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Abstract

In this article, we introduce a new general iterative method for solving a common
element of the set of solutions of fixed point for nonexpansive mappings, the set of
solutions of generalized mixed equilibrium problems and the set of solutions of the
variational inclusion for a B-inverse-strongly monotone mapping in a real Hilbert
space. We prove that the sequence converges strongly to a common element of the
above three sets under some mild conditions. Our results improve and extend the
corresponding results of Marino and Xu (J. Math. Anal. Appl. 318:43-52, 2006), Su et al.
(Nonlinear Anal. 69:2709-2719, 2008), Tan and Chang (Fixed Point Theory

Appl. 2011:915629, 2011) and some authors.
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1 Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H with the inner prod-
uct (-,-) and the norm || - ||, respectively. A mapping S: C — C is said to be nonexpansive
if |Sx — Syl < |lx—yll, Vx,y € C. If C is bounded closed convex and S is a nonexpan-
sive mapping of C into itself, then F(S) := {x € C: Sx = x} is nonempty [1]. A mapping
S : C — Cissaid to be a k-strictly pseudo-contraction [2] if there exists 0 < k < 1 such that
|Sx = Syl < |lx =12 +k[|(I = S)x — (I - S)y||?, Vx,y € C, where I denotes the identity oper-
ator on C. We denote weak convergence and strong convergence by notations — and —,
respectively. A mapping A of C into H is called monotone if (Ax — Ay,x—y) > 0,Vx,y € C.
A mapping A is called a-inverse-strongly monotone if there exists a positive real number
a such that (Ax — Ay,x — y) > a||Ax — Ay||?, Vx,y € C. A mapping A is called a-strongly
monotone if there exists a positive real number « such that (Ax — Ay,x — y) > a|lx — |12,
Vx,y € C. It is obvious that any «-inverse-strongly monotone mappings A is a monotone
and é-Lipschitz continuous mapping. A linear bounded operator A is called strongly pos-
itive if there exists a constant y > 0 with the property (Ax,x) > y|x||?, Vx € H. A self
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mapping f : C — C is called contraction on C if there exists a constant « € (0,1) such that
If ) = f DIl < ellx -yl ¥x,y € C.
Let B: H — H be a single-valued nonlinear mapping and M : H — 2! be a set-valued

mapping. The variational inclusion problem is to find x € H such that
0 € B(x) + M(x), (1.1)

where 6 is the zero vector in H. The set of solutions of (1.1) is denoted by I(B, M). The
variational inclusion has been extensively studied in the literature. See, e.g. [3-10] and the
reference therein.

A set-valued mapping M : H — 2/ is called monotone if Vx,y € H, f € M(x) and g € M(y)
imply (x —y,f — g) > 0. A monotone mapping M is maximal if its graph G(M) := {(f,x) €
H x H:f € M(x)} of M is not properly contained in the graph of any other monotone
mapping. It is known that a monotone mapping M is maximal if and only if for (x,f) €
HxH, (x—y,f—-g)>0forall (y,g) € GM) imply f € M(x).

Let B be an inverse-strongly monotone mapping of C into H and let N¢v be normal cone
toCatveC,ie,Ncv={weH:{(v—u,w)>0,Yu € C}, and define

Bv+Ncv, ifveC,
0, ifveC.

My =

Then M is a maximal monotone and 6 € My if and only if v € VI(C, B) (see [11]).
Let M : H — 2/ be a set-valued maximal monotone mapping, then the single-valued

mapping Jar, : H — H defined by
Jup®) = I +2M) (x), xeH 1.2)
is called the resolvent operator associated with M, where A is any positive number and I is
the identity mapping. In the worth mentioning that the resolvent operator is nonexpan-
sive, 1-inverse-strongly monotone and that a solution of problem (1.1) is a fixed point of
the operator J;, (I — AB) for all A > 0 (see [12]).
Let F be a bifunction of C x C into R, where R is the set of real numbers, ¥ : C — H be

a mapping and v : C — R be a real-valued function. The generalized mixed equilibrium
problem for finding x € C such that

F(x,p) + (Ux,y—x) + () - (x) =0, VyeC. (1.3)
The set of solutions of (1.3) is denoted by GMEP(F, ¢, W), that is
GMEP(F, ¥, V) = {x € C: F(x,) + (¥x,y —x) + ¥ (9) - ¥(x) > 0,¥y € C}.

If ¥ =0 and { = 0, the problem (1.3) is reduced into the equilibrium problem (see also
[13]) for finding x € C such that

F(x,y) >0, VyeC. (1.4)
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The set of solutions of (1.4) is denoted by EP(F), that is
EP(F) = {x € C:F(x,y)>0,Vye C}.

This problem contains fixed point problems, includes as special cases numerous problems
in physics, optimization and economics. Some methods have been proposed to solve the
equilibrium problem, please consult [14-16].

If F=0 and ¢ =0, the problem (1.3) is reduced into the Hartmann-Stampacchia vari-
ational inequality [17] for finding x € C such that

(Ux,y—x) >0, VyeC. 1.5)

The set of solutions of (1.5) is denoted by VI(C, ¥). The variational inequality has been
extensively studied in the literature [18].

If F=0 and ¥ = 0, the problem (1.3) is reduced into the minimize problem for finding
x € C such that

V() -vx) >0, VyeC. (1.6)

The set of solutions of (1.6) is denoted by Argmin(yr). Iterative methods for nonexpan-
sive mappings have recently been applied to solve convex minimization problems. Convex
minimization problems have a great impact and influence in the development of almost all
branches of pure and applied sciences. A typical problem is to minimize a quadratic func-
tion over the set of the fixed points of a nonexpansive mapping on a real Hilbert space H:

1
where A is alinear bounded operator, F(S) is the fixed point set of a nonexpansive mapping
S and y is a given point in H [19].
In 2000, Moudafi [20] introduced the viscosity approximation method for nonexpan-

sive mapping and prove that if H is a real Hilbert space, the sequence {x,} defined by the
iterative method below, with the initial guess xy € C is chosen arbitrarily,

Xl = ar(f(xn) +(1-a,)Sx,, n=0, (18)

where {&,} C (0,1) satisfies certain conditions, converge strongly to a fixed point of S (say
x € C) which is the unique solution of the following variational inequality:

(I-Hxx-7)>0, VxeF(©). (19)
In 2005, liduka and Takahashi [21] introduced following iterative process xg € C,
Xps1 = Aptd + (L — ay)SPc (% — MyAxy,), Y =>0, (1.10)

where u € C, {&,,} C (0,1) and {),} C [a, b] for some a, b with 0 <a < b < 28. They proved
that under certain appropriate conditions imposed on {«,} and {},}, the sequence {x,}
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generated by (1.10) converges strongly to a common element of the set of fixed points of
nonexpansive mapping and the set of solutions of the variational inequality for an inverse-
strongly monotone mapping (say x € C) which solve some variational inequality

(x—u,x—%)>0, VxeF(S). (1.11)

In 2006, Marino and Xu [19] introduced a general iterative method for nonexpansive
mapping. They defined the sequence {x,} generated by the algorithm x( € C,

Xn+l = Oanf(xn) + (1 - anA)an: n= 0: (112)

where {@,} C (0,1) and A is a strongly positive linear bounded operator. They proved that
if C = H and the sequence {«,} satisfies appropriate conditions, then the sequence {x,}
generated by (1.12) converge strongly to a fixed point of S (say x € H) which is the unique
solution of the following variational inequality:

(A-yNHx,x-x)>0, VxeF(S), (1.13)
which is the optimality condition for the minimization problem

1
min —(Ax,x) — h(x), (1.14)
x€F(S) 2

where / is a potential function for yf (i.e., ' (x) = yf(x) for x € H).
In 2008, Su et al. [22] introduced the following iterative scheme by the viscosity approx-
imation method in a real Hilbert space: x;,u,, € H

F(,y) + -y =ty thy = %) 20, VyeC,
Xntl = ar(f(xn) + (1 - an)SPC(un - )"nAun)¢

(1.15)

for all n € N, where {«,} C [0,1) and {r,} C (0,00) satisfy some appropriate conditions.
Furthermore, they proved {x,} and {u,} converge strongly to the same point z € F(S) N
VI(C,A) N EP(F) where z = PF(S)ﬂVI(C,A)ﬁEP(F)f(Z)'

In 2011, Tan and Chang [10] introduced following iterative process for {T,,: C — C} is
a sequence of nonexpansive mappings. Let {x,} be the sequence defined by

Xp+l = OpXy + (1 - an)(SPC((l - tn)]M,A(I - )‘A)Tn(l - [LB))?C;,,), Vn > Or (116)

where {a,} C (0,1), A € (0,2«] and u € (0,28]. The sequence {x,} defined by (1.16) con-
verges strongly to a common element of the set of fixed points of nonexpansive mappings,
the set of solutions of the variational inequality and the generalized equilibrium problem.
In this article, we mixed and modified the iterative methods (1.12), (1.15) and (1.16) by
purposing the following new general viscosity iterative method: x¢, u,, € C and

T(F1 1)

Uy = 1y, (%n — 1uB1x,),

T(Fzyllfz

Sn

KXn+l = EnPC[aan(xn) +( - anA)S]M,A(I - AB)uy] + (1 -&,)v,, n>0,

Vu = )(xn - SnB2xr1)’
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where {a,},{&,} € (0,1), A € (0,28) such that 0 <a < A < b <28, {r,} € (0,2n) with 0 <
c¢<d<1l-nand{s,} €(0,2p) with 0 < e <f <1 - p satisfy some appropriate conditions.
The purpose of this article, we show that under some control conditions the sequence
{x,} converges strongly to a common element of the set of fixed points of nonexpansive
mappings, the common solutions of the generalized mixed equilibrium problem and the
set of solutions of the variational inclusion in a real Hilbert space.

2 Preliminaries

Let H be a real Hilbert space with the inner product (-, -) and the norm || - ||, respectively.
Let C be a nonempty closed convex subset of H. Recall that the metric (nearest point)
projection P¢ from H onto C assigns to each x € H, the unique point in Pcx € C satisfying

the property
¥ — Pex|| = min ||lx - y|l.
yeC

The following characterizes the projection Pc. We recall some lemmas which will be
needed in the rest of this article.

Lemma 2.1 The function u € C is a solution of the variational inequality (1.5) if and only
if u € C satisfies the relation u = Pc(u — A\Wu) for all 1 > 0.

Lemma 2.2 Foragivenze H ueC,u=Pcz< (u—z,v—u)>0,Vve C.
1t is well known that Pc is a firmly nonexpansive mapping of H onto C and satisfies

[|Pcx — Pcyll* < (Pcx — Pcy,x—y), Va,y€H. (2.1)
Moreover, Pcx is characterized by the following properties: Pcx € C and forallx € H,y € C,
(x —Pcx,y — Pcx) < 0. (2.2)

Lemma 2.3 ([23]) Let M : H — 2! be a maximal monotone mapping and let B: H — H
be a monotone and Lipshitz continuous mapping. Then the mapping L =M + B: H — 2!
is a maximal monotone mapping.

Lemma 2.4 ([24]) Each Hilbert space H satisfies Opial’s condition, that is, for any sequence
(%} C H with x, — x, the inequality liminf,_, o, ||x, — x|| < liminf,_, « ||x, — y||, hold for
eachy e H withy #x.

Lemma 2.5 ([25]) Assume {a,} is a sequence of nonnegative real numbers such that
An+l =< (1 - Vn)"ln + 5;17 Vn > 0:

where {y,} C (0,1) and {3,} is a sequence in R such that
(i) Z:O:I Vn = O0;
(i) limsup,,_, % <0o0rY o2 18, < 00.

Then lim,,_, o a,, = 0.
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Lemma 2.6 ([26]) Let C be a closed convex subset of a real Hilbert space H and let T :
C — C be a nonexpansive mapping. Then I — T is demiclosed at zero, that is,

Xy — X, Xy — Ix, — 0
implies x = Tx.

For solving the generalized mixed equilibrium problem, let us assume that the bifunction
F:C x C — R, the nonlinear mapping ¥ : C — H is continuous monotone and ¢ : C —
R satisfies the following conditions:

(A1) F(x,x)=0 forallx e C;

(A2) F is monotone, i.e., F(x,y) + F(y,x) <0 for any %,y € C;

(A3) for each fixed y € C, x > F(x,y) is weakly upper semicontinuous;

(A4) for each fixed x € C, y — F(x,y) is convex and lower semicontinuous;
(B1) for each x € C and r > 0, there exist a bounded subset D, € C and y, € C such that

foranyz e C\ Dy,

Fle) + ¥02) - ¥ (@) + - 0n—22-%) <0, 23)
(B2) Cisabounded set.

Lemma 2.7 ([27]) Let C be a nonempty closed convex subset of a real Hilbert space H. Let
F:C x C— R be a bifunction mapping satisfies (Al1)-(A4) and let  : C — R is convex
and lower semicontinuous such that C Ndom y # (. Assume that either (B1) or (B2) holds.
Forr >0 and x € H, then there exists u € C such that

1
F(u,y) + ¥ () =¥ (u) + ;(y—u,u—x> >0.

Define a mapping 5 . H - C as follows:
1
TED (x) = {u eC:Fuy)+v¥ () -v@m)+=(y-uu-x)>0,¥y € C} (2.4)
r

forall x € H. Then, the following hold:
(i) T,(F’W) is single-valued;
i) TV is firmly nonexpansive, i.e., for any x,y € H,

|70 T

< (T - Ty, 5 )

(iii) F(T{"")) = MEP(F, );
(iv) MEP(F, y) is closed and convex.

Lemma 2.8 ([19]) Assume A is a strongly positive linear bounded operator on a Hilbert
space H with coefficient 7 >0 and 0 < p < ||A||™Y, then ||I — pA|| <1- py.

Lemma 2.9 ([28]) Let H be a real Hilbert space and A : H — H a mapping.
(i) If A is §-strongly monotone and ji-strictly pseudo-contraction with § + i > 1, then
I — A is contraction with constant /(1 — 8)/ L.
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(ii) If A is §-strongly monotone and ji-strictly pseudo-contraction with § + u > 1, then for
any fixed number T € (0,1), I — TA is contraction with constant 1 — (1 — /(1 - 8)/ ).

3 Strong convergence theorems

In this section, we show a strong convergence theorem which solves the problem of finding
a common element of F(S), GMEP(Fy, Y1, B;), GMEP(F,, ¥, B;) and I(B, M) of an inverse-
strongly monotone mapping in a real Hilbert space.

Theorem 3.1 Let H be a real Hilbert space, C be a closed convex subset of H. Let Fy, F,
be two bifunctions of C x C into R satisfying (Al)-(A4) and B,B1,B, : C — H be 8,1, p-
inverse-strongly monotone mappings, Y1, V2 : C — R be convex and lower semicontinuous
function, f : C — C be a contraction with coefficient a (0 < a < 1), M : H — 2 be a maxi-
mal monotone mapping and A be a §-strongly monotone and ji-strictly pseudo-contraction
mapping with § + i > 1, y is a positive real number such that y < é(l - \/1%) Assume that
either (B1) or (B2) holds. Let S be a nonexpansive mapping of H into itself such that

® := F(S) N GMEP(Fy, Y1, B1) N GMEP(EF;, Y5, Bo) N 1(B, M) # .

Suppose {x,} is a sequence generated by the following algorithm xo € C arbitrarily:

U, = Tffl"/”)(x,, —r.Bix,),
Vi = T (1, - 5,By%,), (31)

Xn+l = EnPC[aan(xn) +( - anA)S]M,A(I —AB)u,] + (1 - En)vn: n>0,

where {a,},{&,} C (0,1), A € (0,28) suchthat0 <a <A <b<28,{r,} €(0,2n) with0 < ¢ <
d<1-nand {s,} €(0,2p0) with 0 <e <f <1 - p satisfy the following conditions:

(CI): limy,— o0 0ty = 0, 2000, = 00, Lo, |ty41 — aty| < 00,

(C2): 0<liminf,, o &, <limsup,_, . & <1 £21&,41 — &4] < 00,

(C3): liminf,_, o r, >0 and lim,_, o |Fye1 — 14| = 0,

(C4): liminf,_, « s, > 0 and lim,,_,  |$,+1 — S| = 0.

Then {x,} converges strongly to q € ©®, where q = Po(yf + I — A)(q) which solves the fol-
lowing variational inequality:

(vf-Agp-q)<0, VpeoO

which is the optimality condition for the minimization problem

1
min > (Aq,q) - h(q), 3.2)

where h is a potential function for yf (i.e., W'(q) = yf(q) for g € H).

Proof Since B is B-inverse-strongly monotone mappings, we have

|1 = 2B)x — (I = 2B)y|* = | (x—5) - A(Bx - By)|*

= |lx = y|I* = 2A{x — y, Bx — By) + A*|| Bx — By||*
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< llx=yII* + 2( - 28)[| Bx - Byl|*

< -yl (3.3)
And By, B, are 7, p-inverse-strongly monotone mappings, we have

2 2
| =ruB)x = (L= 1By | = ||(x =) = ru(Bix - Buy) |
= |lx = ylI* = 2ry(x — y, Bix — Byy) + r2|| Bix — Byl
< llw =yl + ru(r — 20)||Bix - Byy ||

< -yl (34)
In similar way, we can obtain
2
|7 = 5,B2)x = (I = s,B2)y||” < [l = 1. (35)

It is clear that if 0 < A <28,0<r,<2n,0<s, <2pthenI—-AB,I~-r,By, I —s,B; are all
nonexpansive. We will divide the proof into six steps.
Step 1. We will show {x,,} is bounded. Put y,, = Ja, (4, — ABu,), n > 0. It follows that

Iyn = qll = |Jsa(ttn — AButy) = Jar(q — 2Bq) |
< ||ty —qll. (3.6)

(F1,91
14

By Lemma 2.7, we have u, = T}, )(xn — ry,Bix,) for all n > 0. Then, we note that

2
lun — gl = | TV (- ruBixy) = TV (q — r,Bag) |
2
S || (xn - rnlen) - (q - rnqu)H
< ll%n = gll* + ru(rw — 20) || Bix,, — Biq||?

< Il —ql* (3.7)
In similar way, we can obtain

v = ql* = | TEY2(x, — 5,By) = TE2 (g~ 5,B29) |
< || Gen = $4Bon) = (g = 5,B29) |
< llotn = qlI* + su(sn — 20)||Box — Bog|®
< [l%n — gl (3.8)

Putz, = Pcla,yf(x,) + (I —a,A)Sy,] forall n > 0. From (3.1) and Lemma 2.9(ii), we deduce
that

”xn+l - q”
= &nen-a) + Q- E)(va - )|
= &l Pefanyf @) + (I = 0ud)Sy] = Peq| + 1= &n)lIva -4l

Page 8 of 27
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<& “O‘nyf(xn) + (I — 0, A)Syn — 61” + (1 =&)llve -1l

=&, ”an(yf(xn) _Aq) + (I = a,A) Sy, — q) ” +(1=&)llve —1qll

[1-5
Sénan”Vf(xn)—Aq”+§n<1—06n<1— T))H)’n—qﬂ+(1—§n)||Vn—6I||
[1-5
<&nanyalx. —qll + Enctu | v (q) — Aq]| + &x (1—% (1— T)) %, — gl

+(1-&) %, —qll

_5
= (1 - (1 -/ 17 - ya)énan) 196 — qll + &t | v (@) — Aql|
1-6
< (1— (1_ —_VOl)%-nan)”xn_q”
o
1-5 lvf(q) — Aqll
1= — -V )En n—
( w T (1- /5 -ya)

—-A
SmaX{llxn —qll,w}. 3.9)
1- /% -ya
It follows from induction that
lvf(q) - Aqll
it — gl < max{ oo — g, L@ =AY
1- /ll;f -ya
Therefore {x,} is bounded, so are {v,,}, {y.}, {zn}, {Syn}, {f(x4)} and {ASy,}.
Step 2. We claim that lim,,—, » ||%+2 — %441]] = 0. From (3.1), we have
”xn+2 — Xn+1 ” = ||%-r1+lzn+l + (1 - €n+1)Vn+1 - Snzn - (1 - %-n)Vn ||
= ”snﬂ(znﬂ = 2zu) + (1 — En)zn
+ (1= &n1) (Vi1 = Vi) + (Ene1 — )V ”
< Erwl ||Zn+1 - Zn” + (1 - $n+1)||Vn+1 - Vn”
+1Em1 = Enl (1 2all + [IVall).- (3.10)
We will estimate ||v,,.1 — v,,||. On the other hand, from v,_; = Ts(ffl’m)(x,,_l —8,_1Box,_1) and
v, = Ts(f 292y _ s, Box,), it follows that
Fy(Vuo1,9) + (BaXu-1,¥ — V1) + ¥2(¥) — Y2 (V1)
+ (J/ —Vu-1,Vn-1 _xn—l) > 0: Vy eC (311)
Sp-1
and

1
FZ(Vnry) + <Ban:y_ Vn) + 1[[2()/) - 1//2(1/;1) + S_O/_ Vs Vn _xn> Z O: V}’ € C (312)

n
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Substituting y = v, in (3.11) and y = v,,_; in (3.12), we get

1
FZ(Vn—l; Vn) + <B2xn—l¢ Vi — Vn—l) + 1ﬁZ(VVI) - 1pZ(Vn—l) + S— (Vn —Vu-1,Vn-1— xn—l) > 0

n-1

and

1
FZ(VVU Vn—l) + <Banx Vn-1— Vn> + VIZ(Vn—l) - wZ(VVI) + S_<Vn—l ~Vus Vn _xn> > 0.

n

From (A2), we obtain

Vn-1—%Xp-1 Vu—%pn >0
- —_ Y
Sn

<Vn = Vu-1, BaXy1 — Baxy +
Sn-1

and then

Sn-1
Vi = Vi1, 81 (BaXpo1 — Boxy) + Vg — %1 — s (Vu—x4)) =0,
n

SO
Sn-1
Vi = Vie1s Sp1BoX_1 — Su_1BoXy + Vol — Vi + Vi — X1 — . (Ve —x,)) = 0.
n
It follows that
Sn-1
Vi = V1, (I = $,1B2)%y — (I = 8521B2) Xyt + Vol — Vi + Vi — Xy — .
n

Sn-1
<Vn —Vu-1,Vn-1— Vn) + <Vn —Vp-1rXy —Xp-1 t+ <1 - s )(Vn - xn)> = 0.
n

(Vn _xn)> 2 0;

Without loss of generality, let us assume that there exists a real number e such that s,,_; >

e> 0, for all # € N. Then, we have

Sn-1
2 n
”Vn - Vn—l” = <Vn —Vn-1,%y —Xp-1 t+ (1 - >(Vn _xn)>

Sn

Sp-1
1-

”Vn _xn”}

= Vn =Vl { %0 = X1 [l +
n

and hence
1
Vi = Vol < 1% — x|l + S_ 181 = Sn-1 111V = %l
n

M
= ”xn — Xn-1 ” + 7 |Sn - Sn—ll:

where M; = sup{||v, — x| : n € N}. Substituting (3.13) into (3.10) that

M
%6542 = Xt | < EnerllZner — zull + A = Ene) ] 101 — %l + 7 1 — Sy

+ &1 = Eal (Izall + vl

(3.13)

(3.14)

Page 10 of 27
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We note that

211 = zull = | Pc[ennyf ne) + I = 0ni1A)Symn | — Pelotnyf (n) — (I — auA)Sy,] |
< et vf @) + I = €01 A)Syna1 = (anyf () = (I = 2, A)Sy,) |
< ltniry (FGensr) = f(en)) + (@nar — )V @) + (I = a1 A)(SYnar — Syn)
+ (n — s 1) ASy |

< W Y a1 — Xl + |01 — ol || v (%) |

1-6
+(1l-ayall- | — 1¥ns1 = Yl
n

+ |an+1 - Olnl ”ASyn ”

S U Y@ Xns1 — Xnll + |1 _anl(“ yf(xn)“ + ”ASyn”)

[1-6
+ (1 — Oyl (1 - )) ||yn+l _yn”- (315)
125

Since I — AB be nonexpansive, we have

191 = Yull = |Jstx (s = ABtts1) = Jag(t4n — ABuy,) |
= || (uVH-l - )\Bunﬂ) - (un - )\BM,,,) ||

< N1 — il (3.16)

On the other hand, from u,_; = T,(f}i%)(xn,l —1,.1Bix,-1) and u,, = Tr(fl’m)(xn —r,Bix,), it

follows that

Fi(tty-1,9) + (BiXp-1,¥ — thp1) + Y1(y) — Y1 (t,-1)
1

Tn-1

+ O’ —Up-1,Up-1 — xn—l) >0, VJ/ eC (317)

and

1
Fl(un’y) + <B1xnry —Uy) + 1#1()’) - wl(un) + r—()’ — Uy, Uy — Xy) > 0, Vy eC. (3.18)

n

Substituting y = u,, in (3.17) and y = u,,_; in (3.18), we get

Fl(”n—l; Mn) + (len—lr Uy — un—l) + 1/}1(14,,) - ¢1(Mn71) + (un —Up-1,Up-1 _xn—1> > 0

n-1

and

1
Fl(unr un—l) + (lem Up-1— un) + Ipl(un—l) - WI(un) + r_<un—1 — Uy, Uy _xn> = 0.

From (A2), we obtain

Up-1 —Xn-1 Uy — xn> >0
- —_ Y%

<un — Up-1,B1xy1 — Bixy, +
Tn-1 "'n
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and then

p-1
<un = Up—1, -1 (BiXu—1 — BiXu) + Up_1 — X1 — " (- xn)> >0,
n

SO

It follows that

Tn-1
<un —Up-1, (1 - rn—lBl)xn - (1 - rn—lBl)xn—l t U1 — Uy + Uy — Xy — : (un _xn)> > O¢
n

ry-1
(U — Up1, Up_1 — Uy) + <un — Up1,%n — Xyl + (1 - )(un —xn)> > 0.

n

Without loss of generality, let us assume that there exists a real number ¢ such that r,_; >
¢ >0, for all n € N. Then, we have

n-1
2t — un—1||2 = <un —Up-1,%p —Xp-1 t (1 - )(un _xn)>

I'n

n-1
1-

|25, _xn”}

< llutn = thpa | { %0 = %na [l +
n

and hence
1
ety = thp—1 |l < llogn = Xp1ll + r_|rn = T |t = x|
n
M,
=< ||xn _xn—ln + T|rn - rn—l|; (319)
where M, = sup{||u, — x,|| : n € N}. Substituting (3.19) into (3.16), we have
M,
v = ynall < l%n = 21l + = |7y = rual. (3.20)

Substituting (3.20) into (3.15), we obtain that

1Zui1 = zull < Apayall®ug —xull + _anl(H Vf(xn)H + ||ASyn”)

1-6 M,
+ l_aVH-l 1- T ||xn_xn—l||+7|rn_rn—l| . (321)

And substituting (3.13), (3.21) into (3.10), we get

”xn+2 _xn+1|| S §n+1{an+lyallxn+l _xn” + |an+1 _an|(”7/f(xn)” + ”ASyn”)

1-§ M,
+ l_am—l 1- /| — ||xn_xn—l||+—|rn_rn—1|
" c

M
+ (1= &p) 0 = x| + 7|5n =Spalp + 1Enn — Sn|(”zn” + ”Vn”)
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1-6
= (1 - ((1 - T) - )/Ol)fmlfxnu) ||xn+1 _xn” + (|an+l - an|

M M
+18un1 = Eal)Ms + =y = Spal + = 1y = 1| (3.22)
where M3 > 0 is a constant satisfying
sup{ [/ Ge)|| + IASyall, Izall + l1vall} < M.
This together with (C1)-(C4) and Lemma 2.5, imply that
lim [[%,.2 — %441l = 0. (3.23)
n—oQ
From (3.20), we also have ||y,41 — y»|| = 0 as n — oo.
Step 3. We show the followings:
(i) lim,— o [|1Buy, - Bql| = 0;
(ll) limn—>oo ”len _qu” = O;

(iif) lim,— o [1B2x, — Bagl| = 0.
For g € ® and g = Ju1,,(q — ABq), then we get

19 = qI? = [Jat (s = ABit) = Jag(q — Bg)||”
< || @tn = 2Bu) = (g - 2Bg) |
< lutn — qll* + A(x = 2B)||Bu,, — Bq||*

< llxn — qlI* + A(x = 2B)||Bu,, — Bq||*. (3.24)
It follows that

12— qlI* = | Pe(enyf () + (I — 0, A)Sy,) - Pe(g) |

< ||a,, (yf(xn) —Aq) + (- 0, A)( Sy —q) ||2

< o[ vf ) - Aq|* + (1—an (1—@))% ~ql?
+ 20, (1 —ay (1 - \/?)) lvf u) = Aq| Ily. — gl

< o] yf(x) - Aq|” + Zan(l - an(l - E)) |lvf (%) = Aq| ly. — 4
R (1_%(1_\/?)){”% — ql? + 6.~ 2B)\1Bu, - Ba )

< o] yf(x) - Aq|” + Zan(l - an(l - \/?» lvf (xn) - Aq] Ily - 4l

+||xn—q||2+(1—an(1— %))x(x—zmnBun—Bqnz. (3.25)
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By the convexity of the norm || - ||, we have

(%641 — ¢Z||2 = ”snzn +(1=&n)vn - q||2
S ”gn(zn - (1 En 61) ||
<é&ullzn - 61||2 + (1= &)llva —ql*. (3.26)

Substituting (3.8), (3.25) into (3.26), we obtain

2
”xn+l - 4||

<sn{annyfxn> Aq|? +2an<1 w( ,/ ))!yf(xn)—Aanyn—qn
+|Ixn—qII2+<1 an< ,/ ))k(k 28) 1 Bu,, — Bq||2}+(1 E)llxn —ql?
2 1-6
fsnannyf(xn)_Aq” +2Enan(1—an(1—‘lT))”Vf(xn)_Aq” ly. -4l
2 1_5 2
+&ullxn, — 4l +é‘n<1—an<1— 7))A(A—2ﬁ)llBun—Bqll

+ (1 - éi:rl)”xn - 51||2

So, we obtain

:, (1 —a, (1 . /%))xuﬂ ~ 3)|1Buty - Bql?

S Enan H yf(xn) —A4”2 + €y
+ %0 = Xpar |l (”xn =gl + 1% = 6]||),
where €, = 2&,a,,(1 — 0, (1 - /%))Hyf(x,,) — Aq|llyx — q|l. Since conditions (C1)-(C3) and

lim,,—s o |41 — %, || = 0, then we obtain that ||Bu,, — Bq|| — 0 as n — co. We consider this
inequality in (3.25) that

12, = g% < e || yf(xn) - Aq]” + (1—an(1—‘/%))nyn —ql?
1-6
+ 20, (1 —ay (1 = 7)) |lvfGen) = Ag|llyn - qll. (3.27)

Substituting (3.6) and (3.8) into (3.27), we have

Iz = g < | vf (e) - Ag||” + (1—%(1‘ %))

x {114, = gll* + 7 (ru — 20) | By — B1q||*}
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+ 20, (1 —ay (1 —J%)) lvf %u) = Aq| Ilyn — gl
= || yf @) - Aq + (Lw(l—,/%))nxn —ql?

1-6 9
+{l-au|l- [— Vn(rn_zn)”len_qu”
"

1-6
2 (1-a, (1[50 ) s - Agl -l
< o | yf () - Aq|” + 1% - q11?

1-6 9
+{1l-a,l1- Fu(rn = 21) | Brx, - B4/l
“w

+ 20, (1 —a, (1 -/ %)) lvf ) = Aq|lyn —qll. (3.28)

Substituting (3.7) and (3.28) into (3.26), we obtain
2
%1 = gqlI* < sn{an |vf Ge) = Aq|” + s - ql®

1-6 9
tl-ay|l- | — rn(rn_zn)”len_qu"
n

+zan<1—an<1— %))Hyf(xn)—Aqunyn—qn}

+ (1 - én)||xn - Q||2

= &0, | vf (%) - Aq|

[1-6
+& |, — q”2 +& <1 —Qy <1 - 17))’”;1(7'}1 —2n)||Bix, _qu”2
[1-6
+ 28,0 <1 — Wy <1 - T)) ” vf (%) _AqH ly. — 4l

+ (L= &)ll%y — gl (3.29)

So, we also have

[1-5
£, <1 —a, <1 - T))m(Zn — )| Bix, — Big|)?

= Snan H yf(xn) _14q||2 + €y

+ 116 = %t | (16 = g1l + %001 = ),

where ¢, = 2&,0,(1 — o,(1 - /%))Hyf(xn) — Aq|lllyn — qll. Since conditions (C1)-(C3),
lim,—, o [[%441 — %]l = O, then we obtain that ||Bix, — Biq| — 0 as n — oco. Substituting
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(3.24) into (3.27), we have

2
1z, —4ll

< oy yf () - Aq]®

+ (1 —Otn(l =/ %)){len —qll” + 2(x = 28) | Bu,, - Bq|*}
1-6
2 (1= (1= [20) ) 1o - adl -l

< a,|yf@) - Aq|)? + llx, — qII?

. (1_%(1_ /%))x(x—zmnBun—Bqnz

1-6
+ 2a, <1 - ay <1 - 7)) | @) = Aq] 1y = qll. (3.30)
Substituting (3.8) and (3.30) into (3.26), we obtain

2
”xn+l - 0]||

< Sn{an lvf @) - Aq|” + 1%, — qII?

. (1_%(1_ /%))x(x—zmnwn—squz

1-6
2 (1= (1 20 ) - gl -t

+ (L= ED{l1%n = gl1* + $u(sn = 20)1Baxs — B2g||*}

=&, ”yf(xn) _Aq||2

+ Enllnn — qll* + &, (1 -y (1 = ?))A(A - 28)|Bu, — Bq?
[1-s
+ 28,0ty (1 - ay (1 - 7)) lvf ®a) — Aq] Ily. - qll

+ (L =E)llxn —ql* + (1= E)su(su — 20) | Boxy, — Bog|®
= snan ”Vf(xn) —A61H2

+ 1o —ql® + & <1 =y <1 - %))k(k —2B)Bu, - Bqll*

1-6
25,0 (1-0 (1= J22) ) Insto) - aal -l

+ (1= &,)84(Sn — 29)||Baxy, — Bag|*. (3.31)
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So, we also have

(1= £2)84(20 — 52) 1 Boxy — Bag )

<&, | vf @) = Aq|” + €n + 196 — 2t | (160 — g1l + %1 — q11)

+§n(1—an(1— /%))x(x—zmnm ~ Bl

where €, = 2&,0,(1 -0, (1 - \/%)) lvf (x.) —Aqll|ly — qll. Since conditions (C1), (C2), (C4),
lim,,—s o0 [[%41 — %] = 0 and lim,,_, , || By, — Bq|| = 0, then we obtain that || Byx, — Bag|| — 0
as n — oo.

Step 4. We show the followings:

() limy— o0 [l — uull =0

(i) limy— o0 l4n = yull =0

(iii) limy— oo [lyn = Syull = 0
Since T""YV is firmly nonexpansive, we observe that

ltn = qlI? = | TE (= ruBrey) = T (g — r,Big) |
< ((xn — 1uB1%,) = (g = 1,B19), ty — q)
- (H w = IuBixa) = (@ = ruBig) | + 10 — g1
|| Gon = ruBr%n) = (g~ 14B1q) — (D))

(”xn —0]||2 + [|otn —61||2 - ” (%0 — ttn) = 1u(Brx, — B1g) ”2)

|
— N =

2 2 2
= = (e = gl + Nl — q11* = %0 — v

\&}

+ 27, (Bixy — B, %y — ) — 12| B1x, — Bagll?).
Hence, we have
Nt = q11* < %0 = qlI> = %0 = 4l + 21| Brs = Bag I — - (332)
Since Ju,; is 1-inverse-strongly monotone, we compute

lyn =l = | Jat. (60 = 2Bus) = Jas,..(q — ABq) Hz

= ((un — ABu,) - (q - )‘Bq)’yn - q>
= %(H(un—kBun)—(q—MB’q)II2 +lyn—qll?
— ||t = AButn) = (g - xBq) = (yu — 9| %)

= E(nun —qll? + 1y — qll* = ||t = y) = 2(Bu, - B)|*)

IA

1
E(llun = ql1* + 1y = qll* = 1 = yull?

+2).(t4y, = Y, Buty — Bg) — A*|| Bu,, - Bql*), (3.33)
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which implies that
17n = qlI* < st = qlI* = 126w = yull* + 21|14, = ol | Bt — Bl (3.34)
Substitute (3.32) into (3.34), we have

Iy = gl < {1l = qlI® = %0 = sl + 27| Bixs = Bigll 12 — w4l }

— Nt = yull* + 21|t = yull | Bt — By (3.35)
Substitute (3.35) into (3.27), we have

12, = g% < o] yf(xn) - Aq]” + (1—an(1—‘/%)){nxn —qll* = 1%, — u,1?

+ 21,11 Bity = Big 1% = || = oty = yull® + 2[4, = yull | Buts — Bl }

+ 20, (1 - o, (1 —J%)) lvf @) = Aq| Ily. - qll

< || v () — Ag|) + 120 — ql1? = 1 — w011

[1-6
+2<1—an<1— T))W”len —Bigllllxn — unll — ||ty _yn”2

+2(1-a,(1- ./ — ) |Allun = yull | Bun — Bq||
j2
1-6
+2ay (1 —ay (1 - /7» |vf @) = Aq| s — qll. (3.36)

Since Ts(f 2¥2) g firmly nonexpansive, we observe that

Ve —gl? = | T (x, - 5,Bsx,) - TEV2) (g - 5,Bo9) |
= ((xn = $uBoxy) = (q — $uB2q), Vi — q)
= (|| — $4Bo%y) — (4 — 5:B2q) ||2 + va—ql?

— [ Gen = 54Bs) = (g — 54B29) — (v = @)|*)

IA

1
E(Hxn - 6I||2 + ”Vn - 4”2 - || (xn - Vn) _Sn(Ban _BZq)HZ)

1
= E(Hxn —ql® + 11va = qlI* = I = vall?

+ 28, (BaXy — Ba, %in — V) — S| Baxn — Bagll®).
Hence, we have

Ve = qll* < 1% = qlI* = 1% = vall* + 28,1 Baxy = Bagll 1% = vl (3.37)
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Substitute (3.36) and (3.37) into (3.26), we obtain

(19241 —4||2
<&ullza—ql* + A= &)lva — gl

< sn{an lvf @) = Aq||” + 196 = 1> = 1% = 1% = 1124 = 31

[1-s
+2(1—Oln(1— —))rn”len_qu””xn_un”
7
1-8
+2(1—an(1— /—))Anun—ynnnBun—Bqn
"
1-6
A e lvf (%) = Aq| lly. - 4l

+ (L= E{1%n = g1 = 12 = vall® + 2551 Box,s = Bagll I — vl }

<&, | vf @) - Aq| + Ellxn — qI? = 1% — tall® = N2t —

[1-6
+2§,,(1—0l,,(1— T))rn||len_qu””xn_un”
1-6
+28,(1-ay|1- e My = yulll Buy — Bq||
1-6
+25,0,( 1 -, |1~ 7 H)/f(xn)—AQHHJ’n—qH

+ (L= &) ln — gl1* = 1% — vull* + 2(1 = £,)8, 1 Boxs — Bagll 1% — Vil

Then, we derive

2
I

2 2
n— “n n~—Jn n~— Vn
1 = s ll” + Nttn = yull™ + 1120 = Vi

< Eua|| v f () = Aq | + 10 = q11% = %01 — qII?

[1-48
+2&, (1 — 0y (1 - T))W”len = Biqllll%n — unll
1-6
+28,(1-a,(1- 7 Azt =y |l | Buy, — Bq||
1-6
# 260 ( 1= (1= == ) ) [7f Gen) — gy - gl

+2(1-&,)s,||Baxy — Bogllllxn = vall

< &, v o) = Aq | + 12na1 = 2all (19, = g1l + %001 — qll)

[1-6
+ 2§, (1 -0y (1 - T)>7n||len = Biq|ll1xn — uy |l

(3.38)
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1-§
+2$n(1—an<1— 7))/\”%;« = YullllBu, — Byl

+ 28,01, <1 —ay <1 - #)) lvf @a) — Aq] Ily» — qll

+2(1 = &,)8, 1| Box, — Bagl 1% — vl (3.39)

By conditions (C1)-(C4), lim,, oo |41 = %u | = 0, limy,s o | Bu, — Bgl| = 0, lim,,, o | Byxy, —
Big|| = 0 and lim,,_, « ||Bax, — Bagl| = 0. So, we have |x, — u,|| = O, |u, — yu|| = O,
|2, — vull = 0 as m — oo. We note that x,,1 — x, = &,(z,, — x,) + (1 = &,)(v,y — x,,). From
1imn—>oo ”xn - Vn” =0, hmn—>oo ”xn+1 _xn” =0, and hence

lim ||z, — ] = 0. (3.40)

n—oQ
It follows that

”xn _yn” = ”xn - Mn” + ||M,, _yn” — 0, asn— oo. (3-41)
Since

2= 9ll < Nz =l + [ = 3l
So, by (3.40) and lim,,, o [|x;, — ¥4| = 0, we obtain

lim ||z, — y.| = 0. (3.42)

n— 00

Therefore, we observe that

1SYn = zull = ”PCSyn - PC(aan(xn) + (1 - O‘nA)Syn) H
< |Syn — anyf(xn) = (I = 2 A)Sy||

= | yf (6n) = ASpu . (3.43)

By condition (C1), we have ||Sy, — z,|| = 0 as n — co. Next, we observe that

1Syn = yull < NSy = zull + 12w = yull.

By (3.42) and (3.43), we have ||Sy, — y,|| — 0 as n — oo.

Step 5. We show that g € © := F(S) NGMEP(F}, Y1, B;) N GMEP(F,, Y5, B;) N I(B, M) and
limsup,_, . {((yf —A)g, Sy, — q) < 0. It is easy to see that Pg(yf + (I — A)) is a contraction
of H into itself. In fact, from Lemma 2.9, we have

|Po(vf + I = A))x - Po(yf + - A))y|
<|(f+UT-A)x=(vf+UT-A)y|
<y|f@®)-fo)| +T-A)lx -yl
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<vyalx-yl+ (1— (I—E))le—yll
(F oy )it

Hence H is complete, there exists a unique fixed point g € H such that g = Po(yf + (I -
A))(q)- By Lemma 2.2 we obtain that ((yf —A)g,w—¢q) <0 forall w € ©.

Next, we show that limsup,_, . {((yf — A)q, Sy, — q) <0, where g = Po(yf + I - A)(q) is
the unique solution of the variational inequality ((yf — A)g,p — gr) > 0, Vp € ©. We can
choose a subsequence {y,,} of {y,,} such that

lim sup((yf — A)q, Sy» - q) = lim ((vf - A)g, Sy, - q)-

n— 00

As {y,,} is bounded, there exists a subsequence {y,,,.j} of {y,,} which converges weakly to w.
We may assume without loss of generality that y,, — w. We claim that w € ©. Since ||y, —
Syx|l = 0 and by Lemma 2.6, we have w € F(S).

Next, we show that w € GMEP(F}, Y1, By). Since u,, = T,(fl"/fl)(x,, —r,B1x,), we know that

1
Fl(umy) + T/fl(J/) - Ipl(l/ln) + (lemy_ Uy) + —()’— Uy, Uy — %) > 0, Vy eC.

T'n

It follows by (A2) that

1
%(Y) —yn(u,) + (B1Xu, y — ty) + r_ Y — thyy Uy — Xy) > Fl(y’ Up), VyeC.
n
Hence,

1
Yi(y) - 1101(%1,-) + (B1Xy,» Y — Uy;) + r—()’— Upyy Up; — Xp;) = F(y, ”n,-): Vye C. (3.44)

nj

Fort € (0,1] and y € H, let y; = ty + (1 — t)w. From (3.44), we have

(e — un,-,B1y¢)

> (Y — tn;y Brye) — Yn(e) + Vriun,) — (Bin,s ye — )

1

- _<yt - unpuni _xni> +F1()/t, un,')

T

= <yt - uni’Blyt _Blun,‘> + (yt - uni’Bluni _leni) - 'S[fl(yt) + wl(un,’)

1
- r_<yt — Up;, Uy, _xnl') +F1(yt¢ Mn,-)'
nj

From ||u,,; — %4l — 0, we have ||Byu,; — Bix,, || — 0. Further, from (A4) and the weakly
t—x

. . . u, .
lower semicontinuity of ¢, —-—% — 0 and u,; — w, we have

T'n;

(e = w, Brye) = =vn(ye) + yn(w) + Fy(y, w). (3.45)
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From (A1), (A4) and (3.45), we have

0 = Fi(yye) = vn(e) + ¥ (y2)
< tFi(yn,y) + A= 0O)F @, w) + tyn(y) + A=)y (w) — ¥ (ye)
= t{E1069) + 1) = 1 ()] + L= D[Fr 0 w) + Y1 () = Y1 ()]
< t{Fi1,y) + v1(9) = Y1) ] + (L= £)(y: = w, Buys)
= t{Ei(55,9) + ¥ () — ¥a ()| + A = D)ty — w, Biye),

and hence

0 <FWuy) +¥1(y) —¥n(y) + A=)y — w, Biys).

Letting ¢ — 0, we have, for each y € C,

Fiw,y) + ¥1(y) — Y1(w) + (y —w, Byw) > 0.

This implies that w € GMEP(Fy, 1, B;). By following the same arguments, we can show
that w € GMEP(F,, ¥, By).

Lastly, we show that w € I(B, M). In fact, since B is a 8-inverse-strongly monotone, B is
monotone and Lipschitz continuous mapping. It follows from Lemma 2.3 that M + Bis a
maximal monotone. Let (v,g) € G(M + B), since g — Bv € M(v). Again since y,,; = Jar (t4; —
ABu,,), we have u,,, — ABu,, € (I + AM)(y,,), that is, %(u,,i — Yn; — ABuy,,) € M(yy,,). By virtue

of the maximal monotonicity of M + B, we have

1

<v — Yup & —Bv - x(un,- -V — ABun,.)> >0,

and hence
1
(V=9 8) = <v = Yup BV + X(uni - Y, — ABuni)>
= (V_yni’BV_ByVI,‘> + (V_yanyl’li _Bu}’li)
1
+ <v — Vi X(un,. _)’n,')>-

It follows from lim,,_, o |24, — ¥, || = 0, we have lim,,_, o, | But,, — By,|| = 0 and y,,; — w that

limsup(v —y,,g) = (v-w,g) = 0.

n—o0

It follows from the maximal monotonicity of B+ M that 6 € (M + B)(w), thatis, w € I(B, M).
Therefore, w € ©. It follows that

lim sup((yf — A)q, Syn - q) = lim ((vf = A)g, Sy, — q) = ((vf - A)g,w - q) < 0.

n—0o0
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Step 6. We prove x, — g. By using (3.1) and together with Schwarz inequality, we
have

st =gl = | 6Pl (v f @n) + (I = 2a)Sya) — ] + (L= &) (v — @)
< & P (ctuy f (@) + U~ 2, A)Syi) = Pe(@)] | + @ = E)lIva - gl
< &l (v () — Aq) + (U~ 0w A)(Syn — )| + (L~ &)l — gl
< (0 — ) 1Sy — ql1* + §n2 || v (50) — Aql|?
+ 28,0,((I - 2, A)(Syn — @), v (%) - Aq) + (1= &) %, — gl

1-8))° 2 2 2
fén(]-_an(]-_ T)) ”yn_q” +§nanHyf(xn)_Aq”

+ 2§nan<5yn -4, vf(x4) _AQ) - 25,,055(14(5)1,4 @), vf (xn) —ALI>
+([1-&) %, - q”2

1-§ 2 2 2 2
ssn(l—an(l— 7)) 96 — qlI* + Eno2 || vf (xn) — Aql|

+ 2,0(Syn — 4, V. (%n) — V(@) + 2640a(Syn — 4, [ (q) — Aq)
- 25;105;3(14(5)/}1 - Q); Vf(xn) —AQ) + (1 - gn)”xn - 61||2

1-6 ? 2 2 2
ssn(l—an(l— 7)) 1% — glI* + Enc? | v.f () — Aq|

+ 28,0, 1Sy — qll||vf (6n) = v (@) | + 2800n(Syn — 0, vf (@) — Aq)
= 28,0 ({A(Syn — @), v (x4) — Ag) + (1 = &) 1% — g

1-4 2 2 2 2
§€n<1—an<1— 7)) % — glI* + &nc | v.f () — Aq|

+ 28 yaanlyy — qlllx, —qll + 2§nan<Syn -4,vf(q) _Aq>
— 28,0 {A(Syn — @), vf (xn) — Ag) + (1= &) 1% — g

= Sn _anan 1- - +€:nay, 1- - ”xn —QH
V n V n

+ éﬂaﬁ ” Vf(xn) —ACIHZ + 28,y a0 |lx, - 6]||2
+26,0(Syn — 4, v (@) = Aq) = 26,0 A(Syn — @), vf (%) — Ag)
+(1-&) %, - 6I||2

1-6 2
<\1-2&0,\1- | — ) + 28 yaa, |lx, -4l
u

+ oty {Snan |/, - Aq?

+26,(Syn — 4, v (@) — Aq) - 26,0 | A(Sy — )| | v f (%) — Adql|

1-8)? )
+Snan <1_ —) ”xn_q” }
M
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1-6
= (1—2(<1—,/7) —ya)snan)nxn—qnz +an{snanuyf(xn)—AqH2

+264(Syn — 4, v (@) — Aq) - 26,01 | A(Sy — )| | vf (%) — Adql|

1-8)? )
+ Snan <1 - —) ”xn —4|| }
122

Since {x,} is bounded, where 1) > &, | (x4) ~Aq||* 264 A(Syn = D) | 1 Vf (6) — Aqll + £, (1~
\/?)ann —q||? for all n > 0. It follows that

[1-6
15241 = q||2 = (1 - 2((1 - T) - )/Ol)EnOln> [l = 61||2 + &y GCus (3.46)

where ¢, = 2&,(Sy, — q,vf(q) — Aq) + na,.. By Hmsupneoo((yf - A)q,Sy, — q) <0, we get
limsup,_, ., 5, < 0. Applying Lemma 2.5, we can conclude that x, — g. This completes
the proof. d

Corollary 3.2 Let H be a real Hilbert space, C be a closed convex subset of H. Let Fy, F,
be two bifunctions of C x C into R satisfying (A1)-(A4) and B,B1,B, : C — H be B,n, p-
inverse-strongly monotone mappings, V1, V5 : C — R be convex and lower semicontinuous
function, f : C — C be a contraction with coefficient o (0 <o <1), M : H — 2! be a max-
imal monotone mapping. Assume that either (B1) or (B2) holds. Let S be a nonexpansive

mapping of H into itself such that
® := F(S) N GMEP(F,, Y, B) N GMEP(Ey, ¥, By) N I(B, M) # .
Suppose {x,} is a sequence generated by the following algorithm x, € C arbitrarily:

F,
Up = T;Snl ]/Il)(xn - rnlen),

Fy,
Vn = Ts(n2 l112)(76}1 - SnBan):

Xptl = gnPC[ar(f(xn) +( - an)S]M,A([ - AB)u,] + (1 =&y,

where {o,},{£,} C (0,1), A € (0,28) such that 0 <a <A <b <28, {r,} €(0,2n) with0 <c <
d<1-nand{s,} €(0,2p) with 0 < e < f <1 - p satisfy the conditions (C1)-(C4).

Then {x,} converges strongly to q € ©, where q = Po(f + I)(q) which solves the following
variational inequality:

(f-Dg,p-q)<0, Vpeo.

Proof Putting A =1 and y =1 in Theorem 3.1, we can obtain desired conclusion imme-
diately. d

Corollary 3.3 Let H be a real Hilbert space, C be a closed convex subset of H. Let Fy, F,
be two bifunctions of C x C into R satisfying (A1)-(A4) and B,B:1,B; : C — H be 8,1, p-
inverse-strongly monotone mappings, Y1, V> : C — R be convex and lower semicontinuous
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function. Assume that either (B1) or (B2) holds. Let S be a nonexpansive mapping of H into
itself such that

® := F(S) N GMEP(E,, Y1, B1) N GMEP(Ey, Y0, B,) N 1(B, M) # 9.

Suppose {x,} is a sequence generated by the following algorithm x, € C arbitrarily:

T(Fl:lffl)

Up =1y, (xn - rnlen)r

F,
Ts(nz V2

V= (60 — $4Bon),

Xne1 = EnPclogu + (I - O[n)S]M,A(I - AB)uy,] + (1= &,)vp,

where {o,},{£,} C (0,1), A € (0,28) such that 0 <a <A <b <28, {r,} €(0,2n) with0 <c <
d<1-nand {s,} €(0,2p) with 0 < e <f <1 - p satisfy the conditions (C1)-(C4).

Then {x,} converges strongly to q € ®, where q = Pg(q) which solves the following varia-
tional inequality:

(u—q,p—q) <0, Vpe®O.

Proof Putting f = u € C is a constant in Corollary 3.2, we can obtain desired conclusion
immediately. O

Corollary 3.4 Let H be a real Hilbert space, C be a closed convex subset of H. Let Fy, F,
be two bifunctions of C x C into R satisfying (A1)-(A4) and B,B;1,B; : C — H be 8,1, p-
inverse-strongly monotone mappings, ¥1, Y, : C — R be convex and lower semicontinuous
function, f : C — C be a contraction with coefficient o (0 < & < 1) and A is §-strongly mono-
tone and |i-strictly pseudo-contraction with § + u > 1, y is a positive real number such that
y < é(l - \/ITT‘S), Assume that either (B1) or (B2) holds. Let S be a nonexpansive mapping
of C into itself such that

® := F(S) N GMEP(F,, Y11, B;) N GMEP(F,, y», By) N VI(C, B) # .
Suppose {x,} is a sequence generated by the following algorithm x, € C arbitrarily:

ty = T (x, — 1By,
T(Fzyllfz)

=T, —
Vu S (xn SnBan)¢

Xn+l = EnPC[anyf(xn) + (1 - aVIA)SPC(I - )\‘B)M}’l] + (1 - Sn)Vn;
where {a,},{£,} C (0,1), A € (0,28) such that 0 <a <A <b <28, {r,} €(0,2n) with0 <c <
d<1-nand{s,} €(0,2p) with 0 < e <f <1 - p satisfy the conditions (C1)-(C4).

Then {x,} converges strongly to q € ©, where q = Po(yf + I — A)(q) which solves the fol-
lowing variational inequality:

(vf-Aqp-q)<0, Vpeo.

Proof Taking Jy,, = Pc in Theorem 3.1, we can obtain desired conclusion immediately. (]
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Corollary 3.5 Let H be a real Hilbert space, C be a closed convex subset of H. Let f : C —
C be a contraction with coefficient o (0 < « < 1), A is §-strongly monotone and -strictly

. . . o 1 1-8
pseudo-contraction with § + > 1, y is a positive real number such that y < (1 - 7).

Let S be a nonexpansive mapping of C into itself such that
©:=F(S) #9.

Suppose {x,} is a sequence generated by the following algorithm x, € C arbitrarily:
Xne1 = ¥ f (%) + (I = 0y A)Sxy,

where {a,} C (0,1) and satisfy the condition lim,_, . oty = 0. Then {x,} converges strongly
to q € ©, where q = Po(yf + I — A)(q) which solves the following variational inequality:

(vf-Agp-q)<0, Vpeeo.

Proof Taking &, =1, Pc =1 and B, B;, B, = 0 in Corollary 3.4, we can obtain desired con-
clusion immediately. O

Remark 3.6 Corollary 3.5 generalizes and improves the result of Marino and Xu [19].

Corollary 3.7 Let H be a real Hilbert space, C be a closed convex subset of H. Let Fi,
F, be two bifunctions of C x C into R satisfying (Al)-(A4) and By,B, : C — H be 1, p-
inverse-strongly monotone mappings, ¥1, Y, : C — R be convex and lower semicontinuous
function, f : C — C be a contraction with coefficient o (0 < a < 1). Assume that either (Bl)
or (B2) holds. Let S be a nonexpansive mapping of C into itself such that

®:= F(S) N GMEP(Fl, I/II,BI) N GMEP(Fz, WQ,BQ) 7! .

Suppose {x,} is a sequence generated by the following algorithm x, € C arbitrarily:

T(Fl»‘//l

'n

T(szlh

Sn

KXn+l = énPC[anf(xn) + (I —op)Suy] + (1= &)V,

Uy = )(xn — 1Bix,),

Vu = )(xn - SnB2xr1)’

where {a,},{€,} C (0,1), {r,} € (0,2n) withO<c<d <1-nand {s,} € (0,2p) with0 <e <
f <1- p satisfy the conditions (C1)-(C4).

Then {x,} converges strongly to q € ©®, where q = Po(f + I)(q) which solves the following
variational inequality:

((f—])q,p—q)SO, Vp € ©.

Proof Taking y =1, A=1, Jy, =1 and B = 0 in Theorem 3.1, we can obtain desired
conclusion immediately. 0

Remark 3.8 Corollary 3.7 generalizes and improves the result of Yao and Liou [29].
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