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1 Introduction and preliminaries

The study of common fixed points of mappings satisfying certain contractive condi-
tions has been at the center of rigorous research activity [1-5]. Mustafa and Sims [4]
generalized the concept of a metric space and call it a generalized metric space.
Based on the notion of generalized metric spaces, Mustafa et al. [5-9] obtained some
fixed point theorems for mappings satisfying different contractive conditions. Abbas
and Rhoades [10] initiated the study of common fixed point theory in generalized
metric spaces (see also [11]). Saadati et al. [12] proved some fixed point results for
contractive mappings in partially ordered G-metric spaces. Abbas et al. [13] obtained
some periodic point results in generalized metric spaces. Shatanawi [14] obtained
some fixed point results for contractive mappings satisfying ®-maps in G-metric
spaces (see also [15]).

Bhashkar and Lakshmikantham [16] introduced the concept of a coupled fixed point
of a mapping F : X x X — X (a nonempty set) and established some coupled fixed
point theorems in partially ordered complete metric spaces. Later, Lakshmikantham
and Ciri¢ [3] proved coupled coincidence and coupled common fixed point results for
nonlinear mappings F : X x X — X and g: X — X satisfying certain contractive condi-
tions in partially ordered complete metric spaces. Recently, Abbas et al. [17] obtained
some coupled common fixed point results in two generalized metric spaces. Choudh-
ury and Maity [18] also proved the existence of coupled fixed points in generalized
metric spaces. Recently, Aydi et al. [19] generalized the results of Choudhury and
Maity [18]. For other works on G-metric spaces, we refer the reader to [20,21].

The aim of this article is to prove some common coupled coincidence and coupled
fixed points results for mappings defined on a set equipped with two generalized
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metrics. It is worth mentioning that our results do not rely on continuity of mappings
involved therein. Our results extend and unify various comparable results in [17,22,23].
Consistent with Mustafa and Sims [4], the following definitions and results will be
needed in the sequel.
Definition 1.1. Let X be a nonempty set. Suppose that a mapping G : X x X x X —
R" satisfies:

() Gx, 9,2 =0ifx =y =z

(b) 0 <G(x, y, 2) for all x, y € X, with x = y;

(c) Glx, %, ) < G(x, 9, 2) for all x, y, ze X, with y = z;

(d) G, v, 2) = G(x, 2 ) = G(y, 2 x) = ... (symmetry in all three variables); and
(e) Gx, 9, 2) < Glx, a4, a) + G(a, y, z) for all v, ¥, 2, a € X.

Then, G is called a G-metric on X and (X, G) is called a G-metric space.
Definition 1.2. A sequence {x,} in a G-metric space X is:

(i) a G-Cauchy sequence if, for any ¢ > 0, there is an ng € N (the set of natural
numbers) such that for all n, m, [ > ny, G(x,, x,,,, x;) <é,
(ii) a G-convergent sequence if, for any ¢ > 0, there is an x € X and an ny € N, such

that for all n, m > ny, G(x, x,, x,,) <e.

A G-metric space on X is said to be G-complete if every G-Cauchy sequence in X is
G-convergent in X. It is known that {x,} G-converges to x € X if and only if G(x,,, x,,
x) = 0as n, m—> « [4].

Proposition 1.3. [4] Let X be a G-metric space. Then, the following are equivalent:

1. {x,;} is G-convergent to x.

2. G(x,, %, x) = 0 as 1 —> oo,

3. G(x,,, x, x) > 0as 1 —> .

4. G(x,,, %,,, ) = 0 as n, m —> oo,

Definition 1.4. [16] An element (x, y) € X x X is called:

(Cy) a coupled fixed point of mapping 7: X x X > X ifx = T (x, y) and y = T (3, x);

(C,) a coupled coincidence point of mappings 7': X x X — X and f: X - X if flx) =
T(x,y) and fly) = T(yx), and in this case (fx,fy) is called coupled point of coincidence;

(C3) a common coupled fixed point of mappings 7: X x X > X and f: X > X if x =
fix) = T(x, y) and y = fly) = T(y, x).

Definition 1.5. An element (x, y) € X x X is called:

(CC;) a common coupled coincidence point of the mappings 7, S: X x X — X and f
: X > Xif T(x, y) = S(x, y) = fx and T(y, x) = S(y, x) = fy, and in this case (fx, fy) is
called a common coupled point of coincidence;

(CC,) a common coupled fixed point of mappings 7, S : X x X - X and f:

X = Xif T(xy) = S(x.y) = f(x) = x and T(y, %) = S(1x) = f(y) = 7.

Definition 1.6. [22] Mappings 7: X x X - X and f: X — X are called
(W1) w-compatible if AT(x, y)) = T(fx,fy) whenever flx) = T(x,y) and fly) = T(y, x);
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(W) w*-compatible if {T(x,x)) = T(fx, fx) whenever flx) = T(xx).

2 Common coupled fixed points
We extend some recent results of Abbas et al. [17,22] and Sabetghadam [23] to the
setting of two generalized metric spaces.

Theorem 2.1. Let G; and G, be two G-metrics on X such that Gy(x,y, z) < Gi(%, ¥, 2)
forallx, y, ze X, ST : X x X - X, and f: X — X be mappings satistying

G1 (S(x, ), T(u,v), T(s, )
< a1Gy (fx, fu, fs) + a2Ga (S (x,y) , fx, fx) + asGa (T (x, ), fu, f5) (2.1)
+a4Gy (fy, fu, ft) + asGa (S (x,y) , fu, fs) + agGa (T (u,v), T (s, 1), fx)

forall x, y, u, v, s, t € X, where a; 20, for i = 1, 2,.., 6 and a; + a4 + as + 2(ay + as
+ag) < L If S(X x X) € fAX), T(X x X) € fiX), AX) is G;-complete subset of X, then §,
T, and f have a unique common coupled coincidence point. Moreover, if S or T is w*
-compatible with f, then £ S, and T have a unique common coupled fixed point.

Proof. As S, T, and f satisfy condition (2.1), so for all x, y, u, v € X, we have

G1 (S(x,y), T(u,v), T(s, v))
< a1Gy (fx, fu, fs) + a,G, (S (x,y) , fx, fx) + asG, (T (x, ), fu, fu) (2.2)
+a4Gy (fy, fu, fv) + asG, (S (x,y) , fu, fu) + asGo (T (u,v), T (u, v) , fx) .

Let xp,y0 € X. We choose x1,y; € X such that fx; = S(xo, yo) and fy; = S(yo, X0), this
can be done in view of S(X x X) € fIX). Similarly, we can choose x,,y, € X such that
Jfxo = T(xy, y1) and fy, = T(y1,%;) since T(X x X) € f{X). Continuing this process, we
construct two sequences {x,} and {y,} in X such that

fxon =S (X2 Van), fxama2 = T (X2ne1, Vons1) (2.3)
and

frane =S (Vanx2n),  fYanez =T (Vane1, Xone1) - (2.4)
From (2.2), we have

G1 (fxone1, fxans2, fX2ne2)
G1 (S (%2n,¥20) + T (*2n41, V2ne1) » T (%2001, Y2ne1))
a1Ga (fxan, fXane1, fXane1) + 42Go (S (X2ns Y2n) o fX2ns fX2n)
+ az3Gy (T (x2n+1/y2n+l) rfx2n+1/fx2n+1) +a3Gy (f}’zn,f}’2n+1,f)/2n+1)
+ a5Ga (S (x2n, Y2n) » [xons1, fxone1) + a6Ga (T (X2ns1, Vane1) o T (X2ne1, Vaner) » fx2n)
= a6 (fonrfx2n+lrfx2n+l) +a2Gao (fxln+1/fx2nrfx2n)
+ a3G (fx2n+2rfx2n+1rfx2n+l) +a4Gy (fY2n,fY2n+1,f)’2n+1)
+ asGy (fx2n+1/fx2n+1rfx2n+l) +asGa (fx2n+2/fx2n+2:fx2n)
(a1 +2a; + a6) Ga (fxan, fXone1, fxone1) + (243 + a6) Ga (fXans1, fXone2, fXone2)

+ a4Go (fYanfYZn+1/fy2n+1) ’

IA

IA

which implies that

G1(fx2ne1, fX2n42, fXon42)

(2.5)

=< 1—2a a [(541 +2a; +aG)GZ(fx2n+1,fx2n+1rfx2n+l)+a4G2(fY2n:fy2n+lzfy2n+l)]-
— 243 — dg
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Similarly, we obtain

G1(fY2ns1, fY2ns2: fY2ns2)

(2.6)

< 1 — %« —a [(a1 + 2as + a6)Ga (fyan, fYone1. fYane1) + asGa(fXon, fX2n41, fX2n41)].
—2a3 — ag

Now, from (2.5) and (2.6), we obtain

Gl (fx2n+1/fx2n+2/fx2n+2) + Gl (fy2n+1/fy2n+2/fy2n+2)
< MGa(fxan fxone1, fXone1) + G2 (Fyan, fYane1, fYane1)]s

a1+a4+2a2+a6

where A = . Obviously, 0 < A < 1.

1 —2a3 —ag
In a similar way, we obtain

Gy (fx2n/fx2n+1/fx2n+l) +Gy (f}’zn,fyznn,fyzml)
< MGa(fxan—1, fx2n, fx2n) + Ga(fYan—1, f¥2n, fyan) |-

Thus, for all 7 > 0,

Gl(,fxn:fxn+llfxn+l) + Gl(fYn:fYnH:fYnH)
S A’[GZ(fxn—llfxnlfxn) + Gz(f}’n—lzf}’n/f)’n)]-

Repetition of above process # times gives

G1 (fxn/fxn+1/fxn+l) + G1 (fyn/f)’n+l/fyn+l)

< MGa(fxn—1,fxn fxn) + G2 (fyn—1,fvu)]
< M[Ga(fxn—2, fxn—1,fxn-1) + Ga(f¥n-2, [Vn-1.fyn-1)]
< - < MGa(fxo, fx1, fx1) + Ga(fyo. fr1, fy1)]-

For any m >n > 1, repeated use of property (e) of G-metric gives

G1(foxn, fxm, fxm) + Gr(fyn, fym, fym)

Go(fxn, fxne1, fone1) + Go(fXna1, Xes2, Xns2) + G2 (f¥ns f¥ne1, fyne1)
+Go(fya1s Xpe2, Xpi2) + - - - + Go(fxm—1, fXm, fxm) + Ga(f¥m=1, fVms fVm)
< (A" D [Gofxo, fx1, fx1) + Go(fyo, fri )]

= 1)»_”}\ [Ga(fxo, fx1, fx1) + Ga(fyo, fy1, fyi)],

IA

and so G1(fx,.fx,. fx) + Gi(Fw Y fym) = 0 as n, m — oo. Hence, {fx,} and {fy,}
are G;-Cauchy sequences in flX). By G;-completeness of f{X), there exists fx, fy € AAX)
such that {fx,} and {fy,} converge to fx and fy, respectively.

Now, we prove that S(x,y) = fx and T(yx) = fy. Using (2.2), we have

Gy (fx, T(xr Y)/ T(X, y))

< Gi(fxane1, T(xp), T(x,¥)) + G1(fX fXone1, fX2n41)

= Gu(S(s2n y2n), T(x,y), T(x,¥)) + G1(fx2ns1, fX2n41, %)

< a1Ga(fxan, fx, fx) + a2Ga(S(x2n, Y2n), fXon, fx2n) + a3Ga(T(x, y), fx, fx)
+a4Go(fyan: f, fy) + asGa(S(x2n, y2n), fx, fx)
+a6Ga(T(x,y), T(x, ¥), fxan) + G1(fx2ns1, fXans1, fX)

< a1Ga(fxan, fx, fx) + a2G1(fX2ns1, fXon, fx2n) + 2a3G3(T(x, y), T(x, ), fx)

+a4Go (fyan, fy. fy) + asGa(fxans1, fx, fx)
+a6Ga(T(x, y), T(x,¥), fxon) + Gi(fx2ne1, fXone1, fx),
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which further implies that
Gi1(fx, T(x,), T(x,y))
1
=< 1— 2 [a1Ga(fxon, fx, fx) + a2Go (fxon, fx2n) + asGo(fyan, f¥. f¥)
— 2a3

+as5Ga(fx2ns1, X, fx) + as G2 (T (%, ¥), T(x,y), f2n) + G1 (fXone1, fons1, fx)].

Taking limit as # — oo, we have

ag
Gi(f T ), T 1) = | %, GrTCo ), TCx 1) o)
a
s 4 62a < 1, so we have Gi(fx, T(x, y), T (x, y)) = 0, and T (%, y) = fx.
— 2a3

Again from (2.2), we have

G1(S(x,y). fx. fx)
G1(S(xy), T(x,y), T(x,y))
a1Ga(fx, fx, fx) + a2 G2 (S(x, p), fx, fx) + asGa(T(x, ), fx, fx)
+asGa(fy, fy. fy) + asGa(S(x, y), fx, fx)
+a6Ga(T(x, ), T(x,y), fx)
(a2 +as)Ga(S(x,y), fx, fx)
< (a3 +4as5)G1(S(x y), fx, fx).

A

IA

That is G1(S(x,), fx, fx) = 0, and S(x,y) = fx. Thus, T(x,y) = S(x,y) = fx. Similarly, it

can be shown that T(y, x) = S(y, x) = fy. Thus, (fx, fy) is a coupled point of coincidence
of mappings £ S, and T.

To show that fx = fy, we proceed as follows: Note that

G1(fxaners fyane2, fyane2)
= G1(S(x2ns ¥2n), T(yanse1, %2ne1), T(Yane1, X2ne1)
< a1Ga(fxon, fyans1, fYane1) + a2G2(S(X2n, Yan), fX2n, fX2n)
+a3Go(T(Yane1, ¥2041) [V2001, f¥2001) + A2 Go (f¥an, fXone1, fX2n41)
+a5G2(S(X2n, Y2n) [V2ne1, fY2ne1) + A6 Go (T (Vane1, X2ne1)s T(Vanets X2n41), fX2n)
a1Ga(fxan, fyanet, fYane1) + a2Ga(fXone1, fxon, fX2n)
+a3Ga(fyans2, fyanets fYane1) + aaGa(fyan, fXone1, fXoni1)
+asGo(fxons1, fYonst, fYoni1) + s Ga (fyans2, fYane2, fXon).

Taking limit as # — oo, we obtain

Gi1(fx fy, fy) < (a1 + a5 + as)Ga(fx, fy, fy) + aaGa(fx, fx, fy).

This implies that

G (fx, . fy) < “4 Gr (fr f, f7).

1-— (a1 +ds + ag) (27)
In the similar way, we can show that
ag
G1(fy, fx, < Gi1(fy. fy. fx). .
1y frfx) = 1— (a1 +as +ag) 1y Jy 1) @38
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as
i 1 =
Since 1= (ar +as + ag) < 1, from (2.7) and (2.8), we must have G;(fx, fy, fy) = 0. So
that fx = fy. Thus, (fx, fx) is a coupled point of coincidence of mappings f, S and T.
Now, if there is another x* € X such that (fx*fx*) is a coupled point of coincidence of

mappings £, S, and T, then

Gi(fx, fx*, fx*)
= G1(S(x,x), T(x*, x*), T(x*, x*))
a1Ga(fx, fx*, fx*) + a2Ga (S(x, x), fx, fx)
+a3Gy (T(x*, x*), fx*, fx*) + aa G (fx, fx*, fx*)
+asGa(S(x, x), foa*, fx*) + agGa (T(x*, x*), T(x*, x*), fx)
= a1Go(fx, fx*, fx*) + a2 Ga (fx, fx, fx)
+a3Gy (fx*, fx*, fx*) + asGo(fx, fx*, fx*)
+asGa(fx, fx*, fx*) + asGa (fx*, fx*, fx)
< (a1 +a4 +as + ag)Gy(fx, fx*, fx*)

IA

implies that Gy(fx,fx*fx*) = 0 and so fx* = fx. Hence, (fx, fx) is a unique coupled
point of coincidence of mappings f, S, and T.
Now, we show that £, S, and 7 have common coupled fixed point.

For this, let fix) = u. Then, we have u = fx = T(x, x). By w*-compatibility of fand T,
we have

fu) = f(fx) = f(T(x, x)) = T(fx, fx) = T(u, ).

Then, (fu, fu) is a coupled point of coincidence of £ S, and 7. By the uniqueness of
coupled point of coincidence, we have fu = fx. Therefore, (#, u) is the common
coupled fixed point of £, S, and T.

To prove the uniqueness, let v € X with u = v such that (v, v) is the common
coupled fixed point of f, S, and T. Then, using (2.2),
Gy (u,v,v)
Gi(s(uu), Twv),T @)
a1Gy (fu, fo, fv) + a2Go (S (u,w), fu, fu) + asG, (T (v,v) , fu, fv)
+a4Go (fu, fu, fv) + asGa (S (u, u) , fu, fv) + agGy (T v, v), T (v, v), fu)
(a1 + ag +as + ag) Gy (fu,fv,fv) = (a1 + a4 + ds + ag) Gy (u,v,v)
< (ar+as+as+asg) G (w,v,v).

IA

Since a; + a4 + as + ag < 1, so that Gi(», v, v) = 0 and u = u*. Thus, £ S, and T have
a unique common coupled fixed point.

In Theorem 2.1, take S = T, to obtain Theorem 2.1 of Abbas et al. [22] as the follow-
ing corollary.

Corollary 2.2. Let G; and G, be two G-metrics on X such that Gy(x, ¥, z) < G1(x, ¥,
z), forallw, y,ze X, T: X x X - X, and f: X - X be mappings satisfying
Gl (T (x/ )’) ’ T (ul U) ’ T (51 t))
< a1G (fx, fu, fs) + a2G, (T (x,y) , fx, fx) + a3Ga (T (u, v), fu, fs) (2.9)
+asGy (fy, fu, ft) + asGa (T (x,y) , fu, fs) + a6Ga (T (u,v), T (s, 1), fx)
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forall x, 9, u, v, s, t € X, where a; > 0, for i = 1, 2,..., 6 and a; + a4 + as + 2(ar+az +
ae) < 1. If T(X x X) € fiAX), fAX) is Gi-complete subset of X, then T and f have a unique
common coupled coincidence point. Moreover, if T is w*-compatible with f, then T
and f have a unique common coupled fixed point.

In Theorem 2.1, take s = u and ¢ = v, to obtain the following corollary which extends
and generalizes the corresponding results of [17,22,23].

Corollary 2.3 Let G, and G, be two G-metrics on X such that G,(x, y, 2) < Gi(x, ¥,
z),forally, y,ze X, S, T:X x X > X, and f: X — X be mappings satisfying

G1(S(xy), Twv),T@uv)
< oGy (fx, fu, fu) + a2Gy (S (x,y) . fx, fx) + asGa (T (u, v) , fu, fu) (2.10)
+a4Gy (fy, fu, fv) + asGa (S (x,) , fu, fu) + asGa (T (u,v), T (5, 1), fx)

for all x, y, u, ve X, where a; >0, fori =1, 2,., 6 and a; + a4 + as + 2(a, + az +
ae) < 1. If S(X x X) € AAX), T(X x X) € fAX), fAX) is G;-complete subset of X, then S, 7,
and f have a unique common coupled coincidence point. Moreover, if S or T is w*-
compatible with £, then f, S, and T have a unique common coupled fixed point.

Example 2.4. Let X = 0,1, G-metrics G; and G, on X be given as (in [22]):

Gi(a,b,c)=]a—Dbl+|b—cl+|c—a]
1
Gy (a,b,c) = ) la—bl+|b—cl+|c—al.

Define S, T: X x X > X and f: X > X as

2
X
S(x,y) = g’

T(x,y) =0 and
f(x) =x* forallx,y e X.

For x, 3, u, v e X, we have

2
G (S(xy), Twv), T ) =G (’; ,o,o)

(209)

G, (0,0,%%)

=
S}

Gy (T (), T w,v),fx).

N T S

. o . 1
Thus, (2.10) is satisfied with a; = a5 = a3 = a4 = a5 = 0 and g5 = , where a; + a, +

as + ag + as + ag < 1. It is obvious to note that S is w*-compatible with f. Hence, all
the conditions of Corollary 2.4 are satisfied. Moreover, (0, 0) is the unique common
coupled fixed point of S, 7, and f.

If we take o = ay, f = a4, Y = as, and a, = a3 = ag = 0 in Theorem 2.1, then the fol-
lowing corollary is obtained which extends and generalizes the comparable results of
[17,22,23].
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Corollary 2.5. Let G; and G, be two G-metrics on X such that Gy(x, , z) < Gy(x, ¥,
z), forallw, y,ze X,and S, T: X x X > X, f: X > X be mappings satisfying

G1(S(xy), Twv),T(s0)
< oGy (fx, fu, fs) + BGa (fy, fu. ft) + v G2 (S (%, y) . fu, f5)
forallw, 9, u, v, s, te X, whereo, B, y>20,andx + B+ y< L. If S(X x X) €S fiX), T

(X x X) € fiX), fAX) is G;-complete subset of X, then S, T, and f have a unique com-
mon coupled coincidence point. Moreover, if S or T is w*-compatible with f, then f, S,

(2.11)

and T have a unique common coupled fixed point.

Corollary 2.6. Let G; and G, be two G-metrics on X such that Gy(x, , z) < Gy(x, ¥,
z), foralla, y,ze X, T: X x X - X, and f: X - X be mappings satisfying

Gi (T (xy), Twv),T(s1)
< aG, (fx, fu, fs) + BGa (fy, fu. ft) + v G2 (S (x,y) . fu, f5)

forallx, y, u, v, s, te X, whereo, B, y=20,and o + f + y< 1. If T(X x X) € AX), f
(X) is Gy-complete subset of X, then T and f have a unique common coupled coinci-
dence point. Moreover, if T is w*-compatible with f, then f and T have a unique com-

mon coupled fixed point.
Example 2.7. Let X = [0,1], and two G-metrics G;, G, on X be given as (in [22]):

Gi(a,b,c)=]la—Dbl+|b—cl+|lc—al and

1
G, (a,b,c) = ) la—bl+|b—cl+|c—al.

Define T: X x X > Xand f: X > X as

X
Ty =" a

f(x) = i forallx,y € X.

and

Now, for x, y € X,
Gi(T(xy), Twv),TGs0)

= 116 [[x+y—(u+v)|+u+v—(s+0)|+|s+1— (x+)]]

1
< 16[Ix—ul+|y—v|+|u—s|+|v—t|+|5—x|+]t—yH
1
< 16[lx—ul+|y—v|+|u—s|+|v—t|+|s—x|+|t—y|
+‘x+y7u‘+|ufs|+‘sfx+y”
9 8

1
= [Ix—u|+|u—s|+|s—x|+|y—v|+|u—t|+|t—y|

X+
u’+|u—s|+‘s— YH
8

(; |+ u—s|+;|s—x|>]
[;( |+ v—t|+;|f—Y|)]
[i( ey k)]

<2 2’ 2)+ﬁcz<;’;’;)J"’Gz(xfsy’tzl’;)
= oG (fx, fu, fs) + BGa (fy. fu. ft) + v Ga (T (x,y) . fu. fs) .

\
1
4
1
4
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Thus, (2.11) is satisfied with @ = =y = }l where o + f + Y < 1. It is obvious to note
that T is w*-compatible with f. Hence, all the conditions of Corollary 2.5 are satisfied.
Moreover, (0,0) is the unique common coupled fixed point of T and f.

Corollary 2.8. Let G; and G, be two G-metrics on X with G,(x, y, z) < Gi(«%, ¥, 2),
forallx, y, ze Xand 5,7 : X x X > X, f: X - X be two mappings such that

G1(S(xy), Twv),Tuv)
< oGy (fx, fu, fs) + BGa (fy, fu. fu) + v Ga (S (x,y) , fu, fu)
forall x, y, u, ve X, where o, B, y>0and o + B + y< 1. If S(X x X) € fAX), T(X x

X) € fIX), fiX) is G;-complete subset of X, then S, T, and f have a unique common
coupled coincidence point. Moreover, if S or T is w*-compatible with f, then f, S, and

(2.12)

T have a unique common coupled fixed point.
Theorem 2.9. Let G; and G, be two G-metrics on X such that Gy(x, y, z) < Gi(x, ¥,
z),forally, y,ze X,and §, T: X x X > X, f: X - X be mappings satisfying

G1(S(xy), Twv),T(s1)
< kmax {Gz (fx, fu, f5) + Ga (fy. fo. ft) + G2 (S (x,y) ,fu,fs)}

forallx, y, u, v, 5, te X, where 0 <k < ;.IfS(XxX)Ef(X), T(X x X) € fiX), AX)

is Gi-complete subset of X, then S, 7, and f have a unique common coupled coinci-

(2.13)

dence point. Moreover, if S or T is w*-compatible with f, then f, S, and T have a
unique common coupled fixed point.

Proof. Let xg, yo € X. We choose x1, y; € X such that fx; = S(xo, o) and fy; = S(yo,
%o), this can be done in view of S(X x X) € fiX). Similarly, we can choose x,, y, € X
such that fx, = T(x1, y1) and fy, = T(y1,x,) since T(X x X) € fiX). Continuing this pro-
cess, we construct two sequences {x,} and {y,} in X such that

f-x2n+1 =S (-x2n/ an) ’ fx2n+2 =T (x2n+1/ y2n+1)
and
fyonir =S (Yan x2n) s fyonea = T (Vans1, X2ns1) -
Now,
G1 (fxone1, fXane2, fXons2)
G1 (S (x2n,¥2n) s T (%2041, Y2ne1) » T (%2041, Y2ns1))
< kmax{Gs (fxan fxon1, fx2ne1) s G2 (Fyan fYane1, fYans1)
G2 (S (%20, ¥2n) » fX2ne1, fX2ni1) }

= kmax {G; (fxon fX2ne1, fXon1) » G2 (fYans fYanet, fYana) s
Ga (fxaner, fXaner, fX2ni) }

which implies that

G1 (fxane1, fXani2, fXone2)

2.14
=< k max {G2 (fx2n/fx2n+1/fx2n+l) ’ G2 (fYZnIfy2n+lrfy2n+l)} . ( )
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Similarly, we can show that

Gy (fy2n+1rfy2n+21fy2ﬂ+2) (2.15)
< kmax {Gy (fyan fyane1, f¥2ne1) » G2 (FXan, fXone1, fXona1) } - '

Now, from (2.14) and (2.15), we obtain

G1 (fxonet, fXane2, fXons2) + G (Fyanse1, fYans2, fYans2)
<k [max {Gz (fx2n/fx2n+l/fx2n+l) .G (f}’zn/fV2n+1/fV2n+1)}

+max {Gz (f}’zn,f}’zn+1,f}’2n+1) G2 (fon/fon+1/fx2n+l)}]
< 2k[Ga (fxan fXane1, fX2ne1) + Go (fyan, fyans1. fyane1)] -

In a similar way, we can obtain

G1 (fxan fXane1, fXane1) + Gt (FYans fyanet, fYans1)
< 2k[Gz (fxan—1,fXan fX2n) + G2 (fYan—1, fyan fyan)] -

Thus, for all n > 0,

G (fxnrfxn+1:fxn+l) + Gy (f}/nrf)/nﬂlfynﬂ)
< 2k [G2 (fxn—llfxnrfxn) + Gy (fyn—llfyn/fyn)] .

Since 0 < 2k < 1. Therefore, repetition of above process n times gives

Gi (fxn fxner, fxne1) + Gu (F¥n f¥nets fynen)
2k (G (fxn—1, foxn fxn) + Ga (F¥n=1,f¥n: f¥n)]
(zk)2 [Gz (fxn—zlfxn—l/fxn—l) +Gy (fyn—ZIfyn—llfyn—l)]
o  (2R)"[Ga (fxo, fx1, fx1) + Ga (fyo. fyr. fr1)] -

INIA DA

For any m >n > 1, repeated use of property (e) of G-metric gives

G (fxnfxmrfxm) +Gy (f)/nrf)/m/f)/m)
< & (fxn/fxn+1/fxn+l) + Gy (fxn+1/ Xxs2s xn+2) + G (f)/n+1/f}’n+1)
+Gy (fxy+1/ Xy+2, xy+2) +.+G (fxm—lzfxm/fxm) +Gy (f)/m—lzf)/mrf)/m)
(@0 + @)™+ v 20)"1) [Ga (fxo, fx1, 1) + G (o, fra f)]

(2k)"
1—2k

IA

[Ga (fxo, fx1,fx1) + Ga (fyo. fy1. fr1)]

and so Gi(fx,, X X)) + Gi(BufVimfVm) = 0 as m, m — oo. Hence, {fx,} and {fy,} are
G,-Cauchy sequences in f{X). By G;-completeness of f{X), there exists fx, fy € fIX)
such that {fx,} and {fy,} converges to fx and fy, respectively.

Now, we prove that S(x,y) = fx and T(y,x) = fy. Using (2.13), we have

Gi (fx, T(x,y), T(x, 7))

G1 (fxona1, T(x, ), T(x,y)) + G1 (fx, fxans1, fx2ni1)

G1 (S (x2n,¥2n) » T(x,¥), T(x,¥)) + G1 (fx2n41, fX2me1, fX)

kmax {Ga (fxan fx, fx) , Go (fyan ¥, 1¥) G2 (S (%20, Y2n) . f, fx) }
+G1 (fx2ne1, fXons1, fX)

kmax {Ga (fxan fx, fx) , Go (fyan 1. f¥) G2 (FXama1, fXn, fx) }
+Gi (fxans, fxone, fx) .

A

IA
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Taking limit as #n — oo, implies that G(fx, T(x, y), T(x, y)) = 0, and T(x, y) = fx.
Also, further from (2.13), we have

G1 (S(x,y), fx, fx)

G1 (S(x, 7). T(x,y), T(x,y))

kmax {G; (fx, fx, fx) , G2 (fy, fy. fy) . G2 (S(x, y), fx. fx) }
kG, (S(x, y), fx, fx)

kGy (S(x, ), fx, fx),

that is G1(S(, ), fx, fx) = 0, and S(x, ) = fx. Thus, T(x, y) = S(x, y) = fx. Similarly, it

can be shown that T(y, x) = S(y, x) = fy. Thus, (fx, fy) is coupled point of coincidence
of mappings f, S, and T.

Now, we shall show that fx = fy. So that

G (fx2n+1 ,f)/2n+2,f)/2n+2)
= G1(S(x2n¥20) s T (Yans1, X2ms1) o T (Vans1, Xone1))
kmax {Gy (fxan, fXane1, [X2n1) - Ga (FYans fYanse1, fyone1) s
Gy (S (xZn/ }/zn) ,f}/2n+1,f}/2n+1)}
k max {Gz (f}’zn,f)/2n+1,f)/2n+1) e (fon/fx2n+1/fx2n+l) ,
Ga (fXane1s fyanei, fyane1)} -

oA

IA

IA

IA

On taking the limit as # — oo, we obtain that

Gi (fx fy. fy) < kmax {G; (fx. fy. fy) , Ga (fx fr. fy) }

(2.16)
= kG, (fx, fx, fy) < kG (fx, fx, fy) .
In the similar way, we can show that
G1 (fy. fx. fx) < kG1 (fy. fy. fx) . (2.17)

From (2.16) and (2.17), we must have G,(fx, fy, fy) = 0 which implies that fx = fy.
Thus, (fx, fx) is a coupled point of coincidence of mappings £, S, and 7. Now, if there

is another x* € X such that (fx*fx*) is a coupled point of coincidence of mappings £ S,
and T, then

Gu(fx, fx*, fx*)
= G1(S(x,x), T(x* x*), T(x*, x*))
<  kmax {Gz (fx,fx*,fx*) , G (fx,fx*,fx*) , G (S(x, x),fx*,fx*)}
= kG, (fx, fx*, fx*)

implies that G;(fx, fx*, fx*) = 0 and so fx* = fx. Hence, (fx, fx) is a unique coupled
point of coincidence of mappings £, S, and 7.
Now, we show that f, S, and 7 have common coupled fixed point.

For this, let fix) = u. Then, we have u = fx = T(x, x). By w*-compatibility of fand 7,
we have

f(u) =f(fx) =f (T(x,x)) = T(fx, fx) = T(u, u). (2.18)

That is, (fis, fu) is a coupled point of coincidence of £, S, and 7. By the uniqueness of
coupled point of coincidence, we have fu = fx. Therefore, (&, u) is the common
coupled fixed point of £ S, and T.
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To prove the uniqueness, we proceed as follows: let v € X with u# = v such that (v, v)
is the common coupled fixed point of £ S and 7. Using (2.13), we have
Gi(u,v,v)
G1 (S(u, u), T(v,v), T(u,v))

< kmax {Gy(fu, fv, fv), Go(fu, fv, fv), Go (S(u, ), fv, fv) }
= kGy(fu, fv, fv) = kGa(u, v,v)
< kGi(u,v,v),

so that Gi(4, v, v) = 0 and u = u*. Thus, f; S, and T have a unique common coupled
fixed point.

In Theorem 2.9, take S = T, to obtain the following Theorem 2.6 of [22].

Corollary 2.10. Let G; and G, be two G-metrics on X such that G,(x, , z) < G(%, ¥,
z),forally, y,ze X, T: X x X > X, and f: X —> X be mappings satisfying

G1 (T(x,y), T(u,v), T(s, 1))
< kmax{Gy(fx, fu, f5), Ga(fy, fo, ft), Ga(T(x, ), fu, f5) }

forall w, y, u, v, 5, t € X, where 0 <k < ; If T(X x X) € fIX), AX) is G;-complete

subset of X, then T and f have a unique common coupled coincidence point. More-

(2.19)

over, if T is w*-compatible with f, then T and f have a unique common coupled fixed
point.

In Theorem 2.9, take s = # and ¢ = v, to obtain the following corollary which extends
and generalizes the corresponding results of [17,22,23].

Corollary 2.11 Let G; and G, be two G-metrics on X such that G,(x, y, 2) < G(x, ¥,
z),forally, y,ze X, S, T: X x X —> X, and f: X - X be mappings satisfying

G (S (x, y) ,T(uv), T, v))
< kmax{G; (fx, fu, fu) + G (fy, fv. fv) + G2 (S (x, y) . fu, fv) }

forall %, y, u, ve X, where 0 <k < ;.IfS(XxX)Ef(X), T(X x X) € fAX), fIX) is G;-

complete subset of X, then S, T, and f have a unique common coupled coincidence

(2.20)

point. Moreover, if S or T is w*-compatible with £, then £, S, and T have a unique com-
mon coupled fixed point.

Corollary 2.12. Let G; and G, be two G-metrics on X such that G,(x, y, z) < G(%, ¥,
z), forallw, y,ze X, S, T: X x X > X, and f: X — X be mappings satisfying

G1(S(x,y), T(u,v), T(s, t) < hGa(fx, fu, fs)) (2.21)

forall x, 9, u, v, 5, t € X, where 0 < 1 < 1. If S(X x X) € fiX), T(X x X) € AAX), fAX) is
G-complete subset of X, then S, 7, and f have a unique common coupled coincidence
point. Moreover, if S or T is w*-compatible with f, then £ S, and T have a unique com-
mon coupled fixed point.

Remark 2.13. By the equivalence of some metrics and cone metric fixed point
results in [24]:

(a) Theorem 2.1 can be viewed as an extension and generalization of (i) Theorem
2.2, Corollary 2.3, Theorem 2.6, Corollary 2.7 and Corollary 2.8 in [23],
(ii) Theorem 2.1, Corollary 2.2, Corollary 2.5 and Corollary 2.5 in [22], (iii) Theo-
rem 2.4 and Corollary 2.5 in [17].
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(b) Theorem 2.9 is a generalization and improvement of (i) Theorem 2.2 and Cor-
ollary 2.3 in [23], Theorem 2.6, Corollary 2.7 and Corollary 2.8 in [22].
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