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1 Introduction

For over a decade, there has been significant interest in positive solutions and multiple
positive solutions for boundary value problems for finite difference equations; see, for ex-
ample, [1-11]. Much of this interest has been spurred on by the applicability of the topo-
logical method such as the upper and lower solutions technique [2], a number of new
fixed point theorems and multiple fixed point theorems [3-7] as applied to certain dis-
crete boundary value problems. Quite recently, Rodriguez [9] and Ma [10] have given a
topological proof and used a bifurcation theorem to study the structure of positive solu-
tions of a difference equation. In this paper, we demonstrate a bifurcation technique that
takes advantage of dealing with the discrete eigenvalue problem with nonlinear boundary

conditions

~Al[plk =1 Ay(k - 1)] + q(k)y(k) = ra(k)f (y(k)), keI,

1.1)
-Ay(0) +ag(y(0)) =0,  Ay(N)+ Bg(¥y(N +1)) =0,

which has different asymptotic linearizations at infinity. Here I = {1,2,...,N}, A is a for-
ward difference operator with Ay(k) = y(k + 1) — y(k), o, 8 > 0 are constants, A > 0 is a
parameter, the functions p: {0,1,...,N} — (0,00), g,a : I — [0,00) with a(k) >0 on k € [
and functions f, g satisfy f € C'([0, 00)) and g € C1([0, c0)).

Since problem (1.1) has different linearizations at infinity, the standard global bifurcation
results [12] are not immediately applicable. However, Schmitt [13] and Peitgen and Schmitt
[14] obtained a theorem on bifurcation from intervals at infinity. We can use this theorem
to discuss the bifurcation from infinity for problem (1.1) and obtain further information
on the location and behavior of the bifurcating sets of solutions.

We will make the following assumptions:
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(H1) p:{0,1,...,N} — (0,00),q,a:1— [0,00) with a(k) >0onkel,g>0andg#0.
(H2) f € CY([0,00)) and there exist constants fx,,f™ € (0, 00) and functions
hy, hy € CY([0, 00)) such that

foo = lirgioglf@, £ =1lim sup@, (1.2)
Sfoos + h1(s) <f(s) <fCs+ha(s), se€[0,00) (1.3)

with
hi(s) =o(lsl) ass— 00,j=1,2.

(H3) g € CY{[0,00)) and there exist constants g, g™ € (0, 00) and functions
1,2 € CY([0,00)) such that

oo =1lim inf‘@, g%° =limsup ‘@,
$—>00 S §—>00
goos + 1(s) =g(s) <g%s+12(s), s€[0,00) (1.4)
with

¥;(s) = o(|s|) ass— 00,j=1,2.

Let I ={0,1,...,N +1} and X = {yly : I — R} be the space of all real-valued functions
on I. Then it is a Banach space with the norm lyll = max{|y(k)||k € 1.

Definition 1.1 ([13, p.450], [14]) A solution set S of (1.1) is said to bifurcate from infinity
in the interval [a, b] if
(i) the solutions of (1.1) are a priori bounded in X for A =a and A = b.
(ii) there exists {(iy,y4)} C S such that {u,} C [a,b] and ||y, || — oo.
Let A; and p; be the first eigenvalues of

—A[p(k -1 Ak - 1)] +q(k)p(k) = Aa(k)p(k), kel L5
~Ap(0) +ag™p(0) =0,  Ap(N)+ g p(N +1)=0, '

and

-Alptk =) Ay (k-1)] + qk)y (k) = pa(k)y (k), kel
—A¢(0)+Olgoolﬁ(0)=0, Aw(N)"'ﬂgoow(N"'l):O;

(1.6)

respectively, ¢; and ¥; be the corresponding eigenfunctions of A; and u4, respectively, and
@1, Y1 € X be positive and normalized as ||¢;|| =1 and ||| = 1.

The main results are the following.
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Theorem 1.1 Assume that (H1)-(H3) hold. Then, for any o € (O,fw) the interval [— -
o, f% + o] is a bifurcation interval from infinity of (1.1), and there exists no bzfurcatton in-
terval from infinity of (1.1) in the set (0, 00) \ [f -0, fl +0]. More precisely, there exists an
unbounded, closed and connected component in (0,00) x X, consisting of positive solutions
of (1.1) and bifurcating from [ ]ﬁ\l + 0] x {o0}.

Theorem 1.2 Assume that (H1)-(H3) hold.
@ If

liminf /(1) > f— lim sup y; (u), (1.7)
8~

Uu—0o00 U—>00

then the component obtained by Theorem 1.1 bifurcates into the region A < f%
(ii) 2f
o0

lim sup /15 (u) < J(;— lim 1nf i (u), (1.8)

U—00

then the component obtained by Theorem 1.1 bifurcates into the region A > }‘—O}]

Remark 1.1 Notice that p; < A;. Indeed, let (A1,¢1) and (1, ¥71) satisfy (1.5) and (1.6),
respectively. Multiplying (1.5) by v, and (1.6) by ¢;, summing from k =1 to k = N and
subtracting, we have that

N
(= 1) D alk)pr (k) v ()

k=1

[A[ptk = 1) Ay (k - 1)]e1 (k) = A[plk = 1) Agy(k = 1) ]y (k)]

- EMz

[ [¥1(k + 1)1 (k) =y (k) (k +1)]

1

+ plk = 1)[y1(k - Doy (k) — Y1 (k)1 (k - 1)]]

p(N )[%(N +1D)er(N) = Y1(N)@1(N +1)] + p(0)[¥1(0)1 (1) — Y1 (1)1 (0) ]
[p(0)1(0)¥1(0) + Bp(N)@r (N + D)y (N +1)] (g™ — go) = 0

>
I

This together with Z],:[:l a(k)p(k)yr (k) > 0 implies g < A;.

2 Bifurcation theorem and reduction to a compact operator equation
Our main tools in the proof of Theorems 1.1-1.2 are topological arguments [15] and the
global bifurcation theorem for mappings which are not necessary smooth [13, 14].

Let V be a real Banach space and F: R x V — V be completely continuous. Let us
consider the equation

u=F(A, u). (2.1)

Lemma 2.1 ([13, Theorem 1.3.3]) Let V be a Banach space, F :R x V — V be completely
continuous and a,b € R (a < b) be such that the solutions of (2.1) are a priori bounded in
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V for A =a and ) = b, i.e., there exists R > 0 such that
u # F(a,u), u#Fb,u) forallu:|ul| >R.
Furthermore, assume that
d(I - F(a,-), Bz(0),0) # d(I — F(b,), Bz(0),0)

for R > 0 large. Then there exists a closed connected set C of solutions of (2.1) that is un-
bounded in [a,b] x V, and either
(i) C is unbounded in A direction, or else
(ii) there exists an interval [c,d) such that (a,b) N (c,d) = @ and C bifurcates from
infinity in [c,d] x V.

To establish Theorem 1.1, we begin with the reduction of (1.1) to a suitable equation for
a compact operator and give some preliminary results.
Let ug (k), vz(k) be the solutions of the initial value problems
~Alplk —=1)Aug(k —=1)] + q(k)ua(k) =0 fork €1,

uz(0) =1, Aug(0) =
and
—A[p(k -1 Avg(k - 1)] +q(k)vg(k)=0 forkel,

vp(N +1) =1, Avg(N) = -5,

respectively, here @, B € [0,00). It is easy to compute and show that

(i) ugk)=1+a Zf é 1;(0 Z (Z}k Sl pb))q(s)u& (s) >0, and u is increasing on I;

(i) vg(k) =1+ B Zs X ps) + ZS ol Z} il p(})) q(s)vg(s) > 0, and v is decreasing on 1.

Lemma 2.2 Let h:I — R. Then the linear boundary value problem

~A[plk =1 Ay(k - 1)] + g(k)y(k) = h(k), ke,

3 (2.2)
—Ay(0) +@y(0) =0,  Ay(N) +fy(N+1)=0
has a solution
N A
yk) =Y Gy, s)hls), kel (23)
s=1
where
Gy plles) = | @ iEy L=sShSN+L

uz(k)vg(s), 0<k<s<N.

Moreover, if h(k) > 0 and h % 0 on I, then y(k) > 0 on 1.
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Proof 1t is a consequence of Atici [5, Section 2], so we omit it. O

Let w1, wy € (0,00). Then the linear boundary value problem

—A[plk=1)Ay(k - )] + qk)y(k) =0, ke,

—Ay(0) + ay(0) = wy, Ay(N) + By(N +1)=w,

has a solution

wgu&(k) a)lVB(k) A

yi) = 1+ Bua(N +1) — uz(N) ’ (1+@)v3(0) - vz (1)’ eet

From the properties of u5(k), vz(k), it follows that
y(k)>0, kel

Define the operator T: X — X as follows:

N
TIh(k) =) Gy 5k, s)h(s), kel

s=1

By a standard argument of compact operator, it is easy to show that 7' is a compact operator
and it is strong positive, meaning that 7% > 0 on 1 for any /& € X with the condition that
h>0and %0 on [; see [2, 4, 5].

Let Z[w), ws] : R* — X be defined as

_ wyuy (k) N wlvg(k)
T A+ P ug(N+1) —ug(N)  (L+@)vz(0) —vz(1)’

K|w1, w](k) kel (2.5)

Then Z[wi, 5] is a linear bounded function.
From Lemma 2.2, let T, T : X — X denote the resolvent of the linear boundary value
problems
~A[plk = Dyk = 1)] + q(k)y(k) = h(k), ke,

~Ay(0) + agoy(0) = 0, Ay(N) + Bgscy(N +1) = 0,

(2.6)

and

~Alplk = 1)yk - 1)] + q(k)y(k) = h(k), ke,
—-Ay(0) + ag™y(0) = 0, Ay(N) + Bg™y(N +1) = 0,

respectively. Taking into account & = ag,, (@ = 2g™), B = Bgx (B = Bg™), one can repeat
the argument of the operator T" with some obvious changes. It follows that To,, 7> are
linear mappings of X compactly into X and they are strong positive.

Let %0, Z> be the solutions of linear boundary value problem (2.4) with &, 8 in place
of & = age, B = Bgo and @ = ag™, B = Bg™, respectively. Repeating the argument of
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w1, ;] with some minor changes, we have that Zs,, Z*° : R? — X is a linear, bounded
mapping and

Wty (k) w1Vggoo (k)

B (w1, 0] (k) = ’
[, wy](k) (L + BE)ttage (N + 1) — g (N) + (1 + ag™®)vpge(0) — vgeoo (1)

Wrlhag,, (k) W1Vggo (k)
Kool w1, k) = .
e, ) R = e e (N + 1) = g ) (L gV (0) = 7pe ()

Lemma 2.3 Let (H1)-(H3) hold. If [«, B] is a bifurcation interval from infinity of the set
of nonnegative solutions of (1.1), then we have («, 8) D [f“—oé,j%]. Moreover, there exist con-
stants € > 0 small enough and M > 0 large enough such that any nonnegative solution u of
(1.1) is positive on 1 whenever dist(, [}%,;;1]) <€ and |ul| = M.

Proof Let (u),y;) be a nonnegative solution of (1.1) with A = u; € [a, 8] such that

lyjll > oo, and u;— i asj— oo. (2.7)
If
Y
wj= L, (2.8)
"yl

then we have

wjzujToo[a'@] +%°°[r(g°°wj—‘w):| in X, (2.9)
[l [l

here 7 : {y(0),y(1),...,y(N + 1)} — {y(0), ¥(N + 1)} is a linear operator and

Uggoo (K)

~ ~ g(y;‘))] gowi(N +1) - g(y;(N + 1)/ [lyll
7 NEEAV//R Y [
[ﬁ“nm()mwwmmwwm
g%w;(0) — g(;(0))/ Iyl
(1 + ag®)vggoe (0) — vggoo(1)

Vageo (K).

From conditions (1.3) and (1.4), for any € > 0, there exist constants d, ¢ > 0 such that

f(s)—f®s<es+d., Yu=>0,
(2.10)
S($) ~foos = —€s—de, Yu>=0,

g(s)—g>¥s<es+c, Yu>0,
(2.11)
g(8) —goos > —€s—c., Yu=>0.

Those imply that both f(y,)/|ly;|| and g(y;)/||y;|l are bounded. By the compactness of T

and Z%, it follows from (2.9) that there exist a function wy € X and a subsequence of {w},
still denoted by {w;}, such that

wj— wp inXasj— oo. (2.12)
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By (2.7), it follows from (2.10)-(2.11) that

lim sup max (f(y} foowj) <k,

00 [l
liminfmin ('& - foow}) > —¢,
j=oo kel \ ||yl
(2.13)
li (g()’; )
1msupmax 2= g™ <¢,
00 il
lim inf min (g(y, — ZocW, ,) —€.
j=oo kel \ ||l
Since € is arbitrary;, it follows that
lim supf(y] <f®wp inX,
j—oo 1l
hmmfm > foowo  inX,
j=oo |lyjl
(2.14)
lim sup =—— £v) <g™ in X,
j—00 ”y] ”
hmlnf@ > gooWo in X.
j=oo ||yl
L f0) ) . L
et u;j — [, T~ Yo and &2 Tl ” — zp as j — 00. Then, in view of (2.9),
wo = AT [avy] + Z*° [t (g°°w0 - zo)]. (2.15)

We claim that
Qe [[M—l, £i|
<’ £
Since
Soowo <vo <f wo and  geowo < 2o < g™ wo,
it follows from (2.15) that
AT [afsowo] + B> [r ((g™ —g"“)wo)] <wy<iaT>® [af"owo] + B> [f((g“’ —goo)wo)].
Moreover, we have
wo = LT [afswo). (2.16)

Since ||wo|l =1 and wy > 0, the strong positivity of 7 ensures that wy > 0 on 1.

Page 7 of 15
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Obviously, wy satisfies the following boundary value problem:

~A[p(k = Dwo(k - 1)] + q(k)wo (k) = fa(k)ve, k€1, o)
—AWo(O) +0zp = 0, AW()(N) + ﬂZ() =0. ‘

This combined with ¢y, ¥ satisfying (1.5) and (1.6) can get that

N
(fifso = M) Y a(k)pr (K)wo (k)

k=1

=1

N
Zﬂ )1 (k) (o (k) = Aywo ()
3
N

= [-Alptk - D) Awo(k = D)]er (k) + A p(k = 1) Agy (k — 1) Jwo (k)]

=1

>

= p(N)[@1 (N + Dwo(N) = wo(N + 1)1 (N)] + p(0)[¢1(0)wo (1) — 1 (1) w0 (0) ]
=p(N)Be1(N +1)[z0 — g™ wo(N +1)] + p(0)agp1 (0)[ 20 — g™ W (0) ]
< p(N)Ber(N + 1) [g¥wo(N +1) - g¥wo(N +1)]

+ p(0)arr (0)[ g w0 (0) — g% w0 (0)]

_0 (2.18)

and

N
(A = 1) Y atk)yn (kywo(k)

k=1

a(k)yn (k) (fvo (k) = pawo(k))

Pnﬂz 1

[-A[p(k = 1) Awo(k = D)]yn (k) + A[ptk =) Ay (k = 1) ]wo(K)]

>
Il

T
= p(N)[Y1(N + Dwo(N) = wo (N + )y (N) ] + p(0)[¥11(0)wio (1) = Y1 (1) (0)]
= p(N)BY1(N +1)[20 = gooWo(N + 1)] + p(0)a1(0)[ 20 — g w0 (0)]
> p(N)BY1(N + D[goowo(N +1) - g¥wo(N +1)]

+ p(0)ar1 (0)[ oo wo(0) — goo w0 (0)]

=0. (2.19)
Thus

1
L =<

st
fee Joo

Since wy > 0 on 1, (2.12) implies that w;>0on 1 for j large enough, and so is y; from (2.8).
This leads to the latter part of assertions of this proposition. g

Page 8 of 15
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3 Existence of a bifurcation interval from infinity
This section is devoted to studying the existence of a bifurcation interval from infinity for
(1.1). To do this, we associate with (1.1) a nonlinear mapping ®(1,y) : (0,00) x X — X as

follows:

D(h,y) =y - AT®[af (I9)] - Z>°[* g%y - g(Iy1)) ] (3.1)

We note that a nonnegative y € X attains (1.1) if and only if ®(1,y) = 0.

In this section, we shall apply Lemma 2.1 to show that for any o € (0, ji‘—olc), the interval
[jﬁ‘—o}) -0, f% + o] is a bifurcation interval from infinity for (3.1) and, consequently, [J% -
o, j% + o] is a bifurcation interval from infinity for the nonnegative solutions of (1.1).

In fact, if | ]% -0, }—olo + o] is a bifurcation interval from infinity for (3.1), then, according
to Definition 1.1, we have

(i) the solutions of (3.1) are a priori bounded in X for A = f% —oand A = f% +0.

(ii) there exists a sequence {(i,,y,)} C S such that {u,} C [f“TIC - o,;;l +0]and

1yl — oo.

Let {xn;} be any convergent subsequence of {(it,,,)}, and let
lim = u®  and lim |y, = oo.
j—o00 j—o00

We claim that

# 125} )\,1 Toeg e
whe L— —:| and y, >0 onlifjislarge enough. (3.2)

oo’f
o0

Indeed, as in the proof of Lemma 2.3, we have the same conclusion that there exist some

V0,20 € X and u¥ such that

wo :pLuT°°(a|v0|) +<%’°°[t(g°°wo—|zo|)]. (3.3)
Since

Joowo = Ivol =fFwo  and  goowo < |zo| < g™ wo,
it follows from the strong positivity of 7> and the positivity of Z*° that

W T [afsewo] < wo < W T®[afwo | + B[t (g% — goc)Wo - (3.4)
This together with the strong positivity of 7°° implies that

wo>0 onl. (3.5)

By using (2.18) and (2.19) with obvious changes, it follows that

Page 9 of 15
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From (3.5), it follows that w; > 0 on I for j large enough and so is y; from (2.8). Therefore
[ f”—oé -0, };‘ + o] is actually an interval of bifurcation from infinity for (1.1).
M1 A

In what follows, we shall apply Lemma 2.1 to show that [ % =0, jé + o] is a bifurcation

interval from infinity for (3.1), two lemmas on the nonexistence of solutions will be first
shown. Let @, : (0,00) x X — X be defined as

D, (A, u):=u-— )»T°°[af(|u|)] - X(k)%”[r(goou —g(|u|))]. (3.7)

Here yx : [O,Jf‘—;] — [0,1] is a smooth cut-off function such that

0 neari =0,
x(A) = (3.8)
1 neari-= }4_;)
Lemma 3.1 Let (H1)-(H3) hold and A C R* be a compact interval with A N [f%,j%] =0.
Then there exists a constant r > 0 such that
D, (Ly)#0, reAyeX:|yl=r. (3.9)

Proof Assume on the contrary that there exist A; > 0, y; € X and A € A such that
CDX()\.]‘,_)/]'):O, }\.]'—))\.0, ||_)/]|| — ooasj—> .

The same argument as in the proof of Lemma 2.3 gives a contradiction that jﬁ% <X < ﬁ:l
This is a contradiction. The proof of Lemma 3.1 is complete. d

Lemma 3.2 Let (H1)-(H3) hold. Then for any A > fA_; fixed, there exists a constant r > 0
such that

DA, y) tor, te[0,1,yeX:|y|=r. (3.10)

Proof Assume on the contrary that there exist @y € (f%, 00), to, t; € [0,1], and y; € X can
be taken such that

D (10, )) = L1, & — Lo, |yjll = oo as j— oo.

Using the same argument as in the proof of Lemma 2.3, we can obtain a subsequence of
{5}, still denoted by {y;}, which may satisfy that y;, > 0 on 1 for all j > 1. It follows that

yj = o T [af )] + 2> [t (g% - g0))] + tien,
t; — to € [0,1], lyjll = oo as j — oo. (3.11)

Thus

—A[plk = 1) Ay;(k - 1)] + q(k)y;(k) = poalk)f () + tier, k€1,
~Ayj(0) +ag(y(0)) =0, Ay(N) + Bg(yi(N +1)) = 0.

(3.12)

Page 10 of 15
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Moreover, it follows from ¢; satisfies (1.5) and (3.12) that

N
> [roalk)f @)1 (k) + 21} (k) - 2a(k)y;(k)gr (k)]
k=1

N
=) _[-A[pk =) Ay;(k - )]gi (k) + A[plk =) Api(k —1)];(k)]
k=1

=p(N)Ber(N + 1)[g(7:(N +1)) — g™y (N +1)]

+p(0)a1(0)[g(y;(0)) — £%,0)]. (3.13)
This implies that
PIN)Ber(N +D)[g(y:(N +1)) = g%¥(N +1)] + p(0)ar (0)[g(7,(0)) — £°,(0)]

N N
> (ptofoo = 1) Y a(k)y;(K)pr(K) + 20 Y @k} (y;(k)) g (k).

k=1 k=1

Hence assertion (2.10) gives

[N + 1) ~g*y(N + 1] 020,00 ~2(0)

PIN)Boi(N +1) + p(0)ag (
Iyl Iyl
h+poe) s o %K) lalld: <-
Zfoo(uo— Lt Ko )Za(/<)’—¢1<k>—“° ) (314)
Joo — (6711 Iyl =

Now use again for (3.12) the same procedure as in the proof of Lemma 2.3, then we see
that some subsequence of {y;/||y;ll}, still denoted by {y;/l|y;|}, tends to a positive function
wp in X. Take € > 0 so small that o — ’\‘}%"e > 0. Then combining (3.14) with (2.15) leads
to a contradiction that

0 =p(N)Ber(N +1D)[g®wo(N +1) — g wo(N +1)] + p(0)agpr (0)[ g w0 (0) — g wo(0)]

[g(j(N +1)) = g®y;(N +1)]
My

> lim {p(N)ﬁwl(N +1)
Jj— 00

(0)) — g%°y;(0
©+ PO (0) L) =€, 0) }
Iy
. Mt e\ e (k) wollallde
1 o - k)y=—q: (k) - k
= lim [f <Mo 7 );“( T ?® ;wl( )
M + Uo€ N
=fro (Mo - u) > a(kywo(K)gr (k) > 0.
Joo k=1
The proof of Lemma 3.2 is complete. O

- I 1 A 1 =
Lemma 3.3 Let A, = &= — , and A, = 7+ ;,, where n > -

(H1)-(H3) hold. Then there exists a constant r,, > 0 satisfying r, — 00 as n — oo such that

is an integer. Assume that
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for any n large enough,

deg(®(%;,,),By,,0) =1, (3.15)

deg(® (A}, ), By,,0) = 0. (3.16)

Proof First we show assertion (3.15). From Lemma 3.1, there exists 7, > 0 such that r,, —

00 as n — 0o satisfying
D, (hy) #0, Vre[0,A,],VyeX |yl =ru

Since x(0) = 0 and x(A;) =1 for n large enough from (3.8), by the homotopy invariance
and normalization of the topology degree, it follows that for any # large enough,

deg(®(A,,, ), By,,0) = deg(®, (%), Br,,0) = deg(P,(0,), B,,,0)

= deg(lx,B,,,0) = 1.
Next, we show assertion (3.16). We may derive from Lemma 3.2 that
D(A%,y) #ter, VE€[0,1],Vy € X ||yl > 1,
So for any # large enough, by the homotopy invariance, it follows that

deg(®(},-),By,,0) = deg(®(A},-) - ¢1,B,,,0) = 0. O

Proof of Theorem 1.1 For any fixed n € N with }‘—O}) -150,seta, = fMTlC -1 .= f% +1,
It is easy to verify that for any fixed n large enough, there exists r, such that r, — co as
n — oo satisfying that for any r > r,,, it follows from Lemmas 3.1-3.3 that all conditions
of Lemma 2.1 are satisfied. So there exists a closed connected component C, of solutions
(3.1) such that C, is unbounded in [e,, 8,] x X and either

(i) C,isunbounded in A direction, or

(ii) there exists an interval [c, d] such that («,, 8,) N (¢, d) = ¥ and C, bifurcates from

infinity in [¢,d] x X.

By Lemma 3.1, the case (ii) cannot occur. Thus C, is unbounded bifurcated from
[ay, Bu] x {00} in R x X. Furthermore, set o = % for n large enough, we have from
Lemma 3.1 that for any closed interval I C [}‘—; - a,j% + o\[&L, %], ifye{ye
X|(x,y) is a solution of (3.1), A € I}, then ||y|| — oo in X is impossible. So C;;, must be
bifurcated from [j% - o,j% + 0] x {oo}. O

Next, we are devoted to the proof of Theorem 1.2, which characterized the bifurcation

components of (1.1).

Proof of Theorem 1.2 Under condition (1.7), assume to the contrary that there exists a

positive solution y; of (1.1) with A = A; > %, and

lyjll = o0, j— oo.
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v/
T’
positive function wy € X such that a subsequence of {w;}, still denoted by w;, tends to wy

Ifw; = then the same argument as in the proof of Lemma 2.3 shows the existence of a

in X. It follows that for any j large enough, we have

min,_; wo (k)

w;(k) > 5 onl, (3.17)
which implies that
minu; — 00 asj— 0o. (3.18)

1

Set

h1s = liminf 4 (1) € (00, 0],
u—0o0

¥ = limsup y» (1) € [—00, 00).

Uu— 00

Note that we consider only the cases /;, € (—00,00) and y; € (—00, 00). Either the case
h14 = 00 or the case y; = —0o can be dealt with in a similar way with a minor modification.

It follows from (3.18) that, for any € > 0, there exists j; > 1 such that for any j > jj,

Iy — € < i (u(k)) onl,

V2(uj(k)) <y, +€ on 1.

Thus, for any j > jj,

N
(= 2afi) 3 aR)y(R)pa (K)

k=1
N

> A Z a(k)hy (u;(k)) p1(k) — ap(0)@1(0)[g(1;(0)) — g% u;(0)]
k=1

- Bo(N)1(N +1)[g((N +1)) — g™u;(N +1)]
> kXN;ﬂ(k)hl (4 (k) 1.(k) = ap(0)¢1 (0)y2 (1;(0))
- Bp(N)@r(N + 1)z (s(N +1))
s Ml —€)

N
I’ DS a0 - (v + €) [pl0)6n (0) + Bp(N)n (N +1)].
o k=1

On the other hand, we have

g%[ap(0)1(0) + Bp(N)ep1 (N +1)]
A ’

N 1 N
> alk)gi (k) = o > ale (k) +
= k=1

k=1
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These two assertions combined, we obtain that for any j > jj,

(1 = Aifie) Y alk)y;(K)gpr (k)

k=1
Ty — €
> 23 gk (k)
Joo k=1
hiy — €)g™
' <M}7;)g - (v + f)) [2p(0)1(0) + Bp(N)@r (N +1)]
> 0.

On the right-hand side, we see from (1.7) that

. Ai(hys —€)g™ ) h.g>
lim —_— — * + € = —yf > 0.
e—0* ( foo)‘l (yz ) foo )/2

This means that for any j large enough,

which contradicts the assumption A; > /% Case (1.7) has been proved. Case (1.8) can be

also verified by the same arguments, and the proof of Theorem 1.2 is complete. O

N

(1 = Aife) D ali)y;(k) g (k) > 0,

k=1
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