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u'(t) = —a(t)g(ulh, )+ Ab(t, uhy( ut+s)ds), te R t#t
available at the end of the article () ()g( ( ())) () 2 f( ) € 7/ ki

ut)) - ulty) = pl(te, u(t), k € Z, where A >0 and > 0 are two parameters. Several
new and more general existence and multiplicity results are derived in terms of
different values of A > 0 and u > 0. Here we not only consider the case that g is
bounded, but the case that g is not necessarily bounded is also considered. Our
results improve those in (Ma et al. in J. Math. Anal. Appl. 384:527-535, 2011; Lietal. in
Comput. Math. Appl. 56:2556-2560, 2008). Moreover, the parameter dependence of
the periodic solution is also studied.
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1 Introduction

Impulsive functional differential equations are emerging as an important area of investiga-
tion, since various real-world simulation processes which depend on their prehistory and
are subject to short time disturbances, such as population dynamics, biology, biotech-
nology, industrial robotic, pharmacokinetics, optimal control, etc., can be expressed by
functional differential equations with impulses; see [1-5]. Moreover, Cushing [6] pointed
out that any biological or environmental parameters are naturally subject to fluctuations
in time, due to seasonal effects of weather, food supply, mating habits, hunting or harvest-
ing seasons, etc. Therefore, it is necessary and important to consider models with periodic
ecological parameters or perturbations, which may be more natural (see [7-27]). For ex-
ample, Liu and Li [9] considered the following first-order functional differential equation

with a parameter:
U (t) = —a(t)u(t) + Ab(t)f(u(t - to(t))). (A)

By using the eigenvalue theory of operators, the authors established several sufficient con-

ditions for the existence of positive T-periodic solutions.
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In [10], Wang investigated the following first-order functional differential equation with
a parameter:

U (t) = a(O)g (u(t))u(t) - Ab@O)f (u(t - 7(0))), (B)

and by virtue of the fixed point theorems in a cone, the author obtained the existence,
non-existence, and multiplicity of positive w-periodic solutions under suitable conditions
imposed on the nonlinear term f.

Yan [28] pointed out that (A) and (B) include various models. For example, Cooke and
Kaplan [29], and Cooke and Yorke [30] studied, respectively, the equation

W' (8) = g () +f (4t - 1))

for epidemic and population growth and gonorrhea epidemics.
Mackey and Glass [31] considered the following equation:

Bo0”

u'(t) = —yu(t) + D)

for model of hematopoiesis (blood cell production).

For some other recent excellent results and applications on (A) and (B), we refer the
reader to papers by Jin and Wang [32], Ye et al. [33], Li et al. [34], Graef and Kong [35, 36],
Franco et al. [37], Wu and Wang [38], Padhi and Srivastava [39], Olach [40], Amster and
Idels [41], Chen et al. [42], Ma et al. [43] and Weng and Sun [44].

As regards the ideal of an impulsive perturbation, in [28], a pioneer paper concerning
the solvability of periodic problem, Yan considered the following impulsive functional dif-
ferential equation:

u'(t) = g(t,u(t)) = Mt ult - 10(2))), tEREF 1,

. ©)
u(ty) — ulte) = pli (e, u(te — t(t))), k€ Z.

By utilizing a well-known fixed point index theorem in cone, the author got some sufficient
conditions of the existence and non-existence of positive periodic solutions of (C).

In this paper, we investigate the existence of positive periodic solutions of the impulsive
functional differential equation

u'(t) = —a(t)g(u(h (£)u(t)
+ A (6, ulha (1)), [, els)ult +5)ds), teR,tHt, (L1)
u(ty) — ulty) = ul(ti, u(te)), k€Z,

where A > 0 and u > 0 are parameters, e € C([-¢,0],R), fi e(s)ds =1, and {t, k € Z} is an
increasing sequence of real number with limy_, 1 tx = £00. In addition, let

w >0, R = (—00, +00), R, = [0, +00).

We make the following hypotheses:

(H1) a,b e C(R,R,) are w-periodic functions satisfying [, a(t)dt > 0, [’ b(t) dt > 0;
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(Hz) h; € C(R,R,) (i =1,2) is w-periodic function, g € C(R,,R,);

(Hs) f € CR x R, x R,,R,) is w-periodic function in ¢; moreover, f(¢,x,y) > 0 for all
t,x>0andy>0;

(Ha) Ir € C(R x Ry, R,) is w-periodic function in ¢ and I(¢,x) > 0 forallt and x > 0, k € Z;

moreover, there exists a positive integer p such that
Ik+p(tk+p’x) = Ik(tk;x): tk+p =lh+w kel

Without loss of generality, we assume that [0, w] N {tx, k € Z} = {to, L, ..., tp-1}.

Some special cases of (1.1) have been investigated. For example, Li et al. [34] discussed
problem (1.1) in the case that u =1 and I«(¢, u) = It (u), k € Z*. By using the well-known
Leggett-Williams multiple fixed point theorem, the authors obtained the existence of mul-
tiple positive periodic solutions of problem (1.1). However, in [34], Li et al. only dealt with
the case that there exist two positive constants / and L such that

O0<l<gu)<L<oo forallu>D0. (1.2)

It is interesting to know whether there is a positive periodic solution of (1.1) when g does
not satisfy (1.2). Very recently, Ma et al. [43] studied the existence of positive periodic
solutions of (1.1) under the following two cases:

0<l<g(u)<oo forallu>D0, (1.3)
O<g(u)<L forallu>0, (1.4)

where [/ and L are two positive constants. However, Ma et al. obtained the existence of at
least one positive periodic solution only for Ix(t,u) =0, k € Z.

At the same time, we notice that there is almost no paper except [28] studying impulsive
functional differential equations with two parameters. By using a well-known fixed point
index theorem due to Krasnoselskii, the author obtained the following results in the case
gisbounded and e(t) =0, ¢ € [-¢,0].

Theorem A (Theorem 3.1 of [28]) Let the following conditions hold.

(A1) A>0andp >0 are parameters.

(A2) tx, k € Z, is an increasing sequence of real number with limy_, 4 tx = £00.

(As) handf:R x R* — R* satisfy Carathéodory conditions, that is, h(t,y) and f(t,y) are
locally Lebesgue measurable in t for each fixed y and are continuous in y for each fixed
t, are w-periodic functions in t. Moreover, f(t,y) >0 for all t and y > 0.t : R — R is
locally bounded Lebesgue measurable w-periodic function.

(A4) There exist w-periodic functions a; and a; : R — R* which are locally bounded
Lebesgue measurable so that a,(t)y < h(t,y) < ax(t)y for all y > 0 and lim,_.o+ h(t,y)y
exists, [ ay(£)dt > 0.

(As) Ix:R x [0,00) = R, k € Z, satisfy Carathéodory conditions and are w-periodic func-
tions in t and there exists an integer p such that Ii,,(tisp, ) = TG ¥)s terp = te + o,
k € Z. Moreover, Ix(t,0) = 0 for all k € Z.

(Ag) pandq:R — R are positive bounded Lebesgue measurable w-periodic functions and
is bounded away from zero.
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Suppose further that £, fo, I, and I° are positive constants, where

t, . . . ty
f0 = limsup max I y), foo =liminf min 1 y),
y—o+ telow] p(t)y y—oo telow] p(t)y
Ii(¢, . ) Ii (¢,
Iozlimsup max Kl y), Iso =liminf  min Kl y).
y—0+ telowlkel0,0] g(t)y y—oo tel0wlkel0.0] g(t)y
If
B(AOP + nI’Q) <1
and

a0 (AfooP + Q) > 1,

then problem (1.1) has a positive w-periodic solution.

It is not difficult to see that the conditions of Theorem A are not the optimal conditions
which guarantee the existence of at least one positive periodic solution for problem (1.1).
In fact, if

B(AOP+pul’Q) <1
or
a0 (AMooP + Q) > 1,

we can prove that problem (1.1) has at least one positive periodic solution, respectively.

Motivated by the papers mentioned above, we will extend the results of [9, 10, 28, 32, 34,
43] to problem (1.1) in the case that g satisfies (1.2), (1.3), and (1.4), respectively. Moreover,
the parameter dependence of the periodic solution is also studied.

The rest of the paper is organized as follows. In Section 2, we study the existence and
multiplicity results of positive periodic solutions for problem (1.1) when the function g
satisfies (1.2). In Section 3, we establish the dependence results of the positive periodic
solution on the parameter for problem (1.1). The final section of the paper studies the
existence of positive periodic solutions for problem (1.1) when the function g satisfies (1.3)
or (1.4). Some remarks are also given to explain why we do not consider the multiplicity
of positive periodic solutions and the dependence results of the positive periodic solution
on the parameter when the function g satisfies (1.3) or (1.4).

2 Existence results under (1.2)

2.1 Main results

In this section, we state the main results, including existence and multiplicity results of
positive periodic solutions for problem (1.1).

For convenience, we introduce the following notations:

t: ) . t, S
fO = lim sup maXM’ fOO = lim sup maxf( X )/),
x—0%,y—>0+ 1€/ X x—o00,y—>o00 L€/ X

t; ) . . . t’ y
fo= tminf minlZ%Y p_ liminf minl &%),

x—0%y—0% teJ X xX—>00,y—>00 tef X
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Li(t, x . I, %
I°(k) = lim sup —k( k ), I (k) = lim sup —k( k ),
x—07* X x—>00 X
I(ty, oAkt
Iy(k) = liminf M, I (k) = lim 1nfM,
x—>0* X xX—>00 X

where ] = [0,w], k=0,1,...,p — 1. Moreover, we choose four numbers r, 1, r5, and R sat-

isfying
0<r<r <dry<ry <R<+00, (2.1)

where § is defined in (2.9).

Theorem 2.1 Let (H1)-(Ha) hold. Assume that 0 < foo < f*° < +00, 0 < Io(k) < I®(k) <
+00, k=0,1,...,p — 1, and the function g satisfies (1.2). Then
(i) there exist Lo > 0 and o > 0 such that, for any A > ko and @ > po, problem (1.1) has

a positive periodic solution u(t) with
1
Sr<u(t) < ER’ te]; (2.2)

(ii) there exist ko > 0 and jiy > O such that, for any 0 < A < Ao and 0 < u < jig, problem
(1.1) has a positive periodic solution u(t), t € ] with property (2.2).

Theorem 2.2 Let (H;)-(Hy) hold. Assume that 0 < fy < f° < +00, 0 < Iy(k) < I°(k) < +00,
k=0,1,...,p—1 and the function g satisfies (1.2). Then
(i) there exist Lo > 0 and o > 0 such that, for any A > o and (> po, problem (1.1) has

a positive periodic solution u(t) with
Sr<u(t)<R, te]; (2.3)

(ii) there exist ko > 0 and iy > O such that, for any 0 < A < Ao and 0 < ju < jig, problem
(1.1) has a positive periodic solution u(t), t € ] with property (2.3).

Remark 2.1 Some ideas of Theorems 2.1 and 2.2 are from Yan [28].

Theorem 2.3 Assume that (Hy)-(Ha) hold and the function g satisfies (1.2).
(i) Iff*=0andI*(k)=0,k=0,1,...,p -1, then there exist Lo > 0 and (1o > 0 such

that, for any A > Lo and p > Wo, problem (1.1) has a positive periodic solution u(t),
t € ] with property (2.2).

(i) Iff°=0and I°(k) =0,k =0,1,...,p — 1, then there exist .o > 0 and o > 0 such
that, for any A > Ao and > (Lo, problem (1.1) has a positive periodic solution u(t)
with property (2.3).

(i) Iff0=f°=1°(k)=1°k) =0,k =0,1,...,p — 1, then there exist »o >0 and 1o >0
such that, for any A > o and @ > o, problem (1.1) has at least two positive periodic
solutions u1(t) and u,(t) with

Sr<ui(t) <r<drp, <uy(t) <R, te]. (2.4)
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Theorem 2.4 Assume that (H;)-(Ha) hold and the function g satisfies (1.2).

(i) If foo = +00 and Ioo(k) = +00, k = 0,1,...,p — 1, then there exist Loy > 0 and jig >0
such that, for any 0 < < ,o and 0 < ju < Lo, problem (1.1) has a positive periodic
solution u(t), t € ] with property (2.2).

(ii) Iffy = +o0 and Iy(k) = +00, k = 0,1,...,p — 1, then there exist Lo > 0 and jig > 0 such
that, for any 0 < A < Ay and 0 < p < jig, problem (1.1) has a positive periodic solution
u(t), t € J with property (2.3).

(iti) Iffo = foo = I°(k) = Ip(k) = +00, k = 0,1,...,p — 1, then there exist o > 0 and jig >0
such that, for any 0 < A < Lo and 0 < ju < fig, problem (1.1) has at least two positive
periodic solutions uy(t) and u,(t) with

1
Sr<u(t) <rm <8rm <u(t) < SR' te]. (2.5)

Remark 2.2 Some ideas of the proof of Theorem 2.3 and Theorem 2.4 are from Wang
[10].

2.2 Preliminaries
In our main results, we will make use of the following definitions and lemmas.

Definition 2.1 A function u : R — (0, 00) is called a positive solution of (1.1) if it satisfies:
(i) u(2) is absolutely continuous on each (, tx41);
(ii) for each k € Z, u(t;) and u(£;) exist and u(t;) = u(ty);
(iii) u(¢) satisfies (1.1).

Definition 2.2 A solution u(t) of (1.1) on R is called w-periodic if u(t + w) = u(t).
Let E be the Banach space

{ulu :R — Ris continuous at ¢ # t, u(t,:) = u(t) and

u(t,ﬁ) exists,k € Z and u(t + w) = u(t)}
with ||| = supy,,, [u(t)]. We denote
Q ={uecE:ul<r}, 39Q={uecE:|ul=r}
for all r > 0 in the sequel.

Lemma 2.1 (See [34]) Assume that (H;)-(Ha) hold and the function g satisfies (1.2). Then
u € E is a solution of problem (1.1) if and only if u is a solution of the integral equation

t+w 0
u(t) = )»_/ G(t, S)b(S)f<S, u(hz(s)),/ e(s)u(s +v) dv) ds
¢ -
+u Z Gt i) (b ulti)), (2.6)
t<ti<t+w
where
eftsa(v)g(u(hl(v)))dv
G(t,s) = T d ]’ se[tt+w). (2.7)
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Further, it follows from (2.7) and (1.2) that

1 L
=a<G(ts)<pB= a se[tt+w]
ol -1 - T ol-1 ’ ’
where o = /o’ @®dz,
Define a cone K in E by

K={u€cE:u(t)>s|ul,t ]},

It is easy to see K is a closed non-empty subset of E.
Define T} : K — E by

0

(Tru)@) = A/ " G(t, s)b(s)f(s,u(h2(s)),/

-

+ U Z G(t,tk)lk(tk,u(l’k)).

t<tp<t+w

From (2.10) and Lemma 2.1, it is easy to obtain the following result.

e(s)u(s +v) dv) ds

Page 7 of 22

(2.9)

(2.10)

Lemma 2.2 (See [16]) Assume that (H1)-(Ha) hold. Problem (1.1) is equivalent to the fixed

point problem of T} in K.

Lemma 2.3 (See Lemmas 2.1 and 2.2 in [28]) Assume that (H)-(Ha) hold and the function

g satisfies (1.2). Then T} : K — K is completely continuous.

The following well-known result of the fixed point is crucial in our arguments.

Lemma 2.4 (See [45]) Let P be a cone in a real Banach space E. Assume 21, Q2 are

bounded open sets in E with 0 € Q, Q C Q. If
A:PN(Q\ Q) — P

is completely continuous such that either

@) 1A% < llxll, Vx € PNy and ||Ax| > ||lx|, Yx € PN 3y, or
() 1 Ax|l = x|, Vx € PN 382 and ||Ax|| < ||x|l, Yx € PN 02,

then A has at least one fixed point in PN (S \ Q1).

2.3 Proofs of the main results

For convenience we write

y = /Ow b(s) ds.
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Proof of Theorem 2.1 Part (i). Noticing that f(¢,x,y) > 0, I(t,x) >0 (k=0,1,...

all £,x > 0, and y > 0, we can define, for r > 0,

m,= min {f(t,x,y)} >0, m* = min{my, k=0,1,...,p—1} >0,

te],0r<x,y<r

where

mp = min {Ik(t,x)}>0, k=0,1,...,p-1

te],6r<x<r

Since f_o{ e(s)ds =1, it follows from 8r < x < r that
0
§r < / e(s)x(s+v)dv<r.
Y

Let
-1 %\ 1
Ao > Qam,y)"r, Lo > (2am p) r.

Then for any u € KN 9, and A > Ao, i > 1o, we have

0

(T u)(e) = A‘/. G(t,s)b(s)f(s,u(hg(s)),/

e(s)u(s +v) dv) ds
Y

Y Gl (b u(t)
t<tp<t+w

0<ty<w

p-1

L ¢ k=0

> Am,/ b(s)ds + um*p:|
L 0

> a[kom,y + Mom*p]

1 1
>—r+-r=r,
2 2

which implies that

T4 u > lull, YueKNd,A>Aoand 1> uo.

Page 8 of 22

,p—1) for

>alA /w b(s)f(s, u(ha(s)), fo e(s)u(s + v) dv) ds+u Z I(t u(tk))]
0 ¢

>al A /“’ b(s)f(& u(hz(s)), /0 e(s)u(s +v) dv) ds+ 1 Zlk(tk, u(tk))]
0 —

(2.11)

If 0 < f* < +00, 0 < I®(k) < +00, k = 0,1,...,p — 1, then there exist [; > 0, [, > 0, and

R > r > 0 such that
ft,x,y) < hx, L(t,x)<bhx (Vte],x>Ry>Rk=0,1,...,p-1),
where [; satisfies

2hBry <1,

(2.12)
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I, satisfies
2LBup <1. (2.13)
Letn = § Thus, when u# € K N 9€2,, we have
u(t) > d8llull=én=R, te].

Since fi e(s)ds = 1, it follows from x > R that

0
/ e(s)x(s+v)dv>R.
¢

Therefore, it follows from (2.10) that

0

(Tfu)(t) _ )L'/-Hw G(t,s)b(s)f(s,u(hz(s)),/ e(s)u(s +v) dv) ds

=<

i Y Gl )Tkt ult))
<ty <t+w

w 0
<8 A/O b(s)f(s, u(hz(s)),/ e(s)u(s +v) dv) ds+ 1 Z Ik(tk, u(tk))]
L -¢

0<ty<w

B w 0 p-1
<B )»/0 b(s)f(s, M(hz(S)),/ e(s)u(s +v) dv) ds+ 1 Zlk(tk, u(tk)):|

¢ k=0

w p-1
ol | b(s)llnundswzzznun]

k=0

IA

Bl / b(s) dslju] +u12p||u||}
0

IA

< B[rhy lull + phopllul]

IA

1|| [ 1|| [
—lull + < llu
2 2

flull.
This yields
T8 u| < llull, YueKnog,. (2.14)

Applying (b) of Lemma 2.4 to (2.11) and (2.14) shows that 7} has a fixed point u € K N
(S_Z,7 \ Q) withr < |lull <n-= %R. Hence, since for u € K we have u(t) > §|lu||, t €], it
follows that (2.2) holds. This gives the proof of part (i).

Part (ii). Noticing that f(¢,x,y) > 0, [x(¢,x) >0 (k=0,1,...,p—1) forall £,x > 0,and y > O,

we can define, for r > 0,

M, = max {f(t,x,y)} >0, M* = max{My,k=0,1,...,p—-1} >0,

te],0<xy<r
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where

My = max {Ik(t,x)}, k=0,1,...,p-1

te],0<x<r

Since f_og e(s)ds =1, it follows from 0 < x < r that

0< /0 e(s)x(s+v)dv<r.
-¢

Let

1
r.
2BpM*

do <

= v, ﬁO S
2B8M,y

Then, for u € KN 32, and A < Ag, it < Lo, we have

0

(Tfu)(t) i k/t+w G(t,s)b(s)f(S,u(hz(S))»/ e(s)u(s +v) dv) ds

=

Y Gl (b u(t)

t<tp<t+w

r w 0
<p A/(; b(s)f(s,u(hz(s)),/g e(s)u(s +v) dv) ds+ 11 Z Ik(tk,u(tk))]

0<ty<w

B w 0 p-1
<p A/O b(s)f(s, u(hz(s)),/ e(s)u(s +v) dv) ds+u Zlk(tk, u(tk))]

¢ k=0

- i
<8 )»/ b(s)M, ds + 11 ZM*:|
0

k=0

IA

AM,/ b(s)ds+upM*]
L 0

IA

B
B[AM,y + uM*p]
< B[roM,y + LoM*p]
l 1
2
r

r+=r
2

IA

This implies
| T u| < llull, YueKNoK,. (2.15)

If 0 < foo < +00, 0 < Io(k) < +00, k = 0,1,...,p — 1, then there exist /3 > 0, /4 > 0, and
R >r > 0 such that

ft,x,9) > l3x, L(t,x)>lx (Vt€e],x>Ry>Rk=0,1,...,p-1),
where /3 satisfies

20813y > 1, (2.16)
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I, satisfies
208 pulyp > 1. (2.17)
Letq = {S_z Thus, when u € K N dQ2;; we have
u(t) = dllull=én=R, t€].

Since ff)g e(s)ds = 1, it follows from x > R that

0
/ e(s)x(s +v)dv>R.
-

Therefore, for any u € K N 0Q2;;, we have

0

(T u)(t) = )»/ G(t,s)b(s)f(s,u(hz(s)),/

e(s)u(s +v) dv) ds
¢

Y Gl (b u(t)
t<tp<t+w

>a|A /(;w b(s)f(s, u(hg(s)), /0 e(s)u(s +v) dv) ds+ [ Z Ik(tk, u(tk))]

¢ 0<ty<w

B 3} 0 p-1
>a )\/o b(s)f(s, I/l(l’lz(S)),/ e(s)u(s +v) dv) ds+ [ Zlk(tk, u(tk)):|

¢ k=0

> a2 / b(s)ls5 ] ds+ul48||ullp]
L 0

> a8 (Mzy llull + plapllul)

\%

L+ S
—ull + = lu
-2 2

llaell,

which implies that
| T8 u| = lull, YueKno;. (2.18)

Applying (a) of Lemma 2.4 to (2.15) and (2.18) shows that 7} has a fixed point u € K N
(€25 \ @) with r < [|lu| <7 = %R. Hence, since for u € K we have u(t) > §|u|, t €], it
follows that (2.3) holds. This finishes the proof of part (ii). a

Proof of Theorem 2.2 Part (i). Noticing that f(¢,x,y) > 0, It(t,x) >0 (k=0,1,...,p — 1) for
all £,x > 0, and y > 0, we can define, for R > 0,

= i t,x, 0, * = mi ,k=0,1,...,p-1}>0,
mg te],érlglglgcl,ygle{f( %)} > m* = min{my, k p-1}>

where

= i L(t,x)}, k=0,1,...,p—1.
My te]ﬁgg{ (&%)} p
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Let
-1 %\ 71
Lo = (2ampy) ™R, o = (2am*p) " R.

Then, for any u € KN 32z and A > Ao, 4 > po, we have

0

(T u)(t) = A/ G(t,s)b(s)f(s,u(hz(s)),/

e(s)u(s +v) dv) ds
¢

Y Gl (b u(t)
t<tp<t+w

> oA /Ow b(s)f(s, M(hg(S)), /0 e(s)u(s +v) dv) ds+ Z Ik(tk, u(tk))]

e

0<ty<w

® 0 p-1
>a )»/0 b(s)f(s, M(hg(S)),f e(s)u(s +v) dv) ds+ Zlk(tk, u(tk))]

L ¢ k=0

>a AmR/ b(s)ds + ,um*p]
L 0

> a[Aomry + pom*p)]
11

> _R+-R=R,
2" "2

which implies that
||Tqu >|lull, YueKNdQp,A>Aoand > . (2.19)

If 0 < f° < +00, 0 < I°(k) < +00, k = 0,1,...,p — 1, then there exist /; > 0, [ > 0, and 0 <
r < R such that

f(t,x,y) < hx, L(t,x)<bhx (Vte],0<x,y<rk=0,1,..,p-1),

where /; and /, satisfy (2.12) and (2.13), respectively.
Therefore, for u € K N 92, we have

0

(T u)(t) = A/ G(t,s)b(s)f(s,u(hz(s)),/

e(s)u(s +v) dv) ds
¢

Y Gl (b u(t)
t<tp<t+w

w 0
<B Af b(s)f(s, u(hz(s)),/ e(s)u(s +v) dv) ds+ 1 Z Ik(tk, u(tk))]
L 0 -¢ 0<ty<w

w 0 p-1
<8 )»/ b(s)f(s, M(hg(S)),f e(s)u(s +v) dv) ds+ 1 Zlk (tk, u(tk))
L J0 ¢ k=0

w p-1
<[ [ b(s)llnundswzzznun]
0

L k=0

< Bl / b(s)dsnuuwlzpnun}
L 0
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< B[rhyllull + nhaplivi]

1]
=

This yields
T8 u| < llull, YueKNo,. (2.20)

Applying (a) of Lemma 2.4 to (2.19) and (2.20) shows that 7} has a fixed point u €
K N (Qr \ ©,) with r < |lu|| < R. Hence, since for u € K we have u(t) > 8|ul||, t € J, it
follows that (2.3) holds. This gives the proof of part (i).

Part (ii). Noticing that f(¢,,y) > 0, It(¢,x) >0 (k=0,1,...,p—1) forall £,x > 0,and y > 0,
we can define, for R > 0,

Mg = Lyl >0, M =max{Mk=0,1,...,p—1} >0,
® :e},lon;}f}g{f( %)} > max{M p-1}>

M= max {L(tx)}, k=0,1,...,p-1

te],0<x<R
Let
ro < ! R o < ! R
C=2pMpy T MO T 2ppme

Then, for u € K N 32k and A < Ag, 14 < fLg, we have

0

(Tfu)(t) =\ /t+w G(t,s)b(s)f(s, u(hz(s)),f e(s)u(s +v) dv) ds

¢
v > Gl (o u(t)

t<tp<t+w

r w 0
<8 A/O b(s)f(s,u(hg(s)),/ e(s)u(s +v) dv) ds+ 1 Z Ik(tk,u(tk))]
¢

0<ty<w

B 3 0 p-1
<8 A/(; b(s)f(s, u(hz(s)),/ e(s)u(s +v) dv) ds+ Zlk(tk, u(tk))]

L 4 k=0
- -

<p A/ b(s)Mpds + MZM*}
L 7o k=0

<B AMR/ b(s)ds+upM*]
0

Page 13 of 22
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This implies
T'ul < |lul, YueKnNoQp. (2.21)
A

If0 < fy < +00, 0 < [y(k) < +00,k =0,1,...,p—1, then there exist I3 >0, [y > 0,and 0 < r <
R such that

ft,x,y) > l3x, L(t,x)>lx (Vt€],0<xy<rk=0,1,...,p-1),

where /3 and /, satisfy (2.16) and (2.17), respectively.
Therefore, for any u € K N 9$2,, we have

0

(Tiu)(t) = Af wG(t,s)b(s)f(s,u(hz(s)),/

e(s)u(s +v) dv) ds
-

Y Gl (e u(t)
t<tp<t+w

w 0
>« A/ b(s)f(s, u(hg(s)),/ e(s)u(s +v) dv) ds+ Z Ik(tk, u(tk))]
0 Y

0<ty<w

B 19 0 p-1
>« A/ b(s)f(s, u(hz(s)),/ e(s)u(s +v) dv> ds+ Zlk(tk, u(tk))
L 70 -¢ k=0

zaA/1MMﬁwﬁ+ummM]
L 0

v

a[Mzllully + plallullp)

> —|lull + <|lu
> 2|| l 2|| I
= lull,
which implies that
| T5u| = lul, YueKnag,. (2.22)

Applying (a) of Lemma 2.4 to (2.21) and (2.22) shows that 7} has a fixed point u €
KN (Qr\ ©,) with 7 < |lu|| < R. Hence, since for u € K we have u(t) > 8|u|, t € J, it
follows that (2.3) holds. This finishes the proof of part (ii). (I

Proof of Theorem 2.3 Similar to the proof of Theorem 2.1(i) and Theorem 2.2(i), respec-
tively, one can show that Theorem 2.3(i) and (ii) hold.

Consider part (iii). Choose two numbers r; and 7, satisfying (2.1). By Theorem 2.1(i) and
Theorem 2.2(i), there exist Ao > 0 and o > 0 such that

T8 u| > ull, YueKNoK,,i=1,2. (2.23)

Since f0 = f*° = I®(k) =I°(k) =0, k = 0,1,...,p — 1, from the proof of Theorem 2.1(i),
Theorem 2.2(i), and (2.1), it follows that

| T8 u| < llull, YueKNoQ, (2.24)
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and
| T8 u| < llull, YueKNop. (2.25)

Applying Lemma 2.4 to (2.23)-(2.25) shows that T} has two fixed points #; and u, such
that z; €e K N (Q,l \ ©,) and u, € K N (Qr \ 2,,). These are the desired distinct positive
periodic solutions of problem (1.1) for 4o > 0 and po > O satisfying (2.4). Then the result
of part (iii) follows. O

Proof of Theorem 2.4 Similar to the proof of those Theorem 2.1(ii) and Theorem 2.2(ii),
respectively, one can show that Theorem 2.4(i) and (ii) hold.

Now consider part (iii). Choose two numbers r; and r, satisfying (2.1). By Theorem 2.1(ii)
and Theorem 2.2(ii), there exist 1o > 0 and i > 0 such that

T8 u| < llull, YO <A <Xo,0<p<fioueknNd,i=12 (2.26)

Since fy = foo = Ino(k) = Iy(k) = +00, k = 0,1,...,p — 1, from the proof of Theorem 2.1(ii)
and Theorem 2.2(ii) and (2.1), it follows that

T'ul > |lul, YueKNI, (2.27)
A
and
Tlu| > lull, YueKNak. (2.28)
by

Applying Lemma 2.4 to (2.26)-(2.28) shows that 7' has two fixed points #; and u, such
that z; €e K N (S_Z,1 \ ©,) and uy, € KN (2 \ Q,,). These are the desired distinct positive
periodic solutions of problem (1.1) for 0 < A < A¢ and 0 < i < jio satisfying (2.5). Then
proof of part (iii) is complete. d

3 The parameter dependence of positive periodic solution under (1.2)
In this section, we consider the parameter dependence of positive periodic solution in the
case A = u. For convenience, let

M= max ﬂ[f(t,x,y), M* = max{My, k=0,1,...,p -1},

te],0<xy<

where

My = max [L(tx), k=0,1,...,p-1,

te],0<x<d
and d is a positive number.

(H3)" Letf € C(R x Ry x Ry, R;) be w-periodic functions in ¢.

Theorem 3.1 Assume that (H;), (Hy), (Hs)', and (Hy) hold and the function g satisfies
(1.2). Then the following two conclusions hold.
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(Hs) Iff° =0, I°(k) = 0, and foo = 00, Ino(k) = 00, k = 0,1,...,p — 1, then for every A > 0
problem (1.1) has a positive periodic solution u; (t) satisfying lim; o+ ||u, || = co.

(He) If fo = 00, Iy(k) = 00, and f* =0, I*°(k) =0, k=0,1,...,p — 1, then for every » >0
problem (1.1) has a positive periodic solution u;(t) satisfying lim, o+ ||u, | = 0.

Remark 3.1 Assume that f, = 00 or I (k) =00, k =0,1,...,p —1in (Hs) or fy = oo or
Iy(k) =00, k=0,1,...,p—1in (Hg). Then the conclusions of Theorem 3.1 also hold.

Remark 3.2 Theorem 3.1 improves and develops Theorem 2.3.7 in [45] essentially.

Remark 3.3 Theorem 3.1 only considers the special case i = A. However, we do not give
any information on the general case u # X.

Proof of Theorem 3.1 We need only to prove this theorem under condition (Hs) since the
proof is similar when (Hg) holds.

For given A > 0, similar to the proof of (2.18) and (2.20), it follows from (Hs) that there
exists 0 < 7 < R such that

T8 u] < llull, ueKnog,
and

| T8 Tue|| = llull, ©eKnNoQk.

Hence, condition (a) of Lemma 2.4 is satisfied for the operator 7}, which implies that
T/ has a fixed point u; in Qg \ ;.

It remains to prove ||u, || = +oo as A — 0. In fact, if not, there exist a number d > 0 and
a sequence A, — 0% such that

lu,ll <d (n=123,..).

Furthermore, the sequence {||u,, ||} contains a subsequence that converges to a number 7,
(0 < n <d). For simplicity, suppose that {||z,,, ||} itself converges to .
If n > 0, then ||y, || > § for sufficiently large 7 (n > N), and therefore

1 _ ” ,/;Hw G(t7 S)b(s)f(& M(hz(s)), f_o; e(s)u(s + V) dV) ds + ZtitkffﬂO G(t’ tk)Ik(tkt Uy, (tk)) ”

hn ll223,
- BLSy b(s)f (s, u(hy(s)), f_og e(S)uls +vydvyds + 3 o, -, It s, (t))]
- ll22, I
_ BlyM+pM']
ll23,, I
< —2ﬂ[yM,7+pM*]' (n>N),

which contradicts A,, — 0*.
If n =0, then ||lu,,,|| — 0 for sufficiently large # (n > N), and therefore it follows from
(Hs) that for any ¢ > 0 there exists r3 > 0 such that

f(t,x,y) < ex, Ii(t,x) <ex, YO0 <x,y<rs,
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and hence it follows from (2.10) that

An ll2, |

_ B DY (s ullha(s), [, eluls + V) dv)ds + Ty Tt 16)]

B lla,,

1T G 9be) (s, ulha(o), [, e)uls +v)dv)ds + 3, 1, Gt tTeltio 1, (10)]

_ Blyellu, || + pellw, |I]
- ll223,

= B(y +p)e.

Since ¢ is arbitrary, we have A, — +00 (n — +00) in contradiction with A, — 0*. There-

fore, ||u; || = +00 as A — 0* and the proof is complete. O

4 Existence under (1.3) and (1.4)
Firstly, let us denote that for each fixed constant p > 0,

I (p) := max{g(s)|0 < s < p}, (4.1)

h.(p) := min{g(s)|0 <s ,o}. (4.2)

IA

Theorem 4.1 Assume that (H;)-(H4) hold and g satisfies (1.3).

Hy) Iff°=0and I°(k) =0,k =0,1,...,p — 1, then there exist ., >0 and j, > 0 such that
problem (1.1) has a positive periodic solution u with

supu(t) <p foriA>x,and > u,. (4.3)
te]

(Hg) If fo = +o0 and Iy(k) = +o00, k = 0,1,...,p — 1, such that problem (1.1) has a positive
periodic solution u with

supu(t) <p forO<i<hr,andO<p<p,. (4.4)
te]

Corollary 4.1 Assume that (H;)-(Ha) hold and the function g satisfies (1.3).
(i) Iff°=0and I°(k) =0,k =0,1,...,p — 1, then there exists 1, > 0 or 1, > 0 such that
problem (1.1) has a positive periodic solution u(t) with property (4.3).
(i) Iffo = +oo or Iy(k) = +00, k=0,1,...,p — 1, then there exist )_\p >0 and i, >0 such
that problem (1.1) has a positive periodic solution u(t), t € J with property (4.4).

Let p be the constant in Theorem 4.1. Define a cone K[p] in E by

(4.5)

Kip] - {u CEiult) = wnun}.

1-h*(p)

For every ¢ > 0, let

Q ={ueK[R]:||lull <}, 0, = {u e K[R]: ul =}
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and
Q ={ueK[R]:[lull <}.

Define an operator T} : E — E by

0

(Tu)(2) = k/ wGu(t,s)b(s)f(s,u(hg(s)),f

e(s)u(s+v) dv> ds
-

+ U Z Gu(t, ) It u(tr)),

t<typ<t+w

where
eJi aWgulin () dv
Gu(t,s) = T O ] seltt+ol]
It follows from (4.1) and (4.2) that
hi(p) <gw) <i(p), uef,
and hence, for u € 2, we have
1 o)

=a(p)§Gu(t:S)S:3(p): , S€ [t7t+w],

o'h*(/)) -1 o'h*(/)) -1

where o is defined in (2.8).

Similarly, for 0 < r < p, we can define

h(r) = max{g(s)lO <s< r}, h.(r) = min{g(s)|0 <s< r}.
Obviously,

h(r) < g(w) < h*(r)

and, for u € Q,, we have

o (0) o) o
< <
l—O’h*(p) = l_o_h*(r) = u(trS)

s tt 9
—1ogh( — 1 - gh«p)’ sett+w],uc.

Page 18 of 22

(4.6)

(4.7)

(4.10)

Lemma 4.1 (See [43]) Assume that (H;)-(Hy) hold. Let p > 0 be fixed. Then for each r:

0<r<p,wehave T(Q,) CK[p] and T : Q, — K[p] is compact and continuous.

Remark 4.1 (See [43]) Notice that for the cone K[p] defined by (4.3) we cannot obtain

T(K[p]) C K[p].
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However, Lemma 4.1 shows that, for every r € (0, p],
T(,) € K[p),

which is enough for us to apply the fixed point theorem in cones.

Lemma 4.2 (See [43]) Assume that (Hy)-(Hy) hold. If u is a fixed point of T in K[p], then
u is a periodic solution of problem (1.1).

Proof of Theorem 4.1 Let R = p and «(p) replace «, B(p) replace 8 in the proof of Theo-
rem 2.2(i) and (ii) and repeat the argument of Theorem 2.2(i) and (ii). Then we can prove
that Theorem 4.1 holds. g

Remark 4.2 Let the condition (1.4) replace (1.3) in Theorem 4.1, the results of Theo-
rem 4.1 also hold.

Remark 4.3 Since the function G,(t,s) is related to u and the operator T does not satisfy
T(Klp]) C K[p),

we have the following facts.
(i) # — 0 means there exists a sufficiently small positive number r such that u € [0, 7].
So one can easily choose a positive number p to control r.
(ii) # — oo means there exists a sufficiently large positive number R such that
u € [R, 00], which implies that it is very difficult to find a positive number 7 to
control R.

Therefore, we only prove the existence of positive periodic solutions for problem (1.1)
under (1.3) and f and Iy (k=0,1,...,p — 1) satisfying one of the following conditions:
(i) f°=0and °(k)=0,k=0,1,...,p—1;
(ii) fo =00 and Iy(k) =00,k=0,1,...,p—1.
However, we do not give any information on the existence of positive periodic solutions
for problem (1.1) in the four following cases:
(iii) (1.3) holds, f* =0and I*®(k)=0,k=0,1,...,p-1;
(iv) (1.3) holds, foo = 00 and I (k) = 00, k= 0,1,...,p — 1;
(v) (1.4) holds, f* =0and I*®(k) =0,k =0,1,...,p—1;
(vi) (1.4) holds, foo = 00 and Ioo(k) =00, k=0,1,...,p— 1.
This and the proof of Theorem 3.1 imply the following.

Remark 4.4 If(1.3) or (1.4) hold, then we cannot obtain the parameter dependence results
of positive periodic solution for problem (1.1).

5 Anexample
To illustrate how our main results can be used in practice, we present an example. Let
1

p=1, e(t) = g, w=2m, r=1 (5.1)
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Example 5.1 Consider the following equation:
u'(t) = —a(t)g(u(h(2)))u(t)
+ Ab()f (t, u(hy(t)), fi e(s)u(t +s)ds), teRtFt, (5.2)
u(ty) — uty) = whi(t, u(ty)), keZ,
where A > 0 and p > 0 are parameters, and

1 1 1 —u(t
a(t) = 3 b(t) =1 —sint, g(u(lm@)) = Sre ®

Ik(tk,u(tk)) = (; + Sill(tk)> u(ty), keZ,

0 1 1 01
f(t, u(hz(t)),/ e(s)u(t +s) ds) = (E + 3 sin t) u(t) + / Eu(t +8)ds. (5.3)
-¢ ¢
3 %( %_1)2 %( %_1)2
Conclusion 5.1 For any A > 222¢=0 and p > -4 =L, problem (5.1) has a positive 27 -
147 (e3 -1) 3(e3-1)

periodic solution.

Proof 1t follows from (5.3) that (H;)-(Hs) of Theorem 2.1 hold. Noticing that p = 1, we
have

[0,(,()] N [tk!k € Z] = {tO}
Letting ¢ = 7, then

7 11 3
) foo:_<—:foo, IOQ:[OOI—

g =+ <
u)=—+e .
=&w=3 = 6 6 2

W =
W

So we can take

On the other hand, it follows from (5.1) that

o - e/éua(t)dt —e, o= 1 _ 1 ,
O'L—]. e3 -1

ﬂ_ O'L _ e% B O'l—l _ 63—1

ol-1 o5_1 ol(ot-1) eg(eg—l),

2 3 3
7(e3 —1 3(e3 -1

y = (l—sint)dt:Zn, mr:%“)y M*:%

0 6e3(e3 —1) 2e3(e3 —1)

and

3¢ (e3 —1)2
ro = Qam,y)lr = ————,
147 (es - 1)

4 4
1 e3(es —1)?
MO = (Zam*p) 17': #

3(e3 —-1)
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44
1

Therefore, it follows from Theorem 2.1 that there exist Ag = >0 and g =
4 4 147 (e3 -1)

eii(elﬂ > 0 such that, for any A > Ao and p > g, problem (5.1) has a positive 27 -periodic
3(e3 -1)

solution. O
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