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1 Introduction and results
In 2000, Liflyand and Méricz gave the definition of Hausdorff operator in [1]. Suppose f

is a locally integrable function on R, the Hausdorff operator is defined by

(7

hof (x) = fR ; )f(t)dt, xeR,

where ® belongs to L!(R). The fractional Hausdorff operator in higher dimensional space
R” is defined in [2] as follows:

()

Hoaf @)= [ —25r0)dy,

where @ is a radial function defined on R”, 0 < 8 <n. When B =0, Ho gf = Hof .
If we set ®(£) = t£7" x1,00)(£), we get

Ho gf (x) = Hgf (%),

where Hy is the fractional Hardy operator defined by

f)dy, xeR"\{0}.

%" Jiy1<pa

If we set ®(£) = x(o,1)(¢), we obtain

Hoaf () = Hf (),
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where Hj is defined by

Hif W= [

izl 71"
The properties of Hausdorff operator in L?, H?, h” and other spaces can be found in
[1,3-7].
Let T be a classical Calder6n-Zygmund operator with its kernel satisfying the standard
estimates; the commutator generated by 7" and a function b € BMO(R") is defined by

(6, T1f (%) = bx) T(f)(x) — T (bf ) (%).

In 1976, Coifman et al. [8] proved that [, T'] is bounded on L?(R”) for any 1 < p < 0c0. In
2012, Gao and Jia studied the boundedness of commutator [b, Hg] of Hausdorff opera-
tor with central BMO function in Lebesgue space, Morrey-Herz spaces, and Herz spaces
in [9]. The theory of commutators of singular integrals has been studied extensively.

In 1981, Cohen [10] considered the following generalized commutators:

Qx—y)

Taf(x) = / FO)AR) —AW) - VAW)(x— ) dy,

R [ =y
where © € L'(§") satisfies Q(rx) = Q(x), A > 0, V&, [q1 [%/Q(x) dx = 0. And he proved
when Q € Lip,(5"!), VA € BMO(R"), T, is bounded on LP(R") for 1 < p < oo.

In 2002, Pérez and Trujillo-Gonzélez [11] established the boundedness for the multilin-
ear commutators of the classical Calderén-Zygmund operators T;f, which are defined by
Tpf (%) = f]R” ]_[;':l(bj(x) — bj(y))K(x,y) dy. Later the multilinear commutators were widely
studied by many authors.

In this paper, we mainly discuss the properties of generalized commutators and multi-
linear commutators of Hausdorff operators with central BMO functions in some function
spaces.

Let us first of all recall the definition of homogeneous central BMO space.

Definition 1 [12] Let 1 < g < oo, CBMO,(R") is the space of all functions f € LT (R™)

loc

satisfying

1/q
If ) = faon|” dx> < 00,

71 ( !
CBMO,(R") = SUp
a(%) 1B0,1)] Ja0s

r>0

where B(0,7) = {x € R" : |x| < r} and f3(,) is the mean value of f on B(0, r).

It is easy to see BMO(R") & CBMO,(R"), 1 < g < 00, and CBMO,(R") G CBMO,(R"),
1<p<g<oo.

Let us give the definitions of the generalized commutators of Hausdorff operator and
the multilinear commutators of Hausdorff operators.

Let A be a function on R” having derivatives of order one in CBMO,(R"). For x,t € R”,
set

R(A;%,8) = A(x) — A(£) - VA(£)(x — ).
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We define the fractional generalized commutators of Hausdorff operators as follows:

(55

¢f(y)1e A;x,y)dy
ly"=#|x —

_/ () ~ PN R ) dy
\

yl<|x| |J’| /3|x )’|

Hap paf () = A

q)(lyl
[ R ) dy
Iy|> x| [yl"=Plx —yl

= H}D’ﬁ,Af x) +H¢,,3,Af x

Page 3 of 22

where ® is a radial function. When 8 = 0, write Ho g4f (x) = Ho 4f (%), and Hé’ﬁAf(x) =

HY, of (), H2 4 of () = HD, ,f (%),

Set ®(t) = tP7" x(1,00)(t), then

Hopaf (%) = Hp af (%),

and set ®(¢) = x(0,1)(), we have

Ho,paf (x) = Hj 4f (x).

In 2010, Lu and Zhao [13] considered the properties of generalized commutators of

Hardy operators. They got the following results.

Theorem A Let1<p< oo, u>p',s>n, and L > 0. Suppose VA € CBMOnax(su- If ot <

nplp’, then

1 HAf |l a1 ax) < CII VAl camoy, ) U Lo (i ds)-

Theorem B Let 1 <p < 00,1< g < 00. Suppose u>q', s >n and VA € CBMOnmax(su}- If

a<nlq, then

”HAf”j(;"P(Rn) = C”VA”CBMO(W; "f”j(g'f’(]Rn)'

Theorem C Let 1 < p <00, 1<q <00 and ) > 0. Suppose u > q', s >n and VA €

CBMOnax(suy- If e < nlq' + A, then

”HAf”MKgI’,;"(R”) = CHVA”CBMO(S,L‘) ”f”MK;‘,‘;(R”)

Let b = (b, ..., bm), by € CBMO4(R"), 1 <j <m, 1 < q < oo. Similarly to [14], we con-
sider the followmg the multilinear commutator Hy, ; ; generalized by the # dimensional

fractional Hausdorft operator Hg, g and b:

i D(
Hy 53 (%) = /R ) []‘[(bj(x)—bj(y))}l |n‘y‘ﬂ ) dy,

j=1

where m is a nonpositive integer, ® is a radial function.
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We decompose the integral

x

Hey,p3f (%) ‘f -7 [1_[ (bj(x) = () }f(y)dy
=1

i

f | [H (b,3) - b,0) }J(y)dy
i<k I"7P ] 0

i

b b; d
; /y N D‘l[ @ - b0) ]/(y)y

= Hclb,ﬂj,f(x) +Hi’ﬁ’5f(x).

When m =1, 8 = 0, denote

Hq),ﬁ,,;f(x H@bf b Hq;]f

and
HYy of () = Hyof @), H2 of(6) = HB 4f ().
Select
®4(2) = 77" X100 ()
and
Dy (t) = x0,)(8)s
we have
Hy o of ()=
and

Hiz,ﬂ}f(x) = H;,Ef(x).

Before we formulate the main theorems, we give some remarks

e / o’ ’
%d;;l,ﬁ,r = </(; |q>(t)|V t—l*ﬁrJrT dt) ,

By, = (f o) ‘”) ,/
0

When g =0, denote by g 5 . = Fg ..
Our main results are the following theorems.

Page 4 of 22
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=2, and VA e CBMO

Theorem1 Supposel <p,q<00,0<pB<mn, }7 - max(s,

1 p_r}(R") with
q i
s>mn, r<min{p,q'}.

(a) Iffszfg,ﬁ,r < 00, then H}D’ﬂ,A is bounded from L¥(R") to L1(R").

(b) If By, < 00, then Hy, 4 , is bounded from LF(R") to L1(R").

(c) If,ngq’f,ﬂ,r < 00, By, < 00, then He,p 4 is bounded from LF(R") to L1(R").

L _L_ 8 and VA €
o @ on

Theorem 2 Suppose 0 < p <00, 1 < q1,q2 <00, 0 < B < n,
max{s’ﬂ}(RH) withl<r<qy,s>n.

CBMO 1
q1-r . o

@) If gy, <00, 00 < =, then Hy, 4 4 is bounded from K%’p(R”) to K,;%’p(R").
(b) If By, <00, a0 > (2 1), then Hé,ﬂ,A is bounded from Kg,” (R") to Kz’ (R").

q2 r

(c) I]"Mqﬁ’,ﬂ,r <00, By <00, =(- = 1) <a< ==, then Ho g is bounded from
K" (R™) to Kg,F (R™).
Theorem 3 Suppose 0 <p<00,1<q1,q2<00,0<B<nAi>0, q%_qiz = %,andVAe

CBMOmM{Sy%}(R”) withl<r<qy,s>n.
@) If gy, <00, a<? - o+ A, then H<11>,/3A is bounded from Mf(g;;l (R™) to MI'(;’;Z (R™).
(b) If By, <00, a >~ = %) + A, then H(Zbyﬂ,A is bounded from MKI‘j‘,'q)‘] (R™) to
i,k
ME: (R™).
(© If g, <00, B, <00, —(

oA n o, n
MKz (R") to MKS?: (R"),

qiz - FAi<a<t - i + A, then Ho g 4 is bounded from

Remark 1 Select ®(¢) = tP~" x(1,.0)(£), it is easy to get g, <00, and Ho g af = H}D'ﬂ,Af =

Hg 4f. We can get the boundedness of generalized commutator of fractional Hardy oper-
ator on Herz and Morrey-Herz spaces.

Remark 2 If we select ®(¢) = 1/~ x(1,0)(2), it is easy to get B}, < 00, and Hopgaf =
Héyﬁ,Af = H ,f, by Theorems 2 and 3, we can get the boundedness of Hy , on Herz and
Morrey-Herz spaces.

Remark3 When § = 0, by Remark 1 and the definitions of Herz and Morrey-Herz spaces,
we can easily get Theorem A, B, and C.

Theorem 4 Let 0 <p<o00,1<qi,q2<00,0<B<mn, %—q%zé,l<r<q1,s>n,and
; 1 1
b; e CBMOmaX[Viqz,qt?jrr/_](R”)’r/>1 I<j=m),;+-+,-=L

(@) IfAGp, <00, a <%~ 2, then HCID,N-; is bounded from Kg¥ (R") to Kg,' (R").
(b) If B, <00, a > —(qi2 — %), then Hi,ﬂ,}; is bounded from I'(gl’p(R") to Kgf(R”).
(© If A, <00, By, <00, —(2 =) << — 2, then Hy g, is bounded from

. . q2 r
K7 (R™) to Kg,F (R™).

Theorem 5 LetA20,0<p<oo,1<q1,q2<oo,05/3<n,qil—qizzg,l<r<q1,s>n,
and bj € CBMO .y v (R, 1y >1(L=j<m), vov L=t
a1 "

@) If gy, <00, @<t - 2+ L, then H‘; a3 is bounded from Mf(;,f’;l (R") to Mf(;‘;;z (R").
(b) Ifzg,, <00, a>~(2 =) + A, then Hi,ﬂ,E is bounded from MK (R") to

MEK: (R7).
(© If Ay, <00, By, <00, —(2 = 2)+ h<a < — 2+ then Hy 4 is bounded from

q2 r
et N
MEKZ (R to MEZS, (R).
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Remark 4 If we select ®(£) = tP~" x(1,50)(£), it is obvious that g g, < 00, We may obtain
the boundedness of H 5,5 on Herz and Morrey-Herz spaces. If we select ®(£) = x(o,1)(2),
B, < 00, we may obtain the boundedness of H;i; on Herz and Morrey-Herz spaces.

1 _ B : ’ .
= r < min{p,q'}, and b; €

Corollary 1 Let 1 < p,q < 00, s > n, 05/3<n,}9
CBMO g, 7.1y (R), 17> 1 (1 < j < m), mAe =L
(a) If,szfq,/3 . <00, then H .63 is boundedfrom L”(R") to L1(R™).
(b) If B, < 00, then H2 5.5 is bounded from LP(R") to L1(R").
(c) If;zfcbﬁ , <00, By, <00, then Hy, 53 is bounded from LP(R") to L1(R").

Remark 5 When 8 =0, m =1, the boundedness of commutator Hg j, can be obtained on
Lebesgue, Herz, and Morrey-Herz spaces.

The rest of this paper is organized as follows. After recalling some preliminary notations
and lemmas in Section 2, we will prove our results in Section 3. We would like to remark
that the main methods employed in this paper are a combination of ideas and arguments
from [8, 9] and [13].

Throughout this paper, we let p’ satisfy 1/p + 1/p" = 1. The letter C, sometimes with
additional parameters, will stand for positive constants, not necessarily the same at each
occurrence, but C is independent of the essential variables.

2 Preliminaries and lemmas
In order to prove the theorems, we will formulate some lemmas and preliminaries. For the
multi-indices y = (y1,...,ys), we will always use notations |y|=y1 + - + ¥, ¥, 1 <j < n)
being nonnegative integers, x” = x]' ---x;". Let VA = (D1A,D»A, ..., D,A) where D;A =
A i=1,...,n
ax/ b e

For any positive integer m and j (1 < j < m), we denote by 4 the family of all finite
subsets o = {0(1),0(2),...,0()} of {1,2,...,m} of j different elements. For any o € €, we
associate the complementary sequence ¢’ € ‘f’ m-j given by o' = {1,2,...,m} \ 0. We also
denote by |o| the number of elements in o, and

€ = {a 10 = {0(1),0(2),...,0(1')}}, 1<j<m.

Let b € CBMO,,,(R") (1 <j < m), b=(by,by,...,by), for 1<r,q <o,

1 1
— 4 — = 1,
rn 'm
denote by [|5]|caumo,,, ) = 161l cBMO,,, %) 1621l cBMOgy, 7 * - 1Bl cBMOg,, (R)-

Foralll<j<mando = {0(1),0(2),...,0()} € €. Denote b = (bs@)s bo(2)s+ -+ b))y
by = (bs(js1)s - - - » b)) Denote

(B(x) - b)), = (bo)(®) = boy®)) - - - (Boy(®) = oy (»))

and

(bs - b0), = ((be)s = bo®)) - - ((Bo )5 — oy (@),
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where B is any ball in R”, (b, ;) is the average of b, ;) over ball B. Denote by

165 llcBMOg, (R) = 1o 1) | cBMOy, ®1) 1D ()| cBMOQ,, 7 -+ ”bcr(/)”CBMqugj ®")»

where 1 < g < 00, Yoy € {ri,..rmph, 1<j<m,

1 1 1

-+ e — = —

Toq) Togy 7o
and

1 1

—+—=1

Iy Yo/

Forallo € ‘Kj’”, denote

o] d()

Ho,p5,f (%) = /}R . L_l[(bau)(x) = b)) y|n|f|ﬂf 0 dy,

when o ={1,2,...,m}, 0’ = 0, write by = b, H, 5 = Hy 550 Ho g5, = Hop.
For k € Z, let By = {x € R” : |x| < 2}, Cx = B¢ \ Bi_1, and xx (k € Z) denote the charac-
teristic function of the set Cy.

Definition 2 [15] Let « € R, 0 < p < 00, 0 < g < 0o. The homogeneous Herz space
K7 (R") is defined by

Ky? (R") = {f € L (R"\ (0), If Il oo ny < 00},

where

00 lp
ko,
|V‘”1’<;;’p(R”) = { Z 2 p"kaHIZLI(Rn)} )

k=—00

with the usual modification made when p = co.

Obviously, I'(; 4R = L1(R"), I'(j’q(R”) = L1(R", |x|%), so the Herz space is the natural
generalization of the Lebesgue spaces with power weight |x|*.

Definition 3 [16] Leta € R,0<p < 00,0 < g < 00,and A > 0. The homogeneous Morrey-
Herz space MK;{;?(R”) is defined by

MEGE (R") = {f € Lo (R \ {03), If gz ny < 00},

where

ko Up
R I— 2—/(0A 2/(0117 p Y ,
”fHMKp,q)"(R ) p < E ”ka”LII(]R )

k() €7 k=—00

with the usual modification made when p = co.
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Obviously, MK (R") = Kg” (R").
Similarly to the discussion of Lemma 3.1 in [9], it is easy to get the following results.

Lemmal Let 8>0,1<r <p< o0, isaradial function, then

. |2 (50)! Sini-1) -
() [ 0 dy < o 2P U e

[P (5 Bein(L_1y 1
(5 / |J/Iriylﬁ [fo)|dy < Bo 2P ) 7 N il -

Lemma 2 [14] Let A be a function on R" with derivatives of order one in L1(R") for some

q > n. Then

|A(x) - A(y)| < Clx - y|(|[y /|VA z)|qdz) ,

where I, is the cube centered at x with sides parallel to the axes and whose side length is

2./nlx -y

Lemma 3 [10] Suppose that f € CBMO4(R"),1 < g < 00, and r1,r, > 0. Then
1 [f (%) = fiom)| " dx <C 1+ log If Il caaro, -
B(Orrl) B(0,r1) ? a

3 Proofs of main theorems

It is easily to see that Theorem 1 can be immediately deduced from Theorem 2 by letting

a=0,1<p=q1 <00,1<qy =q<oo. Thus it is sufficient to prove Theorems 2 and 3.

Proof of Theorem 2 'We only consider the case 1 < p < 0o, while the case p = oo follows

after slight modifications.
ar

For simplicity, we denote g = e

(a) When &g 5 < 00, we get

()| &
s e = [ (] ¢!R<A;x,y>f<y>ldy) ax

P lx -yl

q2
| |
fck (Z / vy ﬁljc [R(A; x,y)f(y){dy) dx

Lz

=1 +1I.

q2
/ oG |R(4; %, f(y|dy> dx

B lx -y
S e Pl - yl

For fixed k, set
Ar(y) = A(y) —mp (VA)y*, for all multi-indices « such that |a| =1,

where mp, (VA) is the mean value of VA on By. By a simple calculation, we get R(4;x,y) =
R(Aj;%,y). (More details may be found in [17].)
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Sincey € C;and x € Cy, i < k—2,then |x—y| ~ |x| ~ 2. It is easy to deduce that VA (y) =
VA(y) — mp, (VA). Then by Lemma 2 for s > 1, similarly as the discussion in [15] we have

[R(Ak%,9)| < |Ar(x) = AcO)| + [VA®Y) - mp, (VA)|1x -y

1 1/s
§C|x—y|{<|1y|/|VAk(z| dz) +|VA(y)—mBk(VA)|}

1 B 1/s
< Clx—y| —f |VA(z) - mp, (VA)| dz
241 | po,cak)

+|VA(@y) —mBk(VA)|}
< Clx - yI(IVAllcamo, + |VA®) — mp, (VA)|).

Then we can split / into two parts

@
\yl
/Ck (zz /l y["Plx - y| [R@ »xry)f(y)|dy> dx
@
: C/Ck <,Z/ VP‘ﬁ HVAHcBMoavwdy) ix

\y\ "
+c/C(Z [ o wao)-m vmwwy) s

= 11 + 12.

Now we estimate the I;. Using Lemma 1(i) and noting that - o % - E, we get

k-2 L)
n(l- 1) rp_kn
11<qu§lﬁrq2”VA||CBMo/ (sz(r gk Hin”qu(R")> dx
By

i=—00

k=2 92
in(}— =) o kp— k2
< Cyy,” ”VA”gBMoJBH( E 2" ok Hin”L”ll(]R”))
i

=—00
k=2 L 92
(i=k)n(5-2-)
scﬂs,ﬂ,ﬂHWAii?BMos(Z 2 |Vx,-||Lq1<Rn>> :
i=—00

For y € C;, we have

|VA(y) - mp, (VA)| < C|VA(y) — ms,

i+1

(VA)| + (k= ) VAl caao,
Then we can decompose I, into two parts

|| 92
125c/ (Z/ Iyl"yﬁ VA(y) - mBM(VA)Hf(y)‘dy) dx

X

S o) ”
+C/C<Z“;/ b (k—i)||VA||CBMollf(y>}dy> dx

G It

7 1"
=1+ 1.
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For I,, by Lemma 1(i) for r < ¢; and Holder’s inequality, we have

k=2 g2
( |x|ﬁ—r/C.‘VA(y)—mBHl(VA)‘r[f(y)]rdy) dx

i=—

b= cory,” [
C

k

k-2 '
" I\ a1
< [ | 23 [ 900001
k i=—oc0 i

x (/Cilf(y)\‘“ dy)ql}qz dx

k=2 q2
_kn qa-r
< Cy,® /C (Z 256 | VAl cmo, 1Bil 7 Hinlqul(Rn))
k

i=—00

k-2 92
i—kyn(L—- L
< Cdgy,” ”VA”gBMOq< § : 29 (R")) .

I=—00

7 i 1_1_8
For I}, using Lemma 1(i) and o =~ o weget

k-2 q2
in(l_ 1 n
I < Cly 5 PIVAI S0, / (Z(k—i)f"(' w|x|f rufxinmRn)) dx
Ck

i=—00

k-2 q2
Neyin(l-L _kn
< Calgy,” IIVAII?BMolzk"<Z (k= 02" a0 2552 il (R"))

i=—00

q2

k-2
o i—kn(t- L
< cwg,ﬂ,rq2||VA||%zMO1<Z(k -2 “)'W"“WR"))
i=—00

To estimate I, take a ¢ € C§°, such that supp¢ C B(0,2) and ¢ =1 in B(0,1). Set M =
max{||@|lco, IVPlloo}. Take yo € Cryq, and let

AL () = (Ar(x) — A(y0)) 9 (27Fx).

Forxe Cy,ye C;, k—1<i<k,and ¢ =1 in B(0,1), we may have ¢(2’kx) =1, ¢(2’ky) =1.

Since
R(A;%,9) = AL (x) - AL () — VAL ) (x - ),
we have

R(AL%,7) = (Ac(®) — Ac(y0)) ¢ (27 %) = (Ax () — Ax(30))p(27y) - VAL ()& - )
= Ac(x) — Ar(y) = V(Ac) = Ac(0)) (x - 9)
= Ar(x) - Ax(y) - VA () (x - y)
= R(A,x,)

=R(A,x,).
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Then we have

e[z
ef (2

= 111 +112.

ke ﬁlx 9l

q2
> [ i oleatinl) o

i=k-1

q2
|;V| ¢ ¢ d d
/, i1 NIk - 40 y) ’

q2
/ ‘y‘ﬂ IFo)| VA¢(y)|dy) dx

n
o) [yl

Now we consider II;. Since k —1 < i < k, y € C;, o € Crsa» |y — yo| ~ 2X, by Lemma 2, we
get

VAL = [V((4x0) - 4x00) ¢ (279)) |
< |VA)e(27y)|
+278|410) - Akyo)| [V (2759) |

< M(|VAO)| + 27[Ax() - Ax(30)])

1 s 1/s
SCM<|VAk(y)|+2‘kIy—yol(W/ VA2 dZ) )
15| JBo

< CM(|VA)| + VAl caaro, )-

Then we see

1, SC/
Ck

q2
/ i lf(y)||VAk(y)|dy> dx

£ k “Je, 1P
o«
/ ( dy) dx
Ck i=k-1
=10, + 11,
Since VAi(y) = VA(y) — mp, (VA), we get
7
11’2§C/ (Z VA)]dy) dx.

Employing the same idea for estimating I, we have

k q2
I, < Cly 5 VAN G0, (Z I xill <Rn>> :

i=k-1
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We now estimate II’,. Applying Lemma 1(i), we get

k q2
i(1_ L n
13 < CIVAIEppo, Z5.," / (Z 2" x| '|let||Lq1(1R")) dx
k

i=k-1
k

q
n  qaokn m(%,i) B-% '
< CIIVAIGspi0, 74 5,72 27 e P il ey

i=k-1

k a2
i—fn(L—-L
< CIIVAIEarto, T 50" (Z 2 ql)”in”L‘ll(R”}> .

i=k-1

Next we turn to estimate II;. By Lemma 1(i), we get the following estimate:

k | @]

Iyl
II, < C||VA| 2 / § / -2
CBMOs a \/ 57, Jatapea Y1 Bl -yl

q2
x [A7 ) - AL )] [f )| dy) dx

= CIVAIZ0, / (

q2
x |AL(x) = AL )| [f )] dy) dx.

|D(5)I

Z 1yl
— /2" Lely|<2i,2) <|x—y|<2*1 |)’|" ﬁ|x—}’|

i=k-1j=—00

Now we estimate |Af(x) - A‘,f (»)|. By Lemma 2 and Lemma 3, we obtain

1/s
|AL(x) — AL ()| < Clx - y|(|1y /|VA"’ |dz)

1 1/s
< C|x—y|(ﬁ / | VA(2) + ||VA||CBMOS|‘dz)
B(0,C%)

1 s 1/s
< CM|x—y|((ﬁ f | VA)| dz) + ||VA||CBMOS)
B(0,C%)

< Mlx—y|(lk —jl + C) I VAl camo,-
Then by qiz = qil - %, we get

/ 12!
2i-1e|y|<2i,2 <|x—y|<2*1 |y|” ﬂ

I < CIVA(E0, / (Z
Ck

i=k-1j=—00

Y
M[(k-j)+C]f o) dy) dx

k i q2
< Cy 5, I VAl G0, (Z (k=258 P3| f il ]R") dx
Ck \i=k 1j=—

12

k q2
sCdg,ﬁ,,qz||VA||%;Mos2k"<Z (k=22 | il m)
i

—k-1j=—00
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k i q2
o~ G—k)m(E - L
< Cdgy,™ ”VA”%ZBMOS(Z Z(k—l)zo a q1)|lei||qu(Rn))
i=k-1j=—00

k q2
< Cd 5,2 IVAIE 0, (Z I xillzn <Rn>> :
i=k-1

Then we have
I,

0 k=2 (L1 p é
< C||VA||CBMOWM{ 3 zkap<z<k—i)2(" )”<?‘ﬁ>|1fxi||m(m) }

k=—00 i=—00
1 1 ? 1%
A (i—k)n(L =L
(k — )26 ql)”in”qu(R”)) }

k
i=k-1

o0
+ Cl| VA CBMOpayisg) ! > 2W<

k=—00

k=—00 i=k-1

00 k p };
+ C||VA||CBMOS{ > 2"“!’(2 |[in||Lq1(]Rn)) } =L+]+K.

Case 1. 0 < p <1. By the well-known inequality

00 p )
(Zw) < lail,
i=1 i=1

we have the following:

1
o) k=2 »
N pali—kn(t-L
L < CI VAl oMoy | 2 27 Y (k= ipr2 ™ q1”’|m||’qu(m)}

{s.q}
k=—00 i=—00

o] 00 }7
; X i) (B
< ClIVAICEMOpgy ] D 277 Y (k= ip2 00 “”’ufxin’zw)}

i=—00 k=i+2
1
o0 oo
: N poy (k=) va—1)
S C”VA”CBMOmax(S,q) Z zlap”.le'”iql (R7) Z (k - l)pz ' K ey P}
i=—00 k=i+2

< ClIVAIlcBMOmaxis g IIf I REP (-

Similarly to the estimate of L, we obtain
J = ClIVAI cBMOmaxis,g) |lf||1‘<;’1vP(Rn)-

For K, we have

1
o r

K< C”VA”CBMOS{ > ke |lei||IZq1(Rn)}

k
k=-00 i=k-1

00 r
< C||VA||CBMOS{ > 2‘“Pufxi||’zq1(w)} < ClIVAl camo, If v oy

i=—
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Case 2.1 < p < 00. Using Holder’s inequality, we get

M

00 k-2 p Ilf
k—i _n
L < ClIVA| CBMOmpsy {}:( (k- iy2*? r)ufxi||m<m>}
L

1) k=2
< C”VA“CBMOmax {s.q} { Z

k=—00 \i=

2L’“P(k—i)"’2(k"')( DLl Rn)

()

00 , 1/p
o k=)ot 2~ 1) B
< C||VA||CBMomw,{ D 2P i ey (Z ol =0 )}

=

i=—00 k=i+2

< ClIVAIl cBMOpas s g IIf 2P (rmy:

Similarly to the estimate of L, we obtain

J = CIVAIlcBMOpaysq) 1l icop emy-

For K, we have

1
PY»
K< C||VA||CBMosi > <Z 225 f i W) }

k=-00

oo k
< C||VA||CBMoai > 2"*?(2 2B f il (R ))

(g

1
p
< C”VAHCBMOS( E 29I xillPq, (R ))

i=—00

RS 8

= ClIVAllcamo; Ifllgeor gny-

This completes the proofs of (a). The proofs of (b) are similar to that for (a), thus we omit
the details. By combining the estimate (a) and (b), we get (c). O

Proof of Theorem 3 (a) We only give the proof when A > 0. By a similar method to the
proof of I, I in Theorem 2, we have

||H<ll>f5AfHM1<“

a2

ko 1/p
= sup 2"(0’\( Z pad (H<1>,/3Af)Xk”IZ‘12(R”)>
X

ko€Z k=—00

ko k-2 L pylp
ikl L
S CHVA”CBMOm'X{s qlr Sup 2 ko)»{ Z 2](0117(2 2(! ()Vl(y ql)”fxi”L‘“(R”)) }

_r koeZ k=—00 i=—00
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—koh
+ClIVAllcamo . 4, Sup 277
max{s, }
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ko k 4 pylp
« { Z 2kap<2( l)2 i—k)n( rql)”f)(i”qu(]R")) }

k=-00 i=k-1

ko pyUp
+ ClI VAl cano, sup 2° W{ > 2“‘"(2 I xill 2 Rn> }
koe

k=—00 i=k-1

=C|VA 2 ko?
=C|IVAllcamo . gr , SUP
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ko 1 1 k-2 1 1 1"
QTR (S ) |

k=—00 i=—00

—koh
+ClIVAllcgmo . g, Sup 27
max({s, ~——}

Sq- koeZ

ko 1 1 k 1_1 1"
x { 3 2kap2_kn(’_ql)(2(k—i)2m(’_q1)|[in||qu(R”)> ]

k=—00 i=k-1

k pyUp
+ ClIVAllcamo, SUP 2" kok{ > 2kap<z f Xill Lo e ) }

k=—00 i=k-1

:=E1 + Ey + Es.

For Ej, noting that « < % — ﬁ + A, we have

—koh
E < C”VA”CBMOmaX( qr, Sup 27

Sq1-7! ko el

ko - ( (- v
{ Z (Z kg kG =gy iy W xillzan ]R") }
i=—00

k=—00
<C|VA 2t
= ” ”CBMO q1r Sup
max{s, q1— 717 ko€Z

k=2

k
0 kao—kn(t-L) in(-Ly iy
f 3 (e

k=-00 \i=—00

,‘ lp\ Py 1/p
" 2,,\2;,\(2 21“P|[flellzq1 (]R”)) ) }
/

< C|VAlcsmo_ g sup 2

(s g1} kyez
ko k-2 Py 1p
= (i—k)(—a+ 2 -2 1))
’ { 2 (Z 2 W i e
k=—00 i=—00

1/p
< C||VA sup 27504 Z 2 i
— " “CBMOmaX(S qur) kOE% k=—00 Hf'”MK;’ql R")

—koropkoX .
< ClIVAllcamo A kSuE%Z 2 |lf||M1<g;;\] (®7)
- 0

= C"VA“CBMOmaX{S,%} |V||Mk§??1(R”)'
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Similarly to the proof of E;, we have

< ~ )
Ey < C||VA||CBMOmaX(S‘%) |[f||MK%1(Rn)

For E3, we have the following estimate:

E; = C||VAllcamo, sup 2750*

ko€Z

ko k i 1/p\ py1l/lp
x i 3 2k“1”(z 2’“2“2”2”2“(2 2’“”|fo:||'zq1(w)> ) }

k=—00 i=k-1 I=—00

ko lp
< C||VA| camo, sup 27F0* ( Z 2k‘w>

ko€Z k=—00

k
(i—k)(—a+A) R
X Z 2 ”JCHMK;';] (R")
i=k-1
S C” VA ” CBMOg ”f”MK;[;l (R™)*

This finishes the proof of (a). The proof of Theorem 3(b) is similar to that for (a). We omit
the details. By combining the estimates of (a) and (b), we can easily get (c). a

Proof of Theorem 4 We prove (a) first. When <73 5 . < 00, we get
” (Hibﬂl'f) Xk ”Zﬁz =)

SAMAS ;

Flt-s
<[ (2
/Ck(é/ :
"

cb\y\ Lf(y)| )qz
|y|"=#

m CI) q2
]_[ o) (%) — a(n(y)’ B |nm,3 If») |d> dx
=0

B} (&
>3 (b) - bs,), (b - b)),

j=0 ae?”’

L

|n‘”ﬂ )] ) dx
s (32 [ Geroto) «

o (z Sy [

*Oollae(v”m

x | (b) - by, (bs, — b)),

(/)

L

o)
) dx

|D(5) ”
e g /0y | dx

[16:0) - @)s)
=1

=1+ 11 +1I.
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Toestimate[,byLemmal(i)andq%:qil—%,%+-~~+i:1,1<r,-<oo,for1<r<q1,we

get

q2 k |<D(‘y| q2
r=c [ [os-om] (5 Grvora) o

m k q2
<c[ ]y IICBMqu, |Bk|<z 2" 2B ]R”))
j=1

1=—00

ﬁb(x
-1

k q2
i—ln(L- L
= Cl_[ 155 ||CBMoq2, (Z 2 ql)”in”M(R”)) .
i=—00

For II, we have

() . L L °
II:C/;k( 3 m/ . \(b(x)—bgk)l,(bsk—b(y))0,|lf(y)|dy) dx

a lyl*f
%@
) dx.

1 \yl _
sc} /ck|(”‘x) by, | (Z/ T B, - 500),

By Lemma 1(i), we have

H<CZ Z/ |(b(x) - s, |™

j=1 aeﬁ”’"

(l-oo W(/ (b5, = b)), | ) dy>1/r)q2 dx.

I
o)  To(2) To (j)

+-L =1, and noting that + =
VU/ q2

we get

1
Z Z < ) = (bor)s, |7 dx) W
<t§

(/ 1)) — (B ), |29 ) e
(/Ck< 2kﬁ-(/]bgk—b(y

m—

Z > 6o 1E5at0,,1, () |Bi

j= e%”m

k kn - -
x ((Z 275 /c-’(ka _b(y))a/ '

1r\ 9275’ 1rys
) ) dx)
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s(?}j Y 1o G0, , e B!

j=1 ae%m

k kn g >
(B

By Lemma 3, we have

—r

)" ([ vor dy))

= CZ > 1Bs W0, e & =0 B0 10ty

]lae%”” -7’

k a2
i—lm(L- L
X ( E 2(1 k)i’l(r ql)”inHqu(]R”))

i=—00

(q2/ qi-r Ty i=—00

k @
Ao’ o i=kn(i =)
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Now we estimate III. Since

[1B0) -®)5) =" > [(66) - bs,), (Bs, ~ bs)o' ],
Jj=1 j=0 oeE™

and by Lemma 3 and Minkowski’s inequality, we get

k
I < Z / ( /
i=—o0 Y Ck \Ci j=

m m-1
H(b,'(y) - (bj)Bl-) + Z Z (77()/) - I;B,-)(,(I;Bi - ZBk)a’
1
+ [ ()5 - )3,

j=1 ae(gjm

2

|P
i vwld) i

j=1
- “ q2
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k m 92
(Iyl
+C[§Q/;k</ !:1[ ||nﬂ VU)|d> x

=11l + Il + II5.

Then by Holder’s inequality, Lemma 1, and Lemma 3, we have

k
11115(72/ (|x|ﬂ¥/
i=—o00 ¥ Ck

k
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i=——o0 Y Ck
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1 a1

ql—r rq;r
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x (/C If | ™ dy)l/ql)qz dx

m k q2
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@

8
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j=1 a-r'j i=—00
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1
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k=—00 i=—00
:=L.

For 0 < p <1, by the well-known inequality

00 p 00
<Z |ai|) <> lail.
i=1 i=1
We have the following:

m
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o0
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m
<C[] I1Billcamo_
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i=—00
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For 1 < p < 00, using Holder’s inequality, we get
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This finishes the proof of (a). The proof of Theorem 4(b) is similar to that for (a). We omit

the details. By combining the estimates of (a) and (b), we can easily get (c). O

Proof of Theorem 5 We only give the proof when A > 0. By the definition of Morrey-Herz
spaces and the estimates for I, II, IiI in the proof of Theorem 4, we have

” @8, /”MK;;;Z

ko 1/p
= sup Z—koA < Z 21«11’ ” (H:p,ﬂ,zf)xk “iqz (Rn)>
k

ko€Z k=—o00



Sun and Shi Journal of Inequalities and Applications (2015) 2015:409 Page 21 of 22

m
koA
< Cl_[ ”bj”CBMOmax(qzr g, (R7) SUD 2770

i1 a-r'i ko€Z
ko k . pylp
« { Z 2kap<z (k - i)mz(l_k)n(;_a)”f)(i”m (]R”)) }
k=—00 i=—00
m
=C| | 15licamo vy (R SUp 2750
!:1[ J max{qzr]-,%r]-)( )ker
ko 11 K 11 Py
« { Z 2kap2—kn(;—ﬁ) ( Z (k - i)m2m('_ql)HinHqu(]Rn)) }
k=—00 i=—00
=K.

n

ot A, we have

For K, noting that o < % —
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This finishes the proof of (a). The proof of Theorem 5(b) is similar to that for (a). We omit
the details. By combining the estimates of (a) and (b), we can easily get (c). O

4 Conclusions

This paper proves the boundedness of the generalized commutators of Hausdorff oper-
ators Ho,g,4 and the multilinear commutators of Hausdorff operators Hy, , ; with central
BMO function, not only in Herz spaces, but also in Morrey-Herz spaces, which promotes
some results of Hardy operators or the multilinear commutators of Hausdorff operators
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