View metadata, citation and similar papers at core.ac.uk

-

P
brought to you by .. CORE

provided by Crossref

Gavus et al. Journal of Inequalities and Applications 2013, 2013:172 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/2013/1/172 a SpringerOpen Journal

RESEARCH Open Access

On periodic one-parameter groups of linear
operators in a Banach space and applications

Abdullah Cavus’, Djavvat Khadjiev and Mehmet Kunt

“Correspondence: cavus@ktu.edu.tr
Karadeniz Technical University,
Trabzon, Turkey

@ Springer

Abstract

Let D be the infinitesimal generator of a strongly continuous periodic one-parameter
group of linear operators in a Banach space. Main results: An analog of the resolvent
operator (= quasi-resolvent operator of D) is defined for points of the spectrum of D
and its evident form is given. The theorem on integral for the operator D, theorems on
the existence of periodic solutions of a linear differential equation of the nth order
with constant coefficients and systems of linear differential equations with constant
coefficients in Banach spaces are obtained. In the case of the existence of periodic
solutions, evident forms of all periodic solutions of a linear differential equation of the
nth order with constant coefficients and systems of linear differential equations with
constant coefficients in Banach spaces are given in terms of resolvent and
quasi-resolvent operators of D.
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1 Introduction

One-parameter groups of linear operators and periodic one-parameter groups of linear
operators in topological vector spaces were investigated by Stone [1], Dunford [2], Gelfand
[3] and others (see [4—20]).

Let T be the one-dimensional torus {e* : —w < t < 7 }. Further we consider T as the addi-
tive group Q/2nZ ~ {t : —w <t < w} withits Euclidean topology, where Q is the field of real
numbers. Let «(¢) (¢ € T') be a strongly continuous one-parameter group of bounded linear
operators in a Banach space H, and let D be an infinitesimal generator of the group «(¢).
The evident form of the resolvent operator R(u, D) of D is known (see [7], Lemma 2.25)

2w

R(u,D)= (1-er)™ / e a(t)xdt,
0

where p is an element of the resolvent set of D. For the element u of the resolvent set of
D and arbitrary element a € H, the element R(u, D)a is the evident form of the unique
solution of the equation Dx — ux = a.

In the present paper, we obtain conditions of the existence of a solution of the equation
Dx — px = a for points of the spectrum of D. We define an analog of the resolvent oper-
ator (= quasi-resolvent operator) for points of the spectrum of D and, in the case of the
existence of a solution, we give the evident form of all solutions by using a quasi-resolvent
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operator of D. We apply resolvent and quasi-resolvent operators to a solution of a linear
differential equation P(D)x = a of the nth order with constant coefficients and to a sys-
tem of linear differential equations of the first order with constant coefficients in a Banach
space H.

Contents of the present paper is the following. In Section 2 we give generalizations of
Fejer’s theorem and Riemann-Lebesque’s lemma for a strongly continuous linear repre-
sentation of T in a Banach space. These results are used in the next sections.

In Section 3 we give a definition of the infinitesimal generator D of a strongly continuous
linear representation of 7 in a Banach space H and the domain H (D) of the definition of D.
For D and any A € C, we introduce the operator R; : H — H by formula (1) below for the
point A of the resolvent set of D and by (2) for the point of the spectrum of D. We show
that the linear operator R; is bounded and has properties (3) and (4) below.

In Section 4 we prove that H(D) = R; (H) for all A € C, the spectrum o (D) of the operator
D is a point spectrum and o (D) = {im € Spec(H)}, where Spec(H) is the spectrum of the
linear representation «. It is proved that R; is equal to the resolvent operator of D for all
points A of the resolvent set of D. We obtain the theorem on an integral for D.

In Section 5 we give conditions of the existence of a periodic solution of a linear differ-
ential equation of the nth order with constant coefficients. In the case of existence, the
evident form of all periodic solutions is given.

In Section 6 we give conditions of the existence of a periodic solution of a system of linear
differential equations of the first order with constant coefficients. In the case of existence,
the evident form of all periodic solutions is given.

For simplicity, we prove our main results for an isometric strongly continuous linear
representation. But they are true for any strongly continuous linear representation.

2 Fejer’s theorem and Riemann-Lebesque’s lemma for a strongly continuous
linear representation of T in a Banach space

Denote the group of all invertible bounded linear operators A : H — H of a complex Ba-

nach space H by GL(H). The following Definitions 1-4 are known [21].

Definition 1 A homomorphism « : T — GL(H) is called a linear representation of 7 on

a Banach space H.

Definition 2 Linear representations« : T — GL(H) and 8 : T — GL(V) are called equiv-
alent if there exists a bounded invertible linear operator B: H — V such that Ba(¢t) = 8(t)B
forallte T.

Definition 3 A linear representation o of T on a Banach space H is called isometric if
lee(£)x]| = ||x|| forallt € T and x € H.

Definition 4 A linear representation « of T on a Banach space H is called strongly con-

tinuous if lim,_, ¢ «(¢)x = x for all x € H.

It is known that every strongly continuous linear representation of 7" on a Banach space
is equivalent to a strongly continuous isometric linear representation of 7" on a Banach
space [21].
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Let o be a strongly continuous linear representation of T on a Banach space H, and let

Z be the ring of all integers and n € Z. Put
H,:={xeH:a(t)x=e"xVte T}

Let x € H and n € Z. By the theorem in ([22], p.314), Riemann’s integral

F,(x): ! /ﬂ e Mo (t)xdt

exists and F,(x) € H,,.

Proposition 1 Let o be a strongly continuous isometric linear representation of T on a
Banach space H. Then

1. a(t)F,(x) = F,(a(t)x) = e"F,(x) foralln € Z,x e H and t € T;

2. F, Fn,=0andF>=F, forallmneZ m#n;

3. &) < x|l foralln € Z and x € H.

Proof 1t is easy, so it is omitted. O

A series in the form ) ;- xx, xx € Hy, is called the Fourier series of an element x € H,
if x = Fr(x) for all k € Z. It is written in the form

k=00

[o¢]
X~ Z X or x-~ Z Fr(x).
k=—00 k=-00

For x € H and for an integer number n > 0, let us put

ke so(%) + s1(%) + -+ + 8,,(%)

su@)i= Y F), )= :
k=n

n+1l

. (n+l) 2

1 sin 5~

K,(t)= — 7% , Spec(x) := {in:neZ,F,,(x)#O} forx € H,
n+1 sin 5

Spec(H) := U Spec(x), Hy := {x € H : Spec(x) is finite}.
x#0,xeH

Hy is a subspace of H.
In the present paper, we assume that Spec(H) is infinite. The case of the finite Spec(H)

is investigated easy and it is omitted.

Theorem1 Let« be a strongly continuous isometric linear representation of T on a Banach

space H. Then lim,,_, oo ¥, (x) = x for every x € H and ﬁf =H.

Proof In a standard manner, we obtain the equality

Yn(x) = % /_ Z K, (a(t)xdt.
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Since lim;.o a(t)x = x, for every ¢ > 0, there exists § > 0 such that 0 <& < 7 and [ler(¢)x -
x|| < 5 forall £ € (-4,8). We have

. (n+1) 2
1 sin ~——t 1
K0 = ( - ) <

n+1\ sing (n+1)sin*3

for all £ € [§,7]. Since « is a strongly continuous isometric linear representation, K,,(f) =
K,(-t) for all ¢t € [-m,7], 5= [* K,(t)dt =1 and sin § <sin for all ¢ € [,7), it follows
that

1 T 1 T
[nto) — 2] = H o [ Kvatomar- - [ I(n(t)xdtH

A

1 [ 1
E/_n | K@) (e()x - ) | dt+g/_8 | Ku(0) ((0)x - %) | it

1 /g
oo /5 | Ku(t) (cx(t) ~ ) |

IA

1 (7 1[0
~ /8 KO e ] dt + / 1 (0) | (0 — ] e

Sn(n+1)sm”/ ||a(tx x||dt+—/ K, (t)e dt

2|l &
T (n+1)sin*g 2w

Hence lim,,_, o ¥,,(x) = x. This, in view of v, (x) € Hy for all #, implies that I-Tf =H. O

Remark1 Theorem 1 is known for the homogeneous Banach spaces on T ([6], p.87; [23],
pp-14-15). For a strongly continuous linear representation of 7 in a locally convex space,
it is obtained in [10].

Corollary 1 Let a be a strongly continuous isometric linear representation of T on a Ba-
nach space H and x,y € H. If F,,(x) = F,(y) foreach n € Z, then x = y.

Proof Since F,(x) = F,(y) for each n € Z, it follows that ¥, (x) = ¥,,(y) for each n € Z. Hence
Theorem 1 gives x = y. 0

Theorem 2 Let o be a strongly continuous isometric linear representation of T on a Ba-
nach space H. Then lim,,_, o, F,(x) = 0 for each x € H.

Proof Let ¢ > 0 be given. Since lim;_,o &(¢)x = x, there exists a natural number N(¢) such
that [[a(=7)x — x| < & for all natural numbers n > N(g). Since

1 T+ ) 1 T T
F,(x) = — e Ma(t)xdt=—— | e ™Malt+ = |xdt,
2w ) . x 2 J_, n

we have

F,(x) = ﬁ /n e My <t+ %) (a(—%)x—x) dt.

So, [Fu@)Il < lla(=3)(x) — x|l < € for all m > N(e). O
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Remark 2 This theorem is a generalization of Riemann-Lebesque’s lemma ([23], p.13).

3 The operator R,

Let o be a strongly continuous isometric linear representation of 7" on a Banach space H.

Definition 5 ([7], p.45) A point x € H is called a differentiable point of « if there exists

Dx :=lim M in H.
t—0 t
Denote the set of all differentiable points of & by H(D). The set Spec(H) is called the

spectrum of D. The set C \ Spec(H) is called the resolvent set of D.

Proposition 2 Let o be a strongly continuous isometric linear representation of T on a
Banach space H. Then
() H(D) is a linear subspace of H, Hr C H(D) and H(D) = H;
(i) H(D) is a(T)-invariant and a(t)Dx = Da(t)x forall t € T, x € H(D);
(ii) DF,(x) = F,(Dx) = inF,(x) forall n € Z and x € H(D).

Proof (i) It is obvious that H(D) is a linear subspace of H. Let x € Hy. Then x can be ex-
pressed in the form ;" F(x) for some m. Since F;(x) € H,, we get

Calx—-x . (et -1 =
}gl(l)f_}g% < ; FE(x)_[Z: ilFy(x).

Hence x € H(D) and Dx = )", ilF;(x). Therefore H; C H(D). By Theorem 1 fo =
HD)=H.

(ii) Let x € H(D). Since a(¢) is strongly continuous, we have

a(s)a(t)x — a(t)x _

(S)x—-x
= lim
S

s—0

«()Dx = a(0) lim ¢ Da(t)x.

Hence «a(t)x € H(D) and «(¢t)Dx = Do (¢)x.
(iii) Let n € Z and x € H(D). Using the continuity of F,, and Proposition 1, we get

w _ inF, (). 0

DF,(x) = F,(Dx) = lin(l)
t—
Remark 3 It is easily seen that H = H(D) if and only if Spec(H) is finite.

Definition 6 The operator D is called an infinitesimal generator of a linear representation
o (see [7], p.45).

Proposition 3 Let x € H(D). Then the function G,(t) := a(¢)x is differentiable on T and
G.(2) = a(t)G,(0) = a(t)Dx.

Proof Since «a is strongly continuous, we have

t —o(t -
GL(0) = tim 2O i K5 X s 0
s—0 S s—0 S
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Let « be a strongly continuous isometric linear representation of 7" on a Banach space H.
For any x € H and A € C, there exists the following vector-valued Riemann’s integral:

2w t
f e ( / e Ma(s)x ds) dt.
0 0

We consider linear operators R, on H defined by

A 2 N t s 1 2
Rk(x) = m /0 e t<‘/0‘ e Ol(S)de) dt + m ’/0 O!(t)xdt (1)
for all A € C such that A #im, m € Z and
1 2 ) 1 27 t )
Rin(x) = i / e My(fxdt — — / (/ e a(s)x ds) dt (2)
27 0 27 0 0

for all m € Z. In Theorem 4(iv) below, we prove that R; is equal to the resolvent oper-
ator of D for every point A of the resolvent set of D. The operator R;,(x) is called the
quasi-resolvent operator of D for the point im of the spectrum of D. The operator R; was
introduced in [9, 13].

Theorem 3 Let o be a strongly continuous isometric linear representation of T on a Ba-
nach space H. Then

(i) the operator R;, defined by (1) and (2), is bounded for all ) € C;

(i)

Ry (Fu(x)) = Fy(Ry(%)) = n—F n(®) 3)

forallx#in, e C,neZ;
(iif)

Rin(Fu(x)) = Fy(Rin(x)) = Fu(x) (4)

foralln e Z and x € H;
(iv) RaR, (%) =R, R, (x) forallx € H.

Proof (i) Let L := f ||e”||(f0t lle**|| ds) dt. Then it is obvious that

IR < ”Pg;}H x| ifreCandi#immeZ,
A =
@ +2m)|x|| ifr=immeZ.

Therefore R, is bounded in H forall A € C.
(ii) Letx e H, A€ Cand A #im for all m € Z. Then x = lez « Fe(x) for some k. Since

Fy(x) € Hy, using Proposition 1, we get

21 t k
R (x) = ﬁ /0 e“< fo e-“(za(s)a(x)> ds) dt

l=—k

2
m/ ( t)Fe(x))


http://www.journalofinequalitiesandapplications.com/content/2013/1/172

Cavus et al. Journal of Inequalities and Applications 2013, 2013:172
http://www.journalofinequalitiesandapplications.com/content/2013/1/172

A 2w N k t (i)
—_ et e MF (x)ds | dt
1-e¥m /o ;;/o

ok
=) / E e Fy(x) dt
eT[

A k 2 ei t 2 t
= > fo o FWd - — Z f —Fe(x)dt
t=—k
1 k 21
itt
_— F(x)dt
+ 27 (1 - e Z/o e Fo(x)
t=—k
k k
1 1 1 1
= S F@+ ) W - W =) - —F®.
t=—k L=k
Hence, using F, o F; = 0 for [ # m (Proposition 1), we get F,,(R; (x)) = = ,\F (x) = Ry (Fpy(x)).

Let x be an arbitrary element of H. By Theorem 1, lim,_, o ¥,(x) = x. Since ¥/,(x) €
Hy, we have F,(R;(V,(x))) = ;.- )\ F,(¥,(x)) for all » € Z and p € N. On the other hand,
from lim,_, o ¥,(x) = x, using the continuity of operators F, and Ry, we get F,(R;(x)) =
A Fa®) = Ri(E ().

Now we prove equality (3) for A = im, m € Z, n # m. Let x € Hy and F,,(x) = 0. Then
x= Z]Z(#m,kz—k Fy(x) for some k € N and o (¢)x = Zlg#m](:_k €'’ Fy(x). Hence

1 L
Rim + 7T Z / z(l -m tF dt— - f ( / z(l—m)sFl(x)> ds
Om =k

ttm =k

k
- Z il — imFl(x)
0+m,0=1
It implies that
i 1
Rim (Fn(x)) = Fn (Rzm (x)) = ) ) Fn (Fl (x))
ek il —im

L F,(x), n#m»HnHSk»

in—im

0, n=mormn>k.

Let F,,,(x) #0. Then x = F,,,(x) + thz(;zm,e?k F;(x) for some k € N. Since F,,,(x — F,,,(x)) =
using equalities (5) and (2), we have

’

1 L " 1 2 t ims
= 2‘:177 /0 e "o (t)(x — Fu(t)) dt - E/o </0 e a(s) (x — Fpu(x)) ds) dt

Page 7 of 17
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1+ 2w ) 1+ 2w )
7 / eMaxdt— —2 | e ™a(0)E,(x) dt
2 Jo 2 Jo

1 21 t ) 1 21 t )
+ — < / e " a(s)Fy(x) ds) dt — — / < / e "a(s)x ds) dt
2 Jo 0 21 Jo 0

2 2 t
=1 +m)F,x)—-QQ+m)F,(x)+ 1 / tF,,(x) dt — 1 (/ e_imsa(s)xds) dt
2r 0 2 0 0

2w t
=1 F,,(x) - %/0 (/0 eimsa(s)xds) dt.

Hence
s 1 1 2 ! —ims
X ) Bl = Qe ) - o / ( [ oz(s)(x)ds) dt
= Rim(x)-

This equality implies that

Fy(x) (6)

for all m,m € Z, n # m, and Ry, (Fy, (%)) = Fu(Rijmm (%)) = Fy(x) for all m € Z, x € Hy.
Let x be an arbitrary element of H. By Theorem 1, ¥,,(x) € Hy and equality (6), we obtain

Rim(Fn(x)) =F, (Rzm(x)) :pli)n;lan (Rim (wp(x))) = lim ! —F, (%(x))

p—0o0 in —im

1
= . Fn(x)
wn—1m

forallu,me Z,n #m,x € H.

(iii) The proof of equality (4) is similar to the proof of equality (3).

(iv) Using (3) and (4), we obtain F,RyR, (x) = F,R, Ry (x) forx e H,ne Z, . C, u € C.
Hence, by Corollary 1, we have Ry R, (x) = R, R, (x) forallx e H, A € C, u € C. O

Corollary2 Leta € H,im € Spec(H) and A € C. Then F,,R; (a) = 0 ifand only if F,,,(a) = 0.
Proof It follows easily from Theorem 3. O

Proposition 4 Let « be a strongly continuous isometric linear representation of T on a
Banach space H. Then

(i) R, —Ro=AR, 0Ro)— +Fo forall € C, \#im, meZ;

(i) Rim —Ro = im(Ri o Ro) — =Fo — -=F,y for allm € Z, m # 0.

Proof (i) Letx € H, » € C and A #im, m € Z. For n # 0, using Theorem 4 and F,F;, = 0,
we obtain

F, (ARA o Ro(®) ~ 5 Fy (x)) = F (R 0 Ro(w) ~ i (Fo(v) F®)

- in(in — )

1 1
= Fu0) = —Falw) = Fy(R.(x) — Ro(x)).

Page 8 of 17
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Similarly,

I%MMM—RMM)=—%%@%J%@dm)=—%%@%@D—RU%@D

= —%Fo (Fo(x)) + Fo(AR;. o Ro(x))
= F() <)\.R;¥ OR()(}C) - %Fo(x))

Hence F,,(R) (x) — Ro(x)) = F,,(AR), o Ro(x) — %Po (x)) for every n € Z. By Corollary 1 we have
R;.(x) — Ry(x) = AR;, o Ro(x) — %Fo(x) foralxe H,Ae Cand A #im, me Z.
A proof of (ii) is similar. g

4 The theorem on resolvent and quasi-resolvent operators
Theorem 4 Let o be a strongly continuous isometric linear representation of T on a Ba-
nach space H. Then
(i) H(D) =R, (H) forall » € C;
(i) Ryn(D —im)x =x and (D — im)R;,,(y) = y for all im € Spec(H) and x € H(D),y € H
such that F,,(x) = F,,(y) = 0;
(ili) Ry(D—-X)x=xand (D—-A)Ry(y) =y forall » € C\ Spec(H) and x € H(D), y € H;
(iv) Ry(x)=(1—-e2)! fOZH e™a(s)xds for all A € C\ Spec(H);
(v) the spectrum o (D) of D is a point spectrum and o (D) = Spec(H).

Proof (i) We need the following two lemmas.
Lemma 1 DRy(x) =x — Fo(x) for all x € Hy.

Proof An element x € Hy has the form x = Z]Lf: «Fe(x) for some k. Using Theorem 3

and Proposition 2, we obtain F,(DRy(x)) = F,(x) for all n # 0 and Fy(DRy(x)) = 0. Hence
DRy (x) = x — Fy(x) for any x € Hy. Lemma is proved. a

Lemma 2 Letx € H such that Fy(x) = 0. Then

a(t)Ry(x) = /ta(s)xds + Ro(x). (7)
0

Proof Let us define the functions f,,f : [0,271) — H by f,(£) := a(£)Ro(¥,(x)) and f(t) :=
a(t)Ro(x). Since « is a strongly continuous isometric linear representation, we have

lee(O)x — @) | =[x = Yul) (8)

and

[£ &) = £u®)] = | Ro(x) = Ro (¥u()) |. ©)

Equality (8) implies that

/ta(s)xds—/ta(s)wn(x) ds
0 0

<2m ||x — Yux) || (10)
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Using Fo(x) = 0, Proposition 3, Theorem 3, Ro(v,(x)) € Hy, Fo(¥u(x)) = Fo(x) and
Lemma 1, we get

£2(8) = (@(B)Ro (¥ (%)) = () DRy (Y (%)) = () (¥ru() = Fo(%)) = cx(t) ().

Hence

50= [ s e
where C, € H. Putting £ = 0, we obtain C, = £,(0) = a(0)Ro(¥n(x)) = Ro(¥,(x)) and

50 () ds + Ro(1 (). (an
Using equalities (8), (9), (11) and inequality (10), we obtain

Hj(t) - </0 a(s)xds +R0(x)) H = Hj(t) —fu(®) + <fn(t) —/0 a(s)xds —Ro(x)> H

< |6 -£,0)] + fo t(s) (Yo () — 3) ds
+ | Ro (¥u(®) = %) | <2(7 + IRoIl) | ¥ (x) — x|

forall £ € T. Since lim,,_, o ¥, (%) = x, it follows that

f(t) = '/O‘t(x(s)xds + Ro(x)

and Lemma 2 is proved. g

We continue the proof of the theorem.
(i) From equality (7) we obtain that the function f(¢) is differentiable and f'(¢) = o(¢)x.
Using Proposition 3, we have

(0= 1) = () © = (t) im "R RD _ gy ),

Hence Ry(x) € H(D) for all x € H such that Fy(x) = 0. Now let x € H be an arbitrary ele-
ment. Since Fy(x — Fo(x)) = 0, we have Ro(x — Fy(x)) € H(D). On the other hand, by The-
orem 3 and Proposition 2, RyFy(x) = Fy(x) € Hy C H(D). Since x = (x — Fy(x)) + Fo(x) and
H(D) is a linear subspace of H, we get Ry(x) € H(D). Hence Ry(H) C H(D).

Conversely, let x € H(D). By Proposition 2 and Theorem 3, Dx ~ > > __ inF,(x) and

n=—00
Ro(Dx) ~ 32 e oo Fn(x). Hence Ro(Dx) + Fo(x) ~ -2 F,(x). Using Corollary 1 and
equality (4), we get Ro(Dx) + Fo(x) = x, Ro(Fo(x)) = Fo(x) and Ry(Dx + Fo(x)) = x. Let us put
a = Dx + Fy(x). Then Ry(a) = x. This means that x € Ry(H), that is, H(D) C Ry(H); and
consequently H(D) = Ry(H).

Now we prove that Ry(H) = R;,,(H) for all m € Z. By claim (ii) of Proposition 4 and
claim (iv) of Theorem 3, R;,,,(x) = Ro(x) + imRyR;;, (x) — ﬁFg (x)— ﬁFm (x). Since Fy(x) € Hy,
F,.(x) € H, and Hy C H(D) = Ry(H), we get R;,,(H) C Ro(H). By Theorem 3, R;,,(Hy) =
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Hy C R;,(H). Claim (ii) of Proposition 4 implies that Ro(x) = Rjn(x) — imR;,Ro(x) +
%mFo(x) + l,imFm(x). Hence Ry(H) C Ryu(H) and H(D) = R;,(H). Similarly, using claims
(i) and (ii) of Proposition 4, we obtain H(D) = R;(H) for all A € C, A # im, m € Z. Thus
H(D)=R;(H) forall A € C.

(ii) Let x € H(D), F,(x) = 0. By Proposition 2, Dx ~ Y 2 _ ikFi(x). Hence Dx —
imx ~ Y po_ (ik — im)Fi(x). Using F,,(x) = 0 and Theorem 3, we get R;,,(D — im)x ~
Z,@m,k:_w Fi(x). By Corollary 1, R;,(D — im)x = x. Thus R;,,(D — im)x = x for all x € H(D)
such that F,,,(x) = 0.

Letx € H, F,,(x) = 0. Since x ~ th:!m,k=—oo Fr(x), we have R;;,, (x) ~ ZZZm,k:—oo @Fk(x).
According to the statement (i) of this theorem, R;,,(x) € H(D). Using Proposition 2, we get
(D — im)Ry(x) ~ Z/iim,k:-oo Fy(x), and hence (D — im)R;,,(x) = x. Thus (D — im)R;;,(x) = x
for all x € H such that F,,(x) = 0.

(iii) The proof of claim (iii) is similar to the one of (ii).

(iv) Equalities (iii) mean that R;, is the resolvent operator for all A € C \ Spec(H). Hence
equality (iv) follows from the form of the resolvent operator in ([7], Lemma 2.25).

(v) follows from (ii) and (iii). The proof of the theorem is completed. O

Remark 4 Equality (iv) means that for points A of the resolvent set of D, R; is the other
form of the resolvent operator of D.

Theorem 5 Let o be a strongly continuous isometric linear representation of T on a Ba-
nach space H, a € H and m € Z. Then the equation Dx — imx = a has a solution if and only
if Fy(a) = 0. In the case F,,(a) = 0, a general solution of the equation Dx — imx = a has the
form x = Ry, (a) + ¢, where c is an arbitrary element of H,,.

Proof Suppose that the equation Dx — imx = a has a solution x. By Proposition 2 we
have Dx ~ Y2 ikFi(x) and Dx — imx ~ Y - (ik — im)Fi(x). Hence F,(a) = F,,(Dx —
imx) = 0.

For the converse, we assume that F,,(a) = 0. By Theorem 4 we have (D — im)R;,,(a) = a.
Therefore x = R;,(a) is a solution of the equation Dx — imx = a. Let y € H be a solution
of the equation Dy — imy = 0. Then Dy — imy ~ 32 (ik — im)Fi(y) = 02, 4o (ik —
im)Fi(y) = 0. Hence Fi(y) = 0 for all k # m, that is, y = F,,(y) € H,,. On the other hand,
Dy —imy =0 for all y € H,,. Thus a general solution of the equation Dx — imx = a has the
form x = R;,,(a) + ¢, where c is an arbitrary element of H,,. O

Remark 5 This theorem is the theorem on integral for periodic one-parameter groups of
operators.

The following theorem is known (see [7], Theorem 2.26)

Theorem 6 Let o be a strongly continuous isometric linear representation of T on a Ba-
nach space H and a € H(D). Then the Fourier series of the element a is convergent to a
inH.

Proof In a standard manner, we have the equality

1 [T sin(n + 3)t
sy(a) = —/ Dy(t)a(t)adt, where D,(t):= ————
2 J_, sin ;¢
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Using 5 ™ D,(t)dt =1, we obtain s,(a) —a = 5~ |7 D,(t)(a(t)a — a) dt. Let us consider
the function

Since lim;_, o g(¢) = 0, defining g(0) = 0, we obtain that g(¢) is a continuous function on
[-7, ]. Using the equality

sin nt . 1
D,(t) = ; +g(t)sinnt + 5 cos nt,

we get
1 T . 1 T .
spla)—a=— / Y(t)sinntdt + — / g(t)sin nt(a(t)a - a) dt
21 — 27 -
1 T
= —a)dt, 12
o /_n cos nt(a(t)a — a) dt 12)

where v (¢) := "(Lt“’” for t # 0 and ¥ (0) := D(a). Functions ¥ (¢), «(t)a—a and g(¢)(«(t)a —a)
are continuous vector-valued functions on 7. So, using Theorem 2 and equality (12), we
obtain lim,,_, . S, = a. O

Remark 6 Our proof of this theorem differs from that in ([7], Theorem 2.26).

Corollary 3 Let o be a strongly continuous isometric linear representation of T on a
Banach space H, x be an arbitrary element of H and x ~ Y p._ . xk. Then the series
> o ﬁxk is convergent to R;(x) in Hfor all . € C \ Spec(H) and the series x,, +
Z,f‘;m,kz_oo l.k+mxk is convergent to R;,,(x) in H for all im € Spec(H).

Proof Let A € C\ Spec(H). According to Theorem 4, we have R, (x) € H(D). By Theorem 6
and R, (x) ~ Y10 o ﬁxk, the series ) oo ﬁxk is convergent to R; (x) in H. The proof
of the second statement is similar. O

Corollary 4 Let o be a strongly continuous isometric linear representation of T in a Ba-
nach space H and x € H.
(i) Let A € C\ Spec(H). Then x € H(D) if and only if there exists y € H such that
x=Y 0 oo e Ex);
(i) Let A € Spec(H). Then x € H(D) if and only if there exists y € H such that
X=Ym + D phmke—oo ——F(y).

The proof follows from Theorem 4, Corollary 2 and Proposition 2. g

5 Periodic solutions of the linear differential equation P(D)x = a of the nth
order with constant coefficients

Let a(t) be a strongly continuous linear representation of 7' in a Banach space H and D be

the infinitesimal generator of «. For a € H, we consider a solution of the linear differential

equation

PD)x=a (13)
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in H, where
PD)=col +c 1D+ -+ + ¢, DL+ D, (14)
¢;€C,i=0,...,n—1,1is the unit operator in H.
Theorem 7 Let P(D) be a linear differential operator (14), a € H, let 1y, ..., L be the roots
of the polynomial P(z), and let m; be the multiplicity of .;, my + - - - + my = n. Then
(i) In the case Ay, ..., 1, & Spec(H), for any a € H, there exists the unique solution of
equation (13) in H, and it is x = R"' - -- R} ().
(ii) Inthe case As,...,Ar € Spec(H) (r>0) and rys1,..., A & Spec(H), a solution of
equation (13) exists if and only if
Fy,(@)=---=Fp,(a)=0. (15)
For a € H, satisfying condition (15), a general solution of equation (13) has the form
x=RM - RURM RO 4 by 4 -+ by, (16)

where b; is an arbitrary element of Hy,, i=1,...,r.

Proof (i) P(D) may be written in the form P(D) = (D — A1) - - - (D — A,,I).
Then equation (13) has the form

(D-MID)---(D=A,D)x = a. 17)
By Theorem 4(iii),
Ry(D—ADx=x (18)

for all x € H(D) and A ¢ Spec(H). Using equality (18) to equation (17), we obtain x =

R)\l s Rknﬂ.
(ii) Let A4,..., A, € Spec(H) (r > 0) and Ayy1,..., Ay € Spec(H). Using R, ..., R, to (17),
we obtain
(D=MID)---(D=ADx=R;,,, - Ry,a. 19)

This equation we can be written in the form

D-1D"™ - (D=MD)™x=R,,,, - R4, (20)
where A; # A; for i #j.
Lemma 3 Leta € H, ) € Spec(H) and m > 1. Then the equation

(D-MD)"x=a (21)
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has a solution if and only if Fy(a) = 0. In the case Fj(a) = 0, a general solution of this
equation is x = R'(a) + b, where b is an arbitrary element of H;;.

Proof Put y = (D — AI)"'x. Then equation (21) has the form (D — AI)y = a. By Theorem 5
this equation has a solution ifand only if Fj; (a) = 0. In the case Fj; (a) = 0, a general solution
is y = R, (a) + by, where b is an arbitrary element of Hj,. Let Fj; (a) = 0. Then equation (21)
reduces to the equation

(D - A" % =R;(a) + by. (22)
Put z = (D — AI)"2x. Then this equation has the form
(D=Az =Ry (a)+ by. (23)

By Theorem 5, this equation is solvable if and only if Fj; (R, (@) + b1) = Fi (R;.(a)) + Fi.(b1) =
F;;(a) + Fi5(b1) = Fi(b1) = 0. Therefore a general solution of equation (23) has the form
z= Ri(a) + by, where b, is an arbitrary element of Hj;. By induction, we obtain that a
general solution of equation (21) has the form x = R}*(a) + b, where b is an arbitrary element
of Hj;. The lemma is proved. O

By this lemma, a solution of equation (20) reduces to a solution of the equation
(D= aoD)™ - (D = M) % = R R, - - Ry a+ by, (24)

where b, is an arbitrary element of Hj,,. Using Lemma 3, by induction we obtain that a
general solution of equation (20) has the form (16). O

6 Periodic solutions of the system of linear differential equations with
constant coefficients
Let (a,...,a,) be a vector-line, where a; € H, i =1,...,n. Denote by T the operator of
transposition of a matrix. The (ay,...,a,)" denotes a vector-column of @, € H,i=1,...,n.
Denote by H'” the set of all vectors (aj,...,a,), where a; € H, i = 1,...,n. For a =
(ar,...,a,)" € H'" put Da = (Day,...,Da,)’.
We consider the following system of linear differential equations:

Dx =Ax + a, (25)
wherea e H™, x = (x1,...,%,) | and A is a complex # x # matrix.

Definition7 Systems Dx = Ax+a and Dy = By+b, where A, B are complex # x n-matrices,
a,b € H™" are called equivalent, if there exists a complex # x n-matrix K such that det K #
0,A=K'BK and a = K'b.

In this case y = Kx.

Proposition 5 Every system (25) is equivalent to the system of the form Dy = By + b, where
the matrix B has the Jordan form.


http://www.journalofinequalitiesandapplications.com/content/2013/1/172

Cavus et al. Journal of Inequalities and Applications 2013, 2013:172 Page 15 0f 17
http://www.journalofinequalitiesandapplications.com/content/2013/1/172

Proof For A there exists a complex # x n-matrix K such that A = K™'BK, where B is the
Jordan normal form of A. From Dx = Ax + a, we obtain Dy = By + b, where y = Kx and
b=Ka. O

By this proposition, a solution of system (25) reduces to a solution of the system of the

form (25), where B has the Jordan normal form. Let B have the form

B, 0 .. 0
0 By ... 0

, (26)
0 0 : B,

where B, is a Jordan block of the #;th order, n; + - - - + 1, = n. Then a solution of system

(25), where B has the form (26), reduces to a solution of the following system of equations:

Du1 = Blul + bl;

Du2 = Bzuz + bz; (27)

Du,, = B,,u,, + b,,,

where B, is a Jordan block of the #;th order, b; € H™i, uj € H™ and x = (1, U, ..., tp) -

Therefore a solution of system (27) reduces to a solution of the equation of the form
Dx=Gx+b, (28)

where B is a Jordan block of the gth order with eigenvalue A: g/ = A, i=1,...,q; g, = 1,
i=1,...,q-1;¢=0,j—i<0andj-i>1.

Theorem 8 Let Dx = Gx + b be a system of the form (28), where G is a Jordan block of the
qth order with eigenvalue A and b = (b,...,b,)" € H'1. Then
(i) for the case € C\ Spec(H), the system has the unique solution

x = (x1,. ..,xq)T € H'4, where:
X1 = R)\bl + Ribz + e+ Rqu;
Xo = R}Lbz + Ribg + e+ Rzilbq;
Xq = R)qu,

(ii) for the case A € Spec(H), A = ip, p € Z, the system has a solution if and only if
Fyb, =0,


http://www.journalofinequalitiesandapplications.com/content/2013/1/172

Cavus et al. Journal of Inequalities and Applications 2013, 2013:172
http://www.journalofinequalitiesandapplications.com/content/2013/1/172

(iii) for the case X € Spec(H), A = ip, p € Z and F,b, = 0, a general solution
x=(x1,...,%,) " € H'? of the system has the form

1= Y00 R (b — Fyby) + R (by) + ¢;

Xg-r = Z]r(ﬂ R{;(bq—r—Hk - prq—r—l+k) + R,rgl(bq - prq—r—l)r
r=1,...,q-2;

%g = Ripbg — Fpby-1,

(29)

where c is an arbitrary element of H),.

Proof System (28) has the form

Dx; — Ax1 =%y + by
Dixy — Axy = x3 + bo;

(30)
Dxyoy — Mgo1 = %g + by_y;

Dxy —Axg = by.

Let A € C\ Spec(H). From (30), using the operator R;, we obtain
q
Xq =R)qu, Xg-1 =R)qu_1 +R%bq, veey X1 = ZRl)ibk
k=1

Let A € Spec(H). Then A = ip for some p € Z. By Theorem 5, the equation
Dx, — ipxy = by, (31

is solvable if and only if F,b, = 0.

Let F,b, = 0. By Theorem 5, a general solution of (31) has the form x, = R;,b, + c;, where
¢4 is an arbitrary element of Hy,. In this case, the equation Dx,_; — ipxs_1 = X, + by has
the form

Dxgq —ipxg1 = Ripby + ¢4+ by, (32)
By Theorem 5, this equation has a solution if and only if
Fip(Ripbq +Cpt bq—l) =0. (33)

By Fi,(b,) = 0 and Theorem 3(ii), (iii), we have Fj,R;,b, = R;,Fiyb,; = 0. Hence (33) is equiv-
alent to Fiy(cy + by-1) = 0. Then Fyycy = —Fyp, . By ¢q € Hjp, we obtain ¢; = Fipcq = ~Fipby-1.
Thus equation (33) is solvable if and only if ¢, = —Fj,b,_1. Then equation (32) has the form
Dxy1 —ipxg1 = (bg1 — Fiyby_1) + Ripb,. By Theorem 5, a general solution of this equation
is %41 = Rip(by—1 —Fipbg_1) + R?pbq +¢4-1, Where ¢,_; is an arbitrary element of Hj,. Then the
equation Dix,_y — ipxg_o = %41 + by_y has the form Dix,_o —ipxy_o = (by_p + ¢4-1) + Rip(by1 —
Fipbg1) + Rizpbq. As above, this equation is solvable if and only if ¢,_; = —Fj,b;_,. Similarly,
by induction, we obtain a solution of system (30) in the form (29). O
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