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1 Introduction
Let g > 3 be a positive integer. For any integers m and #, the generalized two-term expo-
nential sum C(m, n,k, x;q) is defined by

1 k
ma" + na
Clmmk i) = 3 x(ale( "),

a=1

where x denotes any Dirichlet character mod ¢, and e(y) = e*™7.

Regarding the upper bound estimate of C(m, i, k, x; ¢), many authors have studied it and
obtained a series of important results; related contents can be found in [1-5] and [6]. For
example, from Weil’s classical work [7] one can deduce the estimate

|C(Wl,0,2, X;P)‘ < 2 p%

for (m,p) = 1.

Recently, Wang [8] studied the computational problem of the fourth power mean of
C(m,n, k, x;p), and proved the following conclusion:

Let p be an odd prime with p # 3a + 1. Then, for any integer m with (m, p) = 1, we have
the identity

)4

Z\C(Wt,n,?i,)(;p)|4

n=1

p(2p? —3p—3) if x is the principal character mod p;
=1p*Bp-7) if x is the Legendre symbol mod p;
p2(2p-6) otherwise.
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Wang [9] studied the hybrid power mean of the generalized Kloosterman sums Z‘Zj Ma) x
(”"”“) and Y7} x(a + @), where A denotes a Dirichlet character mod p, and gave an
interesting asymptotic formula for it. That is, she proved the following result:
Let p be an odd prime. Then, for any non-principal even character x mod p and any
character A mod p with A # ( If?), we have the asymptotic formula

i o ma+a e ?
Z Z)»(a) ( ) Z (mb+Db)| =2p°+ O(pz).
m=1| a=1 b=1

In this paper, as a note of [8] and [9], we found that there exists a close relationship
between the fourth power mean of C(m, 1,2, x;p) and | Zb L x(nb +Db)|. The main purpose
of this paper is to show this point. That is, we shall prove the following theorem.

Theorem Let p be an odd prime. Then, for any character x; mod p, we have the identity

_ 4
pl ma® +a
xi(a)e
p

P’ =30 +2(;)p* —p - 8(;))p i = xoi
= { 2p% - 3p? if xa(=1) = -
—4() P -3p - p - | T @+ P if xa 7 xo and ja(-1) =1,

where xo denotes the principal character mod p, a - a =1 mod p, and (;) is the Legendre
symbol.

From this theorem we may immediately deduce the following corollary.

Corollary Let p be an odd prime. Then, for any non-principal character x; mod p, we have

the inequalities

4

p |p-1 2
ma* +a
—11p* < E E xl(a)e( » ) <2p% +p*.
m=1| a=1

2 Several lemmas

In this section, we shall give several lemmas, which are necessary in the proof of our the-
orem. Hereinafter, we shall use many properties of character sums and Gauss sums, all of
these can be found in reference [10], so they will not be repeated here. First we have the

following.

Lemma 1 Letp be an odd prime. Then, for any integers m and n with (mn, p) = 1, we have
the identity

-1

() G2

a

]

Nl
Il

where (£) denotes the Legendre symbol, and wim =1 mod p.
» g Y p
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Proof See Lemma 1 in [8]. O

Lemma 2 Let p be an odd prime, x1 be any fixed character mod p. Then, for any non-real

character x mod p, we have the identity

22

p-1 p-1 2
3 x(m) le(a)e(’”“ ! “)
m=1 a=1 p
p-1 2
=p* D> xla+)x1+2a)| .
a=1

Proof From the properties of Gauss sums, we have
p-1 p-1 2
ma* +a
> x(m) le(a)e< )
m=1 a=1 p

p-1 p-1 p-1
_ ZXl(aE)ZX(m)e<m((l2_b2+(ﬂ—b)>

Pl 2l L (ndﬂm2-1y+ma—n)
m)e

2

a=1 b=1 m=1 p
2o ba—1)
-0 Y0 (e - 1)e “2)
a=1 b=1 p

p-1
=100t (x*) Y n@x(@®-1)x*@a-1)
a=1

p-1
=7(0T(x*) Y a@xa+1x(a-1)
a=2

p-1

=7(0)r(x*) D xala+1)x(1+2a). (1)

a=1

Note that x;(p — 1+ 1) = 0, x is a non-real character mod p, so ¥ is also a non-principal
character mod p. Therefore, |t(x)| = |t (3?)| = /D> so from (1) we may immediately de-

duce Lemma 2. O

Lemma 3 Let p be an odd prime, x be any non-principal character mod p with x (-1) = 1.

Then we have

p-1 2 p-1 9 2
_ -1 a -1
e () (S (55
and
p-1

Zx(a+ﬁ)

a=1

<2-Jp
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Proof From the properties of quadratic residue mod p, we have

p-1 p-1 p-1
Y xa+ay=) xkb) Y
ot - a+EEah:r1nodp
p-1 p-1
=Y xb) Y
b=1 a=0

p-1
1= X
b=1

(b)

p-1

2

a=0

a?—ba+1=0 mod p

p-1

1=x(2)) x(b)

(2a-b)2=b2-4 mod p

()

p-1
- (@) wa)(l ;

b=1
Note that

-1 -1

N

Nl
Il

b=1

p-1

Yoo

a=0

a2=h2-1mod p

> _
=x(2)~Zx(b)(b 1).

p

so from (2) we may immediately deduce the identity

p-1

Z a+a)

a=1

The estimate

p-1

Zx(a+ﬁ)

a=1

<2-Jr

follows from Lemma 1 of [9]. This proves Lemma 3.

3 Proof of Theorem

()-S5 ()T

1),

()

In this section, we shall give two different proofs of our theorem. First, if x; is a non-

principal character mod p, then from Lemma 1 we have

2

p-1
Z Xl(ﬂ)€<ma;+ a)

a=1

p-1 p-1
= Z Z le@w(%

p

=)

p1 2 mb(a® - 1) +
xi(a)e

p-2 p-1

b(a—l))

p-1

b=1

e

-1)+bla-1)

(Wtbz(a2

2-1)+bla-1)

p-1- D+ Y @ e(’”bZ(“

p

p

)

p-2

- xn@

a=2

)
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p2 pl a1 b p1
—pr L) e M) Y
a=1

a=2 b=0 p

p-2 — S
=p+Gp)- ;Xl(ﬂ)(mm +pl)“_1>e<4m a;l(&l—l))

p-2 S —
:p+G(p)-le(a)(m(az_l)>e<4m.a+1(ﬂ_1)), @)
a=2 p p

where G(p) = le;é e(%z) and G(p) = (’71) - p (see Theorem 7.5.4 of [5]).

From (3) and the definition of Gauss sums, we may immediately deduce

p-1|p-1 2 4
Z ZXl(ﬂ)€<ma +a)
m=1| a=1 p
plp2 2 _ dm-a+ g —
-Po-1+ 2060 3 3 e (M ) HTEED)
m=1 a=2 p p

p-2 p-2 2 _ 2
; GW)Zle(ab)(w)

p

5 %e(M-(m(a-;nm(b-l)))

m=1

p-2 o
=p*(p-1) +2pG*(p) Xl(ﬂ)((aZ_l)(;_ 1)a+1>
a=2

p-2 2 1\(=2 p-2 2 2
+p62<p)le(1)(w) -G() (Z xl(m(“ 1))
a=2 p a=2 p
p-2 1
-1+ 260 Y 0@ +r60)( ) )o-3)

) 2
)) . @)

If x; is a non-principal character mod p with x;(~1) = -1, then note that

p-2 2 _ p-1 2
>n@ ()@ -0

at-1
p

p-2
-Gp) (Z m(a)(
a=2

and
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From (4) we have

p-1

pl ma* +a !
xi(a) ( . >‘ =2p° - 3p”. (5)

a=1

m=0

If x; is a non-principal character mod p with x;(-1) = 1, then from (4) and Lemma 3 we

have
L o ma* + a !
xi(a)e
m=0| a=1 p
_ 2
-1 -1 p a? -1
:2p3—4<—) -pz—spz—(—) P lem)( )
p p =y p
-1 r-l 2
=2p3—4<?> P-3p"-p- Y nla+a) (6)
a=1

If x1 = xo is the principal character mod p, then from the method of proving (3) and (4)

p-1 4
ma’ + a -1 -1
e( )’ =p’-3p° +2( )p -p- 8( )p @)
V4 V4

a=1

we have

p-1

2

m=0

Combining (5), (6) and (7), we may immediately deduce our theorem.
The second proof of Theorem. First, from the orthogonality of characters mod p, we
have

2,2

! ! ma* +a
) ZX(M)le(a)e( . )
a=1

x mod p|m=1
pol | b ma® +a !
=(p—1)-ZZX1(a( p ) 8)
m=1| a=1

On the other hand, from Lemma 2 we have

()

22

> Zx(m)

x mod plm=1
! e ma’ + a %\?
=p* Y. D onla+Dx(+2a)| + (Z > xla) ( ) )
x mod pl a=1 m=1| a=1 p
p-1 p-1 Wldz ta 212 p-2 2
+ ( ) a)e( ) —P* | @+ )xo(1+2a)
m=1 a=1 4 a=1

2
<1 +25>
p

=p’A+B+C-p°D-p*E. )
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Applying the orthogonality of characters mod p, we can easily deduce that

2

p
Y nla+)x1+2a)| =(@-1)p-3),

a=1

>

(p* -2p-1)* if x1 = o5
PPo-2-xi(-1))?* if x1 # xo.

From the definition and properties of Gauss sums, we have

2
2_1)

212
le(a)e< ) =p

p-1 p-1 a
C= Z( ) : ZXl(ﬂ)(
m=1 p a=1
p-2 2
D=1 xla+1)x(l+22) 3,
a=1
p-2 _ |2 p-1 2 _
E- le(an)(“z”)’ DHRTIE 1)‘
a=1 p a=1 p

Note that if y;(~1) = -1, then

.

Combining (7)-(14) and Lemma 3, we may immediately deduce the identity

p-1 a
D on (a)(
a=1

b ma® +a !
YD a@e| ——
m=1| a=1 p
p*-3p" +2(5)p -p-8(5)p -1 if x1 = Xo5
=120° -4’ if x1(-1) = -1;

290 -4 PP -4p? —p- | 0 nla+ @ if i 7 xo and xi(-1) = 1.

This completes another proof of our theorem.
The corollary follows from Theorem and Lemma 3.
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