2)

which is the same test model as [17]. In this section, our aim is to examine how the S-ROCK
method can reproduce the almost sure exponential stability of the exact solution of (3.2).
By applying Lemma 2.3, the exact solution of (3.2) is almost surely exponentially stable
when a < —(b? + ¢?). Now we give a main result of the almost sure stability of the approxi-
mate solution (2.1).

Theorem 3.1 Suppose that the conditions of Lemma 2.3 are satisfied. Then the approxi-
mate solution (2.1) applied to test model (3.2) is almost surely exponentially stable if the
step size At satisfies

AT At\? AT
|:Tv(1+d—2>:| +2At(b2+c2)<1+2a”—2> |:Tv2(1+d—2>] <1, (33)
v v v

where T,(x) is defined as a Chebyshev polynomial of the first kind of degree v.

Proof Applying (2.2) to test model (3.2), we have 1<,51) =To(1 + “v—Azt)Yn and K,(,z) =Ti(1+
“U—Azt)Yy,‘ Next, by the three-term recurrence relation for Chebyshev polynomials, it is easy
to prove that

‘ At
K9 =T, (1 " “v—2> Y, (3.4)

fori=1,...,v —1. Then, from (2.2), we have

A
KW =2 aI(" D4 2K — KV 4 Ja[bKYTY 4 cZ07Y]
alt alt alt alt
=2 1+—2 T,_ 1+— Y, - T,_3 1+— Y, +J,abT,_ 1+—2 Y,
v V2
+],,achq”_1)

alt alAt
= <1+—)Y + J.0 |:bTv 2(1+—>Y +cZ ]

Similarly, we have

At
Y1 = 2(1 + “‘)—Z)K,E”) ~ KU+ 7,(1-20)[DKY Y + 207

aA alt alt (v-1)
=T,(1+ — )Y, + ], 1+2—oz bT,_, 1+ — )Yu+cZ, .
v
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Note that

AL\
Yl = [Yal® + {[Tv(u “—2)] —1}|Yn|2
Vv
At \? At ?
+ (2= AY) (1 ¥ Za—za) [bTu_z (1 ¥ “—2> Y, + cszl)]
Vv V
At \? alt >
+At<1+2d—2a> |:bTU 2(1+—)Y +cZ ]
Vv \)
alAt alAt alAt
+2Tv 1+—2 1+2—2(X bTuz 1+— Y +CZ n]n
V vV
9 aAt\]? 9
<P+ T(1+ — || —1{IYal> + M,
1%
ant \? alt > v-1)12
+2At(1+2—-a ) 1| bTa(1+ — |V, | +[cZ)7"]7 1 3.5)
V vV

where M,, = (J2 = At)(1 +2%5L)?[bT,,(1 + 251) Y, + ZV D2 LoT,(1 4 4351 +2%5 ) x
[th—Z(l + av_Azt)Yn + Cva - ]Yn]n'

For any positive constant C > 1, we have
C(€+1)At| YZ+1 |2 _ CfAt| YZ |2 _ C(€+1)At(| YZ+1 |2 _ |YE |2) + (C(€+1)At _ C(At) | YE |2‘ (3.6)
Therefore, by (3.5) and (3.6), we obtain

C(€+1)At| YZ+1 |2 _ CﬁAt| YZ |2

2
< s { oy [Tv(u—ﬂét)} }|H|2+C(“”“Me
v
ait \? aAt\1?
+2C(Z+1>A‘b2At(1+27a) [TV2<1+ 7)] Y,

At N\ o
+2CHDAL 2At<1+2“—2a) |Z§” 1)|2 (3.7)
v

for any nonnegative integer £. Summing up both sides of inequality (3.7) from £ = 0 to
n-1(n>1),wehave

n-1 2
At
CnAt|Y|2<|Y0|2+ZC[+1AtM +{ CAt [ (1+ﬂ—2>]
£=0 v
n-1
At
+2b2At<1+2—a) [T ( 2 )] }ZC“DMIde
£=0
2 n-1
+2c2At<1+2 > clenar |z 2, (3.8)
£=0
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Let M,, = Y070 CUDAAL, Note that the expectation values E(J> |, — At) = 0, E(J,_1) = 0
moreover, Y,_; and Z( 1) are F(,-1)a;-measurable, then we have

E[Mn|ﬁn—1)At] = Mn—l + CnAtE[Mn—ﬂf(n—l)At]
= Mnfl)

which implies that M,, is a martingale with M =0
When ¢, < 7, from (2.3) and (3.8), we have

A\ ]2
C"M Y, < |Yol* + My, + {—c-“ + [Tv<1 + “—)}

V2
At \? At n-1
+ 2b2At<1 + 2“—2a> [T <1 + a_)] } ZCH)NWAZ
Y =0
2 n-1
+202At(1 +2—a> ZCZH)MlﬁZ(tg + By AL —1). (3.9)
£=0

According to Theorem 2.4, we denote the right side of inequality (3.9) by X,,. Then, let
= Yol + 22 At(1 + 295 ) Y77y CUDAY2(g, 1 B, | At~ 1), U, =0, and

n-1
Ay =Hy(C) ) CUI¥ |y, P,
=0

where H;(C) = -C™2! + [T, (1 + ”VAZt)] +2b*At(1 + Z”Azta) [T,_o(1 + “At)] . There exists a
unique C* > 1 such that H(C*) = 0 if

ant\7? 9 ant \? aAt\7?
7,01+ — +2b° At 1+2—a T, o1+ — <1 (3.10)
v v v
Applying Theorem 2.4, we therefore have lim,,_, ., X;, < +00, which means

lim (C*)"|Y,|? < +00. (3.11)

n—00
When ¢, > 7, that is, #n > m, we have

n-1 m-1

Z C(‘“”A’]ZE”_I) |2 _ Z CEVA Y2, 1+ B, 1AL —T)
=0 t=0
-1 , 2
N C(z+m+1)At‘I<(v—1)‘ _ C(Z+m+l)At’I<(V—1)| .
; ‘ (Z:nz—m ‘

Then, by using (3.4) and (3.8), we have

ant \? T _
C"™ Y, + 2c2At<1 + 2704) 3 clmaa gD < (3.12)

l=n-m
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and

n-1
X,y = o + My + Hy(C) Y CUV¥ |y, 2, (3.13)
£=0

where o = |Yo|* + 2 At(1 + 2%t ar)? ClUDALY2(¢, 4 B, 1AL — T), Hy(C) = Hy(C) +
22 AL(1 + 255 )2 C AT, (1 + 45)]%
Note that

2 2 2
Hy(1) = -1+ [Tu <1 + “—Azt)} + 208D + )(1 + 2“—“01) |:Tv_2 <1 + “—Aztﬂ ,
v U v

aAt \* aAt\7?
Hj(C) = AtCTA 1 2 m(At)? <1 + 2—2a) [Tv_2 <1 + —2>] Cclma 5 0
v v

for any C > 1, and Hj(o0) > 0.
Obviously, the condition (3.3) yields H»(1) < 0, which implies that there exists a unique
C* > 1such that H,(C*) = 0. We therefore have lim,,_, . X,, < +00 with Theorem 2.4, which

means
lim (C*)"|Y, | < lim X, < +o00 (3.14)
n— o0 n— 00

by (3.12). Choose the y > 0, such that C* = " and hence
lim e""44|Y,,|? < +o0. (3.15)
n— 00

We therefore obtain
lim — log|Y,| < (3.16)
nl)n;om og| ,,|_—5, a.s. .

as required.
Finally, (3.3) also implies (3.10). This completes the proof of Theorem 3.1. O

Next, we state how to choose a parameter « and the stage number v to obtain almost
surely stable numerical solution based on Theorem 3.1.

Corollary 3.2 Suppose that conditions of Lemma 2.3 are satisfied. The approximate solu-
tion (2.1) applied to test model (3.2) is almost surely exponentially stable if we choose the
parameter o = —#ZA[ and aAt satisfies

At
W¥<aAt<—v* and T, (1 + a_) # 41,
v2

where stage number v > 2.

Proof The inequality aAt < —v? guarantees that — 5.x; € (0,1/2], hence choosing o =
—3.5; Satisfies the definition of the S-ROCK method and also simplifies the left hand side
of (3.3) into [T, (1 + “At)]z Finally, [T,(1 + “At)] <1lif 2v2 <aAt<0and T,(1+ “At) #41

Page 7 of 8
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such that the inequality (3.3) is valid. This completes the proof of Corollary 3.2 by using
Theorem 3.1. O

Now we consider the case —4 < aAf < 0.

To guarantee the sufficient condition (3.3), (1 + 2"])—%%()2 should be as small as possible
such that (3.3) is valid. Therefore, it is a good choice to set & = 1/2 and a small v because
1+2 ”’U—Aztot)2 is a monotonically decreasing and continuous function of the parameter « on
[0,1/2].
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