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Abstract

We study deformations of plane curves in the similarity geometry. It is known that continuous deformations of
smooth curves are described by the Burgers hierarchy. In this paper, we formulate the discrete deformation of discrete
plane curves described by the discrete Burgers hierarchy as isogonal deformations. We also construct explicit formulas
for the curve deformations by using the solution of linear diffusion differential/difference equations.

1 Introduction

Integrable deformations of curves play crucial roles in
the differential geometry of space/plane curves [30]. For-
mulating the deformation of curves as the simultaneous
system of the Frenet-Serret formula for the Frenet frame
of curves and its deformation equation, it naturally gives
rise to various integrable systems. This framework can be
discretized so that it is consistent with the theory of dis-
crete integrable systems, which is sometimes referred to
as the discrete differential geometry [1]. Various defor-
mations of discrete curves have been formulated in this
context [6—8, 15-19, 26—29]. The theory of discrete dif-
ferential geometry of curves is now making progress in
explicit constructions of curves, by using the theory of t
functions [22-25].

When we change the geometric structure of space/plane
in the framework of Klein geometry, the curve motions are
governed by various integrable equations [3-5]. There-
fore it may be an interesting and important problem to
discretize such deformations of curves consistently with
corresponding integrable structures.

In this paper, we consider deformation of the plane
curves in the similarity geometry, which is a Klein geom-
etry associated with the linear conformal group. In this
setting, it is known that the Burgers hierarchy describes
the deformations of similarity curvature of curves. We
present discrete deformations of discrete plane curves in
the similarity geometry described by the discrete Burgers
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hierarchy as the isogonal deformations in which each
angle of adjascent segments is preserved. The lattice inter-
vals of the hierarchy are generalized to arbitrary functions
of corresponding independent variables. Using this for-
mulation, we present explicit formulas of curves for both
smooth and discrete cases. We note that the (complex)
Burgers equation and its discrete analogue also arise in
the curve deformations in complex hyperbola, where the
Hamiltonian formulation of the deformation of smooth
curves is discussed [15].

In Section 2, we give a brief summary of deformation
of smooth plane curves in the similarity geometry, and
we see that the Burgers hierarchy naturally arises as the
equations for the similarity curvature. We also construct
the explicit formula for the family of plane curves cor-
responding to the shock wave solutions to the Burgers
equation. In Section 3, we discretize the whole theory
described in Section 2 so that the deformations are gov-
erned by the discrete Burgers hierarchy. Formulations
of the Burgers and the discrete Burgers hierarchies are
discussed in detail in Appendix.

In [21, 31], the deformation theory of plane curves in
the similarity geometry can be applied to the construction
and generalization of aesthetic curves in CAD. Also, in
[9-14] discretizations for the class of nonlinear differen-
tial equations describing the motions of plane curves are
constructed by using the geometric formulations, result-
ing in self-adaptive moving mesh discrete model of the
original equation. This discretization enables to contruct
highly accurate numerical scheme of given equation. The
Burgers equation is widely used as the universal model
describing one-dimensional nonlinear dissipative system
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after various transformations which are difficult to dis-
cretize. It may be possible to construct various useful
discrete models by using the result in this paper. We hope
that the results in this paper serves as the basis of such
industry-based problems.

2 Deformation of smooth curves

Let ¥ = y(s) be a smooth curve in R?, s be the arc-length,
and « be the curvature of y. We denote by Sim(2) the
similarity transformation group of R?, that is, Sim(2) =
CO(2) x R? where CO(2) is the linear conformal group

CO@)= {A € GL(2,R) |tAA = ¢?id for some constant c}.

The Sim(2)-invariant parameter x is given by the angle
function

S
x = / K (s) ds, (2.1)
and the Sim(2)-invariant curvature u is defined as
1 dk
= ——. 2.2
"= s 22)

The x and u are called the similarity arc-length parameter
and the similarity curvature, respectively. If the similarity
curvature is constant # = kj, then the inverse of Euclidean
curvature is 1/k = —k;s + ky for some constant ky. Thus
y is a log-spiral (if k; # 0) or a circle (if k; = 0, k2 # 0).
The Sim(2)-invariant frame ¢ = [T, N] is given by
, 0 -1
T =1y N=|:1 01|T, (2.3)
where the prime means differentiation with respect to
the similarity arc-length parameter x. The SO(2)-invariant
frame (the Frenet frame) ¢g given by

¢E = [TErNE] = K¢r

d 0 -1
TE—%% NE—|:1 0 ]TE,

varies according to the Frenet formula

d 0 —«
dS¢E=¢E|:K 0 :|

Therefore, by using (2.1) and (2.2), we have

; —u —1
We denote by y (x, t) a deformation of a curve y (x). We

use the dot to indicate differentiation with respect to time
t. Writing y as the linear combination of 7" and N as

Y =f( T + g, HN,

(2.4)

we have by using (2.3) that

¢=¢[f’—fu—g —g/+gu—f]'

g—gutf f—fu—g 25)
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The compatibility condition of the linear system (2.4) and
(2.5) is given by

g —gut+f=a, (2.6)
i+ (f —fu—g) =0, (2.7)

for some function a = a(t). Especially, choosing f = a —

u, g = —1 and denoting ¢ = t,, we have
%—¢ —u' +u’+1—au —a
ity a v +ut+1—au |’
(2.8)
ad
YW — o +ai. (2.9)

aty

Equation (2.9) is called the Burgers equation, which is
linearized to

0 ” t1tal (2.10)
—q=|— a—|)q, .
a1 a2 ox) 1

via the Cole-Hopf transformation [20]
u=— (logq)/. (2.11)

Further, the Burgers hierarchy naturally arises as follows
[3-5]. Substituting (2.6) into (2.7), we have that

= (Q*+1)g +av, (2.12)

where @ = 8, — u — /3! is the recursion operator of
the Burgers hierarchy (see Appendix A). Here, 9, ! is the
formal integration operator with respect to x, and in the
following, the integration constant should be chosen to
be 0. In view of this, we introduce an infinite number of
time variables t = (£, 13,4, . ..), and choose ¢ = Qi34
(i > 3). Then the higher flow with respect to the new time
variable ¢; is given by

irb _é -t (@ + Q3 +a) —a
oA a —H (@ @B ra)u |
(2.13)

The compatibility condition between (2.4) and (2.13) is the
i-th Burgers equation

a%u = (@' + Q2 +a)u, (2.14)
which is linearized to

3 LI L 3

87,-‘1 = (axl + W +dax> q, (2.15)

via the Cole-Hopf transformation (2.11). Note that the
case of i = 2 of (2.15) recovers (2.10).

It is possible to express the postion vector y in terms of
q as follows. The inverse of Euclidean curvature satisfies
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1/k = cq for some function ¢ = ¢(t), because the similar-
ity curvature is logarithmic differentiation of «, that is, u
satisfies that

!

_18K

k' 0x K
u= 2% _ _
k2 3s

— = (log«)".

k2 9ds «k

Since the similarity arclength parameter x is the angle
function, we have

sin(x + xg)

Tp = |:cos(x + x0) ] ,

where we have incorporated the ambiguity of the angle
function xp = xp(¢) explicitly. Hence

x x 1
7/:/ de:/ — T dx
K

o cos(x + xo(t))
= / c(t)q(x, t) |: sin(x + xo(£)) ] -

(2.16)

We determine ¢ and xg by the deformation equation (2.13).
By differentiating T by ¢; (here ~ denotes 9;,), we have by
substituting (2.16) into (2.13),

= .. | cos(x 4+ x9) . | —sin(x 4+ xg)
r= (Cq+cq)|:sin(x+xo):|+c * |: cos(x + xo) ]
= (é+q)T+x'oN.
¢ 4

Note that from (2.14) and (2.11) we have —8;1 (Q"*I—I—
Qi3 4 zz) u' = q/q. Similarly for the case of i = 2 we also
have —/ +u?41—au = ¢/q from (2.10) and (2.11). Then
from (2.13) we obtain

T:gT-l-aN,
q

which implies ¢(f) = c(const.) and x9 = A(t) where

A(t) = a(t). Therefore we obtain:

Proposition 2.1. Let y = y(x,t), t = (t2,3,%4,...) be
a position vector of the plane curve in the similarity geom-
etry satisfying (2.4), (2.8) and (2.13). Then y admits the
representation formula

y =/xcq(x,t)[c°59("’”}dx, 0x, 1) = x+ A(0),

sin 6 (x, t)
(2.17)
where
0A(t
) =a(t), i=2,3,4,...,
ot;

c is a constant, and q(x, t) satisfies (2.15).
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For a shock wave solution to the Burgers hierarchy, we
can explictly construct the position vector. For a positive
integer M,

M 0
qx,t) = e + Z exp (Akx + Z (M + M2+ ang) i+ Sk),

k=1 i=2

solves the linear Eq. (2.15), where 1y,&, ..
parameters. Then (2.17) gives

D] AM; SM are

[ cosf (x, t)

M _exp (/\kx + X0 AT+ a)t + sk)

=c

2
o 14+ Ax
Arcost + sin
|:Ak sinf — cosf ] ’ (2.18)
where 1o = & = 0. Figures 1 and 2 illustrate motion

of plane curves corresponding to M-shock wave solutions
(M = 1,2, respectively) of the Burgers Eq. (2.9) with
t;=0( > 3).

Remark 2.2. The parameter a originally arises as an
integration constant in (2.6), and play a role of rotation
in the deformation of smooth curves as seen in Proposition
2.1. This parameter can be formally absorbed by a suit-
able linear transformation of independent variables (see,
for example, (2.14) and (2.15)). In the discrete case, how-
ever, such manipulation is not applicable since the chain
rule does not work effectively. Actually the similar param-
eter appears in a non-trivial manner in the deformation of
discrete curves as shown in Section 3.

3 Isogonal deformation of discrete curves

In this section, we consider the discrete deformation
of discrete plane curves under the similarity geometry,
which naturally gives rise to the discrete Burgers equation
and its hierarchy. For the definition and fundamental
properties of the discrete Burgers hierarchy, the readers
may refer to Appendix B.

3.1 Discrete curve

Foramap y: Z — R2, n > y,, if any consecutive three
points Y41, ¥u Yn—1 are not colinear, we call y a discrete
plane curve. For a discrete plane curve y, we denote by g,
the distance between the adjacent vertices

an = |Yn+1 — Vul.
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A =—1,& =0and t; = —8 (left), 0 (middle), 8 (right)

\, ("

AN

Fig. 1 Motion of plane curves e~y (x, t) corresponding to a 1-shock wave solution of the Burgers equation (2.9). Parametersarec = 1,a = 0,

We introduce «, as the angle between the two vectors y, —
Yn—1, Vn+1— Yn- More precisely, we define x : Z — (0, 27)

by
Yntl — Vn — Rk Yn = Vn—1
- n ’

qn qn—1
where R is the rotation matrix

RGx) = |:cosx —sin x]

sin x cosx

Moreover, we put
T
T, = Y+l — VY Ny =R (5) Ty,
and introduce the map ¢: Z — CO(2) by
Pu = [T Nyl = g | L2720, R(F) 2= ],

We call the map ¢ the similarity Frenet frame of the
discrete plane curve y.

Proposition 3.1. The similairity Frenet frame ¢ satisfies
the linear difference equation

_ 9n+1

Oni1 = duXn, Xy R (kp41) . (3.1)

n

Proof. Since T satisfies

1 1
Tyi1 =R (kp1) — Ty
qn+1 qn
we have

Gne1 = [Tnet, Nus1] = PR (k1) [T Ny = Xhye

n

Since the rotation matrix R (k,+1) and the matrix ¢,
commute with each other, the statement is proved. O

)
/)

o

Fig. 2 Motion of plane curves e~y (x, t) corresponding to a 2-shock wave solution of the Burgers equation (2.9). Parameters are c = 1,0 = 7 /4,
A ==1/2,4=4,& =& =0and t; = —12 (left), —2 (middle), —1/10 (right)
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3.2 Isogonal deformation

3.2.1 General settings

We next consider the deformation of the curves. We write
the deformed curve as , and we also express the data
associated with ¥ by putting . For instance, we define the
functionk: Z — (0,2m) by

yn+17_ Yn — R(fn) yn; Yn—1 , 7

Gy = V1 —Vul- (32

n n—1

Lemma 3.2. The necessary and sufficient condition for
the deformation y > 7y being isogonal, namely, k =
Kk, is that there exist a positive-valued function H and a
constant a satisfying

T, = Hupy [“’s “} : (33)

sin a

Proof. Since both T and T are planar vectors, it is obvi-
ous that there exist a positive-valued function H and an
angle a such that

— COS a,
Ty = HyR (an) Ty = Hyoy |:sin dn ] .
n

Therefore the equality ¥ = « holds if and only if the angle
a is independent of #. O

Proposition 3.3. We fix § € R, a, fo, g0 € R and a
positive-valued function H. We introduce the functionsf, g
by the recursion relation

Jut1 1 gn 1+ 8f, — Hycosa
= - —R(—Kp41) :
&gn+1 8 qn+1 8¢y — Hy sina
(3.4)
and define the deformation y — y by
Vu="vn—08(fuTn+guNy) . (3.5)

Then we have the following:

(1) The deformation is isogonal. Namely, for the angle
kn defined by (3.2), we havek;,, = ky.

(2) The similarity Frenet frame ¢ of the discrete curve’y
can be expresed in terms the frame ¢ of y as

¢n = ¢nYn; Yn = HnR(ﬂ)
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Proof. We compute the difference of ¥ by using (3.5),
(3.1) and (3.4)

Tn=Vu1—Vn= VYnr1 — 8 (fur1 Tns1 + gur1Nut1)
— Yu+ 8 (Tn + guNy)

= {1 — 8qn+1 (fn+1COS Knt1

n

— dn+1 SinKVH—l) + (an} Ty

+34 {—q:;l (fiug1 sin kg

n

+ gnt1c0s fcn+1> + g } Ny,
= H,(cosaT, +sinaN,).

Then we have (3.3), which means ¥ = k. The frame of
satisfies

b= [T R(5) Ta] = HutuR(@),

which completes the proof. O

Repeating the deformation in Proposition 3.3, we have
the sequence of isogonal deformations of discrete plane

curves YO =y, yl =5, .., y" = ym-1, . We write

ay = vy — v

T
T =yl - NP =R(3) T
Vi — Vi

m
Tn—1

’

m m

:R m
qy ()

n

Proposition 3.4. Let k be the angles associated with the
discrete curve y°. For eachm € 7, we fix 8,,, > 0, real num-
bers an, [y, g3', and the positive-valued function H", and
we introduce the functions ', g™ by the recursion relation

fn’il 1 q” 1+ 8uf)" — H'cosay,
| = = R () | :
&1 m Qi1 Smgy — H)' sinay,
(3.6)
Then defining the discrete curves y™ by
v =y = S (T + @INY) (3.7)

we have the following:
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(1) For each m, it holds that " = k% = k.
(2) The similarity Frenet frames ¢", ¢"*! satisfy the
system of linear difference equations

qu

Gy =opXy, X7 = THR (1),  (38)
n

oIt =@y, Y™ = H"R (ay,) . (3.9)

(3) The compatibility condition of the system of linear
difference Egs. (3.8)—(3.9) is

m+1 .y

HWI

qn+1 qn n+1
= ) (3.10)
qﬁ”“ qZ”+1 H

3.2.2 Discrete Burgers flow

Let us consider a special case where the function « is a
constant k, = €. For each m € Z, let §,, be a positive
constant, and we set

1 q’i’l sine
a,, =0, "= - =+ — cose, = ,
" W= (qS” ) 0 ="a
8 e .
H:,”:1+m<qn;1 2cos € + ”ml)
€ dn n
(3.11)

Then the solution of the difference Eq. (3.6) is given by

w1 (d m  Sine
f;'l = — — cose), g, = —
€ qn €

Defining the deformation of the discrete curve by (3.7)
by using this solution, the compatibility condition (3.10)
yields that the ratio u}' = ¢, | /¢, obeys (a variant of) the
discrete Burgers equation (see (B.3) with i = 2)

S (. _ L
MZH_I 1—{—62 <un+1 2C056+u2«1)

(3.12)

uy! 1+‘Z—’;’(u;"—2cose+u$ )

n—1

The length g} = |y,ff’H — y,f"! satisfy the linear difference
equation

m+1 m m m m
W~y D1 — 24, COSE€+q,
S €2

Remark 3.5. The function H)]' defined by (3.11) is not
necessarily positive in general. However, it is possible to
make it positive by choosing §,, > 0 appropriately as
follows. We put
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Q) = min i+ 4
=

n qn’”
If Qy, > 2 cos €, then we have for arbitrary n

m m

+a,_
q”*‘limqnl—Zcose>Qm—2COS€ZO’
qn

which gives H);' > 0. If Q,, < 2cose, then choose &, as

€2

—— > 6, >0,
2cose — Qyy "

then H)' becomes positive. In fact, we have for arbitrary n

8 m + m
H,’,”=1+y;(qn+1mqn_1—2cose>
€ I
Sm
> 1+—2(Qm—2cose) > 0.

€

3.2.3 Discrete Burgers flow of higher order

Let us write down the deformation equation correspond-
ing to (2.12). From (3.6) we have that

mem m m
Mnfn+1 =fn COS Kp+1 + &y SINKyt1

cos k1 — H)' cos (kKy+1 — am)

’

dm
m._m m m
Uy 8nt+1 = _fn SINKy41 + g, COSKpyl
sink,41 — H)J' sin(k41 — am)
Sm '

We solve the second equation in terms of f;;” and substi-
tute it into the first equation with # — n—1 so as to obtain
that

m
n—1

sin(ky+1 — ﬂm)Hm

sina,, 1
Sin K41 m

sin ky, U, 1

1 COS K,
+1

CoSkn\
. g
sin ky, ) "

sin k', sin k41
1 1,
sink, ul) Sn—1
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Then the compatibility condition (3.10) gives
sin(ky4+2—am) sina,, 1
uZH'l sin kp42 sin ky41 u:’”H
um  sin(kng1—am) + sina,, 1
n sin k41 sinky, u'”*f
(3.13)
COS Ky4+2 COS Kp+1 1 1
1+ 8 {sm/cn+2 n+1gn+2 (sin Knt2 SinKp+1 >gn+1 + Sin kp41 umgrl }
= )
1 mom [ COSKut1 oS kn \ m
I+ 8”” { sin ky41 uy gVH-l (SinKn+] + sinky )gn smf(n ul grl 1}
or equivalently
sin(ky4+2—am) sin ay, 1
uZ""'l Sin Ky 12 Sin K1 5m 1
um  sin(knt1—am) + sina;, 1
n sin k41 sin i, ,/”“
(3.14)
Oy 1 _ 1 1 —0, m Kn+2 Knt+l) ,m
1+ 8 (sm Kn+2 Z’ln—o—le Sin K42 sin k41 sinky41 ume n>gn+1 + 8”" (tan 2 + tan 2 )gn+1
B S S B | 11,9, gm K1 n\gm
1+ 5 (Sll’lK u, e sinky41 sinky, + sinky, uz’lle n)gn + 8"” (tan 2 + tan 2 )ng

Equation (3.13) or (3.14) is the general form of the defor-
mation equation of the discrete curves in the framework
of the similarity geometry, and is regarded as a discrete
counterpart of (2.12).

e R2bea
m
Yo Vu = Vae1h
v
L, ult = %. For given 8, am, Hy' € R
n

Theorem 3.6. For a fixed m € Z, let y,
discrete curve, and let k, = A(yﬂ_l —
Do =V = Vi
and a function g}/’ € R, we define H)' € R recursively by

sin(ky4+1 — am)Hm n sina,, 1 -
sin k41 " sinky, u)) n—1

PR 't AT S S
" sin ki1 sink,y1  sink, )"

1 g, Knt1 Kn
+4 (tan + tan —) ",
sink;, u” " 2 2 &n

n—1
(3.15)

Then we have:

(1) By choosing é,, and a,, appropriately, H)}' becomes
positive.
(2) Setting the function f" by

m
P R Y
" sinkup 1= sink 1" S

sin(ky+1 — am)
—H"
O SIN K41

the condition (3.6) is satisfied. Namely, (3.5) gives a
isogonal deformation.
(3) ul} satisfies (3.14).

We note that (3.14) yields the discrete Burgers equation
and its generalizations to that of higher-order by suitable
specialization of g

Autonomous case In the case of k, = € = const,, (3.14)
is reduced to

: sina
M2n+1 sin(e — a,,) + u2"+T

m sing,
Uy sin(e —am) + um+y1”

n—1

) 2-2
1+sme ( n+le -2+ ume )gn+1+8 smC(e)SEg;n+1

L+ ( — 2 e )y + b2y

sin e

(3.16)
1 +5 (2) + 8, 2—2cose€
M sin € n+1gn+1 sin € gn+1 (3 17)
= > .
1+ 8”" sine QS" )gn Sm = s%rf(e)segﬂ

where Q7 is the recursion operator of the discrete Burg-
ers hierarchy given in (B.6). Putting g, = $%€ and a,, = 0,
(3.16) recovers the autonomous discrete Burgers Eq. 3.12.
Equation 3.17 is a discrete counterpart of (2.12). There-
fore, due to (B.5), by putting g/* as

sine
= —K(‘)[uff],

we obtain a variant of the higher order autonomous dis-
crete Burgers equation

sina,, 1
sin(e—ay;) uZ"H

M:ln-&-l 1+

sinay, 1
sin(e—ay;) um+11
—

ug 1+

1+ 8, KED [t
1+ 8, K2y

]+ 226055, KO [u ]
]+ 22605 5, KO s

which corresponds to (2.14).
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Non-autonomous case For the case of generic «,, we see
that the recursion operator of the non-autonomous dis-
crete Burgers hierarchy appears in the right hand side of
(3.14). In fact, we have

1

sin k41

1 1 1
uledn — — -
SIN Ky41

= HVQRHD),

— 0y

1
e

: : P

sink,  sinky, u,’

1

by parametrizing sin,, as
sink, = er(zl:l) i=2l
et izt
where 6,(40 and szif) are given in (B.13) and (B.14), respec-
tively. For the simplest case i = 0, we choose g/ = 1 in
(3.14) and have

sin(Knt2—am)
m+1 -
Mn SINKp42

sina,, 1
sin ky41 u,ﬁ”“

MZ” sin(ky+1—am) +sinam 1

sin ky41 sinky ,/’”rll
—

Lt e K2 [, ] +8, (tan 52 + tan 2211

14 8,,e 2K (1] 48, (tan 5L + tan )

which is a non-autonomous discrete analogue of the Burg-
ers equation (2.9). If we set a,, = 0, we obtain a simpler

version of the non-autonomous discrete Burgers equation

w ™l 148,eP) KP [ 146, (tan 22 + tan “221)
n _ mSp41 \n+11"%n4-1 m 2 )
uy 1+ 8,2 K2 (1] 48, (tan “%L + tan )

Fori > 0, we put g} = K,gi)[u;”] and find that ] sat-
isfies a variant of non-autonomous higher-order discrete
Burgers equation

sina,, 1
sinky41 u;”'*'l

sin(Kn42 —dm)
sinky42

m+1
Uy

u;ﬂ sin(ky4+1—dm) + sing, 1
sinky 41 sinky, um-*-ll
—

1+ ‘Sme::ilz)Kr(xi:lZ) () 1] +8m (tan “52 + tan =5 ) I<;5:)—1 [uy4]
14 8, K2 (7] 48, (tan “5L + tan %) 5 [u]

(3.18)

which is a non-autonomous discrete analogue of the
higher-order Burgers Eq. 2.14. Note that g = |y, ; —v,/"|
satisfies the linear equation

1 {Sin(Kn+1 — am) s

Sm sin k41 "

sind,y, m—+1 qm
sink, "1 "

= eTILID [g] + (tan Kr;—“ + tan %) LY [q7].
We now prove Theorem 3.6. The statement (2) and
(3) are derived immediately by solving (3.6) and using
the compatibility condition (3.10). For the statement (1),
we have the following as a sufficient condition for the
positivity of H}":
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Lemma 3.7. We assume that k, satisfies 0 < k, < 7 or
—7 < ky < 0 for all n. For each m, we choose 8., and a,
in the following manner:

{ 0<3dm ., > 0)
0<é,<-—-1/Uy, WU <0)’ (3.19)
Kimax — T < am <0 (0 <k, <m)
0<am<kmin+m (=71 <k, <0)’
where
m_ Un&p1 1 L\ o, 1 &
Un = - - . + . gn + . m
sin k41 sink,y1  sinky sinky, ull |
K K
+ (tan "1 4 tan é’) o
and
u,,,=maxU,', U, =minl)', Knpy=mink,,
n n n

Kmax = mf,ix K.

Then we have H > 0.

Proof. We first write the recursion relation (3.15) as

m m m m m
H' = —a'H + B (14 8,U))), (3.20)
where
m sin ay, sin k41
o =
n . . ’
ul | sin(kpp1 — am) sinky
m Sin k41
By =

sin(ky+1 — am)

Then (3.20) can be solved formally as

n v
H" = (Hg” + ) BIA+ Sl ]_[(—a;")—l)
v=0 k=0
n
x [Ty, Hg' > o.
n=0
Noticing that §,,, u); > 0, it is sufficient for H}' > 0 that
all of the following conditions

% > 0, (3‘21)
sin(kp+1 — am)
1+8,U) >0, (3.22)
n . .
sin a,, sin
I1 (— S SRV > >0, (3.23)
i sin(ky4+1 — ay) Sink,

are satisfied for all n. Then it is easy to see that (3.22) is
satisfied by choosing §,, as (3.19). The conditions (3.21)
and (3.22) imply

sink, > 0, sin(k, —a,) >0, sina, <0 for vn,

or
sina,, > 0 for Y,
(3.24)

sink, <0, sin(k, —ay,) <0,
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from which we have

O0<ky<T, Kmax —Gm <, —T <dy<0,
or
O<ayu<m.

(3.25)

— 7T <ky <0, —7T <Kmin— %m,

This is equivalent to the second condition in (3.19). O

3.3 Explicit formula
An explicit representation formula for the curve y,” is
constructed in a similar manner to the smooth curves.

Proposition 3.8. Let y," be a discrete curve satisfying
(3.8) and (3.9). Then y,)* admits the representation formula

n—1 cos O n m
j / v z
(3.26)

Proof. Since |y, | —
6" €[0,2m) such that

v'/qy = 1, there exist a function

m_ __m m
Vi1 —Vn — |: CF)S Q,Z ] , (3.27)
qr sin 0,
so that the frame ¢} is expressed as
by = q, R©,"). (3.28)

Then (3.8) and (3.9) give
=00 —ky € 2nZ, O -0 —a,, € 2n7Z, (3.29)

and we may assume

=0 — Ky =0, O —0" —a, =0, (3.30)
without losing generality, which implies (3.26). O

For the curves constructed from the shock wave solu-
tions of the autonomous discrete Burgers hierarchy, the
summation in (3.26) can be computed explicitly. For sim-
plicity, we demonstrate it by taking the case of i = 2 with
K, = € (const.), 8, = 8 (const.) in (3.18)

sin(e—ay;,) _|_sinam 1

1 - -
u:ln+ sine sine g m+l
um sin(e—ay,;) sina,, 1
n sine T sine u™l
.
(3.31)
14 % (w", —2cose + 4
€2 n+1 upt
- 5 1)’
Om (,m _ _1
14 P (un 2 cose + ML",I)
which is linearized in terms of ¢} as
sin(€e—a,;,) m+1 sinay m+1 _ _m
sin e n + sin e Tn—1 4y
8 (3.32)

m m m
_ Tpy1 — 24, COS€+q, 4
- > ,
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(3.32) admits the solution
M
gy ="+ exp(hin + wem + &), (3.33)
k=1

where M € N, X, & (k = 1,...,M) are arbitrary
constants and
1+ ;% (e" — 2 cos € + e7*)

sin(e—a,,) sindm ,—xp
sine + sine €

(3.34)

ui = log

Then, by using the formulas

’

g ) "l cos (n—1)€) — " cos (ne)
Zc’ cos (]6) = 5
; ¢ —2ccose+1

’

g o " lsin ((n — 1) €) — ¢ sin (n€)
Z d sin (je) = :
7 ¢ —2ccose+1
where c is a constant satisfying ¢ — 0 (j — —00), we have
from (3.26) that
M
m_ Z exp (Axn + pm + &)

Vn = 2k — 2eM cos e + 1
k=0 (3.35)

Ak m m

[e)\ cos 0" | — cos 0] ]

i oM am |7
e’k sin 0,7 | — sin 0]

with Ag = & = 0and A, > 0.

Figures 3, 4 illustrate motion of discrete plane curves
corresponding to M-shock wave solutions (M = 1,2,
respectively) of the discrete Burgers equation (3.31) with
parametersa =7 /3,¢e = /4,6 =1,§; = 0.

Appendixes

A Burgers hierarchy

The Burgers hierarchy is the family of nonlinear par-
tial differential equations obtained from the linear partial
differential equations

2—2:%, i=1,23,... (A.1)
through the Cole-Hopf transformation
u= —i logg. (A.2)
0x
By noticing that
q= e~ Judx, (A.3)

the nonlinear equations in the hierachy are expressed [2]
as

ou
E ZKi[u])
L
5 5i (A4)
Kilu] = —— ( fudx‘efudx) )
ox oxt
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o

e
7

Y S
L

A
e

Fig. 3 Motion of discrete plane curves e#0y™ corresponding to a 1-shock wave solution of the discrete Burgers Eq. 3.31. Parameters are 1 = 1,

and m = —8 (left), 0 (middile), 8 (right)

Some of the flows of the hierarchy are given by

i=1: Kiul=du,
i=2: Klul=u" —2ud,
i=3: Kilul=u"— )? —uu’ + 3u’u.

An elementary calculation shows the following relation
between K;[u«] and K;_1[u]:

Kilu]l = QK;_1[u], Q=08,—u—ud;". (A.5)

Here, 2 is called the recursion operator of the Burgers
hierarchy, by which the equations in the hierarchy can be
expressed as

9 ‘ ‘
M QK ] = @,

i>2.
ot;

(A.6)

B Discrete Burgers hierachy

B.1 Discrete Burgers hierarchy

Let 8, € be constants. For i = 0,1,2,..., we consider the
family of linear difference equations

m+l _ om
I ; Do 70 [¢7], (B.1)
where
— Algm i=2l
Olg=1" "

em2AIgm =20+ 1.
Here A is a central-difference operator in # defined as

/2 _ p—0n/2
A e EEEE—
€

BN

A =1/3,4 = =3, =0,and m = —13 (left), —6 (middle), —1 (right)

\Y/Hﬂ\\

/

Fig. 4 Motion of discrete plane curves e™#0y" corresponding to a 2-shock wave solution of the discrete Burgers Eq. 3.31. Parameters are
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The first few examples of o [q;"] are given by

i=0: 1O0q] =g,

i=1: LW[g"] = M,

i=2: I® [a)] = D1 ~ 232:{! + qnm—1’

i=3: f(g)[ m] _ Dpy2 = 3,41 + 34, — qnm_l'

e3

The discrete Burgers hierarchy is a family of nonlinear
difference equations obtained from (B.1) by the discrete
Cole-Hopf transformation [15]

U = q:tn+1
n m "
qn
Noticing that

n—1
m m
qn = 1_[ uk ’
k

the i-th order equation in the hierarchy can be written as

(B.2)

w14 KO [u ]
w14+ 8K [um]’

(B.3)

where

R[] = 20 7],

n

For instance, the first few K@ are given by

i=0: I?(O)[u:,”]zl,
i=1: ROy == (- ),
i=2: I?(Z)[um]=1<um—2+ 1 >,
>3, m 1 m . om m 1
i=3: K [z,tn]:—3 Uy Uy —3u, +3———|.
€ Uy

The discrete Burgers hierarchy admits the recursion
operators which generate higher order flows from lower
ones.

Proposition B.1. It holds that
RED [7] = 0, ROLu,
where 2, is a difference operator defined by
o _ [ =2 (e —1)i=2,
n= S-zgleven):% l—u%e_a”) i=204+1.
n—1
(B.4)
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In particular, we have

RED 1] = Q@RO[u7), (B5)
where
2 dd dd
Q;) — Q;(qo )Q}(’leven) — Qgeven)gilo )
(B.6)

1<m8 1 —3>
=—\u,e” —2+4+ e .
e2 " ur

Proof. Since we have

_ e —1 72 [q:ln] ,

’L‘(21+1) [q;rz]
€

’L‘(21+2) [ q:ln]

1-— e_an z(zlJrl) [q;n] ,

€
from (B.1), we obtain
=@l e =1 s
ayROD [g] = =—— (iR [wy])
1 ~
= = (arae™ — ) K [41],
SQI+2 1—e ™ (2041
ayRD (] = ——5— (7RO )
1 -
= (q;” —qh e 3”)1((21+1) [u,,m],

which immediately yields (B.4). The second half of
the statement can be verified by a straightforward
calculation. O

By using the recursion operators (B.4) and (B.6),

-~

K® [1"] can be expressed as

1
@ .
R0 ] = (Q,,) 1 =2l

nl] — )
(szf})) Qledd g ;9741

B.2 Non-autonomous discrete Burgers hierarchy

We formulate the discrete Burgers hierarchy with arbi-
trary lattice intervals, which we call non-autonomous
discrete Burgers hierarchy. The hierarchy introduced in
the previous section is sometimes referred to as the
autonomous discrete Burgers hierarchy. We first intro-
duce the divided difference f[xj,xj+1,...,xj+n] of the
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function f (x) with the base points xj, xj,1, . .
sively by fxj] = f(x;) and

. Xjpn TECUr-

first order:  f[xj, xj11] = M,
il = %
second order:  f[xj, xj11,%j12]
S 0] —f %, %5411

’

Xj+2 — X
third order:  f[x;}, xjy1, %j42, %j13]

S0 42, %j43) —f [, %41, %j4-2]
- )

Xj+3 = %j
n-thoorder: f[xj,%jy1,. .., %1l
S gl —f 1 Xjn—]
B Xjbn — X '

Among the various properties of the divided differences,
we here note the following:

(1) Expansion formula.

- S4k)
f[xj,xj+1, ce ,xj+,,] = Z
k=0

= .
_ ns:O,s;ﬁk (x/+k = Xjts)
For example, we have

Sx41) n f(x) ,
Xl T X X Xyl
f(xj42)
(j+2 — xj41) (K42 — %))
f(x41)
(®j+1 — xj42) (X41 — %))
S (%)
(5 — xj42) (% — xj31)
S (x43)
(%j+3 — Xj42) (K43 — Xj41) (K43 — %)
S (x42)
(2 — x43) (42 — %j+1) (K42 — %)
S (x41)
(41 — X43) (X1 — Xj42) (K41 — %)
f(x)

(% — xj43) (%7 — %j42) (% — Xj41)

Sflxjp %411 =

Slxj, xj11, %5121 =

S1x5, %11, %42, x4 3] =

As an immediate consequence, it follows that
S1x, %11, . . ., %j4u] is invariant with respect to
interchanging the base points.

(2) Autonomization and continuous limit. Putting the
lattice interval to be constant, namely,
Xjyk = xj + ke, it follows that

1
SI% %15 K] = ;Aixf(xj)’ Ay f(x)

fat e —f®)
Al
(B.7)
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and thus

1 d"f (%)
n!  dx"
In order to formulate the non-autonomous discrete Burg-

ers hierarchy, we first introduce the family of linear dif-
ference equations for gi} = q(Xu, tm), Sm = tmt1 — tm:

% %415 s Kjpn] —> (€ — 0).

m+1 _ qm .
s =1, (B.8)
m
where
i e | = 21
L(z) m] _ { q[xn b :xn+l] l ’
" [qn ] g%t xppri1] i =201+ 1.
The first few examples of LY q] are given by
i=0:LO[q"] =q
Dpi1 a4y
i=1: L(l) m] _ n+ + n ,
" [qn ] Xn+1 — Xn Xn — Xn+1
i=2: @ [qm] _ D1
" " (X1 — %) (K1 — Xn—1)
qn
(Xn — %p11) (X — Xn—1)
qp1
(X1 — Xp11) Xn—1 — Xn) ’
m
i=3: LS?) [q;”] = Int2
X2 — Xn+1) Fnt2 — %n) Knt2 — Xn—1)
m
qn+1
(Xna1 — Xng2) K1 — %) Kp1 — Xp—1)
m
+ qn
(% — Xp42) X — Xnt1) (K — Xp—1)
m
qnfl

(Xn—1— %nt2) Kp—1— Xp41) Xn—1 — %) '

We note that the following recursion relations hold:

1 CHD) [qm] _1 [xn71+1, ‘e ,xn+l+1] —9q [xnfl’ e ’xn+l]
" " Xnt+l+1 — Xn—1
L;ﬁ)l [21] - L [012”], (B.9)

Xnti+1 — Xn—1

L£121+2) [q:,n] _ q [xn—lr cee rxn+l+l] -9 [xn—l—lr cee !xn+l]

Xn+i+1 — ¥p—I—1
(2l+1) (2l+1)
— L}’l [q;n] - Ln—l [q;ln—l] (B 10)
Xn+l+1 = ¥n—1-1

The non-autonomous discrete Burgers hierarchy is a
family of nonlinear difference equations obtained from
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(B.8) by the discrete Cole-Hopf transformation (B.2). The
i-th order equation in the hierarchy is given as
@
1 8,k [ ]
! 14 8,k [u]

(B.11)

where
K (] =

1.
— LY [a)]-
n

The recursion operator for the non-autonomous dis-
crete Burgers hierarchy is given as follows:

Proposition B.2. It holds that
K@+ [wr] = QUi+ g [u],

where Qﬁ,l'iﬂ) is a difference operator defined by
1 m 0 .
. o (e’ —1) =2l
Qth = Lo (B.12)
g (1-grhe) i=2+1,
and
4D _ ) %nrir —xp—y =21
€ = . B.13
" { Xpglpl —Xp——1 i =20+ 1. ( )

In particular, we have
H2)[,m] _ 2i+2) () [, m
K2 [up] = QP2 K9 [wl)],
where
QQi+2)
— QLit+2) o(Li+1)
n n
1 7% 1 1 1 —9, P
D e},iil’e "= D T @D + eﬁiifll)u;”,le ") i=2l

wr s 1 1 11 -8, i
e~ v~ @o T o g @ ") i=20+1
n

€nt1 n+l €n "=
(B.14)

_1_
D)

Proof. The first half of the statement follows from the
recursion relation of the divided differences. Indeed, it
follows from (B.9) and (B.10) that

1
LY (4] = 2D (ean B 1) L 4],
n

1 »
L2 [a)] = gy (1 —e 6n> L&D [47],
n

which are equivalent to

241 k. 2
K@D [m] = @ (s = 1) K20 [,
n

1 1
(21+2) _ —0 (214+1)
K22 [ul] = N (1 - 1e >1<n [)].
n n—

Thus we have (B.12). The second halfis verified by a direct
computation. O
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Remark B.3. The non-autonomous discrete Burgers
hierarchy (B.11) reduces to the discrete Burgers hierarchy
(B.3) by putting (see (B.7))

st —m= e 0[] = 3101, K0 []

1= N P
= EK“) (], QP = =S

Acknowledgements

The authors would like to thank Professor Jun-ichi Inoguchi for valuable
suggestions. This work was partially supported by JSPS KAKENHI Grant
Number 15K04862.

Author details

!Institute of Mathematics for Industry, Kyushu University, 744 Motooka,
Fukuoka 819-0395, Japan. 2Uwajima South Secondary School, 5-1 Bunkyocho,
Uwajima, Ehime 798-0066, Japan. >Department of Applied Mathematics,
Fukuoka University, Nanakuma 8-19-1, Fukuoka 814-0180, Japan.

Received: 11 November 2015 Revised: 7 March 2016
Accepted: 8 March 2016

Published online: 16 March 2016

References

1. Bobenko, Al, Suris, YB: Discrete Differential Geometry. American
Mathematical Society, Prividence, Rl (2008)

2. Choodnovsky, DV, Choodnovsky, GV: Pole expansions of nonlinear partial
differential equations. Nuovo Cimento. 40B, 339-353 (1977)

3. Chou, K-S, Qu, C-Z: Integrable equations arising from motions of plane
curves. Phys. D. 162, 9-33 (2002)

4. Chou, K-S, Qu, C-Z: Integrable equations arising from motions of plane
curves. II. J. Nonlinear Sci. 13, 487-517 (2003)

5. Chou, K-S, Qu, C-Z: Motions of curves in similarity geometries and
Burgers-mKdV hierarchies. Chaos, Solitons and Fractals. 19, 47-53 (2003)

6. Doliwa, A, Santini, PM: An elementary geometric characterization of the
integrable motions of a curve. Phys. Lett. A185, 373-384 (1994)

7. Doliwa, A, Santini, PM: Integrable dynamics of a discrete curve and the
Ablowitz-Ladik hierarchy. J. Math. Phys. 36, 1259-1273 (1995)

8. Doliwa, A, Santini, PM: Geometry of discrete curves and lattices and
integrable difference equations. Discrete Integrable Geometry and
Physics(Bobenko, A, Seiler, R, eds.) Clarendon Press, Oxford (1999)

9. Feng, BF, Inoguchi, J, Kajiwara, K, Maruno, K, Ohta, Y: Discrete integral
systems and hodograph transformations arising from motions of discrete
plane curves. J. Phys. A: Math. Theor. 44,395201(19 pages) (2011)

10. Feng, BF, Inoguchi, J, Kajiwara, K, Maruno, K, Ohta, Y: Integrable
discretizations of the Dym equation. Front. Math. China. 8, 1017-1029
(2013)

11. Feng, BF, Maruno, K, Ohta, Y: Integrable discretizations of the short pulse
equation. J. Phys. A: Math. Theor. 43, 085203(14 pages) (2010)

12. Feng, BF, Maruno, K, Ohta, Y: A self-adaptive moving mesh method for
the Camassa-Holm equation. J. Comput. Appl. Math. 235, 229-243 (2010)

13. Feng, BF, Maruno, K, Ohta, Y: Integrable discretizations for the short-wave
model of the Camassa-Holm equation. J. Phys. A: Math. Theor. 43,
265202(14 pages) (2010)

14. Feng, BF, Maruno, K, Ohta, Y: Self-adaptive moving mesh schemes for
short pulse type equations and their Lax pairs. Pac. J. Math. Ind. 6, 8 (2014)

15. Fujioka, A, Kurose, T: Motions of curves in the complex hyperbola and the
Burgers hierarchy. Osaka. J. Math. 45, 1057-1065 (2008)

16. Hisakado, M, Nakayama, K, Wadati, M: Motion of discrete curves in the
plane. J. Phys. Soc. Jpn. 64, 2390-2393 (1995)

17. Hisakado, M, Wadati, M: Moving discrete curve and geometric phase.
Phys. Lett. A214, 252-258 (1996)

18. Hoffmann, T: Discrete Hashimoto surfaces and a doubly discrete
smoke-ring flow. Discrete Differential Geometry(Bobenko, Al, Schroder, P,
Sullivan, JM, Ziegler, GM, eds.) Oberwolfach Seminars Vol.39 Birkhauser,
Basel, 95-115 (2008)

19. Hoffmann, T, Kutz, N: Discrete curves in CP! and the Toda lattice. Stud.
Appl. Math. 113, 31-55 (2004)



Kajiwara et al. Pacific Journal of Mathematics for Industry (2016) 8:3

20. Hopf, E: The partial differential equation u; + uuy = prity,. Comm. Pure
Appl. Math. 3, 201-230 (1950)

21. Inoguchi, J: Attractive plane curves in differential geometry. MI Lecture
Note. 64, 121-124 (2015). Kyushu University

22. Inoguchi, J, Kajiwara, K, Matsuura, N, Ohta, Y: Motion and Backlund
transformations of discrete plane curves. Kyushu J. Math. 66, 303-324
(2012)

23. Inoguchi, J, Kajiwara, K, Matsuura, N, Ohta, Y: Explicit solutions to the
semi-discrete modified KdV equation and motion of discrete plane
curves. J. Phys. A: Math. Theor. 45, 045206 (2012)

24. Inoguchi, J, Kajiwara, K, Matsuura, N, Ohta, Y: Discrete mKdV and discrete
sine-Gordon flows on discrete space curves. J. Phys. A: Math. Theor. 47,
235202(26 pages) (2014)

25. Matsuura, N: Discrete KdV and discrete modified KdV equations arising
from motions of planar discrete curves. Int. Math. Res. Not. 2012,
1681-1698 (2012)

26. Nakayama, K: Elementary vortex filament model of the discrete nonlinear
Schrédinger equation. J. Phys. Soc. Jpn. 76, 074003 (2007)

27. Nakayama, K, Segur, H, Wadati, M: Integrability and the motions of curves.
Phys. Rev. Lett. 69, 2603-2606 (1992)

28. Nishinari, K: A discrete model of an extensible string in three-dimensional
space. J. Appl. Mech. 66, 695-701 (1999)

29. Pinkall, U, Springborn, B, Weimann, S: A new doubly discrete analogue of
smoke ring flow and the real time simulation of fluid flow. J. Phys. A: Math.
Theor. 40, 1256312576 (2007)

30. Rogers, C, Schief, WK: Bécklund and Darboux Transformations. Geometry
and Modern Applications in Soliton Theory Cambridge University Press,
Cambridge (2002)

31. Sato, M, Shimizu, Y: Log-aesthetic curves and Riccati equations from the
viewpoint of similarity geometry. JSIAM Lett. 7, 21-24 (2015)

Page 14 of 14

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Abstract
	Introduction
	Deformation of smooth curves
	Isogonal deformation of discrete curves
	Discrete curve
	Isogonal deformation
	General settings
	Discrete Burgers flow
	Discrete Burgers flow of higher order
	Autonomous case
	Non-autonomous case


	Explicit formula

	Appendixes

	A
	B
	Discrete Burgers hierarchy
	Non-autonomous discrete Burgers hierarchy

	Acknowledgements
	Author details
	References



