View metadata, citation and similar papers at core.ac.uk

-

P
brought to you by .. CORE

provided by Crossref

Sarwar et al. Journal of Inequalities and Applications 2014, 2014:278 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/2014/1/278 a SpringerOpen Journal

RESEARCH Open Access

Some fixed point results in dislocated quasi
metric (dg-metric) spaces

Muhammad Sarwar'”, Mujeeb Ur Rahman' and Gohar Ali?

“Correspondence:
sarwarswati@gmail.com
'Department of Mathematics,
University of Malakand, Chakdara
Dir(L), Pakistan

Full list of author information is
available at the end of the article

@ Springer

Abstract

The aim of this paper is to investigate some fixed point results in dislocated quasi
metric (dg-metric) spaces. Fixed point results for different types of contractive
conditions are established, which generalize, modify and unify some existing fixed
point theorems in the literature. Appropriate examples for the usability of the
established results are also given. We notice that by using our results some fixed point
results in the context of dislocated quasi metric spaces can be deduced.
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1 Introduction

Fixed point theory is one of the most dynamic research subjects in nonlinear analysis.
In this area, the first important and significant result was proved by Banach in 1922 for
a contraction mapping in a complete metric space. The well-known Banach contraction
theorem may be stated as follows: ‘Every contraction mapping of a complete metric space
X into itself has a unique fixed point’ (Bonsall 1962).

Dass and Gupta [1] generalized the Banach contraction principle in a metric space for
some rational type contractive conditions.

The role of topology in logic programming has come to be recognized (see [2—6] and
the references cited therein). Particularly, topological methods are applied to obtain fixed
point semantics for logic programs. Such considerations motivated the concept of dis-
located metric spaces. This idea was not new and it had been studied in the context of
domain theory [4] where the dislocated metrics were known as metric domains.

Hitzler and Seda [3] investigated the useful applications of dislocated topology in the
context of logic programming semantics. In order to obtain a unique supported model for
these programs, they introduced the notation of dislocated metric space and generalized
the Banach contraction principle in such spaces.

Furthermore, Zeyada et al. [7] generalized the results of Hitzler and Seda [3] and in-
troduced the concept of complete dislocated quasi metric space. Aage and Salunke [8, 9]
derived some fixed point theorems in dislocated quasi metric spaces. Similarly, Isufati [10]
proved some fixed point results for continuous contractive condition with rational type
expression in the context of a dislocated quasi metric space. Kohli et al. [11] investigated
a fixed point theorem which generalized the result of Isufati. In [12] Zoto gave some new
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results in dislocated and dislocated quasi metric spaces. For a continuous self-mapping,
a fixed point theorem in dislocated quasi metric spaces was investigated by Madhu Shri-
vastava et al. [13]. In 2013, Patel and Patel [14] constructed some new fixed point results
in a dislocated quasi metric space.

In the current manuscript, we establish some fixed point results for single and a pair of
continuous self-mappings in the context of dislocated quasi metric spaces which general-
ize, modify and unify the results of Aage and Salunke [8, 9], Manvi Kohli [11], Patel and
Patel [14], Madhu Shrivastava et al. [13] and Zeyada et al. [7]. Throughout the paper R*

represents the set of non-negative real numbers.

2 Preliminaries
Definition 2.1 ([7]) Let X be a non-empty set, and let d : X x X — R* be a function
satisfying the following conditions:

(dh) d(x,x)=0;

(dy) d(x,y) =d(y,x) = 0 implies that x = y;
(ds) d(x,y) =d(y,x) for all x,y,z € X;

(ds) d(x,y) <d(x,z) + d(z,y) for all x,5,z € X.

If d satisfies the conditions from d; to dg, then it is called a metric on X, if d satisfies
conditions d, to dg, then it is called a dislocated metric (d-metric ) on X, and if d satisfies

conditions d; and d4, only then it is called a dislocated quasi metric (dg-metric) on X.

It is evident that every metric on X is a dislocated metric on X, but the converse is not
necessarily true as is clear from the following example.

Example 2.1 Let X = R* define the distance function d: X x X — R* by
d(x,y) = max{x, y}.

Furthermore, from the following example one can say that a dislocated quasi metric on
X needs not be a dislocated metric on X.

Example 2.2 Let X = [0,1], we define the function d : X x X — R* as
dx,y)=|x—y|+|x| forallx,yeX.
In our main work we will use the following definitions which can be found in [7].

Definition 2.2 A sequence {x,} in a dg-metric space is called a Cauchy sequence if for
€ > 0 there exists a positive integer N such that for m,n > N, we have d(x,,,x,) < €.

Definition 2.3 A sequence {x,} is called dg-convergent in X if for n > N, we have
d(x,,x) < €, where x is called the dg-limit of the sequence {x,}.

Definition 2.4 A dg-metric space (X, d) is said to be complete if every Cauchy sequence
in X converges to a point of X.
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Definition 2.5 Let (X, d) be a dg-metric space, a mapping T : X — X is called a contrac-
tion if there exists 0 < « <1 such that

d(Tx, Ty) < ad(x,y) forallx,y € X and « € [0,1).
The following statement is well known (see [7]).
Lemma 1 Limit in a dg-metric space is unique.
In [15] Kannan defined a contraction of the following type.

Definition 2.6 Let (X, d) be a metric space, and let 7 : X — X be a self-mapping. Then T
is called a Kannan mapping if

d(Tx, Ty) < a[d(x, Tx) + d(y, Ty)] forallx,y € X and @ € [0,1/2). (1)

Kannan [15] established a unique fixed point theorem for a mapping which satisfies con-
dition (1) in metric spaces.

Definition 2.7 ([16]) Let (X,d) be a metric space, a self-mapping 7 : X — X is called
a generalized contraction if and only for all x,y € X, there exist ¢i, ¢3, c3, ca such that

sup{c; + ¢y + ¢3 +2¢4} <1 and
d(Tx, Ty) < c; - d(x,y) + co - d(x, Tx) + ¢c3 - d(y, Ty) + cq. - [d(x, Ty) + d(y, Tx)]. 2)

Ciric [16] investigated a unique fixed point theorem for a mapping which satisfies con-
dition (2) in the context of metric spaces.

In the following theorem, Zeyada et al. [7] generalized the Banach contraction principle
in dislocated quasi metric spaces.

Theorem 2.1 Let (X,d) be a complete dg-metric space, T : X — X be a continuous con-

traction, then T has a unique fixed point in X.

Aage and Salunke [8] established the following results for single and a pair of continuous
mappings in dislocated quasi metric spaces.

Theorem 2.2 Let (X,d) be a complete dq-metric space and T : X — X be a continuous
self-mapping satisfying the following condition:

d(Ix, Ty) <a-d(x,y) + b-d(x, Tx) + ¢ - d(y, Ty),
where a,b,c > 0 witha + b+ c<1and forall x,y € X. Then T has a unique fixed point.

Theorem 2.3 Let (X,d) be a complete dq-metric space and S, T : X — X be continuous
self-mappings satisfying the following condition:

dSx, Ty) <a-d(x,y) +b-d(x,Sx) + c- d(y, Ty),
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where a,b,c > O witha+b+c<1landforallx,y € X. Then S and T have a unique common
fixed point.

Furthermore, Aage and Salunke [9] derived the following fixed point theorems with a
Kannan-type contraction and a generalized contraction in the setting of dislocated quasi

metric spaces, respectively.

Theorem 2.4 Let (X,d) be a complete dg-metric space and T : X — X be a continuous
self-mapping satisfying the following condition:

d(Ix, Ty) < a- [d(x, Tx) + d(y, Ty)],
where a > 0 with a < % and for all x,y € X. Then T has a unique fixed point.

Theorem 2.5 Let (X,d) be a complete dq-metric space and T : X — X be a continuous
self-mapping satisfying the following condition:

d(Tx, Ty) <a-dx,y)+b-dx,Tx) +c-d(y, Ty) + e - [d(x, Ty) + d(y, Tx)],
wherea,b,c,e > 0 witha+b+c+2e<landforallx,y € X. Then T has a unique fixed point.

Isufati [10] derived the following two results, where the first one generalized the result
of Dass and Gupta [1] in dislocated quasi metric spaces.

Theorem 2.6 Let (X,d) be a complete dq-metric space and T : X — X be a continuous
self-mapping satisfying the following condition:

d(y, Ty)[1 + d(x, Tx)]
1+d(x,y)

d(Tx, Ty) < a - +b-d(x,y),

where a,b >0 witha+ b <1 and for all x,y € X. Then T has a unique fixed point.

Theorem 2.7 Let (X,d) be a complete dq-metric space and T : X — X be a continuous
self-mapping satisfying the following condition:

d(Tx, Ty) <a-d(x,y) + b-d(y, Tx) + c - d(x, Ty),

where a,b,c > 0 with sup{a + 2b + 2c} <1 and for all x,y € X. Then T has a unique fixed
point.

In [11] Kohli, Shrivastava and Sharma proved the following theorem in the context of
dislocated quasi metric spaces which generalized Theorem 2.6.

Theorem 2.8 Let (X,d) be a complete dgq-metric space and T : X — X be a continuous
self-mapping satisfying the following condition:

. d(y, y)[1 + d(x, Tx)]

Tx, T)
AT Ty) = a 1+d(,)

+b-dx,y)+c-dy, Ty),

where a,b,c >0 witha+ b+ c <1 and for all x,y € X. Then T has a unique fixed point.
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For rational type contraction conditions Madhu Shrivastava et al. [13] proved the fol-

lowing theorem in a dislocated quasi metric space.

Theorem 2.9 Let (X,d) be a complete dg-metric space and T : X — X be a continuous
self-mapping satisfying the following condition:

AU+ T A0+, T)

d(Tx, T : ’
(Tx y)fa 1+d(x,y) 1+d()/, Ty)d(y, Tx)

where a,b,c >0 witha + b+ c <1 and forall x,y € X. Then T has a unique fixed point.

In 2013, Patel and Patel [14] derived the following result in dislocated quasi metric
spaces.

Theorem 2.10 Let (X, d) be a complete dgq-metric space,andlet T : X — X be a continuous
self-mapping satisfying the following condition:

d(Tx, Ty) < c1-dx,y) + co - d(x, Tx) + c3 - d(y, Ty)
+cy- d[(x, Tx) + d(y, Ty)] +c5- d[d(x, Ty) + d(y, Tx)],

where c1,¢3,¢3,C4,¢5 > 0 with ¢; + ¢o + ¢3 + 2(ca + ¢5) <1 and for all x,y € X. Then T has a
unique fixed point.

3 Main results
In this section we derive some fixed point theorems with examples for single and a pair of

continuous self-mappings in the context of dislocated quasi metric spaces.

Theorem 3.1 Let (X, d) be a complete dgq-metric space, and let T : X — X be a continuous
self-mapping satisfying the following condition:

d(Tx, Ty) < ay - d(x,y) + ay - d(x, Ty) + a3 - d(y, Tx) + a4 - d(y, Ty)
d(y, y)[1 + d(x, Tx)] d(y, Ty) + d(y, Tx)
. 1+d(x,y) Ty d(y, Ty)d(y, Tx)

dx, Tx)[1 + d(y, Tx)]
1+ dx,y) +d(y, Ty) ’

as

(3)

where ay,ay,das,ds, ds, deg, a; > 0 with ay + 2(ay + as) + a4 + as + 3ag + a; < 1 and for all

%,y € X. Then T has a unique fixed point in X.

Proof Let x( be arbitrary in X, we define a sequence {x,} by the rule

%0,%1 = Tx0, % = Tx1,..., %41 = Ix, forallm e N.

Now we show that {x,} is a Cauchy sequence in X. Suppose

d(xm xn+1) = d( 1,1, Txn)
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By using condition (3) we have

A%y, %pi1) < ar - dXy1,%4) + az - d(xu_1, Txy) + az - d(xy, Txp1) + as - d(xy,, Tx,)

d(xm Txn)[l + d(xn—lr Txn—l)] d(xm Txn) + d(xnr Txn—l)

s 1+ d(ty1, %) 4 T Ay, Tn)d (o, Ty
d(xn—lr Txn—l)[l + d(xm Txn—l)]

1+d(x,-1,%,) + d(x,, Tx,,)

+ay -

<a- d(xn—l»xn) tdy - d(xn—lrxn+1) +ds3 - d(xmxn) tdy - d(xn!x}’l+l)

+as - AKX Xpi1) + a6 - AKXy Xpa1) + dg - AXy, %) + a7 - d(Xp_1,%0),

ay+ay +ads+de+ay

d(xnrx;ﬁl) < 1 N d(xn—lrxn)'

(as +az +ay + as + 2ae)
Let

ay t+ady+ads+ads+adegt+ay

b=

1—(ay +as +as +2ag)

Clearly, 1 <1 because a; + 2a; + 2as + ds + ds + 3ae + a7 < 1.
So,

Ay %ni1) < 1 - d%n-1,%n).
Similarly,

A(xp-1,%n) < h - d(x2,%-1).
Thus

A%y xna1) < B - Ao, %1)-
Continuing the same procedure, we have

A%y K1) < H'd(x0,%1).

But 0 <4 <1so h" — 0 as n — oo, which shows that {x,} is a Cauchy sequence in a

complete dg-metric space. So there exists z € X such that x, — zas n — oco.

Now we show that z is a fixed point of T Since x,, — z as n — 00, using the continuity

of T, we have

lim Tx, = Tz,
n—oQ

which implies that

lim x,,1 = Tz.
Hn—0Q

Thus Tz = z. Hence z is a fixed point of T

Page 6 of 11


http://www.journalofinequalitiesandapplications.com/content/2014/1/278

Sarwar et al. Journal of Inequalities and Applications 2014, 2014:278 Page 7 of 11
http://www.journalofinequalitiesandapplications.com/content/2014/1/278

Uniqueness. Suppose that T has two fixed points z and w for z # w. Consider

d(z,w) =d(Tz, Tw) < ay - d(z,w) + ay - d(z, Tw) + a3 - d(w, Tz) + aq, - d(w, Tw)
dw, Tw)[1 + d(z, T2)] dw, Tw) + d(w, Tz)

. 1+d(z,w) T 1+dw, Tw)d(w, Tz)
d(z, Tz)[1 + d(w, TZ)]

1+d(zw) +dw, Tw)

+ ds

(4)

+ay

Since z and w are fixed points of T, therefore condition (3) implies that d(z,z) = 0 and
0 = d(w, w). Finally, from (4) we get

d(z,w) < (a1 + ay) - d(z, w) + (a3 + ag) - d(w, 2). (5)
Similarly, we have

dw,z) < (a1 + az) - dw,2) + (a3 + ag) - d(z, w). (6)
Subtracting (6) from (5) we have

|d(z, w) — d(w,z)| < |(a1 +ap)—(as + a6)| . |d(z, w) — d(w,z)|. (7)
Since |(a1 + a;) — (a3 + ag)| < 1, so the above inequality (7) is possible if

d(z,w)—d(w,z) = 0. (8)

Taking equations (5), (6) and (8) into account, we have d(z,w) = 0 and d(w, z) = 0. Thus
by (d2) z = w. Hence T has a unique fixed point in X. d

Example 3.1 Let X = [0,1] with a complete dg-metric defined by
dx,y) =|x| forallx,yeX,

and define the continuous self-mapping 7' by Tx = 5 witha; =1/8,a; = 1/10, a3 = 1/12,a4 =
1/15, a5 = 1/20, ag = 1/24, a; = 1/30. Then T satisfies all the conditions of Theorem 3.1,
and x = 0 is the unique fixed point of T in X.

Remarks In the above Theorem 3.1:
o If ay = as = ag = a; = 0, then we get the result of Isufati [10].
o Ifay = as = ay = a; = 0, then we get the result of Madhu Shrivastava et al. [13].
o Ifay = as = ay = ag = a; = 0, then we get the result of Isufati [10].
o ifay = as = ag = a; = 0, then we get the result of Manvi Kohli [11].

Theorem 3.2 Let (X, d) be a complete dg-metric space, and let S, T : X — X be two con-
tinuous self-mappings satisfying the following condition:

d(Sx, Ty) < c1-d(x,y) + ¢ - d(x,Sx) + c3 - d(y, Ty)
+Cy d[(x, Sx) +d(y, Ty)] +Cs5- d[d(x, Ty) + d(y, Sx)], 9)
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where c1,¢3,¢3,C4,¢5 > 0 With ¢; + ¢3 + €3 + 2¢4 + 4cs5 <1 and for all x,y € X. Then S and T
have a unique common fixed point in X.

Proof Let x, be arbitrary in X, we define a sequence {x,,} by the rule xg,x; = Sxg,...,%2,41 =
Sxo, and xp = Ty, ..., %9, = Ty, for all m € N. We claim that {x,} is a Cauchy sequence
in X. For this consider

A(X2ns1, X2ns2) = A(Sx2, Th241)-
By using condition (9) we have

d(x2n+17 x2n+2)
< c1 - dXop Xone) + €2 - A(X2, SXu) + €3 - A (X241, Th2p41)
+C4 - [d(xZn: SxZn) + d(x2n+1: Tx2n+1)] +Cs5 [d(me Tx2n+1) + d(x2n+l; TxZn)]
< (c1+ca+cy +2¢5) - d(xop, X2n41) + (€3 + €4 + 2¢5) - A(X241, X2n12)-
Therefore, finally we have

(c1+ ¢ +cq +2¢5)

A(Xops1,Xona2) < - d(Xoms Xons1)-

- 1—(63+C4+265)
Let
I = (c1+co+ca+2c5)
T 1—(c3+cq+2c5)
Then h<1lasc; +cy+c3+2c4 +4c5 <1. Thus
A(X2415 Xons2) < hd (%9, X2p11) formn >0
and
AXons Xon1) < - d(X2p-1,%21).
So
AXoni1, X2ne2) < W d(X20-1, %)
Similarly, we proceed to get
A(Xy Xp1) < H"d(x0,%1).
Since 0 < & <1 and n — oo implies that #* — 0, which proved that {x,} is a Cauchy se-
quence in a complete dg-metric space. Therefore there exists z in X such that x,, — z as
n — o0. Also the sub-sequences {xy,} and {x,,1} converge to z. Since T is a continuous

mapping, therefore

lim %, =2 = lim Txy,,1=Tz = lim x990 = 1Z.
n—00 n—00 n—oo
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Hence
1z =z.

Similarly, taking the continuity of S, we can show that Sz =z.

Hence z is the common fixed point of S and 7.

Uniqueness. Suppose that S and T have two common fixed points z and w for z # w.
Consider

d(z,w) =d(Sz, Tw) < ¢ - d(z,w) + ¢3,d(2,82) + c3 - d(w, Tw)

+cy - [d(z, Sz) + d(w, Tw)] +c5- [d(z, Tw) + d(w, Tz)]. (10)

Since z and w are common fixed points of T and S, condition (9) implies that d(z,z) = 0
and d(w, w). Thus equation (10) becomes

d(z,w) <(c1 +¢s5) -d(z,w) + ¢c5 - d(w, 2). (11)
Similarly,
dw,z) <(c1 +¢5) -dw,z) + ¢c5 - d(z, w). 12)

Subtracting (12) from (11) we get
|d(z, w) —d(w,z)| <leal - |d(z,w) —d(w,z)|.
Since ¢; < 1, so the above inequality is possible if
d(z,w)—d(w,z) = 0. 13)

By combining equations (11), (12) and (13), one can get d(z, w) = 0 and d(w, z) = 0. Using
(d,) we have z = w. Hence S and T have a unique common fixed point in X. O

Example 3.2 Let X = [0,1] and complete dg-metric is defined by
d(x»)’) = |X|,

where the continuous self-mappings S and T are defined by Sx = 0 and Tx = x/5 for all
x € X. Suppose ¢; =1/5, ¢, =1/6, ¢3 =1/8, ¢4 =1/10, ¢5 =1/12.

Then S and T satisfy all the conditions of Theorem 3.2, so x = 0 is the unique common
fixed point of S and T in X.

Theorem 3.2 yields the following corollaries.

Corollary 3.1 IfS = T and all other conditions of Theorem 3.2 are satisfied, then T has a
unique fixed point.
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Corollary 3.2 Letcy =c¢s5=0,andletS, T : X — X be two self-continuous mappings satis-
fying all other conditions of Theorem 3.2. Then S and T have a unique common fixed point
inX.

Corollary 3.3 Letcy =¢5 =0, and S =T and all other conditions of Theorem 3.2 be satis-
fied, then again T has a unique fixed point.

Corollary 3.4 Supposec; =c; =c3=c4 =0.LetS, T : X — X be two self-continuous map-
pings satisfying all other conditions of Theorem 3.2. Then S and T have a unique fixed point
in X.

Corollary 3.5 Suppose ¢; = ¢y =c3 =c5 =0 and S = T, and all other conditions of Theo-
rem 3.2 are satisfied. Then T has a unique fixed point in X.

Remarks
« Corollary 3.1 is the result of Patel and Patel [14].
« Corollaries 3.2 and 3.3 are the results of Aage and Salunke [8].
+ Corollary 3.5 is the result of Aage and Salunke [9].

Conclusion
The derived results extend some theorems of [7-11, 13, 14] in the setting of dislocated
quasi metric spaces.
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