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1 Introduction

Let A be the class of functions that are analytic in the unit disk D = {z € C: |z| <1} and
normalized by f(0) = f’(0) — 1 = 0. The subclasses of A consisting of functions that are
univalent in D, starlike with respect to the origin and convex will be denoted by S, S* and
C, respectively. The class S} of starlike functions of order o <1 may be defined as

zf'(2)

f(@)

S::{feA:fRe >oz,zeU}.

The class S and the class C, of convex functions of order o <1

ICazz{feA:%e<1+fo:;S)> >a,zeL{}

={feA:zf €S}

were introduced by Robertson in [1]. If ¢ € [0;1), then a function in either of these sets
is univalent. The convexity in one direction (it implies the univalence) of functions con-
vex of negative order —1/2 was proved by Ozaki [2]. In [3] Pfaltzgraff et al. established
that the constant —1/2 is, in a certain sense, the best possible. A lot of the other equiva-
lent/sufficient conditions for univalence or for the starlikeness, or more, for the convexity
in one direction, one can find in [3]. In this work we consider a similar problem, namely

find o, B such that

Zf//(Z)
9%(1+ @ ) <o

zf'(2)
f(2)

—,3‘<,3.

If B € (0,1], it implies also the starlikeness of f.
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2 Preliminaries
The following lemma is a simple generalization of Nunokawa’s lemma [4], which together
with the lemma from [5] has a surprising number of important applications in the theory

of univalent functions.

Lemma 2.1 [6] Let p(z) =1+ Zzimzz cq,2" be an analytic function in D. Suppose also that
there exists a point zy € D such that

ERe{p(z)} >0 for|z| <zl
and
Re{p(z0)} =0 and plzo) #0.

Then we have

zop'(z0) _

ik,
p(z0)

where k is a real number and

m 1 T
k> E<a + ;) >m>2 when Arg{p(zo)} =3

and

m 1 b4
k< -5 (a + ;) <-m<-2 whenArg{p(z,)} = -5

where |p(zo)| = a.

3 Main results

Theorem 3.1 Assume that § > 3/4 and m is a positive integer such that m > 48 — 1. If
f@) =z+Y 2 a,Z", and zf'(2)/f (z) are analytic in the unit disc D with zf'(z) # 25f(2),
f'(z2) #0,ze D and

Zf//(z) }
f'(2)

28+ (8-1/2)(m—1) fors €[3/4,1) and m>§/(1-38),meN,
< 2(';(;}1) ford§>1landm>45 -1,meN, 3.1

ngill) ford €[3/4,1) and 46 —1<m<8§/(1-38),meN,

ERe{l+

then we have

zf'(2)
f(2)

Proof The function zf’(z)/f (z) is analytic in D, thus we can define the function p by

—§8| <8 for|z]<1.

zf'(2) e SP(Z) +1-24

flz) " plz)-1+28 for || <1, (3.2)

where p(0) =1, and p(2) = 1 + pu12” ' + pz”™ +--- ,z€D.
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Then it follows that
i 28 256 -1 /
G ple) | '(2) (3.3)
flz) ple)-1+28 p(z)-1+28 p(z)
If there exists a point zy € D such that
zf'(2)
-8 <8 for|z| < |zo]
f@) ’
and
zqf"(20) _5‘ _s)
f(z0)
then by (3.2)
Rep(2)} >0 for |z| < |zo]
and
Rep(z0)} =0
and p(zo) # 0 by (3.3). Then applying Lemma 2.1, we have
20p'(z0) _ ik,
p(z0)
where
-1)(@®+1
k> (m-Da +1) when Arg{p(zo)} = T (3.4)
2a 2
and
(m—-1)(a®+1) T
k< oy when Arg{p(zo)} ==

and where p(z9) = tia and 0 < a. For the case Arg{p(zo)} = 7 /2, p(z) = ia and 0 < a it
follows from (3.3) that

el 20

+
f(z0)
28ia (26 - 1)ik
=NRe + Re-
ia—1+26 ia—1+26
2a%8 (26 —1)ak

- a’+ (26 —1)2 " a’+ (286 —1)2
2a%8 + (28 —1)ak
T a2+ (26-1)
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Therefore, we have from (3.4)

.\ zof"(20) }
Sf(z0)
245 + (286 —1)a”? #
a? + (28 -1)2
_4a5+ (28 -1)(m - 1)(a® +1)
- 2(a® + (28 — 1)2)

%e{l

(m-1)1-8)-(25-1)

=258+ (6-1/2)(m—-1)+25(25 -1) a’ + (28 —1)2

fora > 0.

In the last expression, the numerator (m —1)(1 — §) — (2§ — 1) is nonnegative if and only if
8 € [3/4,1) and m > §/(1 — §) but this expression tends to 0" when a — co. Therefore, in
this case we have

zof" (20)
f'(z0)

9‘%e{1+ } >25+(8-1/2)m -1) for s €[3/4,1) and m > 5/(1-6). (3.5)
Furthermore, the numerator (m —1)(1 - §) — (28 — 1) is negative if and only if § > 1 and
m e Nor § € [3/4,1) and m < §/(1 — 8). In this case the quotient decreases when a — 0*.
Therefore, in this case we have
20 ”(Zo)}

f)%e{l + 7}”(20)

> 25+ (5-1/2)(m—1) + 2m=DA=9) (25 - 1)

26 -1

m-1

T225-1) 36

We have assumed that m > 48 —1 to have the right-hand side in (3.1) greater to 1. So in this
case we have

1)
4<3—1<W1<1

for § € [3/4,1). (3.7)

Therefore, we can write (3.6) in the form

el )
Sf(z0)
- m-1 eitherfor §>landm>46-1,meN, (3.8)
~2(28-1) | or for 8 €[3/4,1)and 46 -1 <m < 8/(1 -6). '

Inequalities (3.5) and (3.8) contradict the hypothesis of Theorem 3.1, and therefore we
have

?Re{p(z)} >0 forlz|<1. (3.9)

Furthermore, from (3.2) and (3.9) we obtain

zf'(2)
fe) 8|

plz) +1-28
plz)—1+28

‘ <3 forlz|<1. (3.10)
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For the case Arg{p(z0)} = —7/2, p(z0) = —ia and 0O < a, applying the same method as
above, we also have (3.9). Therefore, we get (3.10), which completes the proof of Theo-
rem 3.1. O

Substituting 6 = 1 in Theorem 3.1 leads to the following corollary.

Corollary 3.2 Iff(z) =z + Y ... a,z" is analytic in the unit disc D and

’

%e{1+ zf”(z)} < m2—1

f(2)
then we have

zf'(2)
f(2)

-1{<1 for|z|<1.

Substituting 6 = 3/4, m = 3 in Theorem 3.1 gives the following corollary.

Corollary 3.3 Iff(z) =z + Y .., a,2" is analytic in the unit disc D and

zf"(z) 13
%e{1+ @ } < 5’
then we have
! 3] 3
ZJ]:(Z) - Z‘ < " for|z| < 1.

Substituting 8 = 4/5, m = 3 in Theorem 3.1 gives the following corollary.

Corollary 3.4 Iff(z) =z+ Y -5 a,2" is analytic in the unit disc D and

f(2)
then we have

! 4 4
zf(z)__‘<g for|z| < 1.

fe) 5

As a supplement to the above results recall here the known result [7, p.61] that if f(z) =
z+ Y o, a,Z" is analytic in the unit disc D and

zf"(z) 1+z 2z
Rell R = —,
e{ F e | SR e
then
ERer @ >0 forlz|<1.

f(2)

Note that the open door function R;;(z) maps D) onto the complex plane with slits along
the half-lines Re{w} = 0, and | Im{w}| > /3. Next we give the bounds for |Arg{zf”(z)/f (2)}|.
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Theorem 3.5 Letf(z) =2> + Y o5 a,z" be analytic in the unit disc D. If

If"(@) -2 <2 forlz <1, (3.11)
then
’@ -2|<1 for|z| <1 (3.12)

Proof By the Schwarz lemma we have
If"(te¥) -2| <2t, te[0,1).

Let z = re’®, r € [0,1), and let ¢ be fixed. Using this we obtain

_ -2
|zl
_ | fo (" () = 2) du|
|z
_ Jo (' (ze') - 2) d(ze)|
|rei#|
| Jo €4 (f" (te) - 2) dt|
|rei#|
- fO’ e (" (te'?) — 2)| dt

- Jo2ede
- r

72

—=r<l
r

z

d

|re®|

Therefore, we obtain (3.12). a

For the function f(z) = z3/3 + z%, condition (3.11) is satisfied while (3.12) becomes |z| < 1
in the unit disc, which shows that the constant 1 in (3.12) cannot be replaced by a smaller

one. A simple geometric observation yields the following corollary.

Corollary 3.6 Letf(z) =2z> + Y oy a,2" be analytic in the unit disc D. If

Lf”(z) - 2| <2 for|z| <1, (3.13)
then
’Arg{f/iz) H < % for|z| < 1. (3.14)

Using the same method as in the proof of Theorem 3.5, we can obtain the following
result.
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Theorem 3.7 Letf(z) =2> + Y o5 a,z" be analytic in the unit disc D. If

If"(@) -2 <2 forlz| <1, (3.15)
then
fz(—f) - 1‘ < % for|z| < 1. (3.16)

For the function f(z) = z3/3 + z2, condition (3.15) is satisfied while (3.16) becomes |z/3| <
1/3 in the unit disc, which shows that the constant 1/3 in (3.16) cannot be replaced by a
smaller one. A simple geometric observation yields the following corollary.

Corollary 3.8 Let f(z) =2* + Y -5 anz" be analytic in the unit disc D. If

If"(z)-2|<2 forlzl <1, (3.17)
then

)

Using Corollaries 3.6 and 3.8 together, we obtain the next one.

1
<sin™! 3 for|z| < 1. (3.18)

Corollary 3.9 Letf(z) =2> + Y -5 a,z" be analytic in the unit disc D. If

Lf”(z) - 2| <2 for|z| <1, (3.19)
then
’ 1
‘Arg{ ZJJ:(Z) ” < % #sin 2~ 08634 for || <1 (3.20)

Proof From (3.12) and from (3.16), we have

'] _ f’(Z)iH
'Arg{fw H - ’Arg{ : 1@

2] ]

z

<

T .1
< — +sinT =
6 3
~ 0.8634. O

Recall the class SS§*(B) of strongly starlike functions of order 8,0 < 8 <1,

< 'B—n,ze IU},
2

zf'(2)
f(2)

which was introduced in [8] and [9]. Therefore, Corollary 3.9 says that if f satisfies the
assumptions, then it is 2-valently strongly starlike of order at least 0.8634.

SS*(B) := {f ceA: ‘Arg
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