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1 Introduction
The aim of this paper is to further study the one-sided version of the following oscillatory

singular integral, which was first introduced and studied by Ricci and Stein [1]:

Tf (x) = p.v. /R ) P (x—=9)f(y)dy,

where P(x,y) is a nontrivial real-valued polynomial defined on R” x R”, and K is a
Calder6n-Zygmund kernel. We say that a function in Lj, _(R"\ {0}) is a Calder6n-Zygmund
kernel if the following properties are satisfied [2]:

(1) there exists a finite constant C; such that

Gilyl

|K(x—y) —K(x)| < 2

for all |x| > 2]y;

(2) there exists a finite constant C, such that

/ K(x)dx
e<|x|<N

(3) there exists a finite constant C3 such that

< (C, forall e and N such that 0 < ¢ < N;

|K(x)} < % for allx #0.
x
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Ricci and Stein [1] studied the norm inequalities for 7" on L?(R"”) spaces with 1 < p < c0.
Weighted inequalities arise naturally in Fourier analysis, but their use is best justified by
the variety of applications in which they appear. For example, the theory of weights plays
an important role in the study of boundary value problems inherent in Laplace equations
on Lipschitz domains. Many people are interested in the study of the events that occur

when the weight function belongs to the Muckenhoupt classes A,:

1 1 o\
(E/Bw(x)dx> (E/Bw(x)1 » dx) <C.

Here 1 < p < 00, and B denotes any ball in R”. The classes A; are defined as Mw < Cw,
where M is the classical Hardy-Littlewood maximal operator. Lu and Zhang [3, 4] gave
the boundedness of T on L”(w) (1 < p < 00) spaces with weight functions w € A,. For other
classical works on T, see, for example, [5-10] and the references therein. In what follows,
we restrict our attention on z =1 in order to introduce the one-sided operators defined
on R.

Many operators in harmonic analysis have one-sided versions. It is well known that the
one-sided Hardy-Littlewood maximal operators are required in ergodic theory. Sawyer

[11] introduced the integral version of these operators as

. 1 x+h ~ 1 x
mife) =sup s [0y and M) =sw s [ 10|

The good weights for M* and M~ are the one-sided version of A, classes. Sawyer [11]
studied these one-sided weights in depth for the first time. We recall their definitions:

b c , p-1
/ w(x) dx (/ wix) P dx) <C forl<p<oo,
a b

1 c b , p-1
A, : sup —)p / w(x) dx(/ w(x)t? dx) <C forl<p<oo,
b a

a<b<c (C —a

AT sup
a<b<c (C - ﬂ)p

S+

and
Al M w<Cw and A]:M'w<Cw.

In [12], the classes A}, and A_ were introduced as

A= 4 and AL = | 4,

1<p<oo 1<p<oo

The important point to note here is that the one-sided Muckenhoupt classes are larger
than the classical Muckenhoupt classes. For instance, the function e* € A7, but e ¢ A;. In
fact, itis easy tosee thatfor1 <p < 00,4, C A}, A, CA,,and A, = A ;NA,. Furthermore,
both the reverse Holder inequality and the doubling condition are not true for the one-
sided Muckenhoupt classes. Therefore, some different ideas are needed here to deal with

the weighted norm inequalities for one-sided operators. The classes w € A} are of interest,
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not only because they control the boundedness of the one-sided Hardy-Littlewood max-
imal operators, but also they are the right classes for the weighted estimates of one-sided
Calder6n-Zygmund singular integral operators [13] defined by

xX—&

T tim [ Ke-nfO)dy and Ty = im [ G- 0)dy

where K is the Calderén-Zygmund kernel with support in R~ = (—00, 0) and R* = (0, +00),
respectively (also called the one-sided Calderén-Zygmund kernel). An example of such a
kernel is

_ sin(log |x|)

K(x) = X(=00,0) (%),

(xlog |x[)
where xg denotes the characteristic function of a set E.

Highly inspired by these statements for the oscillatory singular integral operators and
the one-sided operator theory, Fu, Lu, Shi, and their coauthors introduced the one-sided
oscillatory singular integral operators and studied some weighted norm inequalities for
these operators with one-sided weights, including the strong weighted L” (1 < p < 00)
boundedness [14], the weighted weak (1,1) type norm inequalities [15] and the weighted
norm estimates on one-sided Hardy spaces [16]. We recall the definition of one-sided os-
cillatory integral operators:

oo
Tf(x) = lim / PN K (x — y)f (y) dy
e=>0" Jyie
and
X—€
1) = lim [ VK- 0)dy
e—>0" J_

where P(x,y) are real-valued polynomials defined on R x R, and K are the one-sided
Calderén-Zygmund kernels.

Let b be a locally integrable function on R”, and let 7 be an integral operator. Then we
define the commutator operator for a proper function f by

To(f) := b(TS) = T (bf).

The function b is also called the symbol function of 7,. The investigation of the operator
Ty begins with Coifman-Rochberg-Weiss pioneering study of the operator 7 [17]. There
are two major reasons for considering the problem of commutators. The first one is that
the boundedness of commutators can produce some characterizations of function spaces
[18, 19]. The other one is that the theory of commutators plays an important role in the
study of the regularity of solutions to elliptic and parabolic partial differential equations
(PDEs) of the second order [20, 21]. It is well known that many people are interested in the
study of commutators for which the symbol functions belong to BMO spaces. In harmonic
analysis, a function b of bounded mean oscillation, also known as a BMO function, is a
real-valued function whose mean oscillation is bounded, that is,

1

E/B|b(x)—bg|dx<oo,
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where B is a ball in R”. The BMO space is the function space with the norm

151l sarowry = sup L /|b(x) — bp| dx.
s |Bl Jp
In some precise sense, the space BMO(R") plays the same role in the theory of Hardy
spaces H? (0 < p < 1) as that the space L*> of essentially bounded functions plays in the
theory of L? spaces with 1 < p < co. The commutator formed by the oscillatory integral
operator T and a BMO function b can be defined by

Tof (x) = . / PN (x — 3)(b(x) - b)) ) dy.

R7

The commutators of degree k (k € Z*) of T were defined by

TSf(x) = p.V./ ePENK (x — y) (b(x) - b()/))kf()/) dy.

R”

It is immediate that 7} = T In the literature, there are a great deal of results on the norm
inequalities for T{f ; see, for example, [22-28] and the references therein.

For the one-sided case, Lorente and Riveros [29, 30] introduced the commutators of
some one-sided operators. Here we collect the definitions of commutators for the one-
sided Hardy-Littlewood maximal operators and the one-sided Calderén-Zygmund singu-
lar integral operators as follows. Let k = 0,1,... and b € BMO(R). The commutators of
degree k generated by M* (M~) and b are defined by

o 1 x+h P
M5 f(x) = sup - / 1) - b) [ 0)| dy

h>0 h

and
- 1 (" k
M7 =sup s [ |b) 60| 00| .
h>0 x—h
The kth commutators generated by T+ (T-) and b are defined by

Ty (%) = pov. / K(x=)(bx) = b0)) f0) dy

and

T,5f (%) = pov. / K(x=y)(b) - b))/ 0) dy.

Here K are one-sided Calderén-Zygmund kernels defined as before. The corresponding
weighted norm inequalities for these commutators will be stated in Section 2. Highly in-
spired by the results for one-sided operators, Fu et al. [31] introduced the commutators
formed by T* (T~) and b € BMO(R) as follows:

T30 =p. [ MK (b03) - b)Y O)
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and

X

T, f(x) = p.v. / ePENK (x — ) (b(x) — b(y))f (7) dy.

—00

For k € Z*, the high-order commutators of 7% (7~) and b € BMO(R) can be deduced as

TS f(x) = pv. / ePENK (x - y) (b(x) - b(y))kf(y) dy

and

X

T5F (%) = pov. / PN (x - 9) () - b)) ) d.

—00

This paper is devoted to the weighted norm inequalities for Tf’* and Tzlf'_ with & > 1.
Due to their similarities, we further consider only the operator Tll]“.
Now, we can formulate our results.

Theorem 1.1 Letl<p<oo, keZ,we A;, and let b € BMO(R). Then the operator Tf’*
is bounded on LP(w).

Theorem 1.2 Let p, w, and b be defined as in Theorem 1.1. Then the truncated operator

x+1
T =px. [ K- -00)) 0)dy
is bounded on LP(w).

We end this section with the outline of this paper. In Section 2, some lemmas are col-
lected for the proofs of our main results. Section 3 contains the proofs of Theorem 1.1 and
Theorem 1.2. Throughout this paper, the letter C will denote a positive constant that may
vary from line to line but will remain independent of the relevant quantities.

2 Basiclemmas

We provide in this section some lemmas that are crucial for the proofs in Section 3. To-
gether with the characterizations of the weighted inequalities for one-sided operators, we
can obtain some properties of the classes A, and 4,,.

Lemma 2.1 [11, 14, 32]
(1) Ifwe A}, then w'* € A}, for some & >0 with1 < p < c0.
(2) Letl<p<oo. Thenw e A, if and only if there exist wy € AT and wy € A} such that
w=wy (W)l P,
(3) Let1<p<oo. Thenw € A} if and only ifw? e A, where }7 + 1} =1
(4) Let1<p<ooandw e A} Then A} (8*(w)) = Ay (w), where 8 (w)(x) = w(x) for all
A>0.

In [30], the authors obtained some weighted norm estimates for MZ‘+.

Lemma 2.2 The following conditions are equivalent:
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1) M/lj'+ is bounded on LP(w) for every 1 < p < oo with w € A;.
(2) MI;'+ is bounded on L (dx) for some 1 < p < 0o.
(3) b e BMO(R).

Lemma 2.3 [33]
(1) Let1<p < oo, and let b € BMO(R). Then there exists A > 0 such that "’ € A
(2) Letl<p<ooandX>0. Then there exists n = n(x,p) > 0 such that for b € BMO(R)

and ||b||ssow) < 1, we have et € A5,

To prove Theorem 1.1, we still need a celebrated interpolation theorem of operators with
change of measures.

Lemma 2.4 [34] Suppose that uy, vy, u, v1 are positive weight functions, and 1 < pg, p1 <
00. Assume that a sublinear operator S satisfies

IS 11r0 ug) < Collf llroyy  and  1Sf1lirr ) < Cillf lzer o)

Then

1Sf 2y < ClIf llir oy

forany 0 <6 <1 and1/p =6/py + (1 —0)/p;, where u = uﬁe/pouf(l_m/pl, v= vge/povf(l_e)/pl,
and C < CjCI7.

3 Proofs of the main results

The proof of Theorem 1.1 is a by-product of the following two lemmas.

Lemma 3.1 Let p, K, k, w, and b be as in Theorem 1.1. Then the operator

x+1
T =pv. [ K G0)(609 - b))
is bounded on L? (w).

Lemma 3.2 Let p, K, k, w, and b be as in Theorem 1.1. Then the operator
o0

Tyl f(x) = / ePENK (x — y)f () (b(x) — b(y))k dy

x+1

is bounded on LP (w).

3.1 Proof of Lemma 3.1
Lemma 3.1 can be proved by induction on k. For k = 0, by [16], Theorem 1.3, Lemma 3.3,
we have the boundedness of the operator

x+1
TO () = TLf () = piv. / PN (x - 3)f () dy
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on L”(w). We now assume that Lemma 3.1 holds for k — 1, that is, for any f € L”(w) with

we A;, we have

I Tlla(,f)l’+f||w(w) = Clif llizrwy- (3.1)

Next, we claim that

|| Tllj,,gf”[p(w) =< CHf”Lp(w)

In fact, by Lemma 2.1 there exists & > 0 such that, for any f € L?(w!*?),

|56 F [y teey < CI lupguresy- (3.2)

By Lemma 2.3 with A = p(lgs) , there is n > 0 such that

pb(1+e) +
e ¢ €A, whenever ||blsmowr) <1

On the other hand, the fact that for every 6 € [0,27], bcos6 € BMO(R) and
16cos Ol zvom) < Il satow) < 1

shows that ef??%) € A with g(p, b, &,6) := Pb(“iﬂ. Therefore, we can conclude from

(3.1) that for every 6 € [0,2x],

I T§51’+f||w@(p,b,g,g)) < Clfllzeep.b.e.0))s (3.3)

where C depends on p, b, and w but not on k and 6. Applying Lemma 2.4 to (3.2) and (3.3),

we have
|| Tlﬁ?)l’+f||w(wavbcosﬂ) < CI[fIILp(wdgbcose) for every 0 € [0,27],

where C and § > 0 are independent of k and 6. Moreover, if we set gy (x) = f (x)e‘b(")eig , then

8o € LP(wer? %) and
1186 1 Lo weppeosey = I Il oy (3.4)
For simplicity, we denote
Kia(5,9) = " K (x = 3) () - b0)) ™ sogy-xa =),

Now, for z € C (here z is not of the form z = x + iy, with x, y variables of P(x,%)), g(z) =
e?b@-b0) s analytic on C. Thus, by the Cauchy integral formula we get

1 g(z) 1 LN i
b(x) - b(y) =g’ (0) = — = dz=— SbD-bOl =10 g
(x)  b(») =g (0) Zm./m:l s 277/0 e 6
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Then

K+ . [ o b(x) —i6
T, f(x) = / Kk_l(x,y)(b(x)—b(y))f(y)dy:E/O Ty, " (go)(x)e edo.

This, combined with (3.1), (3.4), and Minkowski’s inequality, gives

|| Tg(;rf“[}? _/ || T[])<01+(g9)||prepbws€ d@

1 2
< Cg /0 ”g@”l}’(wdjbmsg)de

= Cllf llzzw)»

which shows Lemma 3.1.

3.2 Proof of Lemma 3.2
We can proceed analogously to the proof of Lemma 3.2 by induction as in Lemma 3.1.
Write

x+2/

TS = 3T =3 [ K- ) (b - 50) 0.
j=1 j=1 v¥

+2-1
We next claim that, for some § > 0,

I Télf,}ff”w(w) <27|fll - (3.5)

Indeed, when k = 0, we have

17571 = 171 = €271 e (36)

following arguments similar to those in [16], p.157, where C depends only on the total
degree of P and n > 0. On the other hand, it is easy to check that

x+2
Ty f@)] = |17 f ()] < C/ lf(y dy = CM (),

x+2-1 X —

where C is independent of j. Then it follows from Lemma 2.1 and Lemma 2.2 that there
exists & > 0 such that w!** € A} and

” Tl(;),}'+f”LP(w1+f) < Cllfllpgureeys (3.7)

where C is independent of j. Applying Lemma 2.4 to inequalities (3.6) and (3.7), it follows
that

1707 oy < €2 1 ipon, (3.8)

where 7; > 0 is independent of j and f. Inequality (3.8) implies that (3.5) holds for k = 0.

Page 8 of 12
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We now assume that (3.5) holds for k — 1, that is, for any f € L (w) with w € A,

| 757 F [ ooy < €275V I oo (3.9)

. . 1
By Lemma 2.1, given w € A}, there exists ¢ > 0 such that w'** € A;. Then for any f €

LP(w'*¢), we have

” Tl];;11+f||[}’(wl+s) = C27n//<_1j|lf”ﬂ’(w“£)' (310)

p(l+e)
&

Taking A =

, by Lemma 2.3 there exists n > 0 such that

pb(1+e) +
e ¢ €A, whenever ||blsmowr) <1

On the other hand, for every 0 € [0,2x], bcos§ € BMO(R) and
16.cos Ol smom) < I1llsmo) < n-
Thus, e@?9) ¢ Ay forg(p,b,¢,0) := ’M. Hence, by inequality (3.9) we have
I Tz’f,;_'l'+f ||Lp(eg(p.b.s,9>) < C27|f|| LP(e8wbed)) (3.11)

where C and #;_; depend on p, b, and w but not on j, k, and 6.
Applying Lemma 2.4 to inequalities (3.10) and (3.11), we have

1T sty < C2 W pquonsy

where C and § > 0 are independent of j, k, and 6. Setting gy(x) = f (x)e‘b(")eie, it is easy to
check that for 6 € [0,27], we have gy € L?(we?***?) and

1186 1 2o weppeosey = I Il oy (3.12)

Denote by
_ LiP(xy) k-1 . ,
Kig(x,y)=e K(x—y) (b(x) - b(y)) Xoileysei (X = ¥).

Then, forz € C, g(z) = A bw)-b0) ig analytic on C, which shows

1 1 [ ,
b b0 =g ) = o [ £z /00500 ¢~ g,

2mi |z|:lW “2n Jo
Thus,
x+Y
T = [ Kb - b)) 0)dy
1

2
_ k—1,+ e b(x) —if
_—271/0 Tb,j (go)(x)e e do.
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Finally, combining (3.9), (3.12), and the Minkowski inequality, we get the following esti-

mate:

1 2 ~
|| Tg,,]Jrf”Ll’(w) = Z ’/(; || Tl]:,] b (g9) ||Lp(W€PbC°59) d@

1 2 N
<Cor [ 2Nl

= C27Y|f ll o w)-

We thus complete the proof of Lemma 3.2 by the following observation:
o0
k, k,
I Tb,;of”l}?(w) = Z“ Tb,;fHLP(W) = Cllf lrwy-
j=1

3.3 Proof of Theorem 1.2

For any X € R, if a nontrivial polynomial P(x, y) satisfies

P(x,y) =Y dapx—1)* (= 1) + Ry(x, ) + Ra(y, )
a,p
:=Ple— A,y — 1)+ Ri(x,A) + Ry(y, 1),

where R; and R, are real polynomials, then by Theorem 1.1, Tl/f’+ is bounded on L?(w).

Rewrite the kernel K as

K(x —y) = Ko(x = y) + Ko (x = ) := K(x = ¥) X(1x—y1<1y ) + KX = ¥) X{jx=y1>11 (V)

and consider the corresponding splitting

TS f(x) = Traf @) + T f ()
/ P Ko (x — 3) (b(x) — b)) F () dy

X

. / " PR (- ) (b) — b)) F ) .

Since both T,I;';O and T,];’g are bounded on L?(w), it follows that, for any /# € R,

([ Irwerwwa) <c([  polwmas)" (313)
[x—h|<1 ly—h|<2

where C is independent of 2 and f (see also [35]).
For h e R, set

x+1
T;’gf(x) — e—LRl (x,h)p'v. / ezP(x,y)I<k (x’ y)f(y)e—zP(x—h,y—h) e—tRz (y,h) dy,
x
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where Ky (x,y) = K(x — y)(b(x) — b(y))*. Then express e~ "*~7-) by the Taylor series

(=)™

m!

r;)‘m(Zaa,gx h)*(y - h)ﬁ)

e—zP(x—h,y—h) —

(P(x -hy- h))m

M 107

0

3
I

o0

iy
=D

m=0

Z Cm,lbu,v,l(x - t)”()’ -t)",
1

where p := u(e, B,1) and v := v(e, 8,/) are multiindices. By (3.13), if we set |[x — /1| <& <1
and |y — /| < n <2, then we the inequalities

( / |T§g (@) w(x) dx)p
|x—h|<1
e Z |Cm,lb ,v,l| iR v 117
=2 =T ( /. TRl Or ](x){"w(x)dx)

Z[ |Cm,lbu,v,l|

m!

M

=

( o FO) -1 Pw() dy)é

3
Iy

Z |lebﬂvl|< V(y)|pw(y)d_y)p
= ly—h|<2

[e¢]
(X p 1t lE0°)"
= CZO m! (

1

) w) dy)”

ly—h|<2

< CelTup ap) ( o) we) dy) '

ly—h|<2
< c( )P wiy) dy)ﬁ
|y—h|<2

for all # € R, which implies that 7"1/;’5 is bounded on L?(w).
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