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609,735, Korea the following general Laplacian problem,

Full list of author information is { —(¢(u/(t)))’ - Al//(u(t)) +f(t, u, )L), te (0, 1),

available at the end of the article u(O) _ u(l) -0, (P)

where f:[0,1] X R X R — R is continuous and ¢, ¥ : R — R are odd increasing
homeomorphisms of R, when ¢, w satisfy the asymptotic homogeneity conditions.

J

1 Introduction

In this article, we consider the following general Laplacian problem,

(e (1)) =2y ®) +f(tu ), te(01) P)
u(0) =u(l) =0,

where f: [0,1] x R x R — R is continuous with f{t,4,0) = 0 and ¢, y : R — R are odd
increasing homeomorphisms of R with ¢(0) = y(0) = 0. We consider the following
conditions;

(D) limHod’l/,(‘(’tt)) =¢P71, for all o € R,, for some p > 1.

é(ot)

(@,) lim;_o o = o971, for all o € R,, for some g > 1.

(Fy) fituL) = o(Jw(u)|) near zero, uniformly for ¢ and A in bounded intervals.

(F>) fituA) = o(Jw(u)|) near infinity, uniformly for £ and A in bounded intervals.

(F3) ufitu,d) = 0.

We note that ¢,(f) = ||, r > 1 are special cases of @ and y. We first prove follow-
ing global bifurcation result.

Theorem 1.1. Assume (®y), (D,), (Fy), (F,) and (F3). Then for any j € N, there exists
a connected component C; of the set of nontrivial solutions for (P) connecting (0, A/(p))
to (e, M(q)) such that (u, 1) € Cjimplies that u has exactly j - 1 simple zeros in (0, 1),
where \j(r) is the j-th eigenvalue of (¢ (u'(£))) + Lo (u(t)) = 0 and u(0) = u(1) = 0.

By the aid of this theorem, we can prove the following existence result of solutions.

Theorem 1.2. Consider problem

—(o(w' (1)) = 8(t,u), t€(0,1),
{u(O) _u(1) -0, (4)
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where g : [0,1] x R x R — R is continuous and ¢ is odd increasing homeomorphism of R,
which satisfy (©1) and (D,) with ¢ = y. Also ug(t, u) > 0 and there exist positive integers k,

n with k < n such that p = limsqoﬁz’:)) < Ar(p) < Malq) < lim|s|_,oogq£€ss)) = vuniformly in

t € [0,1]. Then for each integer j with k < j < n, problem (A) has a solution with exactly j -
1 simple zeros in (0, 1). Thus, (A) possesses at least n-k + 1 nontrivial solutions.

In [1], the authors studied the existence of solutions and global bifurcation results
for

{ —( 1 (1)) = VA (u(0) + (L w 2), Le (O,R),
u'(0) =u(R) =0.

The main purpose of this article is to derive the same result for N = 1 case with
Dirichlet boundary condition which was not considered in [1].

For p-Laplacian problems, i.e., ¢ = y = ¢,, many authors have studied for the exis-
tence and multiplicity of nontrivial solutions [2-6]. In [2,5,6], the authors used fixed
point theory or topological degree argument. Also global bifurcation theory was mainly
employed in [3,4]. Moreover, there are some studies related to general Laplacian pro-
blems [3,7,8], but most of them are about ¢ = y case. In [3], the authors proved some
results under several kinds of boundary conditions and in [7], the authors considered a
system of general Laplacian problems. In [8], the author studied global continuation
result for the singular problem. In this paper, we mainly study the global bifurcation
phenomenon for general Laplacian problem (P) and prove the existence and multipli-
city result for (A).

This article is organized as follows: In Section 2, we set up the equivalent integral
operator of (P) and compute the degree of this operator. In Section 3, we verify the
existence of global bifurcation having bifurcation points at zero and infinity simulta-
neously. In Section 4, we introduce an existence result as an application of the pre-
vious result and give some examples.

2 Degree estimate
Let us consider problem (P) with f=0, i.e.,

{ —(e((1)) = 2y (u(®), te(0,1) P)
u(0) =u(1) =0.

We introduce the equivalent integral operator of problem (P). For this, we consider

the following problem

(@) = h(t), ae. te(0,1),
{u(O) —u(1) =0, (AP)

where & e L'(0, 1). Here, a function u is called a solution of (AP) if u € cilo, 1]

with @(u’) absolutely continuous which satisfies (AP). We note that (AP) is equivalently
written as

) =6 - [ o7 (at)+ [ nterte) s
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where a : L'(0, 1) = R is a continuous function which sends bounded sets of L' into
bounded sets of R and satistying

/01 o ! (a(h) + /Os h(s)ds) ds = 0. (1)

It is known that G : L'(0,1) — C3[0, 1] is continuous and maps equi-integrable sets
of L'(0, 1) into relatively compact sets of C}[0, 1]. One may refer Manasevich-Mawhin
[4,3] and Garcia-Huidobro-Mandsevich-Ward [7] for more details. If we define the
operator T}, : Cy[0, 1] — C5[0, 1] by

Ty ()(1) = G(=2y (W) (1) =/O ¢! (a(—W(u)) +/OS —W(H(S))dé‘)d& )

then (P) is equivalently written as u = Tgw (u). Now let us consider p-Laplacian pro-
blem

{—(%(H/(t)))’ = Ap(u(t)), te(0,1), (E,)
u(0) = u(1) = 0. P

By the similar argument, we can also get the equivalent integral operator of problem

(E,), which is known by Garcia-Huidobro-Manésevich-Schmitt [1]. Let us define
T) : Cyl0,1] — C[0, 1] by

T (u)(1) = / b7 (ap (—rby(w))) + f iy (u())dE)ds, 3)

where a,, : LY(0, 1) > R is a continuous function which sends bounded sets of L
into bounded sets of R and satisfying

1 N
/ ¢;1 (ap(h) + / h(;)d&) ds=0, forallh € L'(0,1).
0 0

Note that @, has homogineity property, i.e., a,(\t) = Aa,(t). Problem (E,) can be
equiva-lently written as u = Té (u). Obviously, Téxb and Té are completely continuous.
The main purpose of this section is to compute the Leray-Schauder degree of
I— Tgw. Following Lemma is for the property of ¢ and y with asymptotic homogene-

ity condition (®;) and (®,), which is very useful for our analysis. The proof can be
modified from Proposition 4.1 in [9].

Lemma 2.1. Assume that @, y are odd increasing homeomorphisms of R which satisfy
(D) and (D). Then, we have

-1
() 1213 ¢w1(((7tt)) = ¢;1(o), forallo € R,, for somep > 1, (4)
and
(7)) lim (o) = ¢, (o), forall o € R,, for some q > 1 (5)
IR A O N v '

To compute the degree, we will make use of the following well-known fact [10].

Page 3 of 15



Lee et al. Fixed Point Theory and Applications 2012, 2012:7 Page 4 of 15
http://www.fixedpointtheoryandapplications.com/content/2012/1/7

Lemma 2.2. If ) is not an eigenvalue of (E,), p > 1 and r > 0, then

1 ifA < A1(p),
deg (1~ 1, B(0,1),0) = { (—1)* ifn € (alp), 2ot (p))- ©

Now, let us compute deg (I — Tgw, B(0, 1), 0) when A is not an eigenvalue of (Ep).

Theorem 2.3. Assume that ¢, y are odd increasing homeomorphisms of R which
satisfy (1) and (O,). then,

(i) The Leray-Schauder degree of I — Téw is defined for B(0, ¢), for all sufficiently small
e

Moreover, we have

1 ifa < A1(p),
deg (I = Ty B(0,¢), 0) = { (—1)" ZZA . (Af(?a), hone (). v

(i) The Leray-Schauder degree of I — T;\W, is defined for B(0, M), for all sufficiently
large M, and

1 ifa < 21(9),
deg (I — 5, B(0, M), 0) = { (=1)"ifr € (@), 11 (q)). @

Proof: We give the proof for assertion (i). Proof for the latter case is similar. Define
T*: C3[0, 1] x [0,1] — C}[0, 1] by T*(u, ) = tT}, (1) + (1 — 7)Ty(u). We claim that
the Leray-Schauder degree for I - T(, 7) is defined for B(0, &) in C}[0, 1] for all small

¢. Indeed, suppose there exist sequences {u,}, {z,} and {¢,} with ¢, — 0 and |u,|o = ¢,
such that u, = T"(u,, 7,), i.e.,

)= [ 07 (atrv )+ [ vt )as
- [ s (a,, (~tytu) + [ —wp(un(s))ds) ds.

Setting v,(t) = "), we have [[v[lo = 1,

@)= [ o7 (atrvu + [ —awtunede ) s
+(1— r,,)fotqsp—l <ap (=1gp(vn)) +/0

N

—Ap (va(§)) dé) ds,
and
00 = 707 (alavu) + [ —r e )
(- 1)y (ap (—hdp(vn)) + /0 iy (1n(8)) ds) .

Now, we show that {v,} is uniformly bounded. Since |v,lo = 1,

Ly (v dé < A . Moreover, there exists C; such that a,(-A¢@,(v,)) < C;. These
Jo —2@p(va(&))dE p\-ADp

results imply the uniform boundedness of qbp_l <ap(—)»¢p(vn)) + fol —)»qbp(vn(é))dé).
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Let

a0 = o7 (atrvu) + [ rvu(enae).

n

and

(1) = / I (a6

Then d, € C[0, 1], and
¢ 1
[ldnllo :maxte[0,1]|/0 A (un(§))dé| S/O A (lunllo)dE < A (en).

Since fol ¢~ (a(—A¥ (un)) — dn(s)) ds = 0, we have

la(=AY (un))| < AP (en).

Otherwise, fol ¢~ (a(—Ay(un)) — dn(s))ds <0 (or > 0). Now, we show that

n

n

1 A
that ~ ¢~ 1(2A¥(en)) = A, for all n >Np. This implies that 24 > ¢ (Aen)
&n v (en)

B (Aen)
1/’(‘5‘11)

inequality, we get

However,

o7t (atrpt = [ ) < Lo @ave) < ¢

for some C, > 0. Therefore, {v},} is uniformly bounded. By the Arzela-Ascoli Theo-

rem, {v,} has a uniformly convergent subsequence in C[0,1] relabeled as the original

sequence so let lim,,_, ., v,, = v. Now, we claim that ¢,(£) > ¢(¢), where
t
00 05" (an(-a,00) + [ agytee ).
Clearly,

a0 = o7 (at=rpt) + [ 2w (ene)

-1 a(—=Ay (un)) t v (un(§)en)
¢ (( #(en) f g

Since |a(—Ay(uq))l < A¥(en), “(_QE/;S‘")) has a convergent subsequence. Without

loss of generality, we say that the sequence {“(72('1;3“))} converges to d. Also by the

1

¢ '(2r¥(en)) is bounded. Indeed, suppose that it is not true, i.e.,
€
1

¢~ 1(2Ap(en)) — 00 as n — . Then, for arbitrary A > 0, there exists Ny € N such
€
for all n >Nj,.

— ¢p(A) as n — oo. This is a contradiction. Thus by the above

Fho T e ds)‘“g")) b1 (6(en)
1 (9(en) 61 (6(e)

Page 5 of 15
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Y (vn(§)en)

facts that
o (en)

— ¢p(v(§)) as n = oo, ¢(¢,) > 0 and (i) of Lemma 2.1, we

obtain
00~ oy (a+ [ —rap(uienac).

Since [} ¢~ (a(—2¥ (n)) + [y —A¥ (un(8))dE) ds = 0,

1

&n

/01 ¢! (a(—Mﬁ(un)) + /Os —)»w(un(é))dig) ds = 0.

Thus fol ¢>p—1 (d + fg —)»qbp(v(“g'))d{-‘) ds = 0 and by the definition of a,, d = a,(- L@,

(v)). Therefore, we can easily see that
0= [ 7" (w2000 + [ 0,000 ) as
0 0

and

/01 ' (“P(‘M)p(")) + / —M»p(v(s))ds) ds=0.

Consequently, v is a solution of (E,). Since A¢{A,(p)}, v = 0 and this fact yields a
contradiction. By the properties of the Leray-Schauder degree, we get

deg (1 — T, B(0, ¢), o) = deg (I — T*(-, 0), B(0, £), 0)
= deg (I — T*(-, 1), B(0,£),0) = deg (I — T}, B(0,¢),0)

and the proof is completed by Lemma 2.2.

3 Existence of unbounded continuum

We begin with this section recalling what we mean by bifurcation at zero and at infi-
nity. Let X be a Banach space with norm | - ||, and let §: X x I — X be a completely
continuous operator, where [ is some real interval. Consider the equation

u=3(uAr) )

Definition 3.1. Suppose that §(0,)) = 0for all A in I, and that ) ¢ [. We say that
(O,X) is a bifurcation point of (9) at zero if in any neighborhood of (O,X) in X x I, there
is a nontrivial solution of (9). Or equivalently, if there exist sequences {x, = 0} and {\,}
with (||x,1], An) = (0, i)and such that (x,, \,,) satisfies (9) for each n € N.

Definition 3.2. We say that (oo, )is a bifurcation point of (9) at infinity if in any
neigh-borhood of (oo, X)in X x I, there is a nontrivial solution of (9). Equivalently, if

there exist sequences {x,, # 0} and {L,,} with (||x||, An) — (00, X)and such that (x,, \,,)
satisfies (9) for each n € N.
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Let u be a solution of problem (P). Define §(u, A) by
) () = fo ¢! (a(—xw(u) —f(u ) + /0 S (u(E)) - fE x)ds) . (10)

We note that (P) is written as u=g(w ). It is clear that
F:Ci0,1] x R — CL[0, 1] is a completely continuous operator.

Lemma 3.3. (i) Assume (1) and (Fy). if (0,)2)1'5 a bifurcation point of (P), then
A = An(p)for some p e N.

(ii) Assume (©,) and (F»). if (oo, i) is a bifurcation point of (P), then } = Jn(q)for
some q € N.

Proof: We prove assertion (i). Suppose that (oo, i) is a bifurcation point of (P).
Then there exists a sequence {(u,, 4,)} in C(l)[O, 1] x R with (u,, ) — (O,X) and
such that (i, A,,) satisfies up, = §(un, 1) for each n € N. Equivalently, (u,, 4,,) satisfies

1) = /0 ! (a(—xnw/f(un) ot 1)) + /O o ((2)) —f(s,un,xn)ds> ds

with [§ 671 (a(=2n (un) = (- thn 1)) + o =2t (un(§)) — F(§ 4n, 1)dE) ds = 0.
Let &, = [lu,llo and v,(t) = ”’;E‘t). Then

wo=- ! /0 o (a(—xnw(un) ot ) + /0 (0 (8)) —f(s,un,x)ds) s,
and

v (t) = 1¢71 a(=rn¥ (Un) = f(: tin, 2n)) + S—knlﬂ(un(é))—f(éfum?»)df :
En 0

Now, define d,(t) = fot ¥ (un(§)) — f(&, tn, An)d§ . Since fit, u, L) = o(|w(u)|) near

zero, uniformly for ¢ and A, for some constants K; and K.
dullo = maxicpo /0 ot (0 (6)) + 2|
< s [ b )]+ Y&, 1)
< /lenz/f(nunno)+Ku/f(||un||o)ds
< Ky (en).
Since [} ¢~ (a(—hn¥ (tn) — f(-r thas An)) — du(s)) ds = 0, we have
a(—ht (1) = £t )| < Kt ().

Otherwise, fol ¢ (a(=An¥ (un) — () tins An)) — dn(s)) ds > 0 or < 0. Now, let us
verify that sln ¢~ 1(2Ka¥r (&) is bounded. If sl,, ¢~ (2K (&n)) — o0 as n —> oo then for
arbitrary A > 0, there exists Ny € N such that
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1
¢~ (2K (en)) = A, forall n > Np.
&n

This implies that 2K, > ﬁéi")), for all n > Nj. This is impossible. Thus

007 (A ) = )+ [ ) = 6 120 ) < K

Consequently, {,} is uniformly bounded and by the Arzela-Ascoli Theorem, {v,} has

a uniformly convergent subsequence in C[0,1]. Let v,, » v in C[0,1]. Now claim that
t R s N
u(t) = / ¢, (a,,(—kq&,,(v)) + f —Aqbp(v(f))dé) ds.
0 0
Clearly,

0a(®) = 07 (alab ) = 1o 2 )) + [ =€) = £(6 1) )
_ 7 (ha (¥ (en))

Y (W (en))
a(_)‘n"/f(un) _f('/ unrkn)) ‘ "//(un(g))(p(gn) f(i:/unl)‘n)
here h,(t) = —Xn — dk .
where a0 Ve st v
Since a(=Ra (tn) = € ttns 2)) is bounded, considering a subsequence if necessary,

¥ (en)
a(=rn¥ (un) — (- tn, An))
V(en)

we may assume that sequence { } converges to d as n —

oo, This implies that
v (t) — qbp_l <d+/ —iqbp(v(g))dé) as n — oo,
0

and thus v(t) = [ ¢, (d+ fg—iqsp(v(s))dg)ds. Since v,(1) = 0 for all

n.d=a, (—)A»qbp(v)) and v is a solution of (E,). Consequently, } must be an eigenva-

lue of the p-Laplacian operator.

The converse of first part of Theorem 3.3 is true in our problem.

Lemma 3.4. Assume (®+) and (Fy). If u is an eigenvalue of (E,), then (0, u) is a bifur-
cation point.

Proof: Suppose that (0, x) is not a bifurcation point of (P). Then there is a neighbor-
hood of (0, ) containing no nontrivial solutions of (P). In particular, we may choose
an ¢-ball B, such that there are no solutions of (P) on 9B, x [u - & p + ¢] and u is the
only eigenvalue of (E,) on [y - & pu + ¢€]. Let ®(u,A) = u — F(u, A). Then deg(d(, 1), B
(0,6), 0) is well-defined for A with |A-u| < &. Moreover, from the homotopy invariance
theorem,

deg(®(:, 1), B(0, €), 0) = constant, for all A with|x — u| <e.
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Now, we claim that

deg(®(-, 1 — ), B(0, ), 0) = deg(®,(- t — ), B(O,), 0),
where ®(u, u — &) =u— T, “(u). Define H*~*: C}[0,1] x [0,1] — C}[0, 1] by
H " (u, T)(t) = v§(u, o — €)(0) + (1 — )Ty (u)(1).

We know that F(-, # —¢) and T{f ~% are completely continuous. To apply the homo-

topy invariance theorem, we need to show that 0 ¢ u - H**(u, 7)(0B,) to guarantee
well-definedness of deg(l-H"“(-, 7), B(0, ¢), 0). Suppose that this is not the case, then
there exist sequences {u,}, {r,} and {¢,} with ¢, - 0 and ||u,||o = ¢, such that i, =
H" (u,, 1,), i.e.,

t

w0 =5 [ 67 (== D) = £t — )
0
N
[ == D) ~ 1~ o) ) s

1= ) [ 0" (== daptum) + [ =0 = ey )
0 0
Setting v, (t) = ""Egt), we have that ||v,[lo = 1 and

()= 7 [ 97 (== ) =1 =)
[ == D) = 6 — o) ) s
0
=) [0y (st = edoytun) = [ =0 = ey ) as
Hence, we Obtain that
0oy = [ 07 (a0 = e () =t = )
[ = eyt ~ £(e - i
(1= 00y (== o)+ [~ = Ve )

and we see that {v}} is uniformly bounded. Therefore, by the Arzela-Ascoli Theo-
rem, {v,} has a uniformly convergent subsequence in C[0,1]. Without loss of generality,
let v,, —> v. Moreover, using the fact that

glnqs—l (a(*(u — &)Y (un) = f (s ttn, 1t — €)) +/0 —( = &)y (un(8)) — £ un 1t = e)dE)
=4 (ap(—(u “0 » [l ).
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we can obtain that
w0 - [ 4" (ap(—(u—s)d)p(v)) - —(M—8)¢p(V(§))d$)d&

This implies v = 0 and this is a contradiction. Consequently, deg( - H*“(-, 7), B(0, ¢),
0) is well defined. Therefore, by the homotopy invariance theorem,

deg(®(-, s — €), B(0, ), 0) = deg(®,(-, u — £), B(0, &), 0).
Similarly,
deg(®(-, 1 +¢),B(0,¢),0) = deg(P, (-, n — &), B(0, &), 0).
Let p is k-th eigenvalue of (E,). Then by Lemma 2.2, we get
deg(®(-, u — ), B(0,¢),0) = (—1)*"! and deg(®,(- i +¢), B(0,¢),0) = (—1)*.

This is a contradiction to the fact deg(®(-, 4 - ¢€), B(0,¢),0) = deg(D(-, # + ), B(0, ¢),
0).

Thus (0, #) is a bifurcation point of (P).

Now, we shall adopt Rabinowitz’s standard arguement [11]. Let G denote the clo-
sure of the set of nontrivial solutions of (P) and S; denote the set u € C}[0, 1] such
that # has exactly k - 1 simple zeros in (0,1), # > 0 near 0, and all zeros of « in [0,1]

are simple. Let S, = =S} and S = §; US, . We note that the sets S, S, and S,

are open in C}[0, 1]. Moreover, let C, denote the component of & which meets (0,
Ui), where py = hi(p). By the similar argument of Theorem 1.10 in [11], we can show
the existence of two types of components C emanating from (0, #) contained in &,
when g is an eigenvalue of (E,); either it is unbounded or it contains (0, /i), where
f(# 1) is an eigenvalue of (E,). The existence of a neighborhood O, of (0, y) such
that (u,2) e 8N O, and u # 0 imply u € S, is also proved in [11]. Actually, only the
first alternative is possible as shall be shown next.

Lemma 3.5. Assume (®,), (®,), and (F,). Then, Cyis unbounded in Sj, x R.

Proof: Suppose Cp C (Sp x R)U{(0, ur)}. Then since S, NS =9 forj = k, it fol-
lows from the above facts, C, must be unbounded in S, x R. Hence, Lemma 3.5 will
be established once we show Ci, ¢ (S x R) U {(0, ;x)} is impossible. It is clear that
CrN O, C (Skx R)U{(0, ux)}. Hence if Cr ¢ (Sk x R) U {(0, ur)}, then there exists
(n,2) € CN (38K x R) with (u, ) # (0, ur) and (i, A) = lim,, 5 (¢4, 1), Uy € S If
u € 35y, u = 0 because u# dose not have double zero. Henceforth A = y;, j # k. But
then, (un, Ay) € (S x R)NO; for large n which is impossible by the fact that
(tn, An) € 8N O; implies u, € S;. The proof is complete.

Lemma 3.6. Assume (®,), (©,), (F1), and (Fs). Then for each k € N, there exists a
constant My € (0, «) such that ). < My, for every L with (u, 1) € Cp,.

Proof: Suppose it is not true, then there exists a sequence {(un, An)} C Cr such that
A, = . Let Pj, be the jth zero of u,. Then there exists j € {1,..., k - 1} such that
logs1), — i, = ;{ Thus for each n, there exists o, € (0j,, pG+1),) such that

Pj, + 3/0(j+1)n)

uy,(0j,) =0. Let u,(t) > 0 for all t € (pjn,p(j+1)n). Suppose oj, € (,ojn, 4
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Then by integrating the equation in (P) from %j. to t € [ajn, p(j+1)n], we see that u,

satisfies

w0 = /lpumn ! (/5 In¥r (un(8)) + f (€, tn, )»,,)dé) ds.

n

Pijn +40(+ Pin +50(+
For t e I: in 5(}‘)n’ 'in 6(] l)n:l,

P(j+1), t
u”(t) z /Ojn+5p(j+1)n d)_l / )‘nw(un(t))dé ds
6 9%j

Jn

Pin+4p(j1)n

P(j+1), 5
-1
Z [oin+5ﬂ(j+1)n d) \/‘pi"+3p(j+1]n )‘nw(un(t))dé dS
6 4

PG+, = Pjn 1 { P(G+1), — Pin
= g 1( o ]Anw(un(t)))

> 0 (gpt).

Thus

¢ (6kuy(t)) - An

V(un(t)) ~ 20k’ (1)

The left side of (11) is bounded and independent on #, but the right side goes to oo

Pjn*+3P(+1),
4

as n —> . This is impossible. Now, if o0j, € ( , p(j+1)n> , then by integrating the

equation in (P) from t € [pj,, 0j,] to Tj., we see that u, satisfies

() = / |

; ¢! </a,-n At (un(1)) +f($,un,)\n)d§> is.

N

. i . +2 i
For t € [Pm /;o Dy Pin ;7(1 m]

w®)= [ o ([ st o)ie)

J;
pir1+ﬂ(j+1]n pin+3ﬂ(j+1)n

S A | O P
9 3

in

PG+1), = Pjn .1  PG+1), — Pin
= g 1( o ’Anw(un(t)))

20 (gt (@),

From the above argument, we get

O (2hun(1)) _

() = 12k 12

This is impossible because the left side is bounded and independent on 7, but the
right side goes to infinity as # goes to infinity. We can get similar results when u,,(¢) <

Page 11 of 15
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Pi. +30(+1),

0. Indeed, if o, € <pjn, 4

), then we have

P(Cklun(O)) _

> . (13)
¥ (lun(t)]) 20k
Also if 0, € <p1"+3:(j+1)" p p(j+1)”) , then we have
2k|uy(t A
D2Rlun())) _ o ”

Y(lun(0)l) ~ 12k

Since both (13) and (14) are impossible, there is no sequence {(un, An)} C Cp, satisfy-
ing A, = . Consequently, there exists an M € (0, o) such that A < M;.

Proof of Theorem 1.1

By Lemmas 3.3, 3.4, and 3.5, for any j € N, there exists an unbounded connected

component Cj of the set of nontrivial solutions emanating from (0, A,(p)) such that
(u, A) € C; implies u has exactly j - 1 simple zeros in (0,1). From Lemma 3.6, there is
an M; such that (4, A) € C; implies that A < M;, and there are no nontrivial solutions
of (P) for & = 0, it follows that for any M > 0, there is (4, 1) € Cj such that ||, >M.

Hence, we can choose subsequence {(un, An)} C Cj such that 3, — i and [lu,ll; — oo

Thus, (o0, 1) is a bifurcation point and A = Ai(q)-

4 Application and some examples
Proof of Theorem 1.2
Let us consider the bifurcation problem

{—(¢>(u’(t)))’ = (u(t)) + g(t,u), te(0,1),
u(0)=u(1)=0

Put fit,u,)) = -up(u) + g(t, u). We can easily see that f{t,u,A) = o(|@(«)|) near zero
uniformly for £ and A in bounded intervals. The equation in (4,) can be equivalently
changed into the following equation

{ —(o(w'(1))) = (A + )@ (u(t)) + f(t,u, 1), te(0,1), (A7)
u(0) =u(1) =o0.

By the similar argument in the proof of Theorem 1.1, for each k < j < u, there is a
connected branch C; of solutions to (A, emanating from (0, A;(p) - ¢) which is
unbounded in C}[0, 1] x R and such that (4, ) € C; implies that u has exactly j - 1
simple zeros in (0,1). From the fact ug(t, u) > 0, it can be proved that there is an M; >
0 such that (u, A) € Cj implies that A < M;, by the same argument as in the proof of
Lemma 3.6. Since there is a constant K, > 0 such that g(z, s) < K,(s) for all (¢, s) €
[0,1] x R, if (u, 1) € Cj, then A > -K,. Hence C; will bifurcate from infinity also, which
can only happen for 4 = A,(q) - v. Since A,(q) - v < 0 <A;(p) - p and C; is connected,
there exists u# = 0 such that (#,0) € C;. This u is a solution of (A). Since this is true

for every such j, (A) has at least # - kK + 1 nontrivial solutions.
Finally, we illustrate several examples of Theorems 1.1 and 1.2.
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Example 4.1. Define ¢, y, f by

u+2u?+ud, ifu>0,
u—2u?+ud,ifu<0o,

u+u?+ud, ifu>0,
u—u?+ud,ifu<o,

o) - | v - |

a2, if u>0,
JUA) = P
ftw2) {—Auz,lfu<0.

Then ¢ and y are odd increasing homeomorphisms of R and

im €Y o g0, tim 2 Lot C o)
u—0 Y (u) [ul—o0 Y (u)

Moreover, f satisfies f{(t, u, A) = o(|y(u)|) near zero and infinity, uniformly in ¢ and A,
and uf(t,u, A) = 0. Therefore, all hypotheses of Theorem 1.1 are satisfied.

Example 4.2. Define ¢, g by

u+u?, ifu>0, mu+m3u?, if u>0,
¢(u)_{u—u2,ifu<0, g(t’u)_{nu—n3u2,ifu<0.
Then ¢ is odd increasing homeomorphism of R and
. ¢plou) . plou) 5
WMy 0= ¢200) m oy =0 =9s(0):

Moreover, ug(t,u) > 0 and

. g(tu) . g(Lu) 4
ulggo #(u) e |ul|1—r>noo #(u) ST

Thus we can check on the fact that

lim 8(tu)

e ()

3
4 7
«/3n> - lim gt u)

<) =m*<n(3) = ( 9 lul—co ¢ (u)

All hypotheses of Theorem 1.2 for k = n = 1 are satisfied so that (A) possesses at
least one nontrivial solution.

Example 4.3. Define ¢, g by

| wIn(u+1), ifu=0, | 2% In(u+ 1)tan'u, ifu>0,
ou) = { —u?In(—u+1),if u <0, 8(Lu) =\ 10,2 In(—u+ 1)tan" 1y, if u < 0.

Then ¢ is odd increasing homeomorphism of R and

¢(ou) 5 . ¢lou) 5
Hm oy ~0 T lim Ly =om = ¢s(0):
Moreover, ug(t,u) > 0 and
8(tu) =0, lim 8(tu) 207,

’

ul—oo Pp(u)

Page 13 of 15
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1

Ai(p) Ailq)

Figure 1 A connected component Cj of (P).

Thus we can check on the fact that

tim 50 ) - Vo' <a(3) = avar )’ < lim ¥
u—00 ¢(u) ! 2 3 3 |u]— o0 ¢(u)

All hypotheses of Theorem 1.2 for k = 1 and n = 3 are satisfied so that (A) possesses
at least three nontrivial solutions.
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