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1 Introduction

As we know, the Helmholtz equations can be regarded as a generalization of the Sturm-
Liouville equation to higher dimensions. The research on the Helmholtz equations Au +
«2u = 0 has drawn the attention of some physicists and mathematicians, we refer to [1-
17]. Using a new transform method, Fokas, ben-Avraham and Antipov translate some im-
portant boundary value problems for linear and for integral nonlinear partial differential
equations in physical plane to the corresponding modified Helmholtz equations. Novel
integral representations for the solution of the Helmholtz and the modified Helmholtz
equations formulated in the interior of a convex polygon are presented. These representa-
tions provide the basis for the development of certain analytical and numerical techniques
for diffusion-limited coalescence, see [4—6] for more details. This article focuses on mod-
ified Helmholtz equations in Clifford analysis.

The Clifford approach is a powerful mathematical tool for the treatment of partial differ-
ential equations in higher dimensions, see [1-3, 7, 15-23]. Maxwell’s equations in physics
are the fundamental equations of electromagnetism and are recast into Helmholtz equa-
tions by using the Clifford approach, which is different from the vector calculus method.
The electric and magnetic fields are treated together, both encoded as bi-vector into one
part of a four-dimensional Clifford number in Clifford approach; we mention here [7, 12—
14]. It is natural to consider boundary value problems theory for Helmholtz equations and
modified Helmholtz equations in higher dimensions, for instance, Riemann type prob-
lems, Dirichlet type problems, and so on. Besides the pure mathematical interest, these
results are necessary for concrete problems in physics and engineering [8, 9]. In [17], Rie-
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mann type problems for Helmholtz equations in the framework of Clifford algebra CI(V;,)
are considered. Based on some ideas from [17], Riemann type problems for Helmholtz
equations in Hermitian Clifford analysis are studied in [3]. However, to the best of our
knowledge, some boundary value problems for modified Helmholtz equations and their
applications in integral equations in the framework of Clifford algebra CI(V,,,) (n > 3)
have not been considered. The main motivation is that the modified Helmholtz opera-
tor has been exactly factorized by means of the so-called +«-Dirac operators (x > 0) i.e.,
A - k? = (D + «)(D - «) in the Clifford algebra CI(V33).

In this article, motivated by [24, 25], in the framework of Clifford algebra Cl(V33), we
obtain second order generalized integral representations and solve some Dirichlet type
problems for modified Helmholtz equations. We define some integral operators which
are the generalization of classical Cauchy type integral operators, Teodorescu operators
in Clifford analysis, and we study some properties of them. Finally, we study Riemann type
problems for modified Helmholtz equations and give some applications.

2 Preliminaries
Let V33 be an 3-dimensional real linear space with basis {ej, €5, 3}, Cl(V33) be the Clifford
algebra over V33 and the 8-dimensional real linear space with basis

{eA,A={ll,...,lr}E’PN,1511<---<ZVS3},

where N stands for the set {1,2,3} and PN denotes the family of all order-preserving
subsets of N in the above way. Now denote ey by eg and e;;...;, by eq for A = {[;,...,/,} € PN.
The product on CI(V33) is defined by

ejqép = (—l)n((AnB)\N)(—I)P(A'B)EAAB, ifA,B € PN,
At =34 pepn halseaes, A=), cpnraea 2.1)
K= pepn HBEB

where n(A) is the cardinal number of the set A, the number P(A4, B) = Z]EB

P(Arl)’P(A)]) =
n{i,i € A,i> j}, the symmetric difference set AAB is order-preserving in the above way, and
Aa € Ris the coefficient of the e4 -component of the Clifford number A. It follows from the

multiplication rule above that ey is the identity element written now as 1 and, in particular,

(2.2)

6?:1; ifi=1,2,3,
eiej = —eje;, ifl<i<j<3.

Thus CI(V33) is a real linear, associative, but non-commutative algebra. An involution is
defined by

n(A)(n(A)+3)
2

ia — (-1) e, ifAcPN, (2.3)

A=Y scpn hata, if & =3 4epn Haea-

In view of the multiplication rule (2.1) and the definition of the involution (2.3), it is easy
to check that

{e_,- =e, ifi=0,1,2,3, (2.4)

Ma=72A, forany A, pu € Cl(V33).
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The norm of % is defined by [|A]| = Q" cpn |)»A|2)%. Throughout this article, suppose
Q is an open bounded non-empty subset of R*® with a Lyapunov boundary 9%2, denote
Q" =Q, Q" =R3\ Q. We now introduce the Dirac operator D = Zil eiaixi. In particular,
we have DD = A where A is the Laplacian over R3. A function u : Q — CI(V33) is said to
be left monogenic if it satisfies the equation D[u](x) = O for each x € 2. A similar definition
can be given for right monogenic functions. Elementary properties of the Dirac operators
and left monogenic functions can be found in [8, 9, 26-29].

The elliptic partial differential operator H = (A —«?), for k > 0, corresponds to the mod-
ified Helmholtz equation:

Hu = (A - Kz)u =0, (2.5)

which has as fundamental solution the function

e Ixl

B0 = o

(2.6)

We defined the operators L., L_, as follows:
L.u=Du+«u, L . u=Du-«xu.

By the multiplication rule on Clifford algebra CI(V33), the modified Helmholtz equation

may be written as
L.L_ u=L_L.,u=0.

Denote

y—-X K (y —x) K >e—Ky—XII’ (2.7)

+ +
ly=xIP>  ly-xI> " lly—x||

1 _ _
Ka(xy,) = _< y—-x - Kk (y xz K )e—xlly—x, (2.8)
4 \ ly-x|I°>  lly=-x[I* lly-x]|

Ki(xy,) = —
X,V,K)=——
1y %4

where y — x = Z?Zl(yi —x;)e;. It is clear that Kj(x,y,«) and K,y(x,y,«) are fundamental

) 3 3 .
solutionsof L, =) ;| eiaiyi +kand L =) 7, eiaiyi — k, respectively.

3 Integral representation formulas and some properties of generalized Cauchy
integral operators

Let © be an open bounded nonempty subset of R3 with a Lyapunov boundary 9, u(x) =

> s eaua(x), where u(x) are real functions. u(x) is called a Hélder continuous functions

on  if the following condition is satisfied:

1

(1) — u(xa) | = [ZH ua(x1) — ua(xa) ||] 2 < Clx; - x|

A

where for any x;,x; € Q,x1#X,0<a<1,Cisa positive constant independent of x;, 5.
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Denote by H*(d2, Cl(V33)) the set of Holder continuous functions with values in
Cl(V33) on 992 (the Holder exponent is «, 0 < @ < 1). Define the norm of u in H*(3<,
Cl( ngg)) as

]l @o0) = lulloo + [l (3.1)

where [[tloc 1= SUP,cyq, I, |28l = SUPy, x, ey LELEEODN,
X1 7#X2

Lemma 3.1 [22] The Holder space H* (92, Cl(V33)) is a Banach space with norm (3.1).

Lemma 3.2 Letf,g € CY(, Cl(V33)) N C(R, Cl(V33)). Then

_/mdeyg:/S;[f]LKng+/Qflf,([g]d\/:/S;[f]L,Kng+/QfLKLg]dV

Proof From Stokes’ theorem in Clifford analysis in [26], the results can be directly proved.
O

Theorem 3.3 If u € C*(Q,Cl(V33)) N CYQ, Cl(V33)) where Q is an open bounded
nonempty subset of R? with a Lyapunov boundary 9%, then

1 eclly=xI
/ Ka(x,y, k) doyuly) + — / ———doy L [u](y)
aQ ae Iy —xI|
1 e~ ly=xI u(x), xe,
- g dv = _ 3.2
ar Jo Ty —x 1Y [o, xeR\Q, G2

where K,1(X,y,«) is as in (2.8).

Proof Let x € R®\ Q. Using Lemma 3.2, we get

1 [ eyl
— | T Hlul(y)dv
dr Jo lly x|l

1 e—<ly=xI 1 e~<lly=xI
= —d T . |Extk d
= [ ek - f [ }LL Lul(y) 4V

Iy —xI
1 [ ecly=
L e L) + f Koy, )L [ul(y) dV
4 Jyq lly —x|| Q
1 [ eyl

- o AL+ [ Kaboy) doyuty)
ar Jyg Iy - x| 90
Then the left-hand side of (3.2) apparently equals zero.

Now, let x € © and take r > 0 such that B(x,r) C Q. Invoking the previous case, we may
then write

1 clly=xI
/ Koy, ) doyuly) + / T o L lully)
A(Q\B(T) 47 Jy\Bxr) 1Y =Yl

1 o-lly=xI
S Hlul(y)dV =o0. (3.3)
C4m QB 1Y =Yl
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Here we take the limits for » — 0. As regards the weak singularity of e il ‘T" , the third
term of (3.3) yields
e ly=xI ~lly=x]
lim Hlu](y)dV =/ Hlu](y)dV. (3.4)
=0 Jorsur Iy — Xl o lly—xl
Furthermore we write
1 e lly=xl
[ Kaydout) + / doy L [1)(y)
AQ\B(x,) 47 Jy\Bxr) 1Y =Xl
1 e~y
- [ Katyrdoyutn s o [ doy L [1](y)
Q Ele} ||Y x|l
1 e~ ly=xl|
—/ Ka(x,y,«)doyu(y) - — f ———doy L [u](y). (3.5)
dB(x,r) 4 B(x,r) ||Y X”
We denote
. 1 e<lly=xI
O) :/ Ka(x,y, k) doyu(y) + —/ ——doyL[u](y). (3.6)
dB(x,r) 4 dB(x,r ||Y - X||
It follows from the Stokes formula that
37" 3ke ™"
Ox) = av + ——— av
) 4mr3 /B(x,,) uy)dv + 472 /I;(X,r) uty)
e —Kr
s w-womav o [ -xpumay
dmr B(x,r) dmr B(x,r)
+ & f Alul(y)dV. 3.7)
Ay B(x,r)
Applying the Lebesgue differentiation theorem, we have
}i_l)r(l) Ox) = u(x). (3.8)
Combining (3.3) with (3.4)-(3.8), we get the desired result. O

Theorem 3.4 If u € C*(,Cl(V33)) N CY KX, Cl(V33)) where Q is an open bounded
nonempty subset of R3 with a Lyapunov boundary 9%, then

e«lly=xll

/I(l(x,y,/c)dcryu(y)+ 1/
IQ

1 [ e*lyx

o m YL—K [](y)

ulx), xe,
0, xeR3\ Q,

(3.9)

Hlul(y)dV =
o lly—xl

where Ki(X,y,«) is as in (2.7).

Proof The result can be similarly proved to Theorem 3.3. O
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Corollary 3.5 If u € C*(Q,Cl(V33)) N CHRQ,Cl(V33)) where Q is an open bounded
nonempty subset of R with a Lyapunov boundary 3Q and H[u] = L. L_.[u] = 0 in Q, then

1 — lly—x| u(x), xeg,
Ki(x,y,«k)do,uly) + — ——doyL_.[u = _ 3.10
[ Ky erdouty) - [ oL dudy {0, g G0
where Ki(X,y,«) is as in (2.7).

Corollary 3.6 If u € C*(Q,CI(V33)) N CY(Q, Cl(V33)) where Q is an open bounded
nonempty subset of R® with a Lyapunov boundary 3 and H[u) = L_.L,[u] = 0 in Q, then

1 e~lly=xI ulx), xe,
/(;Q I<*1(X, Y,K)deM(Y) /Q ||Y ” deL [I/t] (Y) {0, xe RS \5, (311)

where K, (X,y,«) is as in (2.8).

Corollary 3.7 Let f(x) € C2(2, Cl(V33)). The solution of the following Dirichlet boundary

value problem:
Hu=f, in L,
L.J|u]=0, onoS, (3.12)
u=0, on 082,
is
1 e~ ly=xI
u(x) =—— f(Y) (3.13)

o lly —x|

Proof By Theorem 3.3, the solution of (3.12) is formulated as

1 e ly=xI
u(x) = / Ka(x,y,k)doyu(y) + — / ———doy L [u](y)
IQ aq lly — x|l
1 [ exly=xl
-— Hlu](y)dV, (3.14)
o lly—xI|
since L, [#] = 0 and u = 0 on 9%, the result follows. O

Using Theorem 3.4, we also have the following result which can be similarly proved to
Corollary 3.7.

Corollary 3.8 Let f(x) € CX(Q,Cl(V33)). The solution of the Dirichlet boundary value
problem

Hu=f, in S,

L_[u]=0, onof, (3.15)
u=0, on 082,
is
1 [ e*lyxl
u(x) = —— f (y)av. (3.16)
am Jq lly — x|
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Next, we introduce the following generalized Teodorescu operators T, the generalized

Cauchy integral operators Fi,, and the generalized Cauchy singular integral operators

Seit
T, [u](x) 2 - fQ Kaxy,c)uly)dV, xe, (3.17)
T_ [u](x) & - /Q K(xy,0uly)dV, xeQ, (3.18)
F[u](x) = /a . Ka(xy,k)doyuly), xeR?*\9Q, (3.19)
F_ [u](x) £ /8 . Ki(x,y,x)doyuly), xeR*\0Q, (3.20)
Selul(x) &2 /d i Ka(x,y,k)doyuly), xe€d, (3.21)
S_ [u)(x) 22 /ﬂ . Ki(x,y,k)doyuly), x€dQ, (3.22)

where k > 0, u € H*(02, Cl(V33)).

Lemma 3.9 [22] Let Q2 be an open nonempty bounded subset of R® with a Lyapunov bound-
ary 02, u € H*(0R2, Cl(V33)), 0 <@ < 1. Then

im [0 = “a) %SK [14)(xo0), (3.23)
xeQ
lim F uxo) g 3.24
lim B0 =20 4 25, lulxa), (324)
xeR3\Q
lim F _uxo) | g 3.25
Jim_ _e[u](x) = 5 *3 i [1](Xo), (3.25)
xeQ
5 F u(xo) IS
im_ Lelu](x) = - 5 3 e (1] (x0). (3.26)
xeR3\Q

Theorem 3.10 Let Q be an open bounded non-empty subset of R? with a Lyapunov bound-
ary 32, u € CY(, Cl(V33)) N C(Q, Cl(V33)). Then for x € ,

L T, [u](x) = u(x). (3.27)

Proof Step 1. Because u(x) has its compact support supp[u] € 2, we have

T [u](x) = —/QK*l(x,y,K)u(y)dV
- /}R KaGoy,uty)av

= —/ Ka(xy+x,6)uly +x)dV.
R3
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In view of u(x) having a compact support, the operator L, acting on T, [#](x) may be
interchanged with integration. Thus we get

3
d
L T,[u](x) = —lim ei— | Ka(xy + X, 6)u(y +x)

r—0 R3\B(0,r) ; ax,-[ ! ]

+ kK (X, y + X, 6)uly + x):| av

3
d
= —lim |:Z KX,y + X, K)a—u(y +X)
Xi

=0 Jr3\B0 | 75

+ KK (X, y + X, ) uly + X)i| av

3

0

= —1lim K (X, y + X, k) —u(y + x)
=0 Jr3\go | 5 dyi

+kKa(x,y+x,1)uly + x)i| av

3
0
= —lim E ei— | Kaxy+x,«)u(ly+x)| |dV.

r—0 ]R3\B(0,r)|:i=1 ayi[ * ]

Using the Stokes formula, we conclude that

LT [u](x) = liII(l) doy K (X, y + X, €)u(y +x)
=0 yll=r
= ]irr(l)/ doyKa(X,y +X, /c)[u(y +X) — u(x)]
=0 yll=r
+ lir% doy K (X, y + X, k) u(x)
=0 yl=r

1
= lim —/ day<L3 + "V2 _ L)e—nﬂu(x)
=047 iy Iyll> = lyll> Iyl

e~k 3xe "
:lim< ¢ 3/ av+ = / dV)u(x)
r=>0\ 477 Jyy<r 4rrs Jyyy<r

= u(x). (3.28)

Thus we have proved that (3.27) follows for any u(x) € C}(2, Cl(V33)).

Step 2. We prove that (3.27) holds for any u(x) € C1 (2, CI(V33)). We take a neighborhood
V of x such that x € V' € Q, a real-valued function ¥ € C*(2) such that ¥|y = 1 and
supp ¥ € Q2. Then

ux) = u¥ + u(l — W) := u1(x) + us(x).

It is obvious that u;(x) € CHS, Cl(V33)), uz(x) € CY(2, Cl(V33)) and w1y = u, uz|y = 0.
Following step 1, we obtain

L T [u](x) = u1(x) = u(x), xeV. (3.29)
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Since uy(x) equals zero in V, we get

LKTK [MZ](X) = LK |:_ / I(*l(x» Y, K)MZ (Y) dvj|
Q
= LK |:_ / I<*1(X, Y, K)”Z(y) dv:|
Q\V
=0. (3.30)
It follows from (3.29) and (3.30) that
L T, [u](x) = u(x). (3.31)
Because x is taken arbitrarily in €2, the result follows. O

Corresponding to Theorem 3.10, we have the following theorem.

Theorem 3.11 Let Q be an open bounded non-empty subset of R® with a Lyapunov bound-
ary 32, u € CY(2, Cl(v33)) N C(Q, Cl(V33)). Then for x € ,

L_ T_ [u](x) = u(x). (3.32)

In the following, we need to consider Holder’s boundedness of the singular integral op-
erators Sy,. It is necessary to solve the following boundary value problems in Clifford
analysis.

Theorem 3.12 Let Q be an open nonempty bounded subset of R® with a Lyapunov
boundary Q. Then the generalized Cauchy integral operator S,: H* (32, Cl(V33)) —
H*(0R2, Cl(V33)) defined by (3.21) is bounded, i.e.

S]] 0 < Clltll @, (3.33)

2 2 P
where C = max{%nz‘“(|89| +5-)+Ce, C5(|a§27|;7n +) 4 26(Con ;CBMQD} and |0Q2| denotes the

surface area of Q2.

Proof For x € 9Q2, we have

2 _ _
/ [ Y—X . + K(Y XZ _ K ]e—K||Y_x deM(y) ”
4 SaelLlly—xII®  lly-xI* lly-x|

1 _
_f K(Y xg eIyl dayu(y) H
21 Jaq lly — x|l

27 Jae lly — x|l

d

1/ Y=X iy H
+ | — ———e "W X doyu(y)
’2:7 s Iy —xIP vy

=h+h+]/s. (3.34)

IS 11109 = ]

E ‘

1 K
_ / e Klly=xI d(ryu(y) H
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Since 9<2 is Lyapunov boundary, the normal vector n is continuous on 9€2. Therefore, we
can choose 0 < i < 1 such that for the scalar product

(3.35)

N =

(n(x);n(y)) =

for all x,y € 9Q2 with ||y — x|| < 5. It is enough to consider the case of ||y — x|| being suffi-
ciently small such that the set 3L £ {y € 3Q : |ly — x|| < n} is connected for each x € 3.
Then the condition (3.35) implies that dL can be bijective into the tangent plane to 2 at
the point x. Using polar coordinates (r,w) in the tangent plane with origin in x, for any
u e H*(092, Cl(V33)), we arrive at

K( _x) —K||ly—-X
‘/; Yie Iy Idgyu(y)H§I<C'1||M||C><>fa

L lly —x|I*
where C;, C; denote nonnegative constants which are independent of u. Here we use the

1
ds < 2mcC2||u||oo/ dr
0

Ly —xI|
=27k Cynlluel oo (3.36)

facts that ||x — y|| > r, that the surface element

rdrdw

= mG0xy) (337)

can be estimated with the aid of (3.35) by dS < 2rdrdw, and that the projection 9L into
the tangent plane is contained in the interior of the sphere of radius n and center x. Fur-
thermore,

where |0€2| is the surface area of Q. Inequalities (3.36) with (3.38) imply

f L—Xle,,(w,x” doyu(y)H < 2JTKC3||u||OO/ ntds
aovar Iy — x|l IQ\IL

<27k Csllulloon 0L, (3.38)

2
< kCon” + kC3|0L2|

]1 ”M“oo' (3.39)

Using a similar method to the proof of /;, we obtain

_ kCon® + kC3|3Q|

Y4 oo (3.40)

Now we estimate /3. Combining u € H*(3€2, CI(V33)) with

1 y—X 1
— [ XX 4o -, forxeoq,
4 Joo lly — x|l 2
we have
hz| o [ ooty - )]
27 Jaq ly —xI?

+ [uta]

= / y-x doy[u(x)e™ " —y(x)]

27 Joq lly —x|1?
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1 1 1 1
< Cyllulla — ———dS+ G~ ull dS + || ull oo
21 Joq lly —x||* 2 aa Iy —x||

C. 1 1
5—4</ 72d5+/ —2d5>||u||a
21 \Jaoar Iy —x[|*7 ar Iy — x>

C 1 1
+—5(/ —d5+/ d5>||u||oo+||u||oo
27 \Jsar lly = x| o lly x|

2-a

Caf 54 n Cs, _
Sﬁ(nz 19921 + )||u||a+ﬁ(n QI + 1+ 1) 4]l - (3.41)

Combining (3.34), (3.39), (3.40), and (3.41), we get

C. 1
|Selul , < ﬁn*“(wm - 2_a)||u||a

(3.42)

Cs(10Q] +n*+1n)  2x(Con? + C5]02))
+ 5 + 2l o5
mn

where C,, Cs, Cg denote nonnegative constants which are independent of u.
On the other hand, for x;, x; € 92, it is enough to consider the case of ||x; — x| being
sufficiently small. It is obvious that

e Wily(y) e H* (092 x 99, Cl(V33)), i=1,2,
and
ly —xlle™Vlu(y) e H*(9Q x 3R, Cl(V33)), i=1,2.

Applying some properties of the Hilbert transform in Clifford analysis (see [8, 9, 16, 30])
yY—Xx
lly—xI12

and the weak singularity of and m, we conclude
[Sels](x1) = Se [l (x2) | < Colltllellxa — x| (3.43)

where Cs is a nonnegative constant independent of x; and x;. It follows from (3.42) and
(3.43) that

||SI( [u] ||(0(,3§Z) < C”M”(O{,E)Q);

_ Q 2 2 ‘ .
where C = max{&n>(|0Q| + 7= ) + Cg, SWSt=t0)  2(Con™+C3102)y The proof is com-
21 2-a 27 n

plete. d

Remark 3.13 By the same technique we obtain the following result that the generalized
Cauchy integral operator S_,: H*(3€2, Cl(V33)) = H*(92, Cl(V33)) defined by (3.22) is
bounded.

Remark 3.14 We assume u € H*(92, Cl(V33)). All integrals are understood in the Rie-
mann integral sense in Lemma 3.9 and Theorem 3.12. Now, let L?(92, Cl(V33)), 1 <p < 00
be the space of all Clifford algebra valued functions, whose pth power is Lebesgue inte-
grablein 0€2. If u € LP(9<2, Cl(V33)) then one has to understand F., as a Lebesgue integral,
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and the necessary changes can be easily made. For instance, the limits exist almost every-
where on 92 with respect to the surface Lebesgue measure in Lemma 3.9. Using classical
Calderén-Zygmund theory, an L” formulation of Theorem 3.12 holds.

In the framework of Clifford algebra CI(V33), we come back to the modified Helmholtz
equation (A — «2)[u](x) = 0, x € . By Theorem 3.3, Theorem 3.4, Theorem 3.10, and
Theorem 3.11, we have the following theorem.

Theorem 3.15 Suppose that Q is an open nonempty bounded subset of R® with a Lyapunov
boundary 3R, f,g € CY (2, Cl(V33)) N C(, Cl(V33)), L_([f] = 0 and L,[g) = 0 in Q. Then
the function u(x) is determined by

u(x) = T [f](x) + g(x) (3.44)

or

u(x) = T[] () +/(x). (3.45)

Conversely, suppose u(x) € C1(Q, Cl(V33)) and u(x) is a solution of the modified Helmholtz
equation. Then u may be represented by (3.44) or (3.45), where L_,[f] =0 and L,[g] =0
in Q.

4 Some boundary value problems for modified Helmholtz equations and its
application
We consider the following Riemann type problem now:

Hu =0, in R3\ €,
u*(x) = u~ (x)f(x) + g1(x), X € 0%,
Le[u]*(x) = Le[u]” (XA + 2(x), x€0L,
limy— 00 #(x) = 0,

(4.1)

where A is any invertible Clifford constant. gi(x), g2(x), and f(x) are Clifford value func-
tions in H*(9R2, Cl(V33)), 0 <a <1, H = A — k2, k > 0. We establish solvability conditions
of the Riemann type problem (4.1).

Theorem 4.1 Suppose f(x),g1(x), g2 (x) € H*(02, Cl(V33)), 0 < @ < 1, and f(x) satisfies the
following condition:

”1 _f(x)”(a,asz) “C+1 (4.2)

where C is a positive constant mentioned in Theorem 3.12. Then there exists a unique so-
lution to the Riemann type problem (4.1).

Proof Combining H[u](x) = L_,[L,[#]](x) = 0 and u(c0) = 0, we easily check L_, [u](x) = 0
and w(00) = 0. Let w(x) = L, [#](x). Then

o' (x) =0 (X)A + g (x), x€IQ (4.3)
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holds. Furthermore, we obtain

o(x) = ifm[(l(x, Y, ) doyg(y), x € QF, s
fasz Ki(x,y,k)doyg(y)A™, xe Q.
Let
ui(x) = i % = ”‘/::‘:"”:: 08:(y) . e Qi (4.5)
ix Joo Sy Aoy (AT, xe Q.
It is easy to see that
L{u-u](x)=0, xeR3\aQ. (4.6)
Denote u(x) — u;(x) := ¢(x), x € R3 \ 38, applying the transmission condition
ut(x)=u (x)f(x) +@1(x), x€09L,
we have
P (x) = (X)f(X) +21(x), x€IQ, (4.7)
where

( ) ( ) 1 f e—KHy—XII 4 ( ) 1 / e—KIIy—XH 4 ( ) L ( )
0 X) = X)— — — Aao. + — — Ado. A7 X).
800 =8t =20 |y DreW o |y =g e mAS

It is clear that g (x) € H*(3%2, Cl(V33)), 0 < @ < 1. We have ¢(00) = 0. Combining (4.6) with
(4.7), we have

:LK [¢] =0, inR3\ 99, @s)

¢*(x) =9~ (x)f (x) +g1(x), x €08, ¢(c0)=0.

We only need to consider the existence of solutions to (4.8). The solution to this problem

may be written in the form

o) = /9 Kl doynly), (4.9)

where ¢ (y) is a Holder continuous function to be determined on 9. Using Lemma 3.9,
(4.8) can be reduced to an equivalent singular integral equation for ¢,

¢1(x)
2

Pi(x) = [ - /m 1<*1(X,Y,K)d0y<p1(y)] (1-f(0)) + & (). (4.10)

We set

1-fx) -~
2

(Te)(X) = [e1(x) = (Scpr)(X)] &(x). (4.11)
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For any wy, Wy € HO‘(&Q, Cl(Vg,g)),

1T — Tws ll@oe) < llor — o2ll@as) Il —fll@oe) + C). (4.12)

From (4.2), the integral operator T is a contraction operator mapping the Banach space
H*(0R2, Cl(V33)) into itself. Then the operator T has a unique fixed point. Thus there exists
a unique solution to (4.8). The proof is finished. O

Remark 4.2 In the above Theorem 4.1, the existence and uniqueness of solutions of the
Riemann type problem for the modified Helmholtz equation with variable coefficient i.e.,
f(x) € H¥(9R2, Cl(V33)) is illustrated. Particularly, when f(x) is just an invertible Clifford
constant, for the boundary value problem (4.1) there exists a unique solution. Moreover,
we have obtained an explicit representation of solutions in [22].

As applications, using Lemma 3.9 and the results of the boundary value problem, we
consider two kinds of singular integral equations and obtain their explicit representations
of solutions.

Theorem 4.3 Counsider the singular integral equation:
u(x)A + 2/ Ka(x,y,k)doyu(y)B=f(x), xe€dQC R3, (4.13)
a0

where f(x) € H*(0R2, Cl(V33)), B is a non-zero Clifford constant, A + B and A — B are in-
vertible Clifford constants, and (A + B)™ and (A — B)™ are invertible elements, respectively.
Then:

1. Ifu(x) e H*(0R2, Cl(V33)) is a solution to (4.13), and

Tu(x) = / Ka(x,y,k)doyuly), xeR3\3Q, (4.14)
Q2
then
T =F,0)-(A-B)A+B) ' +fX)(A+B)", xe€iQ (4.15)
and
” 1”1m Fax)=0. (4.16)

2. Assume §.(x) is solution of Riemann type problem (4.15) and L, [F.](x) =0,
x € R3\ 0Q, §5,(x), 5, (x) € H* (382, Cl(V33)). Let

u(x) = %:1()() - S;l(x)
Then u(x) is the solution of the singular equation (4.13) u(x) € H*(d2, Cl(V33)).

Proof 1. Using Lemma 3.9, we have

u(x)

§a00 =" / Kalsy,)doyuy), (417)
il
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x) = —@ + /asz K (x,y,«) doyu(y). (4.18)

Combining (4.17) with (4.18), we get

[§400 = T (0]A + [F,(0) + F (0] B = f(x) (4.19)

1) =8, -A-B)(A+B) T +f(x)A+B)", xeaq. (4.20)

It is clear that §(c0) = 0. The result follows.

2. In view of Theorem 4.1 and Remark 4.2, we obtain
500 = [ Kalxx ) doyu(y). (4.21)
aQ

By Lemma 3.9, we get

x) = @ +/ Ka(x,y, k) doyu(y), (4.22)
2 a0
_ u(x)
Fa(x) = - +/ Ka(x,y, k) doyu(y). (4.23)
FYe)
Combining (4.22), (4.23), and (4.20), the result follows. O

Theorem 4.4 The singular integral equation (4.13) is solvable in H* (02, Cl(V33)) and the

solution may be represented by the following formula:

_f®)
T2

+ / Ka(x,y,k)doyf(y)[A+B)"' - (A-B)"], xeoq (4.24)
I

u(x) [(A+B)" +(A-B)"]

Proof In view of Theorem 4.3, we consider the following Riemann boundary value prob-

lem:
L.[§]=0, inR3\ 8%,
Fhx)=F.(x)-(A-B)(A+B)+f(x)(A+B), xedQ, (4.25)
8"*1(00) =0.

We have

) o Kax,y,k)doyf(y)(A+B)™, xeQF,

- 4.26
[y0 Ka(x,y,6)doyf(y)(A-B)", xeQ. ( )

g*l (X)

Using again Theorem 4.3, the proof is complete. O
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Remark 4.5 When A = 0, the singular integral equation (4.13) is solvable in H*(3<2,
Cl(V3,3)) and the solution may be represented by the following formula:

u(x) = 2/ K*l(x,y,/c)dayf(y)B_l, x €.
a0

The following theorems can be similarly proved as Theorem 4.3 and Theorem 4.4.

Theorem 4.6 Counsider the singular integral equation:
u(x)C + 2/ Ki(x,y,«)doyu(y)D = f(x), x€0QC R3, (4.27)
a0

where f(x) € H*(92, Cl(V33)), D is a non-zero Clifford constant, C + D and C — D are in-
vertible Clifford constants, and (C + D)™ and (C — D)™ are invertible elements, respectively.
Then:

1. Ifu(x) € H*(0R2, Cl(V33)) is a solution to (4.27), set

Filx) = / Ki(x,y,«)doyuly), xe€ R3\ 9Q. (4.28)
30
Then
FX)=Fx) - A-B)(A+B)+fx)(A+B)", xeaQ (4.29)
and
| 1”1m Fi(x) =0. (4.30)

2. Conversely, if §1(x) is solution of Riemann type problem (4.29) and L_, [§](x) = 0,
x € R3\ 0Q, F1 (x), 37 (x) € H*(3S2, Cl(V33)). Let

u(x) = 7 (x) = F; (x).
Then u(x) is the solution of singular equation (4.27), u(x) € H*(3%2, Cl(V33)).

Theorem 4.7 The singular integral equation (4.27) is solvable in H* (92, Cl(V33)) and the

solution may be represented by the following formula:

u(x) = f(Tx) [(C+D)" +(C-D)]

+ / Kl(x,y,fc)da,l,f(y)[(C+D)_1 - (C—D)_l], X € 0Q2.
Fle!

Remark 4.8 When C = 0, the singular integral equation (4.27) is solvable in H*(9<2,
Cl(V3,3)) and the solution may be represented by the following formula:

u(x) = 2/ I(*(x,y,K)dayf(y)D_l, x € JQ.
a0
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