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1 Introduction

In this work we study the following quasilinear hyperbolic equations:

Uy —div(|Vul"Vu) — Auy + 1|9 0y = |ulP 'y, xeQ,t>0,
u(x,0) = uo(x), us(x,0) = uy (x), x€Q, @)
u(x,t) =0, x€0RQ,t>0,

where Q is a bounded domain with smooth boundary 9Q in R" (n >1); m >0, p,q > 1.
Problems of this type arise in physics. For example, this problem represents the longitu-
dinal motion of a viscoelastic configuration which obeys a nonlinear Voight model [1, 2].
When m = 0, (1) becomes the following wave equation with nonlinear and strong damp-
ing terms:

Uy — A — Auy + | TV = |ufP 2)

Gerbi and Houari [3] studied the exponential decay, Chen and Liu [4] studied the global
existence, decay, and exponential growth of solutions of the problem (2). Also, Gazzola
and Squassina [5] studied the global existence and blow up of solutions of the problem
(2), for g =1.

In the absence of the strong damping term Au,; and m = 0, the problem (1) can be re-

duced to the following wave equation with nonlinear damping and source terms:

e — Aut+ | T uy = Jul (3)
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Many authors have investigated the local existence, blow up, and asymptotic behavior of
solutions of (3); see [6—11]. The interaction between the damping (|u; |7 u,) and the source
term (|u|”~'u) makes the problem more interesting. Levine [7, 8] first studied the interac-
tion between the linear damping (g = 1) and source term by using a concavity method.
But this method cannot be applied in the case of a nonlinear damping term. Georgiev and
Todorova [6] extended Levine’s result to the nonlinear case (g > 1). They showed that so-
lutions with a negative initial energy blow up in finite time. Later, Vitillaro [11] extended
these results to the case of a nonlinear damping and a positive initial energy.

In [12], Messaoudi studied decay of solutions of the problem (1), using the techniques
combination of the perturbed energy and potential well methods. Recently, the problem
(1) was studied by Wu and Xue [13]. They proved the uniform energy decay rates of the
solutions, by utilizing the multiplier method.

In this work, we established the polynomial and exponential decay of solutions of the
problem (1) by using Nakao’s inequality. After that, we show the blow up of solutions with
negative and nonnegative initial energy, using the same techniques as in [14].

This work is organized as follows: In the next section, we present some lemmas, nota-
tions, and a local existence theorem. In Section 3, the global existence and decay of solu-
tions are given. In Section 4, we show the blow up of solutions, for g = 1.

2 Preliminaries
In this section, we shall give some assumptions and lemmas which will be used throughout
this paper. Let || - || and || - ||, denote the usual L?(€2) norm and L?(2) norm, respectively.

Lemma 1 (Sobolev-Poincaré inequality) [15] Let p be a number with2 <p < oo (n=1,2)
or2<p< ,?Tnz (n > 3), then there is a constant C, = C,(, p) such that

lull, < CllVull  for u e Hy().

Lemma 2 [16] Let ¢(t) be a nonincreasing and nonnegative function defined on [0, T],

T > 1, satisfying
¢ (t) =wo(p(t) —p(t+1)), te(0,T]
for wy a positive constant and « a nonnegative constant. Then we have, for each t € [0, T],

¢(t) < p(0)e ", a=0,

$(t) < (@0 + wplalt-1]")%, a>0,

where [t —1]" = max{t — 1,0} and w; = ln(% .
Next, we state the local existence theorem that can be established by combining the

arguments of [6, 17, 18].

Theorem 3 (Local existence) Suppose thatm +2<p+1< %

Ug € Wé’””z(ﬂ) and u, € L2(Q) such that problem (1) has a unique local solution,

, m + 2 < n, and further

ue C([0,T); Wy"**(Q)) and u, € C([0, T);L*(Q)) N LT (K x [0, T)).
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Moreover, at least one of the following statements holds true:
(i) T = o0,
(i) [luell® + IVl — 0o ast— T~
3 Global existence and decay of solutions
In this section, we discuss the global existence and decay of the solution for problem (1).

We define
IO = IVl - — ] @
and
1) = IVall s =l (5)

We also define the energy function as follows:

1o, 1 , 1 il

E(t)=§llutll + m+2||Vquﬁiz—ﬁllullp+1- (6)
Finally, we define

W= {u:ue Wy (Q),1(u) > 0} U {0}. 7)

The next lemma shows that our energy functional (6) is a nonincreasing function along
the solution of (1).

Lemma 4 E(t) is a nonincreasing function for t > 0 and
E'(&) == (Nl + 1V ]?) <. ®

q+1

Proof Multiplying the equation of (1) by u, and integrating over €2, using integrating by
parts, we get

t
E(t)—E(O):—/ (||uf|31} + | Vu||*)dr  fort>0. 9)
0
Lemma 5 Let ug € W and u, € L*(Q). Suppose that p > m + 1 and

/3=C*<(p+1)(m+2)
p-m-1

pom-1
E(O)) " (10)
then u € W foreach t > 0.
Proof Since I(0) > 0, it follows by the continuity of u(¢) that

1) >0

for some interval near ¢ = 0. Let T,, > 0 be a maximal time, when (5) holds on [0, T},].
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From (4) and (5), we have

B 1 p-m-1 2
1
> #IIWII%- (11)

Thus, from (6) and E(¢) being nonincreasing by (8), we have

1Vl < DD
p-m-1
<(10+1)(m+2)

- p-m-1
<(1g+1)(m+2)

- p-m-1

E(2)
E(0). 12)
And so, exploiting Lemma 1, (10), and (12), we obtain

1
lulhy < Cull VaulP*

p+l —
< CIVulZ
= CIVulZ T Va2
p-m-1
p+)(m+2) Gz
< (_712@ IVul2
= BIIVul|
< IVul|”3 onte[0, Tyl (13)

Therefore, by using (5), we conclude that I(¢) > 0 for all ¢ € [0, T},]. By repeating the pro-
cedure, T, is extended to 7. The proof of Lemma 5 is completed. d

Lemma 6 Let the assumptions of Lemma 5 hold. Then there exists n; =1 — B such that

+1 2
lullhiy < @ =m)lI Va3

Proof From (13), we get

p+l 2
el < BIVullS- O

Let n; =1 - B, then we have the following result.

Remark 7 From Lemma 6, we can deduce that

1
[ Vul| 723 < —I(2). (14)
m

m+2

(m+2)

Theorem 8 Suppose that m +2<p+1< ” —ni2)
(10). Then the solution of problem (1) is global.

, m+2 < nholds. Let uy € W satisfying
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Proof It is sufficient to show that [u;||? + ||Vu||"*2 is bounded independently of ¢. To

m+2

achieve this we use (5) and (6) to obtain

EO) 2 E0) = P+ IVal - — Il
- gl + LT )
= Sl + L vl
since I(t) > 0. Therefore,
laell* + Va5 < CE(O),
where C = max{2, % }. Then by Theorem 3, we have the global existence result.

O

Theorem 9 Suppose that m +2 <p +1< n”(m+2) m + 2 < n, and (10) hold, and further

—(m+2)’
ug € W. Thus, we have the following decay estimates:

E(O)e—wl[t—l]*, ifg=1,m=0,

FO @0 s ot e

where wy, a, and C; are positive constants which will be defined later.

Proof By integrating (8) over [t,¢ + 1], £ > 0, we have
E(t) - E(t +1) = D7(2),
where

t+1
DI(t) = / (et 128 + 1 Ve |12) .
t

q+1

By virtue of (16) and Hoélder’s inequality, we observe that
t+1 g+l
/ /|ut|2dxdt§ |2|772 D%(¢) = CD*(¢).
t Ja

Hence, from (17), there exist t; € [¢, + i] and t; € [t + %, t + 1] such that

|uc@)| < CD(e), i=1,2.

(16)

17)

(18)

Multiplying (1) by u# and integrating it over Q2 x [#;, £,], using integration by parts, we get

ty ty 12}
/ I(t)dt:—/ /uuttdxdt—/ /Vutdedt
5]  JQ y JQ
(5]
—/ /luth_lutudxdt.
151 Q

(19)
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By using (1) and integrating by parts and applying the Cauchy-Schwarz inequality in the
first term and the Holder inequality in the second term of the right-hand side of (19), we

obtain

/ C @y de < [une)| @) + e |ues)|

5]

t 2 5]
+/ e ®) | dt+/ (Ve ||| Ve dt

5% 5%
2
—/ / |7 uu dx dt. (20)
f Q

Now, our goal is to estimate the last term in the right-hand side of inequality (20). By using

Holder inequality, we obtain

153 t2
/ / otV et < / @], Juo)],, de. 1)
t Q 5]

By applying the Sobolev-Poincaré inequality and (12), we find

ty
[ Ttol o,

12}
<C. [ luto)lf, 1wl e

f

2
<c, f 1) |2, 1Vl
5]

(p+Dom+2) N7 (8 n
5@(%5(0)) /:1 ue(e)[, E72 (5) i

1

C'*<WE'(()))Wr2 sup Eﬁ (s)/t2 H”f(t)ugﬂ dt

p-m-1 n<s<ty

IA

§C*<ME(O)>M sup Em (s)D(2). (22)

p-m-1 h<s<ty

Now, we estimate the fourth term of the right-hand side of inequality (20). By using the
embedding L"*%(Q) — L*(Q), we have

ty
/ Ve[ Ve dt

i

m+2

< C*(ME(O)) " f Vi B (5 e
p-m-1 f

5]
<c. [ 1vul|vutol,,,,dr
5]

1

§C*<ME(O)> " sup Ea(s) f * Vil s,

p-m-1 fh<s<ty
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which implies

ty t % t %
/ | V|| dt < </ 1dt> (/ ||Vut||2dt>
t1 t t

< CD(¢).

Then

n -1 n<s<ty

From (12), (18), and the Sobolev-Poincaré inequality, we have

1
@) ||| u(2)| < CLD(2) sup Em(s),
l1<s<ty
where C; = 2C*(%E(O))ﬁ . Then by (20)-(24) we have

f tz[(t)dtf CiD(t) sup Emw2(s) + DX(2)

t 1 =s=ty
1

+ CC, (M5(0)> " p E#(s)D(0)
p—m f

-1 <s=<fy

v (Ze D)y et

p-m-1 H<s<ty

On the other hand, from (5), (6), and Remark 7, we obtain

1
E@) < 5||ut||2 + C3I(1),

1 _poml 1
n (p+1)(m+2) = p+l°
By integrating (26) over [t;,¢,], we have

ty 1 [ 1)
/E(t)dtfi/ ||ut||2dt+C3/ I(¢) dt.

5] i A}

where C3 =

Then by (18), (25), and (27), we get

/ N E@t)dt < %CDz(t)+C3 [ch(r) sup Em2(s) + D*(2)

t H<s<ty

(p+1)m+ 2)5(0))"11”

I sup E e (s)D(¢)
p-m-

H=s<tp

+CC*<

v (D)™ p o]

1 <s<ty

By integrating (8) over [, £,], we obtain

5]
E(t) =E(ty) + / (e 1223 + IV |1?) .
t

f 2||wt||||w||dtsCC*(%HO))M sup Em7 (s)D().

Page 7 of 14

(23)

(24)

(25)

(26)

(28)

(29)
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Therefore, since t, — t; > %, we conclude that

/@Hﬂﬁz@—MHMz%Hm.

5]

That is,

Ety) < 2/t2 E(t)dt. (30)

i

Consequently, exploiting (15), (28)-(30), and since £, £, € [¢,t + 1], we get

ty t+1
£ =2 [ E@der [ (i 19 e
151 t

=2 / ? E(t)dt + DT(¢). (31)

4

Then, by (28), we have
1 2 +1
E(t) < §C+ C3 |D*(t) + DT (¢)
+ Cy[D(t) + DA Emo2 (£).
Hence, we obtain
2 +1 mid mi2
E(t) < C5[D*(t) + DT (¢) + Dt (£) + DmT4(t)]. (32)
Note that, since E(t) is nonincreasing and E(t) > 0 on [0, 00),

D7) = E(f) —E(t +1)

< E(0).
Thus, we have
D(t) < E71(0). (33)
It follows from (32) and (33) that

(m+2)(q-1) m+2

E(t) < Gs[Dw1(t) + DA mi(0) + 14 D et ()| D (8)

__m (q—i)i (m+2)(g-1) me2
< CS [E(m+1)(q+l) (0) +E m+1/ g+1 (0) + 1 + E miDig+D) ]D el (t)

= CeD7 (1)

Thus, we get

(m+1)g-1

EY e (8) < CDTH(p). (34)
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Case 1: When g = 1 and m = 0 from (34), we obtain
E(t) < GD*(t) = G [E(t) - E(t +1)].
By Lemma 2, we get

E(t) < E(0)e™ (1)

_ Cy
where w; =1n oo

Case 2: When (m + 1)q > 1, applying Lemma 2 to (34) yield

E(t) < (E©O) + Clalt—1]) %,

(m+1)q-1

where « = .
m+2

The proof of Theorem 9 is completed. d

4 Blow up of solutions
In this section, we deal with the blow up of the solution for the problem (1), when g = 1.
Let us begin by stating the following two lemmas, which will be used later.

Lemma 10 [14] Let us have § > 0 and let B(t) € C*(0,00) be a nonnegative function satis-

Jying

B'(t) - 4(5 + 1)B/(£) + 4(5 + 1)B(£) > 0. (35)
If

B(0) > r,B(0) + Ko, (36)

with ry = 2(8 + 1) — 24/(8 + 1), then B'(t) > Ky for t > 0, where Ky is a constant.

Lemma 11 [14] If H(t) is a nonincreasing function on [ty, 00) and satisfies the differential
inequality

1
[H®)] = a+b[HO  fort=>to, (37)
where a > 0, b € R, then there exists a finite time T* such that

lim H(t) =0.

t—T*

Upper bounds for T* are estimated as follows:
(i) Ifb <0 and H(ty) <min{l,,/-7} then

\/%

1
In .
V=b  /-% _H(to)

T*§t0+
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(i) Ifb=0, then

H{(t,
T*§t0+ (O)
H'(to)
(iii) Ifb >0, then
H(to) 31 8¢ 1
T*<—=— or T"<ty+2 2 —|1—(1+cH(ty)) ¥|,
=7 <t JE[ ( (t0)) %]

1
where ¢ = (2—’)2*3.

Definition 12 A solution u of (1) with g =1 is called blow up if there exists a finite time
T* such that

t
lim |:/ uzdx+/ /(u2+|Vu|2)dxdr:| =00. (38)
t—T* Q 0 Q

Let

t
a(t):fuzdx+/ /(u2+|Vu|2)dxdt for ¢t > 0. (39)
Q 0 Ja

n(m+2)
n—(m+2)

Lemma 13 Assumem+2<p+1< ,m+2<n,and that m <45 <p -1, then we

have
a%ﬂz4@+1{Luhﬁ—4@8+Uﬂm+4QS+D[:mmW+MVumﬂdL (40)
Proof From (39), we have
a%ﬂ:21¥mMM+HMF+HVMF, (41)
a’(t) = 2/Quf dx + 2/£;uuttdx+ Z/S;(uut +VuVu,)dx

1
= 2w 1> = 20| Vel 555 + 2llul5. (42)

Then from (6) and (42), we have

a'(t) =48 + 1)[ uf dx — 428 +1)E(0) + 4(25 + 1)/t(||ut||2 + ||Vul||2) dr
0

Q
85 + 4 ) 85+4Y, ,u
+ (m ) —2> IVulinis + <2 ~ i1 >||u||p+1.
Since m < 48 < p — 1, we obtain (40). O
Lemma 14 Assumem+2<p+1< n’f&*)fzz)) , m + 2 < n and one of the following statements
are satisfied:
(i) E(0)<O0,

(ii) E(0) =0 and [, uoudx >0,
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(iii) E(0) > 0 and

K;
a(0)>r, [a(O) + w—il)] +lluo I (43)
holds.
Then a'(t) > ||luo||® for t > t*, where to = t* is given by (44) in case (i) and ty = 0 in cases
(ii) and (iii).

Here K; and t* are defined in (48) and (44,), respectively.

Proof (i) If E(0) < 0, then from (40), we have
a(t)>a(0)-4(28 +1)E(0)t, t>0.

Thus we get a'(t) > ||uo||? for ¢ > t*, where

. @O~ ol
t —max{m,o}. (44)

(i) If E(0) = 0 and [, uouy dx > 0, then a”(¢) > 0 for ¢ > 0. We have a'(t) > ||uol|*, £ > 0.
(iii) If £(0) > 0, we first note that

t
2/ /uutdxdrz lluall® = Nasol|. (45)
0o Ja
By the Holder inequality and the Young inequality, we have
t t
lae]* < ||M0||2+/ ||u||2dr+f leee | d. (46)
0 0
By the Hoélder inequality, the Young inequality, and (46), we have
t
a'(t) < a(t) + |uoll® +/ ufdx+/ e |)* dz. (47)
Q 0

Hence, by (40) and (47), we obtain

a’(t) — 4(8 + )a' () + |luo|*alt) + Ky > 0,

where
Ky =4(28 + 1)E(0) + 4(8 + 1) ||uo || (48)
Let
K
= , 0.
b(t) = a(t) + W61

Then b(t) satisfies Lemma 10. Consequently, we get from (43) a'(¢) > ||uo||?, t > 0, where
ry is given in Lemma 10. g
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Theorem 15 Assumem+2<p+1< %,

m + 2 < n and one of the following statements
are satisfied:
(i) E(0) <O,
(ii) E(0) =0 and [, uouydx >0,
(ii)) 0 < E(0) < LWkl 414 (43) holds.
Then the solution u blow up in finite time T* in the case of (38). In case (i),

H(ty)
T* - . 4
=07 Hiw) )
Furthermore, if H(to) < min{l, ,/-%}, we have
1 N
T <ty + In , (50)
v-b —-% —H(t)
where
a = 82H 5 (10)[ (' (to) — luo]1?)” ~ BE(O)H 3 ()] > 0, (51)
b = 88%E(0). (52)
In case (ii),
H(ty)
T* — .
<t H o) (53)

In case (iii),

2+% 2*% _%
T*§H—5t£) or T*St0+23§a+1 (%) %{1—[1+(g> H(to)] }: (54)

where a and b are given; see (51), (52).
Proof Let

H(t) = [a(e) + (Ty - B)lluo|1?]™ for £ € [0, T3], (55)
where T > 0 is a certain constant which will be specified later. Then we get

H'(£) = ~8[a(t) + (Ty — )0 |1)]" ™ [@'(8) ~ lluo]1?]
= SH"5(0)[a'(6) - luol?], (56)
H'(£) = ~8HY 3 (0)a" () a(t) + (1 — ) luo 1]
+ SHY 5 (0)(1+ 8)[a () - 1o lI”] (57)

and

H'(t) = —SH™ 3 (6)V (2), (58)
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where
V(t) = a" @O)[a(®) + (Ty - t)lluo|?] - (L +8)[@ @) - luol?]*.

For simplicity of the calculation, we define

Puzfuzdx, Ruzfufdx,
Q

Q
t t
Qu= [ llul®de, Sy = / l[uac || dit.
0 0
From (41), (45), and the Holder inequality, we get
t
alt) = 2/ uu dx + ||uol? +2/ / uu; dx dt
Q 0 Ja
= 2(\/ R,P, + QuSu) + ||u0||2
If case (i) or (ii) holds, by (40) we have
a’(t) > (-4 —88)E(0) + 4(1 + 8)(R, + S,).
Thus, from (59)-(61) and (55), we obtain

V(t) > [(~4 - 88)E(0) + 4(1 + 8)(R, + S,) |[H (£)

— 41+ 8)(VR,Py + vV QuS,)>.

From (39),

t
a(t):/uzdx+/ /u2dxds:Pu,
Q 0 Ja

and (55), we get

V(6) > (-4~ 89)E()H 5 () + 4(1 + )[Ry + S)(T1 = Olluo|I* + ©(1)],

where

O(t) = (Ry + Su)(Pu + Q) — (\/ R,P, + QuSu)2

By the Schwarz inequality, and ©(t) being nonnegative, we have

V(6) > (-4 -8)EQO)H 3 (1), > to.
Therefore, by (58) and (62), we get

H'(t) < 48(1 + 28)EQO)HY 3 (£), ¢ > to.

Page 13 of 14

(59)

(60)

(62)

(63)
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By Lemma 13, we know that H'(¢) < 0 for ¢ > ;. Multiplying (63) by H'(¢) and integrating
it from £, to t, we get

H2(t) > a + bH?*3 (£)

for ¢ > ty, where a, b are defined in (51) and (52) respectively.
If case (iii) holds, by the steps of case (i), we get a > 0 if and only if

(@ (t) = lluoll*)?

EO) < Srate) + (71 — o) mol 2]

Then by Lemma 11, there exists a finite time 7™ such that lim,_, 7+- H(£) = 0 and the upper
bound of T™* is estimated according to the sign of £(0). This means that (38) holds. O
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