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Abstract
In this paper, we introduce a new iterative algorithm for finding a common element
of the set of fixed points of a finite family of κi-strictly pseudo-contractive mappings
and the set of solutions of new variational inequalities problems in Hilbert space. By
using our main results, we obtain an interesting theorem involving a finite family of
κ-strictly pseudo-contractive mappings and two sets of solutions of the variational
inequalities problem.
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1 Introduction
LetH be a real Hilbert space whose inner product and norm are denoted by ‖ · ‖ and 〈·, ·〉,
respectively. Let C be a nonempty closed convex subset of H . A mapping S : C → C is
called nonexpansive if

‖Sx – Sy‖ ≤ ‖x – y‖,

for all x, y ∈ C.
A mapping S is called a κ-strictly pseudo-contractive mapping if there exists κ ∈ [, )

such that

‖Sx – Sy‖ ≤ ‖x – y‖ + κ
∥∥(I – T)x – (I – T)y

∥∥,

for all x, y ∈ C.
It is easy to see that every noexpansive mapping is a κ-strictly pseudo-contractive map-

ping.
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Let A : C →H . The variational inequality problem is to find a point u ∈ C such that

〈Au, v – u〉 ≥  (.)

for all v ∈ C. The set of solutions of (.) is denoted by VI(C,A).
Variational inequalities were initially studied by Kinderlehrer and Stampacchia [] and

Lions and Stampacchia []. Such a problem has been studied by many researchers, and
it is connected with a wide range of applications in industry, finance, economics, social
sciences, ecology, regional, pure and applied sciences; see, e.g., [–].
A mapping A of C into H is called α-inverse-strongly monotone, see [], if there exists

a positive real number α such that

〈x – y,Ax –Ay〉 ≥ α‖Ax –Ay‖

for all x, y ∈ C.
Let D,D : C → H be two mappings. In , Ceng et al. [] introduced a problem for

finding (x∗, z∗) ∈ C ×C such that

⎧⎨
⎩〈λDz∗ + x∗ – z∗,x – x∗〉 ≥ , ∀x ∈ C,

〈λDx∗ + z∗ – x∗,x – z∗〉 ≥ , ∀x ∈ C,
(.)

which is called a system of variational inequalities where λ,λ > . By a modification of
(.), we consider the problem for finding (x∗, z∗) ∈ C ×C such that

⎧⎨
⎩〈x∗ – (I – λD)(ax∗ + ( – a)z∗),x – x∗〉 ≥ , ∀x ∈ C,

〈z∗ – (I – λD)x∗,x – z∗〉 ≥ , ∀x ∈ C,
(.)

which is called a modification of system of variational inequalities, for every λ,λ >  and
a ∈ [, ]. If a = , (.) reduce to (.).
In , Ceng et al. [] introduce and studied a relaxed extragradient method for find-

ing solutions of a general system of variational inequalities with inverse-strongly mono-
tone mappings in a real Hilbert space as follows.

Theorem . Let C be a nonempty closed convex subset of a real Hilbert space H . Let the
mappings A,B : C →H be α-inverse-strongly monotone and β-inverse-strongly monotone,
respectively. Let S : C → C be a nonexpansive mapping such that F(S)∩ �, where � is the
set of fixed points of the mapping G : C → C, defined by G(x) = PC(PC(x–μBx) –λAPC(x–
μBx)), for all x ∈ C. Suppose that x = u ∈ C and {xn} is generated by

⎧⎨
⎩yn = PC(xn –μBxn),

xn+ = αnu + βnxn + γnPC(xn – λAxn),
(.)

http://www.fixedpointtheoryandapplications.com/content/2013/1/143
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where λ ∈ (, α), μ ∈ (, β) and {αn}, {βn}, {γn} are three sequences in [, ] such that

(i) αn + βn + γn = , ∀n≥ ,

(ii) lim
n→∞αn =  and

∞∑
n=

αn = ∞,

(iii)  < lim inf
n→∞ βn ≤ lim sup

n→∞
βn < .

Then {xn} converges strongly to x̃ = PF(S)∩�u and (̃x, ỹ) is a solution of problem (.), where
ỹ = PC (̃x –μB̃x).

In the last decade, many author studied the problem for finding an element of the set of
fixed points of a nonlinear mapping; see, for instance, [–].
From the motivation of [] and the research in the same direction, we prove a strong

convergence theorem for finding a common element of the set of fixed points of a finite
family of κi-strictly pseudo-contractive mappings and the set of solutions of a modified
general system of variational inequalities problems.Moreover, in the last section, we prove
an interesting theorem involving the set of a finite family of κi-strictly pseudo-contractive
mappings and two sets of solutions of variational inequalities problems by using our main
results.

2 Preliminaries
In this section, we collect and give some useful lemmas that will be used for our main
result in the next section.
Let C be a closed convex subset of a real Hilbert spaceH , let PC be themetric projection

of H onto C, i.e., for x ∈H , PCx satisfies the property

‖x – PCx‖ =min
y∈C ‖x – y‖.

It is well known that PC is a nonexpansive mapping and satisfies

〈x – y,PCx – PCy〉 ≥ ‖PCx – PCy‖, ∀x, y ∈H .

Obviously, this immediately implies that

∥∥(x – y) – (PCx – PCy)
∥∥ ≤ ‖x – y‖ – ‖PCx – PCy‖, ∀x, y ∈H .

The following characterizes the projection PC .

Lemma . (See []) Given x ∈ H and y ∈ C. Then PCx = y if and only if the following
inequality holds:

〈x – y, y – z〉 ≥ , ∀z ∈ C.

Lemma . (See []) Let {sn} be a sequence of nonnegative real numbers satisfying

sn+ = ( – αn)sn + αnβn, ∀n≥ ,

http://www.fixedpointtheoryandapplications.com/content/2013/1/143
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where {αn}, {βn} satisfy the conditions

() {αn} ⊂ [, ],
∞∑
n=

αn = ∞,

() lim sup
n→∞

βn ≤  or
∞∑
n=

|αnβn| < ∞.

Then limn→∞ sn = .

Lemma . (See []) Let {xn} and {zn} be bounded sequences in a Banach space X and
let {βn} be a sequence in [, ] with  < lim infn→∞ βn ≤ lim supn→∞ βn < . Suppose that

xn+ = βnxn + ( – βn)zn

for all integer n ≥  and

lim sup
n→∞

(‖zn+ – zn‖ – ‖xn+ – xn‖
) ≤ .

Then limn→∞ ‖xn – zn‖ = .

Definition . (See []) Let C be a nonempty convex subset of a real Hilbert space.
Let {Ti}Ni= be a finite family of κi-strict pseudo-contractions of C into itself. For each
j = , , . . . ,N , let αj = (αj

,α
j
,α

j
) ∈ I × I × I , where I ∈ [, ] and α

j
 +α

j
 +α

j
 = . Define the

mapping S : C → C as follows:

U = I,

U = α
TU + α

U + α
I,

U = α
TU + α

U + α
I,

U = α
TU + α

U + α
I, (.)

...

UN– = αN–
 TN–UN– + αN–

 UN– + αN–
 I,

S =UN = αN
 TNUN– + αN

 UN– + αN
 I.

This mapping is called S-mapping generated by T,T, . . . ,TN and α,α, . . . ,αN .

Lemma . (See []) Let C be a nonempty closed convex subset of a real Hilbert space.
Let {Ti}Ni= be a finite family of κ-strict pseudo-contractive mappings of C into C with⋂N

i= F(Ti) �= ∅ and κ = max{κi : i = , , . . . ,N} and let αj = (αj
,α

j
,α

j
) ∈ I × I × I , j =

, , , . . . ,N , where I = [, ], α
j
 + α

j
 + α

j
 = , α

j
,α

j
 ∈ (κ , ) for all j = , , . . . ,N –  and

αN
 ∈ (κ , ], αN

 ∈ [κ , ), α
j
 ∈ [κ , ) for all j = , , . . . ,N . Let S be a mapping generated by

T,T, . . . ,TN and α,α, . . . ,αN . Then F(S) =
⋂N

i= F(Ti) and S is a nonexpansive mapping.

http://www.fixedpointtheoryandapplications.com/content/2013/1/143
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Lemma . (See []) Let E be a uniformly convex Banach space, C be a nonempty closed
convex subset of E and let S : C → C be a nonexpansive mapping. Then I –S is demi-closed
at zero.

Lemma . In a real Hilbert space H , the following inequality holds:

‖x + y‖ ≤ ‖x‖ + 〈y,x + y〉

for all x, y ∈H .

Lemma . Let C be a nonempty closed convex subset of a Hilbert space H and let
D,D : C → H be mappings. For every λ,λ >  and a ∈ [, ], the following statements
are equivalent:
(a) (x∗, z∗) ∈ C ×C is a solution of problem (.),
(b) x∗ is a fixed point of the mapping G : C → C, i.e., x∗ ∈ F(G), defined by

G(x) = PC(I – λD)
(
ax + ( – a)PC(I – λD)x

)
,

where z∗ = PC(I – λD)x∗.

Proof (a) ⇒ (b) Let (x∗, z∗) ∈ C×C be a solution of problem (.). For every λ,λ >  and
a ∈ [, ], we have

⎧⎨
⎩〈x∗ – (I – λD)(ax∗ + ( – a)z∗),x – x∗〉 ≥ , ∀x ∈ C,

〈z∗ – (I – λD)x∗,x – z∗〉 ≥ , ∀x ∈ C.

From the properties of PC , we have⎧⎨
⎩x∗ = PC(I – λD)(ax∗ + ( – a)z∗),

z∗ = PC(I – λD)x∗.

It implies that

x∗ = PC(I – λD)
(
ax∗ + ( – a)PC(I – λD)x∗) =G

(
x∗).

Hence, we have x∗ ∈ F(G), where z∗ = PC(I – λD)x∗.
(b) ⇒ (a) Let x∗ ∈ F(G) and z∗ = PC(I – λD)x∗. Then, we have

x∗ = G
(
x∗) = PC(I – λD)

(
ax∗ + ( – a)PC(I – λD)x∗)

= PC(I – λD)
(
ax∗ + ( – a)z∗).

From the properties of PC , we have⎧⎨
⎩〈x∗ – (I – λD)(ax∗ + ( – a)z∗),x – x∗〉 ≥ , ∀x ∈ C,

〈z∗ – (I – λD)x∗,x – z∗〉 ≥ , ∀x ∈ C.

Hence, we have (x∗, z∗) ∈ C ×C is a solution of (.). �

http://www.fixedpointtheoryandapplications.com/content/2013/1/143
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3 Main results
Theorem . Let C be a nonempty closed convex subset of a real Hilbert space H and
let D,D : C → H be d,d-inverse strongly monotone mappings, respectively. Define the
mapping G : C → C by G(x) = PC(I – λD)(ax + ( – a)PC(I – λD)x) for all x ∈ C,
λ,λ >  and a ∈ [, ). Let {Ti}Ni= be a finite family of κ-strict pseudo-contractive map-
pings of C into C with F =

⋂N
i= F(Ti) ∩ F(G) �= ∅ and κ = max{κi : i = , , . . . ,N} and let

αj = (αj
,α

j
,α

j
) ∈ I × I × I , j = , , , . . . ,N , where I = [, ], αj

 + α
j
 + α

j
 = , αj

,α
j
 ∈ (κ , )

for all j = , , . . . ,N –  and αN
 ∈ (κ , ], αN

 ∈ [κ , ), αj
 ∈ [κ , ) for all j = , , . . . ,N . Let S

be a mapping generated by T,T, . . . ,TN and α,α, . . . ,αN . Suppose that x,u ∈ C and let
{xn} be the sequence generated by

⎧⎪⎪⎨
⎪⎪⎩
yn = PC(I – λD)xn,

xn+ = αnu + βnxn + γnSPC(axn + ( – a)yn – λD(axn + ( – a)yn)),

∀n≥ ,

(.)

where λ ∈ (, d), λ ∈ (, d) and {αn}, {βn}, {γn} are sequences in [, ]. Assume that
the following conditions hold:

(i) αn + βn + γn = ,

(ii) lim
n→∞αn =  and

∞∑
n=

αn = ∞,

(iii)  < lim inf
n→∞ βn ≤ lim sup

n→∞
βn < .

Then {xn} converges strongly to x = PFu and (x, y) is a solution of (.),where y = PC(I –
λD)x.

Proof First, we show that PC(I – λD) and PC(I – λD) are nonexpansive mappings for
every λ ∈ (, d), λ ∈ (, d). Let x, y ∈ C. SinceD is d-inverse stronglymonotone and
λ < d, we have

∥∥(I – λD)x – (I – λD)y
∥∥ =

∥∥x – y – λ(Dx –Dy)
∥∥

= ‖x – y‖ – λ〈x – y,Dx –Dy〉 + λ
‖Dx –Dy‖

≤ ‖x – y‖ – dλ‖Dx –Dy‖ + λ
‖Dx –Dy‖

= ‖x – y‖ + λ(λ – d)‖Dx –Dy‖

≤ ‖x – y‖. (.)

Thus (I – λD) is a nonexpansive mapping. By using the same method as (.), we have
(I –λD) is a nonexpansive mapping. Hence, PC(I –λD), PC(I –λD) are nonexpansive
mappings. It is easy to see that the mapping G is a nonexpansive mapping. Let x∗ ∈ F .
Then we have x∗ = Sx∗ and

x∗ =G
(
x∗) = PC(I – λD)

(
ax∗ + ( – a)PC(I – λD)x∗).

http://www.fixedpointtheoryandapplications.com/content/2013/1/143
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Put wn = PC(I – λD)(axn + ( – a)yn) and y∗ = PC(I – λD)x∗, we can rewrite (.) by

xn+ = αnu + βnxn + γnSwn, ∀n≥ ,

and x∗ = PC(I – λD)(ax∗ + ( – a)y∗).
From the definition of xn, we have

∥∥xn+ – x∗∥∥ =
∥∥αn

(
u – x∗) + βn

(
xn – x∗) + γn

(
Swn – x∗)∥∥

≤ αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥ + γn
∥∥wn – x∗∥∥

= αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥ + γn
∥∥PC(I – λD)

(
axn + ( – a)yn

)
– PC(I – λD)

(
ax∗ + ( – a)PC(I – λD)x∗)∥∥

≤ αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥ + γn
∥∥a(xn – x∗)

+ ( – a)
(
PC(I – λD)xn – PC(I – λD)x∗)∥∥

≤ αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥ + γn
(
a
∥∥xn – x∗∥∥ + ( – a)

∥∥xn – x∗∥∥)
= αn

∥∥u – x∗∥∥ + ( – αn)
∥∥xn – x∗∥∥

≤ max
{∥∥u – x∗∥∥,∥∥x – x∗∥∥}

.

By induction we can conclude that ‖xn – x∗‖ ≤ max{‖u – x∗‖,‖x – x∗‖} for all n ∈ N. It
implies that {xn} is bounded and so are {yn} and {wn}.
Next, we show that limn→∞ ‖xn+ – xn‖ = .
Let

xn+ = ( – βn)zn + βnxn, (.)

where zn = xn+–βnxn
–βn

.
Since xn+ – βnxn = αnu + γnSwn and (.), we have

zn+ – zn =
xn+ – βn+xn+

 – βn+
–
xn+ – βnxn

 – βn

=
αn+u + γn+Swn+

 – βn+
–

αnu + γnSwn

 – βn

–
γn+Swn

 – βn+
+

γn+Swn

 – βn+

=
(

αn+

 – βn+
–

αn

 – βn

)
u +

γn+

 – βn+
(Swn+ – Swn)

+
(

γn+

 – βn+
–

γn

 – βn

)
Swn

=
(

αn+

 – βn+
–

αn

 – βn

)
u +

γn+

 – βn+
(Swn+ – Swn)

+
(

αn

 – βn
–

αn+

 – βn+

)
Swn.

http://www.fixedpointtheoryandapplications.com/content/2013/1/143
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It follows that

‖zn+ – zn‖ ≤
∣∣∣∣ αn+

 – βn+
–

αn

 – βn

∣∣∣∣‖u‖ + γn+

 – βn+
‖Swn+ – Swn‖

+
∣∣∣∣ αn+

 – βn+
–

αn

 – βn

∣∣∣∣‖Swn‖

=
∣∣∣∣ αn+

 – βn+
–

αn

 – βn

∣∣∣∣(‖u‖ + ‖Swn‖
)
+

γn+

 – βn+
‖wn+ –wn‖

=
∣∣∣∣ αn+

 – βn+
–

αn

 – βn

∣∣(‖u‖ + ‖Swn‖
)

+
γn+

 – βn+

∥∥PC(I – λD)
(
axn+ + ( – a)yn+

)
– PC(I – λD)

(
axn + ( – a)yn

)∥∥
≤

∣∣∣∣ αn+

 – βn+
–

αn

 – βn

∣∣∣∣(‖u‖ + ‖Swn‖
)

+
γn+

 – βn+

∥∥a(xn+ – xn) + ( – a)(yn+ – yn)
∥∥

≤
∣∣∣∣ αn+

 – βn+
–

αn

 – βn

∣∣∣∣(‖u‖ + ‖Swn‖
)

+
γn+

 – βn+

(
a‖xn+ – xn‖ + ( – a)

∥∥PC(I – λD)xn+ – PC(I – λD)xn
∥∥)

≤
∣∣∣∣ αn+

 – βn+
–

αn

 – βn

∣∣∣∣(‖u‖ + ‖Swn‖
)

+ ‖xn+ – xn‖.

From conditions (ii) and (iii), we have

lim sup
n→∞

(‖zn+ – zn‖ – ‖xn+ – xn‖
) ≤ .

From Lemma . and (.) we have limn→∞ ‖zn–xn‖ = . Since xn+ –xn = (–βn)(zn–xn),
then we have

lim
n→∞‖xn+ – xn‖ = . (.)

From the definition of wn, we have

‖wn+ –wn‖ ≤ ∥∥PC(I – λD)
(
axn+ + ( – a)yn+

)
– PC(I – λD)

(
axn + ( – a)yn

)∥∥
≤ a‖xn+ – xn‖ + ( – a)‖yn+ – yn‖
= a‖xn+ – xn‖ + ( – a)

∥∥PC(I – λD)xn+ – PC(I – λD)xn
∥∥

≤ a‖xn+ – xn‖ + ( – a)‖xn+ – xn‖
= ‖xn+ – xn‖.

From (.), we obtain

lim
n→∞‖wn+ –wn‖ = . (.)

http://www.fixedpointtheoryandapplications.com/content/2013/1/143
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From the definition of xn, we have

xn+ – xn = αn(u – xn) + γn(Swn – xn).

From (.), conditions (ii) and (iii), we have

lim
n→∞‖Swn – xn‖ = . (.)

From the definition of yn, we have

‖yn+ – yn‖ =
∥∥PC(I – λD)xn+ – PC(I – λD)xn

∥∥ ≤ ‖xn+ – xn‖. (.)

From (.) and (.), we derive

lim
n→∞‖yn+ – yn‖ = . (.)

From the nonexpansiveness of PC(I – λD) and PC(I – λD), we have

∥∥xn+ – x∗∥∥ ≤ αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥ + γn
∥∥Swn – x∗∥∥

≤ αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥ + γn
∥∥wn – x∗∥∥

= αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥

+ γn
∥∥PC(I – λD)

(
axn + ( – a)yn

)
– PC(I – λD)

(
ax∗ + ( – a)y∗)∥∥

≤ αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥ + γn
(
a
∥∥xn – x∗∥∥ + ( – a)

∥∥yn – y∗∥∥)
= αn

∥∥u – x∗∥∥ + βn
∥∥xn – x∗∥∥

+ γn
(
a
∥∥xn – x∗∥∥ + ( – a)

∥∥PC(I – λD)xn – PC(I – λD)x∗∥∥)
≤ αn

∥∥u – x∗∥∥ + βn
∥∥xn – x∗∥∥

+ γn
(
a
∥∥xn – x∗∥∥ + ( – a)

∥∥(I – λD)xn – (I – λD)x∗∥∥)
= αn

∥∥u – x∗∥∥ + βn
∥∥xn – x∗∥∥

+ γn
(
a
∥∥xn – x∗∥∥ + ( – a)

∥∥(
xn – x∗) – λ

(
Dxn –Dx∗)∥∥)

= αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥

+ γn
(
a
∥∥xn – x∗∥∥ + ( – a)

(∥∥xn – x∗∥∥ – λ
〈
xn – x∗,Dxn –Dx∗〉

+ λ

∥∥Dxn –Dx∗∥∥))

≤ αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥

+ γn
(
a
∥∥xn – x∗∥∥ + ( – a)

(∥∥xn – x∗∥∥ – λd
∥∥Dxn –Dx∗∥∥

+ λ

∥∥Dxn –Dx∗∥∥))

= αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥

+ γn
(
a
∥∥xn – x∗∥∥ + ( – a)

(∥∥xn – x∗∥∥

– λ(d – λ)
∥∥Dxn –Dx∗∥∥))
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= αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥

+ γn
(∥∥xn – x∗∥∥ – λ( – a)(d – λ)

∥∥Dxn –Dx∗∥∥)
≤ αn

∥∥u – x∗∥∥ +
∥∥xn – x∗∥∥ – λγn( – a)(d – λ)

∥∥Dxn –Dx∗∥∥.

It implies that

λγn( – a)(d – λ)
∥∥Dxn –Dx∗∥∥ ≤ αn

∥∥u – x∗∥∥ +
∥∥xn – x∗∥∥ –

∥∥xn+ – x∗∥∥

≤ αn
∥∥u – x∗∥∥ +

(∥∥xn – x∗∥∥ +
∥∥xn+ – x∗∥∥)

× ‖xn+ – xn‖. (.)

From (.), (.) conditions (ii) and (iii), we have

lim
n→∞

∥∥Dxn –Dx∗∥∥ = . (.)

Put h∗ = ax∗ + ( – a)y∗ and hn = axn + ( – a)yn. From the definition of xn, we have

∥∥xn+ – x∗∥∥ ≤ αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥ + γn
∥∥wn – x∗∥∥

= αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥ + γn
∥∥PC(I – λD)hn – PC(I – λD)h∗∥∥

≤ αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥ + γn
∥∥(I – λD)hn – (I – λD)h∗∥∥

= αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥ + γn
∥∥(
hn – h∗) – λ

(
Dhn –Dh∗)∥∥

= αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥

+ γn
(∥∥hn – h∗∥∥ – λ

〈
hn – h∗,Dhn –Dh∗〉 + λ


∥∥Dhn –Dh∗∥∥)

≤ αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥ + γn
(∥∥hn – h∗∥∥ – λd

∥∥Dhn –Dh∗∥∥

+ λ

∥∥Dhn –Dh∗∥∥)

= αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥

+ γn
(∥∥hn – h∗∥∥ – λ(d – λ)

∥∥Dhn –Dh∗∥∥)
= αn

∥∥u – x∗∥∥ + βn
∥∥xn – x∗∥∥ + γn

(∥∥a(xn – x∗) + ( – a)
(
yn – y∗)∥∥

– λ(d – λ)
∥∥Dhn –Dh∗∥∥)

≤ αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥ + γn
(
a
∥∥xn – x∗∥∥

+ ( – a)
∥∥PC(I – λD)xn – PC(I – λD)x∗∥∥

– λ(d – λ)
∥∥Dhn –Dh∗∥∥)

≤ αn
∥∥u – x∗∥∥ +

∥∥xn – x∗∥∥ – λγn(d – λ)
∥∥Dhn –Dh∗∥∥,

which implies that

λγn(d – λ)
∥∥Dhn –Dh∗∥∥ ≤ αn

∥∥u – x∗∥∥ +
∥∥xn – x∗∥∥ –

∥∥xn+ – x∗∥∥

≤ αn
∥∥u – x∗∥∥ +

(∥∥xn – x∗∥∥ +
∥∥xn+ – x∗∥∥)

× ‖xn+ – xn‖. (.)
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From (.), (.), conditions (ii) and (iii), we can conclude

lim
n→∞

∥∥Dhn –Dh∗∥∥ = . (.)

Next, we show that

lim
n→∞‖Swn –wn‖ = . (.)

From the definition of yn, we have

∥∥yn – y∗∥∥ =
∥∥PC(I – λD)xn – PC(I – λD)x∗∥∥

≤ 〈
xn – λDxn –

(
x∗ – λDx∗), yn – y∗〉

=


(∥∥xn – λDxn –

(
x∗ – λDx∗)∥∥ +

∥∥yn – y∗∥∥

–
∥∥xn – λDxn –

(
x∗ – λDx∗) – (

yn – y∗)∥∥)
=



(∥∥xn – λDxn –

(
x∗ – λDx∗)∥∥ +

∥∥yn – y∗∥∥

–
∥∥xn – yn –

(
x∗ – y∗) – λ

(
Dxn –Dx∗)∥∥)

=


(∥∥xn – λDxn –

(
x∗ – λDx∗)∥∥ +

∥∥yn – y∗∥∥

–
∥∥xn – yn –

(
x∗ – y∗)∥∥ + λ

〈
xn – yn –

(
x∗ – y∗),Dxn –Dx∗〉

– λ

∥∥Dxn –Dx∗∥∥).

It implies that

∥∥yn – y∗∥∥ ≤ ∥∥xn – λDxn –
(
x∗ – λDx∗)∥∥ –

∥∥xn – yn –
(
x∗ – y∗)∥∥

+ λ
〈
xn – yn –

(
x∗ – y∗),Dxn –Dx∗〉 – λ


∥∥Dxn –Dx∗∥∥

≤ ∥∥xn – x∗∥∥ –
∥∥xn – yn –

(
x∗ – y∗)∥∥

+ λ
〈
xn – yn –

(
x∗ – y∗),Dxn –Dx∗〉

– λ

∥∥Dxn –Dx∗∥∥. (.)

From the nonexpansiveness of PC(I – λD) and (.), we have

∥∥xn+ – x∗∥∥ ≤ αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥ + γn
∥∥Swn – x∗∥∥

≤ αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥ + γn
∥∥wn – x∗∥∥

= αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥

+ γn
∥∥PC(I – λD)

(
axn + ( – a)yn

)
– PC(I – λD)

(
ax∗ + ( – a)y∗)∥∥

≤ αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥ + γn
(
a
∥∥xn – x∗∥∥ + ( – a)

∥∥yn – y∗∥∥)
≤ αn

∥∥u – x∗∥∥ + βn
∥∥xn – x∗∥∥

+ γn
(
a
∥∥xn – x∗∥∥ + ( – a)

(∥∥xn – x∗∥∥ –
∥∥xn – yn –

(
x∗ – y∗)∥∥
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+ λ
〈
xn – yn –

(
x∗ – y∗),Dxn –Dx∗〉 – λ


∥∥Dxn –Dx∗∥∥))

≤ αn
∥∥u – x∗∥∥ + βn

∥∥xn – x∗∥∥

+ γn
(
a
∥∥xn – x∗∥∥ + ( – a)

∥∥xn – x∗∥∥ – ( – a)
∥∥xn – yn –

(
x∗ – y∗)∥∥

+ λ
∥∥xn – yn –

(
x∗ – y∗)∥∥∥∥Dxn –Dx∗∥∥)

≤ αn
∥∥u – x∗∥∥ +

∥∥xn – x∗∥∥ – γn( – a)
∥∥xn – yn –

(
x∗ – y∗)∥∥

+ λ
∥∥xn – yn –

(
x∗ – y∗)∥∥∥∥Dxn –Dx∗∥∥.

It follows that

γn( – a)
∥∥xn – yn –

(
x∗ – y∗)∥∥ ≤ αn

∥∥u – x∗∥∥ +
∥∥xn – x∗∥∥ –

∥∥xn+ – x∗∥∥

+ λ
∥∥xn – yn –

(
x∗ – y∗)∥∥∥∥Dxn –Dx∗∥∥

≤ αn
∥∥u – x∗∥∥ +

(∥∥xn – x∗∥∥ +
∥∥xn+ – x∗∥∥)∥∥xn+ – xn

∥∥
+ λ

∥∥xn – yn –
(
x∗ – y∗)∥∥∥∥Dxn –Dx∗∥∥.

From condition (ii), (.) and (.), we have

lim
n→∞

∥∥xn – yn –
(
x∗ – y∗)∥∥ = . (.)

From the definition of wn, x∗, hn, h∗, we have

wn = PC(I – λD)
(
axn + ( – a)yn

)
= PC(I – λD)hn

and

x∗ = PC(I – λD)
(
ax∗ + ( – a)y∗) = PC(I – λD)h∗.

From the properties of PC , we have

∥∥yn –wn +
(
x∗ – y∗)∥∥ =

∥∥yn – y∗ –
(
wn – x∗)∥∥

=
∥∥yn – axn + axn – ayn + ayn – λD

(
axn + ( – a)yn

)
+ λD(axn + ( – a)yn – y∗ + ax∗ – ax∗ + ay∗ – ay∗

+ λD
(
ax∗ + ( – a)y∗)

– λD
(
ax∗ + ( – a)y∗) – (

wn – x∗)∥∥

=
∥∥axn + ( – a)yn – λD

(
axn + ( – a)yn

)
–

(
ax∗ + ( – a)y∗ – λD

(
ax∗ + ( – a)y∗)) – (

wn – x∗)
+ λ

(
D

(
axn + ( – a)yn

)
–D

(
ax∗ + ( – a)y∗))

+ a
(
yn – xn – y∗ + x∗)∥∥

=
∥∥(I – λD)

(
axn + ( – a)yn

)
– (I – λD)

(
ax∗ + ( – a)y∗)

–
(
wn – x∗) + λ

(
D

(
axn + ( – a)yn

)
–D

(
ax∗ + ( – a)y∗))
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+ a
(
yn – xn – y∗ + x∗)∥∥

=
∥∥(I – λD)hn – (I – λD)h∗

–
(
PC(I – λD)hn – PC(I – λD)h∗) + λ

(
Dhn –Dh∗)

+ a
(
yn – xn – y∗ + x∗)∥∥

≤ ∥∥(I – λD)hn – (I – λD)h∗ –
(
PC(I – λD)hn

– PC(I – λD)h∗)∥∥

+ 
〈
λ

(
Dhn –Dh∗) + a

(
yn – xn – y∗ + x∗),

yn –wn +
(
x∗ – y∗)〉

≤ ∥∥(I – λD)hn – (I – λD)h∗∥∥

–
∥∥PC(I – λD)hn – PC(I – λD)h∗∥∥

+ 
(
λ

∥∥Dhn –Dh∗∥∥ + a
∥∥yn – xn – y∗ + x∗∥∥)

× ∥∥yn –wn +
(
x∗ – y∗)∥∥

=
∥∥(I – λD)hn – (I – λD)h∗∥∥ –

∥∥wn – x∗∥∥

+ 
(
λ

∥∥Dhn –Dh∗∥∥ + a
∥∥yn – xn – y∗ + x∗∥∥)

× ∥∥yn –wn +
(
x∗ – y∗)∥∥

≤ ∥∥(I – λD)hn – (I – λD)h∗∥∥ –
∥∥Swn – Sx∗∥∥

+ 
(
λ

∥∥Dhn –Dh∗∥∥ + a
∥∥yn – xn – y∗ + x∗∥∥)

× ∥∥yn –wn +
(
x∗ – y∗)∥∥

≤ (∥∥(I – λD)hn – (I – λD)h∗∥∥ +
∥∥Swn – Sx∗∥∥)

× ∥∥(I – λD)hn – (I – λD)h∗ –
(
Swn – x∗)∥∥

+ 
(
λ

∥∥Dhn –Dh∗∥∥ + a
∥∥yn – xn – y∗ + x∗∥∥)

× ∥∥yn –wn +
(
x∗ – y∗)∥∥

=
(∥∥(I – λD)hn – (I – λD)h∗∥∥ +

∥∥Swn – Sx∗∥∥)
× ∥∥hn – h∗ – λ

(
Dhn –Dh∗) – (

Swn – x∗)∥∥
+ 

(
λ

∥∥Dhn –Dh∗∥∥ + a
∥∥yn – xn – y∗ + x∗∥∥)

× ∥∥yn –wn +
(
x∗ – y∗)∥∥

=
(∥∥(I – λD)hn – (I – λD)h∗∥∥ +

∥∥Swn – Sx∗∥∥)
× ∥∥xn – Swn +

(
x∗ – h∗) – (xn – hn) – λ

(
Dhn –Dh∗))∥∥

+ 
(
λ

∥∥Dhn –Dh∗∥∥ + a
∥∥yn – xn – y∗ + x∗∥∥)

× ∥∥yn –wn +
(
x∗ – y∗)∥∥

≤ (∥∥(I – λD)hn – (I – λD)h∗∥∥ +
∥∥Swn – Sx∗∥∥)

× (‖xn – Swn‖ +
∥∥(
x∗ – h∗) – (xn – hn)

∥∥
+ λ

∥∥Dhn –Dh∗∥∥)
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+ 
(
λ

∥∥Dhn –Dh∗∥∥ + a
∥∥yn – xn – y∗ + x∗∥∥)

× ∥∥yn –wn +
(
x∗ – y∗)∥∥

=
(∥∥(I – λD)hn – (I – λD)h∗∥∥ +

∥∥Swn – Sx∗∥∥)
× (∥∥xn – Swn

∥∥ + ( – a)
∥∥x∗ – y∗ – xn + yn

∥∥
+ λ

∥∥Dhn –Dh∗)∥∥
+ 

(
λ

∥∥Dhn –Dh∗∥∥ + a
∥∥yn – xn – y∗ + x∗∥∥)

× ∥∥yn –wn +
(
x∗ – y∗)∥∥.

From (.), (.) and (.), we have

lim
n→∞

∥∥yn –wn +
(
x∗ – y∗)∥∥ = . (.)

Since

‖xn –wn‖ ≤ ∥∥xn – yn –
(
x∗ – y∗)∥∥ +

∥∥yn + (
x∗ – y∗) –wn

∥∥
and (.), (.), then we have

lim
n→∞‖xn –wn‖ = . (.)

From (.) and (.), we can conclude that

lim
n→∞‖Swn –wn‖ = .

Next we show that

lim sup
n→∞

〈u – x,xn – x〉 ≤ , (.)

where x = PFu. To show this inequality, take a subsequence {xnk } of {xn} such that

lim sup
n→∞

〈u – x,xn – x〉 = lim
k→∞

〈u – x,xnk – x〉.

Without loss of generality, we may assume that xnk ⇀ ω as k → ∞, where ω ∈ C. From
(.), we have wnk ⇀ ω as k → ∞. From Lemma . and (.), we have

ω ∈ F(S).

From Lemma ., we have F(S) =
⋂N

i= F(Ti). Then we obtain

ω ∈
N⋂
i=

F(Ti).
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From the nonexpansiveness of the mapping G and the definition of wn, we have

‖wn –Gwn‖ =
∥∥PC(I – λD)

(
axn + ( – a)PC(I – λD)xn

)
–G(wn)

∥∥
= ‖Gxn –Gwn‖
≤ ‖xn –wn‖.

From (.), we have

lim
n→∞‖wn –Gwn‖ = . (.)

From wnk ⇀ ω as k → ∞, (.) and Lemma ., we have

ω ∈ F(G).

Hence, we can conclude that ω ∈F .
Since xnk ⇀ ω as k → ∞ and ω ∈F , we have

lim sup
n→∞

〈u – x,xn – x〉 = lim
k→∞

〈u – x,xnk – x〉 = 〈u – x,ω – x〉 ≤ . (.)

From the definition of xn and x = PFu, we have

‖xn+ – x‖ =
∥∥αn(u – x) + βn(xn – x) + γn(Swn – x)

∥∥

≤ ∥∥βn(xn – x) + γn(Swn – x)
∥∥ + αn〈u – x,xn+ – x〉

≤ βn‖xn – x‖ + γn‖Gxn – x‖ + αn〈u – x,xn+ – x〉
≤ βn‖xn – x‖ + γn‖xn – x‖ + αn〈u – x,xn+ – x〉
≤ ( – αn)‖xn – x‖ + αn〈u – x,xn+ – x〉.

From condition (ii), (.) and Lemma ., we can conclude that the sequence {xn} con-
verges strongly to x = PFu. This completes the proof. �

Remark . () If we take a = , then the iterative scheme (.) reduces to the following
scheme:

⎧⎪⎪⎨
⎪⎪⎩
x, u ∈ C,

yn = PC(I – λD)xn,

xn+ = αnu + βnxn + γnSPC(I – λD)yn, ∀n≥ ,

(.)

which is an improvement to (.). From Theorem ., we obtain that the sequence {xn}
generated by (.) converges strongly to x = P⋂N

i= F(Ti)∩F(G)u, where themappingG : C →
C defined by Gx = PC(I – λD)PC(I – λD)x for all x ∈ C and (x, y) is a solution of (.)
where y = PC(I – λD)x.
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() If we take N = , α
 =  and T = T , then the iterative scheme (.) reduces to the

following scheme:

⎧⎪⎪⎨
⎪⎪⎩
x, u ∈ C,

yn = PC(I – λD)xn,

xn+ = αnu + βnxn + γnTPC(I – λD)(axn + ( – a)yn), ∀n≥ ,

(.)

From Theorem ., we obtain that the sequence {xn} generated by (.) converges
strongly to x = PF(T)∩F(G)u, where the mapping G : C → C defined by G(x) = PC(I –
λD)(ax + ( – a)PC(I – λD)x) for all x ∈ C and (x, y) is a solution of (.) where
y = PC(I – λD)x.

4 Applications
In this section we prove a strong convergence theorem involving variational inequalities
problems by using our main result. We need the following lemmas to prove the desired
results.

Lemma . Let C be a nonempty closed convex subset of a real Hilbert space H . Let T ,S :
C → C be nonexpansive mappings. Define a mapping BA : C → C by BAx = T(αI + ( –
α)S)x for every x ∈ C and α ∈ (, ). Then F(BA) = F(T) ∩ F(S) and BA is a nonexpansive
mapping.

Proof It is easy to see that F(T) ∩ F(S) ⊆ F(BA). Let x ∈ F(BA) and x∗ ∈ F(T) ∩ F(S). By
the definition of BA, we have

∥∥x – x∗∥∥ =
∥∥Bx – x∗∥∥ =

∥∥T(
αI + ( – α)S

)
x – x∗∥∥

≤ ∥∥αx + ( – α)Sx – x∗∥∥

= α
∥∥x – x∗∥∥ + ( – α)

∥∥Sx – x∗∥∥ – α( – α)‖x – Sx‖

≤ α
∥∥x – x∗∥∥ + ( – α)

∥∥x – x∗∥∥ – α( – α)‖x – Sx‖

=
∥∥x – x∗∥∥ – α( – α)‖x – Sx‖. (.)

From (.), it implies that

α( – α)‖x – Sx‖ ≤ .

Then we have x = Sx, that is, x ∈ F(S). By the definition of BA, we have

x = BAx = T
(
αx + ( – α)Sx

)
= Tx.

It follows that x ∈ F(T). Then we have x ∈ F(T)∩ F(S). Hence F(BA) ⊆ F(T)∩ F(S).
Next, we show that BA is a nonexpansive mapping. Let x, y ∈ C, since

∥∥BAx – BAy
∥∥ =

∥∥T(
αI + ( – α)S

)
x – T

(
αI + ( – α)S

)
y
∥∥

≤ ∥∥(
αI + ( – α)S

)
x –

(
αI + ( – α)S

)
y
∥∥
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=
∥∥α(x – y) + ( – α)(Sx – Sy)

∥∥

≤ α‖x – y‖ + ( – α)‖Sx – Sy‖

≤ ‖x – y‖. (.)

Then we have BA is a nonexpansive mapping. �

Lemma . (See []) Let H be a real Hibert space, let C be a nonempty closed convex
subset of H and let A be a mapping of C into H . Let u ∈ C. Then for λ > ,

u = PC(I – λA)u ⇔ u ∈VI(C,A),

where PC is the metric projection of H onto C.

Lemma . Let C be a nonempty closed convex subset of a real Hilbert space H and
let D,D : C → H be d,d-inverse strongly monotone mappings, respectively, which
VI(C,D) ∩ VI(C,D) �= ∅. Define a mapping G : C → C as in Lemma . for every λ ∈
(, d), λ ∈ (, d) and a ∈ (, ). Then F(G) =VI(C,D)∩VI(C,D).

Proof First, we show that (I – λD), (I – λD) are nonexpansive. Let x, y ∈ C. Since D is
d-inverse strongly monotone and λ < d, we have

∥∥(I – λD)x – (I – λD)y
∥∥

=
∥∥x – y – λ(Dx –Dy)

∥∥

= ‖x – y‖ – λ〈x – y,Dx –Dy〉 + λ
‖Dx –Dy‖

≤ ‖x – y‖ – dλ‖Dx –Dy‖ + λ
‖Dx –Dy‖

= ‖x – y‖ + λ(λ – d)‖Dx –Dy‖

≤ ‖x – y‖. (.)

Thus (I – λD) is nonexpansive. By using the same method as (.), we have (I – λD) is
a nonexpansive mapping. Hence PC(I – λD), PC(I – λD) are nonexpansive mappings.
From

G(x) = PC(I – λD)
(
ax + ( – a)PC(I – λD)x

)
,

for every x ∈ C and Lemma ., we have

F(G) = F
(
PC(I – λD)

) ∩ F
(
PC(I – λD)

)
. (.)

From Lemma ., we have

F(G) =VI(C,D)∩VI(C,D). �

Theorem . Let C be a nonempty closed convex subset of a real Hilbert space H and
let D,D : C → H be d,d-inverse strongly monotone mappings, respectively. Define the

http://www.fixedpointtheoryandapplications.com/content/2013/1/143
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mapping G : C → C byG(x) = PC(I–λD)(ax+(–a)PC(I–λD)x) for all x ∈ C, λ,λ > 
and a ∈ (, ). Let {Ti}Ni= be a finite family of κ-strict pseudo-contractive mappings of C into
C with F =

⋂N
i= F(Ti) ∩ VI(C,D) ∩ VI(C,D) �= ∅ and κ =max{κi : i = , , . . . ,N} and let

αj = (αj
,α

j
,α

j
) ∈ I × I × I , j = , , , . . . ,N , where I = [, ], αj

 + α
j
 + α

j
 = , αj

,α
j
 ∈ (κ , )

for all j = , , . . . ,N –  and αN
 ∈ (κ , ], αN

 ∈ [κ , ), αj
 ∈ [κ , ) for all j = , , . . . ,N . Let S

be a mapping generated by T,T, . . . ,TN and α,α, . . . ,αN . Suppose that x,u ∈ C and let
{xn} be a sequence generated by

⎧⎪⎪⎨
⎪⎪⎩
yn = PC(I – λD)xn,

xn+ = αnu + βnxn + γnSPC(axn + ( – a)yn – λD(axn + ( – a)yn)),

∀n≥ ,

(.)

where λ ∈ (, d), λ ∈ (, d) and {αn}, {βn}, {γn} are sequences in [, ]. Assume that
the following conditions hold:

(i) αn + βn + γn = ,

(ii) lim
n→∞αn =  and

∞∑
n=

αn = ∞,

(iii)  < lim inf
n→∞ βn ≤ lim sup

n→∞
βn < .

Then {xn} converges strongly to x = PFu.

Proof From Lemma . and Theorem . we can conclude the desired conclusion. �
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