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1 Introduction and statement of main result

Let €2 be a simply connected bounded domain of R” with smooth boundary 9€2, n > 3. Let
C be a closed interval containing 0 in R, and D = R*\ C be the complement of C in R*. Let x
be any curve in Q,x: S' — Q C R" be a C* curve such that x(¢) € x C Q,and uox:S' — R
be the composition function of u and x such that (u# o x)(£) = u(x(¢)) € D = R*\C for all
t € St. Then u o x is a C* function. Let ¢ € R, A be the elliptic operator, and A? be the

biharmonic operator. Let us introduce the following subset of L7(S', R):

H-= {u ox € Lq(Sl,R) | ((Azu(x(t)) + cAu(x(t))) . u(x(t)))% € Lq(Sl,R),

u(x(t)) € D=R"\C,Vx(t) € x C Q,Vt€ S'}.

Then H is the loop space on D. Let us endow H with the norm

Q=

||u||f1 = (/02n|(A2u(x(t)) + cAu(x(t))) - u(x(t))|qx’(t) dt) forallg>1.

Then H is a Hilbert space. In this paper, we investigate the existence and multiplicity of
weak solutions # o x € H for the perturbation of the biharmonic equation with singular

potential

A?(mox)+cAwox)=Awox)+|uox/T+ (1.1)

lu o x|pl’
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where A, p, and g are real constants such that2 < g < pand g < 2"2 . Throughout this paper,

-

we deal with (1.1) with fixed energy

1 11
Au+—|ul!-——=h,
q plulp
where /4 is a positive constant.
We assume that:
(Al) (fixed energy) there exists a positive constant /2 > 0 such that

¢ 1 1
p |u(x(6)P
=h, u(x(t)) eD=R\C,x(t) € x CQ,VteS

Au(x(t)) + 61] |u(x(t)) |

(A2) there exists a neighborhood Z of C in R such that, for some constant A > 0,

1 » 1 , 11 A
M) = MO e P,

for u(x(t)) € Z, x(t) € x C Q, Vt e SL.

Our problems are characterized as singular biharmonic problems with singularity at
{u = 0}. We recommend the book [1] for the singular elliptic problems. Many authors
considered the biharmonic boundary value problem or the fourth-order elliptic boundary
value problems. In particular, Choi and Jung [2] showed that the problem

ANu+cAu=bu"+s ing,
(1.2)
u=0, Au=0 onaf2,

has at least two nontrivial solutions when ¢ < A1, A;(A1 = ¢) < b < A3(Ay —¢), and s < 0 or
when A1 < ¢ < Ay, b < A1(X1 —¢),and s > 0. We obtained these results by using the variational
reduction method. In [3], by using degree theory we also proved that when ¢ < A1, A (A —
¢) <b < ry(Ay—c),and s < 0, problem (1.2) has at least three nontrivial solutions. Tarantello
[4] also studied the problem

A'u+cAu=b((u+1)" -1),
(1.3)
u=0, Au=0 onodf2.

She showed that if ¢ < A; and b > A;(A; — ¢), then problem (1.3) has a negative solution.
She obtained this result by degree theory. Micheletti and Pistoia [5] also proved that if
¢ <X and b > Ay(hy — ¢), then problem (1.3) has at least three solutions by variational
linking theorem and Leray-Schauder degree theory. In this paper, we essentially work with
variational techniques: We first prove that the associated functional of (1.1) satisfies the
Palais-Smale condition, and then we use critical point theory.

Let Ay <Ay <--+- <X <--- be the eigenvalues of the eigenvalue problem —Au = Ay in
Q, u =0 o0n 92, and let ¢ be eigenfunctions corresponding to the eigenvalues Ag, k > 1,

suitably normalized with respect to the L2($2) inner product, where each eigenvalue Ax
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is repeated with its multiplicity. We note that ¢(x) > 0 for x € Q. Then the eigenvalue
problem

Au+cAu=vu ing,

u=0, Au=0 ond<,
has infinitely many eigenvalues
=AM —c) <=ty —c) < S =M(he—c) < -0

and eigenfunctions ¢y corresponding to the eigenvalues vy = Ax(Ax — ¢), k > 1, suitably
normalized with respect to the L2(R2) inner product. We note that there exists a constant
D > 0 such that ||u|| 451 ) < Dllulls for g > 1 because A;(A; — ¢) — o0 as i — oc. In this
paper we are trying to find weak solutions of equation (1.1) in H. The weak solutions of
(1.1) in H satisfy

2w
/0 [(Azu(x(t)) + cAu(x()) - v(x(®) - Au(x®)r(x(0)
_ 1
— [u(x()) | v ((2)) - Wv(x(t))] dx =0 (1.4)

for all v o x € H. We shall show in Section 2 that there exists a one-to-one correspon-
dence between weak solutions of (1.1) and critical points of the continuous and Frechét-
differentiable functional

J(uwox) e CHH,R),

2 (15)

J(uox) = A(u(x(t)) - ./o |:%A(u(x(t)))2 + é‘ (x@®)|" - }9 |u(x1t))|l’i|xl(t) dt,

where
1 2w 9 21,

Afule@)) = 5 /O [ Au(x() [ = | Vaulx(0)) ]2 ) .

The Euler equation for J is (1.1).
Our main result is as follows.
2n

Theorem 1.1 (Fixed energy problem) Assume that Ay < ¢ < A1, 2<q<p, 4 < 775,
Mesmn ke — €) < A < Mot Akems1 — €), k> 1, m > 1, and conditions (Al) and (A2) hold.
Then (1.1) has at least one nontrivial weak solution u(x) such that

u(x) #0.

For the proof of Theorem 1.1, we apply the variational technique. Under the assumptions
of Theorem 1.1, we show that the functional /(1 o x) satisfies the Palais-Smale condition,
so that we can use the variational linking method in critical point theory. The outline of
the proof of Theorem 1.1 is as follows. In Section 2, we introduce the eigenvalues and
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eigenfunctions of the eigenvalue problem A%u + cAu — Au = A in Q, u =0, Au=0
on 0%2, introduce the eigenspaces spanned by the eigenfunctions of Ay = Ax(Ax —¢) — A,
investigate the properties of eigenspaces and prove that the functional /(i o x) satisfies
the Palais-Smale condition. In Section 3, we divide the whole space H into two subspaces
H*(S,R) and H (S, R), find some inequalities of J/(u o x) on two linked sublevel sets, and
prove Theorem 1.1.

2 Eigenspace and Palais-Smale condition

Let us consider the eigenvalue problem

A’u+cAu—Au=Au in$,
(2.1)
u=0, Au=0 onof2.

Let A;, i > 1, be eigenvalues of the eigenvalue problem (2.1), that is,
A= hi(h—c) = A.
If M (Aeem — €) < A < Mt (a1 — €), then
A <Ay<o < Neom <0< Apomi1 < Agymsn <+, Yk>1,m>1
and

. A
lim ————— =1.
i—~oo Ai(A; —¢)

Let c;,1,—¢) be eigenvectors of A(A — ¢) — A corresponding to the eigenvalues A;. Let us set

W0 = span{e; | (A% + cA)¢; = hi(hi = )i},
H;, -0 (SLR) = {c1,6,-0(@ 0 x) € H(S',R) | c € R, p € Wi 3,-0),

Gt (%)) € D=R\C,x(t) € x C 2,V € S'}.
Then

H= P H,p,-0(S"R). (2.2)

Az A1
Lemma 2.1 Assume that Ay < ¢ < Ay, 2 < g < p, q < %, Moo — €) < A <
Meome1Memer —€), k =1, m > 1, and that conditions (A1) and (A2) hold. Let uox € L1(S', R)
and A(uox) + |uox|? + —L— € L1(S', R). Then all the solutions of

|uox|P+1

A’(mox)+cAwox)=AWwox)+|uox/Tt+ ———
|t o x|P+1

belong to H.
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Proof Equation (1.1) can be rewritten as

-1 _ 1
uox=(A>+cA) (A(uox)+ lwox|? + W).

Then there exists a constant D; > 0 such that

2
2 _ 2 -1 g-1 #
lluoxlz = H(A +cA) (A(uox)+|uox| + |Mox|p+1> .

_ 2 2 -1 g-1 1
= H(A +cA) (A% +cA) <A(uox)+|uox| +7|uoxlp*1>

_ 1
(A% +cA) 1(A(u ox) + luox|l + 71>
|M oxlp" Lq(Sl,R)

i 1 >
= H(A —CV)(A2 +cA) 1(A(uox) +luox/Tl W)

L1(SL,R)
2
<Dy|Awox)+|uox|" + —— )
0 %P || g(s1 )
Thus,
|zt o x|l 11 < 00,
and the lemma is proved. g
Lemma 2.2 Assume that hy < ¢ < Agy1, 2 < g < p, q < %, Mo — €) < A <

Merme1(Aksme1 — €), kK > 1, m > 1, and that conditions (Al) and (A2) hold. Then the func-
tional J(u o x) is continuous and Fréchet differentiable with Fréchet derivative in H,

2
DJwox)-(vox) - /0 [(Azu(x(t))+cm(x(t))).V(x(t))_Au(x(t)).v(x(t))

- ‘u(x(t))|qi1 . v(x(t)) - %}x’(t) dt, VYvoxcH.

Moreover DJ € C, that is, ] € C*.

Proof First, we shall prove that J(u o x) is continuous. Let u o x,v o x € H. Then since
u(x(t)),v(x(t)) € D = R*\C, Vt € S, it follows that u(x(¢)) > 0, v(x(t)) > 0, and u(x(¢)) +
v(x(t)) > 0. Thus, \u(xzt))ll’ and |u(x(t))+1v(x(t))\1’ are well defined, continuous, and C'. Thus, we

have

J(wox+vox)—J(uox)|

1

= ’E ‘/027[ (Az(u(x(t)) + V(x(t))) +cA (u(x(t)) + v(x(t)))) . (u(x(t)) + V(x(t)))x/(t) dt

_ /ozn [%A(u(x(t)) +v(x(8)” + é |u(x(8)) + v(x(®) "
1 1

_Em]x/(ﬂdt
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_ %/OZN(Azu(x(t)) + cAu(x(t))) - u(x(t))x (£) dt

+ /:”[%Au(x(t))z + ;|u(x(t))|q - %m}x/(t) dt‘.
Thus, we have
J(wox+vox)—J(uox)|
- E /0 T [(2u(x(0) + chu(x(@)) - v(x(®) + (A%(x(0) + cAvV(x0)) - u(x(0)
+ (A% (x(0)) + cAv(x(2))) - v(x(2)) ] (2) dt
_ /0 : [(%A(u(x(t)) v(x0)) + é|u(x(t)) (w0

- l%)
P luw(®) + V=)

(1 2,1 g 1 1 /
(zAu(x(t)) + q|u(x(t))| 5 |u(x(t))|P>i|x (t)dt‘

< B /Ozn[(Azu(x(t)) +cAu(x(2))) - v(x(0) ]+ (2) dt’

21
+ %/0 ((A2v(x(t)) + cAv(x(t))) '”(x(t)))x/(t) dt‘

+ 1/2” ((sz(x(t)) + cAv(x(t))) 'V(x(t)))x’(t) dt‘
2 Jo

+ /ozn [(%A(u(x(t)) (%) + ;1|u(x(t)) +v(am)[*

_ l%)
p lu(x(t)) + v(x(t)|P
1 ) 1 , 11 ,
_ <§Au(x(t)) + 6—I|u(x(t))| - ;7|u(x(t))|17):|x () dt‘.

Then there exist constants D; > 0, D, > 0, and D3 > 0 such that

‘% fow ((A2u(x(2)) + cAu(x(t))) - v(x(®))*'(©) dt‘

IA

3 [ (3ulot0) - ¥ilat0) - ((x0) - (0 1t

IA

|(Au(x(t)) - cVu(x(t))) . (Av(x(t)) - ch(x(t))) |x/(t) dt

::\N
Y

IA
NI = N N

|(Au(x()) — cVu(x(2))| | (Av(x(@) - cVv(x(2))) |« (¢) dt

o\;}
S

2w

/0 2HI(Au(x(t)) — cVu(x(1))) | () dt fo [(Av(x(t)) = cVv(x(8))) ] (2) dt

IA

1
q

IA
N

</02ﬂ|(Au(x(t)) ‘CV”(x(t)))qu’(t)dt)



Jung and Choi Boundary Value Problems (2016) 2016:54 Page 7 of 18

([ astet - ot o df

<Dilluox|ulvoxly = O(Ivoxl),

‘% /(;271[(A2V(x(t)) +cAv(x(t))) - u(x(®)) ]« (£) dt'

A

% /OZH [(Av(x(8) = cVv(x(8)) - (Au(x(6)) - Vu(x())]¥' () dt

IA

/0 " [(Av(x(2)) — cVv(%(2))) - (Au(x(t)) — cVu(x(2)))|x'(£) dt

IA

/02” [(Av(x(8)) = cVv(x(@®))| [ (Au(x(t)) - cVu(x())) |« (¢) dt

2

/0 2n|(Av(x(t)) - cVy(x(1))) ¥ (6) dt fo |(Au(x(t)) — cVu(x(2)))]« (£) dt

N = N = N

IA

IA
N =

Ujﬂ“”““’)—cwx(t»)vx/(t)dt)%
(ot -esutson v )

< Dylluoxllullvoxlly = O(Iv o xln),
1 2w
‘5/0 [(A%v(x(2)) + cAv(x(2))) - v(x(2) ]¥'(2) dt‘

=

% /0271 [(Av(%(2) = cVv(x(2))) - (Av(x(2)) — cVv(x(2)))]¥ (¢) dt

IA

[ (0v(s0) - e5v(x0) - (Av(a0) - e v(x) e

IA

[ av60) - v(a0) | (4r(x0) - vl 0

2w

2w
/0 |(Av(x(2)) - cVv(x(2))) ¢ (0) dt/o |(Av(x(2)) = cVv(x(2))) |« (¢) dt

IA
N = N = N

Ujﬂ““““))—cwx(t»)vx/(t)d)%

IA
N =

) (/02ﬂ|(Av(x(t)) - va(x(t)))qu’(t) dt)é

<Dsllvox|ullvoxlu=O(lIvoxlu).

Since u(x(2)), v(x(t)) € D, we have that u(x(z)) > 0, v(x(£)) > 0 and u(x(£)) + v(x(£)) > 0. Thus,

|u(x(1t))\p and lu(x(t))jv(x(t))‘p are well defined, continuous, and C'. By the mean value theorem
we have
1 1 1 1 1 1
= |u(x(0)) + v(x(0) q———) - <— u(x(t) q“—)
(61’ (+(6) +v(+(0) P |ux(8)) + v(x(2) 1P q| (x()] p lux(®)P

_ (|u(x(t))|q_l e (1)”1“1) V(x(®) + O([Ivo x1ln)- 23)
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Thus, there exist constants Dy > 0, D5 > 0, Dg > 0, and D7 > 0 such that
mrol 2 1 g 1 1
/0 [(EA(u(x(t) + V(x(t)))) + 5_1 ’u(x(t)) + v(x(t))} - 1—7 —|u(x(t)) N v(x(t))|1’>

(L 2 1 g 1 1 )} ‘
<2Au(x(t)) +q|u(x(t))| GO x'(t) dt
/
+

2w 2
[ <(x(t)) (x(t))+%Av(x(t))> :|x’(t)dt
2
[ (1utst0)
0
2 1 2
[A(u(x(t)) (x®) + £ Avle (t))) ]x’(t)dt‘
1 !
/(; |: | (( |q1 ol ))|p+1) v(x(t))+O(||vox||H):|x(t)dt‘
1 2
A(u t) + 2AV( x( )))
2w
+/0 (|u (%(2) |q 1 |u(x(1))|17+1> v(x(2)) + O(llv o xl| )
1 [ 2,
< /0 A (ux(0) - V(wl) ¥ @)t + /0 | Av(x()’ | (0) de
2w 1
' /0 ) T
2 , 2 , 1 2w 2,
5/0 |A(u(x(t)))|x (t)dt/o |v(x(t))|x (t)dt+5/0 |Av(x(t)) |x (t)dt

+ /:n X' (t) dt/:ﬂ|v(x(t))|x’(t) dt

+ 27‘[0(”1/ o x||H)

4 W) -v(x(t)) + O(llvoxllH)}x’(t) dt‘

=<

x/(t)dt

X' (t) dt

()" +

[v(x(8))|%'(€) dt + 2w O([|v o x0),

q-1 1
O L

2
< Dylluoxl|mllvoxln +Dslvoxly

2
+</ u\x
0

q-1 1
O
+27rO(||vox||H)

1

q T/ oo :
x/(2) dt) ( / lv(x(®)|"x (¢) dt)
0

2
< Dullu o xllllv o x|l + Dsllv o xllf; + Dellu o x| 3|1 o x|

+D ||vox||H+27rO(||Vox||H)=O(||Vox||H).

7 | o x|+ ||,
Thus, we have
Jwox+vox)—J(uox)|=0(lvoxl).

Next, we shall prove that J(u o x) is Fréchet differentiable. Let u o x,v o x € H. Then since
u(x(t)), v(x(¢)) € D, it follows that u(x(¢)) > 0, v(x(¢)) > 0, and u(x(¢)) + v(x(¢)) > 0. Thus,
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7 and 7 are well defined, continuous, and C!. Thus, we have

1 1
[(x(2)) [(x(£)) +v(x(2))

|](uox+ vox)—J(uox)—DJ(uox)- (vox)|
2n
’ / x(t) + v x(t))) +cA (u(x(t)) + v(x(t)))) . (u(x(t)) + v(x(t)))x/(t) dt

_/0 B (u(x(2)) + v(x(t)))2 + %I]u(x(t)) +v(x(8)|”

1 1

_Zm]x/(t)dt

_ E/Zn(Azu(X(t)) + CAu(x(t))) . M(x(t))x’(t) dt
2 0
2 l 2 l q_ l#} )
+/0 [2Au(x(t)) ' q|u(x(t))| p O [* (t) dt

2

2y x(t)) + cAu(x(t))) . V(x(t))

(
q-1 1 ’
— [ Au(x@) + [u(x@) | + |u(x(t))|1’+1) .v(x(t)):|x 6) dt‘
(%)

|«
b [ et s eavtx) e
+ (A% (x(8)) + cAv(x(2))) - v(x(®)) ]# (2) dt
_ /0271 [((%A(u(x(t)) + v(x(t)))2 + 611 |lu(x(@)) +v(x@)|*

- l;)
P lu@() + v(x(@)P

1 2 1
) <5A”("(t’) g1l - |u(x(t>>|p)
q-1 1 ’
- (Au(x(t)) + |u(x(@®)|" + W)) -v(x(t))]x (® dt‘.

By (2.3) and the same arguments as in the proof of the continuity of /(x o x) we have
|](uox+ vox)—J(uox)—DJ(uox)- (vox)| = O(||vox||H).
Thus, J € CL. d

Lemma 2.3 Assume that i < ¢ < Agy1, 2<q<p, q< ;7 2, MesmnMem — €) < A <
Merme1(Akeme1 — €), kK =1, m > 1, and that conditions (Al) and (A2) hold. Then for any
sequence (u, o x), C H such that u, o x — u o x weakly in H with u o x € 0H, we have

J(ut,, 0 x) — 00.

Proof We claim that

mroq 2 1 g 1 1
[ a0y - el

? |un(x(t))|”}x/(t) dt = oo
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By (A2) there exists a neighborhood Z of C in R such that for any u(x(¢)) € Z, {—%A X
u, (x(8))* - %Iun(x(t))lq + %m} is bounded from below. Thus, it suffices to prove that
there exists an interval [¢1,£,] C [0,27] such that

°rtL 21 " N WA
/tl |: 2Au,,(x(t)) q’u,,(x(t))| +p|u,,(x(t))|1’i|x (t) dt +00.

Since u o x € dH, there exists t* € [0,27] such that u(x(¢*)) € dD. By (A2) there exist con-
stants A > 0 and B > 0 such that

1 2 1 g, 1 1 A
_EAu(x(t)) - 6—I|u(x(t))| + 2 lux@)P = d(u(x(z)), C) b

Thus, we have

t*+8 1 1 1
/t |:—§Au(x(t))2 - ;!u(x(t))ri +

11
. p lu(x(®)|P

t*+8 A ,
= / [aﬂ(u(x(t)), 0 B}x (0)dt

for all § > 0. On the other hand, we have

:|x/(t) dt

1

1 2 2
() - u(x(t))] < |¢- 2]} ( /0 1 (x(0) [ (® dt)
2 !
55%( / |u/(x(t))|2x/(t)dt)7. (2.4)
0

It follows from (2.4) that

t*+8
f [—%Au(x(f))Z - éfu(x(t))|"+ ! #}x’(t) dt

, p lux(0)?

t*+8
> / [ o A —B]x/(t) dt — +00 asd— 0.
£ 8 57 | (x(2)12x/ (¢) dit

Thus,

/M [—lAu(x(t))z L)) l#]x’(t) dt — o0
P q p lux@)P

as § — 0. Since the embedding H (S, R) < C(S', R) is compact, we have
max{|u(x(t)) — u,(x(t))| |VE€ S'} — 0 asn— oc.

By Fatou’s lemma we have

o 48 1 5 1 .
hmmf/ |:—§Aun(x(t)) - a|u,,(x(t))’

*

11 /
o |un(x(t)>|1’}x (0)dt

t*+8
> / liminf[—%l\un(x(t))z - ;I|u,,(x(t))|q + : :
t

. » |un(x(t))|p}x’(t) a“

- /ms [—lAu(x(t))2 - l|u(x(t))|q + l#]x’(t) dt — 0o
i 2 q p lux()P

*
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as § — 0. Thus,

o t*+68 1 1 1 ,
hmmf/t I:—EAM,,( (t)) - —|un(x(t))| W}x () dt = +00,

so that J(u# o x) — +00, and the lemma is proved. O

Lemma 2.4 Assume that Ay < ¢ < hy1, 2 < g < p, 4 < ;7 2, Moo — €) < A <
Mermil(Aksme1r — €), kK =1, m > 1, and that conditions (Al) and (A2) hold. Then if

llat,, 0 x|| g — 00 and (u, o x), is a sequence in H such that

S Wt GO+ dsn) - (x(0) = Gty O 2 b W () e

[t 0 x| 11

— 0,

then there exist (uy, o x), and z o x in H such that

1

|y, ox|P+1 Up, 0X
b2 —zox€H, —

l4n 0 x|l lun, o xl|lH

|lup, o x|97 +

Proof Since

S W )17 + o) - 1 (6(0) = (017~ 2 b (0) i

— 0,
2t 0 x| 1
J&7 W eI LYoty ((0) (2 [ )= 2 LW ()t
the sequence ( lun ()P Hunoxllyq P lunGO)P ), is bounded, and

there exists a constant C; > 0 such that

[ i ()77 + W) 1, (x(1)) — (§lun(x(t))|" - %m)]x’(t) dt <
lety 0 x| "
Then we have
‘ S Wt GO + b -1, (e(e) ) (0) it
|2t 0 x| 11 H
[ |1 ()77 + + G0 pﬂ) u, (x(2)) —( |24, (x(2))|9 - p ‘unx maop) X () dt
”un ox”H H
0 [l eI = 3 i 1 (0) die
IIMn ox|y H
2T 9
(Zlun(R(O)N = 2 ey 1 () dit
S Cl + ‘ 0 q Pl n (t )P H . (2'5)
lety 0 %l "
We note that
o 2 1 2 1 |*
— |2, (x(2) q——7:| (t)dt<—||u,,ox|| + - .
/(; |:q‘ ( )’ P|Mn(x(t))|p LashR) Pl |ty ox| LI(SL,R)
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Then there exist constants C, > 0 and C; > 0 such that

2w 2
o lun(e(@)|? = 2 iy ¥ (8) dt H
ll24n 0 x|l

H
-1
lttn 0 x|y o\ T I 1 s
L4(SLR L4(SL,R
< {—————J) mem+@JMﬂ——l (2.6)
l4n 0 %l |24 0 %l 11
41 1 . lnoxllfg 1y 2L .
where [ = -1 + T =< 0. Note that since (W) 7 is bounded, it follows from

I < 0 that the right-hand side of (2.6) is bounded from above and

Zﬂ[%|u”(x(t))|q 2 T x(t)\P]x ks H — 0 asun— oco.
|t 0 x|l 1 H
Thus, by (2.5),
fo (ot ()77 + ,M) u, (x(2))]x' (¢) dt
is bounded from above
||un ° xIIH H
and

S MO 4 ) O () e
1m =

=00 24 0 Xl 1

J& [(un (@19 %m(x(r))]x/( t)dt
0 neO)P] )n is bounded. When 2 < g < 22,
HunoxIIH n— 2

the embedding H < L%(Q) is compact, Thus there exists a subsequence (uy, o x), such

Thus, the sequence (

that
Jo7 ot G| + ) -y, (x(0) ) (£) it
. 0 " l14p, (2(0)) P+ "
lim
n—>00 24, © %l
2
- 1 uy,, (x(2
= lim (!uhn(x(t))|q b 1)- OO iyt - o, (2.7)
n=>%0 Jo |, @)P ) N, © %l 1
We note that 0 < |uy, (x(£))[77! + W < ||uhn(x(t))||Lq sip t I W”Lq@lm < 00.

It follows from (2.7) that there exists z o x in H such that

gq-1 1
|Mh,,, 0x| + _\Mhn°x|p+l Up, 0X
—zox€H, —
|t 0 x| len,, o x|l a1
Thus, the lemma is proved. O
Let us set

) =P Hi0,-0(S"R),

Ai<0

'R) = P Hi-0(S'R),

A;>0
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H(S',R) = @D Hy,,- (S, R).
A;=0

Then
H=H (S',R) @ H*(S',R) @ H°(S', R).
We note that if A, (Agem —€) < A < Aams1 M1 — €), k> 1, m > 1, then

H(S'R) = P Hyu-o(SR),

A=A =Agim

H(S'R) = P Hyu-0(S'R),

Ai=Agyme1

dimH~(SY, R) < oo, H°(SL, R) = ¥, and
H=H (S',R) @ H*(S',R).

Now, we shall prove that J(u o x) satisfies (P.S.). condition for ¢ € R.

Lemma 2.5 (Palais-Smale condition) Assume that by < ¢ < Agy1, 2< g <p, g < %‘2,

MesmnMdeem — €) < A < Miyms1 Akomsr — €), k > 1, m > 1, and that conditions (Al) and (A2)
hold. Then J(u o x) satisfies (P.S.). condition for any c € R: if (u, o x), € H is any sequence
such that J(u, o x) — ¢ and DJ(u, o x) — 0, then (u, o x), has a convergent subsequence
(4, 0 x) such that

Uy, ox —>uox e H.

Proof Let ¢ € R, and let (4, o x),, C H be a sequence such that J(u, o x) — ¢ and

1
DJ(u,0%) = Aty 0%) + cAuyox)— | A, 0%) + |upox/T '+ ———— )| — 0 inH
|ty 0 x[P+E
or, equivalently,
_ 1
Uy ox— (A2 +cA) " Ay 0%) + i, 0|7+ ——— | — 0, (2.8)
|u,, 0 x|PHL

where (A2 + ¢cA)7! is a compact operator. We shall show that (u, o x), has a convergent

subsequence. We claim that {u, o x} is bounded in H. By contradiction we suppose that
Uy 0%

lunoxll

(w, o x), converges weakly to some wy o x in H. Since J(u, o x) — ¢ and DJ(u,, 0o x) — 0,

||ty o x||f — 00 and set w, ox = . Since (w,, o x),, is bounded, up to a subsequence,

we have

Dj(u, ox) - (u, ox)
4n 0 %1
_ 2J(u, o x)

2t 0 x| 1
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S W DI + b - s (6(0) = ()17~ 2 b (0) i

2t 0 x| 1t

— 0.

Thus, we have

e W (0 dt

‘”n x(t

o (e + ) - n@(0) = G lun(e(0)17

”un Ox”H

— 0.

By Lemma 2.4 and (2.8) there exist (4, o %), and z o x in H such that

1
p+1 Uy, oX
0% —zox€eH, 2
letn 0 x| lun, o x|l

|lup, ox|T7t +

Thus, we have wg o x = 0, which is absurd because ||wg o x|y = 1. Thus, {u,, 0 x} is bounded
in H. Thus, (4, o x), has a convergent subsequence converging weakly to some u o x in H.
We claim that this subsequence of (u, o x),, converges strongly to u o x. Since DJ(u,, o x) —

0, we have

1
D](u,,ox):(A2+cA—A)(u,,ox)— l,ox/Ty ——— ) — 0.
|2y, 0 x|P*1

We claim that the mapping u, o x —+> (Ju, o x|77! + m)n is compact. Since the
s 2, the mapping H — Li(S,R) :

U, 0 X (|un(x(t))|q 1 W)un(x(t))x (t)dt is compact. Thus, the sequence

embedding H <> L9(S,R) is compact for 2 < q <

( 02”(|u,,( (t))|q Ly W) #(x(£))x'(£) dt),, has a convergent subsequence that con-
verges to f02”(|u(x(t))|q 1 + @ |I,H)u(x(t))x (t) dt. Because {u, o x} is bounded and the

subsequence of (i, o x), converges weakly to some u ox in H, (|u, o x| + hasa

|unox‘p+1 )Vl

m)n has a convergent subsequence, the
n

subsequence of (A2 + ¢cA — A)(u, o x) converges. Since (A2 + ¢cA — A)7! is compact, the

convergent subsequence. Since (|u, o |97} +
sequence (i, o x), has a subsequence converging strongly to u o x in H. d

3 Proof of Theorem 1.1

Let us set again

) =P Hi,-0(S"R),

Ai<0

= @HM(M%) (SI’R)’

A;>0

= @ Hyri-0) (SI’R)‘
A;j=0
Then

H=H (S',R) @ H*(S',R) ® H°(S', R).
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We note that if Agi(Agem — €) < A < Agpms1Aksms1 — €), kK > 1, m > 1, then

Hi(SlyR) = @ HAi(Ai—c) (Ser)r

A =Ai=Agim

H (S'R) = P Hyu-0(S'R),

Ai=Ngyme1
dimH~(S%, R) < 0o, H*(SL, R) = ¥, and
H=H (S,R) @ H*(S',R).
Let us set
B, ={uoxe H(S,R) | luox|y <ru(xt)) e D=R\C,x(t) € x CQ,VteS'},
S, = 3B,
={uoxe H(S,R)||luox|y =r,u(x() € D=R\C,
Va(t) € x C Q,VteS'},
Q=BrNH (SL,R) @ {r(eox)|eox € IBINHy,,, (im0 (SHR)
C 3B NH"(S,R),0<r<R}.
Let us define

I'={y e C(QH(S,R)) |y =idon 3Q}.

Lemma 3.1 Under the assumptions of Theorem 1.1, there exists a large number R > 0 such
that if e o x € 3B1 N Hy,,, . 6 pupu-0(SHR) C 9B1 N H*(SLR) and u o x € 9Q = 3(Bg N
H-(SL,R) @ {r(eox) | 0<r<RY}), then

sup J(uox)<0, sup J(uox) < oo.
uox€dQ uoxeQ

Proof Let us choose elements e o x € 9By N Hy,,, 64, mn-0(SHR) C 0By N H*(S',R) and
uoxeH (SL,R) @ {r(eox)|r>0}. Then we have

2w
J(mox) = %/0 [(A%u(x(2) + cAu(x(2))) - u(x(2)) - Au(x(t))z]x/(t) dt

1 a 1 1 ,
_/0 6—I|u(x(t))| dx+/nl—77|u(x(t))|px(t)dt

1
_Ak+m+l||u Ox”Lq SLR)

N

) 27 1 1
1 x'(t)dt
q||uoxIILq51R>+/0 p lu(x(0)|? ©

If uox € 3Q, then since 2 < p, there exists a constant C such that fzn ; e ‘px '(t)dt < C.

Thus, we have

1 _
J(uox) < EAhmﬂnuoxniq(sl ||uox||Lq sip tC
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Since 2 < g, there exists a large number R > 0 such that if u o x € 9Q, then J(u 0 x) < 0.
Thus, we have sup,,..;o/(# © x) < 0. Moreover, if u o x € Q, then J(u o x) < %Ak+m+1 |l o
x”iq(sl,R) +C<oo0. O
Lemma 3.2 Under the assumptions of Theorem 1.1, there exists a small number r > 0 such
that

inf J(ox)>0, inf J(u 0 x) > —00.
uoxedByNH*(SL,R) uoxeByNH*(SL,R)

Proof Let uox € 3B, N H*(S',R). Then we have
1 2 2
J(uox) = 5/ [Azu(x(t)) + cAu(x(t)) . u(x(t)) - Au(x(t)) ]x/(t) dt
0

o 1 q./ 1 1 /
—/0 6—I|u(x(t))| x(t)dt+/ — X (t)dt

o p )P

> %/02” [A%u(x(8)) + cAu(x(t)) - u(x(2)) - Au(x(t))z]x/(t) dr

2 1
- / —|u(x@))| "% (¢) dt
o 49

1 1
> iAk+m+1”u ox”iq(sl,R) - gnu(x(t)) ”Z‘I(Sl,R)’

Since 2 < g, there exists a small number r > 0 such that if u o x € 3B, N H*(S%, R), then

J(u 0 x) > 0. Thus, inf,q.cop.nm+(s1,z) ] (1 0 %) > 0. Moreover, if u o x € B, N H* (S, R), then
Jwox) = ~Clluoxlfyqy

proved. O

> —00. Thus, inf,,cp np+(s1,r) /(4 © %) > —00. So the lemma is

Let us define

c¢=inf sup J(h(uox)).

hel yoxeQ

Lemma 3.3 Under the assumptions of Theorem 1.1, we have

0< inf J(uox) <c=inf sup ](h(uox))§ sup J(uox) < oo.
uox€dByNH* (SL,R) hel yoxeQ uoxeQ

Proof By Lemma 3.1 we have

inf sup ](h(u ox)) < sup J(uowx)<oo.

heT yoxeQ uoxeQ

By Lemma 3.2 we have

inf sup J(h(uox)) > inf Jwox)>0.

hel yoxeqQ woxedByNH*(SL,R)

Thus, the lemma is proved. O
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Proof of Theorem 1.1 Assume that Ay <c < Agy1,2<g<p, g< nzf"z, Mesmn Mo — €) < A <
Meemsl Mesma1 —€), k > 1, m > 1, and that conditions (A1) and (A2) hold. Note that /(o x)
is continuous and Fréchet differentiable in H and DJ € C. By Lemma 2.5, /(i o x) satisfies
(P.S.) condition for ¢ € R. We claim that ¢ = infjer sup,,o,c/(h(u 0x)) > 0 is a critical value
of J(u o x), that is, J(u# o x) has a critical point 1 o x such that

J(uo ox) =c,
DJj(ug ox) =0.
In fact, by contradiction we suppose that ¢ > 0 is not a critical value of J/(# o x). Then by
Theorem A.4 in [6], for any € € (0, ¢) > 0, there exist a constant € € (0, €) and a deformation
n € C([0,1] x H,H) such that:
(i) n(O,uox)=uoxforalluoxe H,
(ii) n(s,uox)=uoxforallse€[0,1]if J(uox) & [c—€,c+é€],

(iii) J(n(l,uow)) <c—-cifJ(uox) <c+e.
We can choose % € I such that

sup ](h(uox)) <c+e

uoxeQ

and
](h(uox)) <c—€ onadQ.

This leads to J(h(u o x)) ¢ [c — €, ¢ + €]. Thus, by (ii),
n(Lh(wox))=h(uox) ondQ.

Hence, n(1, h(u o x)) € I'. By (iii) and the definition of c,

c< sup ](n(l,h(uox))) = sup ](h(u ox)) <c-—c¢,

uoxeQ uoxeQ

which is a contradiction. Thus, c is a critical value of J(z o x). So J(u o x) has a critical point

ug o x with a critical value

c=J(ug ox)
such that

0< uoxeasiggwsl,]e)](u ox)<c< ;;L:EQ](M 0x) < 0.
By Lemma 2.3,

uo (x(2)) #0.

Thus, (1.1) has at least one nontrivial solution i, such that uo(x(¢)) # 0, and Theorem 1.1
is proved. g
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