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Abstract

In this study, the different dynamical behaviors caused by different parameters of a
discrete-time eco-epidemiological model with disease in prey are discussed in
ecological perspective. The results indicate that when we choose the same
parameters and initial value and only vary the key parameters there appears a series
of dynamical behaviors. For example, only varying the death rate of the infected prey
(the carrying capacity of the environment for the prey population or the transmission
coefficient), there appear chaos, Hopf (flip) bifurcation, local stability, flip (Hopf)
bifurcation, and chaos; when only varying the predation coefficient there appear
chaos, Hopf bifurcation, local stability, Hopf bifurcation, and chaos. These results are
far richer than the corresponding continuous-time model and are rarely seen in
previous works. Numerical simulations not only illustrate our results but also exhibit
complex dynamical behaviors, such as period-doubling bifurcation in period-2,4,8,
quasi-periodic orbits, 3,5,11,16-period orbits and chaotic sets. Moreover, the
numerical simulations imply that when the death rate of the infected prey reaches a
fixed value the disease dies out. Also, when the predation coefficient parameter
reaches some value the disease dies out. These findings indicate that it is practicable
to control the disease transmitting in prey by changing the death rate of the infected
prey and the predation coefficient parameter.

Keywords: discrete eco-epidemiological model; predator-prey; flip bifurcation; Hopf
bifurcation; chaos; complex dynamical behavior

1 Introduction

Generally, the ecological models are used to study the competitive, cooperation, and prey-
predator relationships between different species in nature [1-5]. And the epidemic models
are used to detect the outbreak, transmission, and extinction characteristics of the differ-
ent diseases [6—10]. Actually, the prey (or predator) species may infect diseases, and the
diseases will spread among the prey and predator species. For example, in Salton Sea of
California, the Tilapia fish is infected by a virio class of bacteria, Vibro alginolyticus, which
spreads in the fish species and the infected fish become much easier available for predation
for piscivorous birds [11, 12]. Then the dynamical behaviors of the prey-predator relation-
ship become more complex than before. For this case, we not only study the behavior
characteristics in the prey-predator process but also consider the disease spreading in the
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species. Therefore, the ecological theory should be combined with the epidemiological
theory to explain the above ecological phenomena. That is the eco-epidemiology theory.

In the last few decades, as a new branch of theoretical biology the eco-epidemiology has
received more and more attention (for example, [13-23] and the references cited therein).
The reason is that the eco-epidemiology studied by different types of mathematical models
can help us to understand the natural world well from ecology and epidemic perspectives
[13]. Furthermore, we can control the transmission of diseases among different species
through varying the key parameters when the dynamical behaviors of the corresponding
models have been discussed clearly [14, 15].

Most of the above models are mainly based on the following cases: case 1, diseases trans-
mit only in prey species (for example, [18—25] and the references cited therein); case 2,
diseases transmit only in predator species (for example, see [26—-30] and the references
cited therein); case 3, diseases transmit both in prey and predator species (see [31]). The
dynamical behaviors of the models with disease are studied, such as the stability, periodic
solution, oscillation, bifurcation, and chaos. Their results indicated that the predators die
out and the prey tends to its carrying capacity; or the infected prey and the predators both
die out; or the predator and prey coexist.

The complex dynamical behaviors of discrete-time predator-prey models have already
received much attention by lots of studies: such as stability, permanence, existence of pe-
riodic solutions, bifurcation, and chaos phenomenons [32—-41]. We obtain a series of bi-
furcations of a discrete-time predator-prey model when we only vary the parameter K
which is more complex than the corresponding continuous-time model (see [33]). And
the results are more reasonable in a biological perspective.

Until now, there are few papers to study the dynamical behaviors of discrete-time eco-
epidemiological models. How many eco-epidemiological phenomena can be explained
by discrete-time models which are not explained by continuous-time models? Is there
more complex dynamical behavior in a discrete-time eco-epidemiological model than the
continuous-time one as we obtained (see [33])? In this paper, motivated by the above
works we will study a discrete-time predator-prey models with disease in prey which is
obtained from the corresponding continuous-time model. Let us consider the following
continuous-time predator-prey model with disease in prey described by differential equa-
tions studied by Xiao and Chen [24]:

I
as _ rs<1 - SL) _ BSI,

dt K

dl bly

& BSI—cl - ) 11
dt p ¢ mY +1 (LD
dy kblY

’

2 gy s 2
dt +mY+I

where S(t), I(¢), and Y (¢) denote the population density of susceptible prey, infected prey
and the population density of predator at time ¢, respectively. 7 is the intrinsic birth rate of
the prey population, K is the carrying capacity of the environment for the prey population,
B is the transmission coefficient, c is the death rate of the infected prey, m is the ratio-
dependent rate, b is the predation coefficient, & is the coefficient in conversing prey into
predator, and d is the death rate constant of the predator. The parameters r, K, 8, ¢, b, m,
d are positive constants and 0 < k < 1. The reasons why the predators only eat infected
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prey can be found in [24]. And the authors obtained the permanence, global stability, and
Hopf bifurcation for model (1.1).
The following discrete-time model corresponding with model (1.1) is considered:

S +1
St+1 :Stexp|:r<l— t[( t) —,3]);|,

bY,
Ity = I exp| BS; —c— |, (1.2)
mY; + I
kbl
Yin=Y, —-d|,
1 texp|:th +It }

where r, K, B, ¢, b, m, d, and k are defined as in model (1.1). It is assumed that for the initial
values of model (1.1) Sy > 0, I > 0, Yy > 0, and all the parameters are positive. Obviously, if
the initial value (S, Iy, Yo) is positive, then the corresponding solution (S, I;, Y;) is positive
too.

In this paper, we will study the dynamical behaviors of model (1.2). The existence and
local stability of equilibria, flip bifurcation, Hopf bifurcation, and chaos will be discussed
by using the theory of difference equation. Moreover, by varying different parameters, the
different dynamical behaviors will be studied for the same equilibrium and these phenom-
ena also can be explained as regards their ecological significance. Finally, we will use the
numerical simulations to indicate the correctness and rationality of our results.

The organization of this paper is as follows. In Section 2 we discuss the existence and
local stability of equilibria in model (1.2). Furthermore, we study different bifurcations of
model (1.2) caused by different parameters. In Section 3 we present the numerical simu-
lations, which not only illustrate our results with the theoretical analysis, but also exhibit
the complex dynamical behaviors such as the invariant cycle, 3,5,11,16-periodic solutions,
flip bifurcation, Hopf bifurcation, and more than one attractors and chaotic sets. In the

last section we give a discussion.

2 Analysis of equilibria
For model (1.2), we always assume that any solution (S;, I, Y}) satisfies initial values Sy > 0,
Iy > 0,and Y, > 0, and all the parameters r, K, 8, ¢, b, m, k, and d are positive. It is obvious
that any solutions of model (1.2) are nonnegative for all £ > 0.

Let Ry = g, which is the basic reproductive rate of model (1.2). After some simple cal-
culations, we first have the following results on the existence of the nonnegative equilibria
of model (1.2).

Theorem 1
(1) When Ry <1, model (1.2) has only an equilibrium E, (K, 0,0).
(2) When Ry > 1, model (1.2) always has two equilibria E;(K,0,0) and
Eg(%, %(1 - #),O). Furthermore, if kb > d and mk(KB — ¢) — (kb — d) > 0, besides
the two equilibria E1(K,0,0), Ez(g, %(1 - Kiﬂ), 0), model (1.2) has a positive
equilibrium E*(S*,I*,Y*), where
_cmk+kb—d r kb—d

mkB g =r+1(,3(K_S)’ Y =WI'

*
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In order to obtain the stability of equilibria of model (1.2), we introduce the following

lemmas.

Lemma [36] Let F(w) = w? + Bw + C, where B and C are constants. Suppose F(1) > 0 and
w1, wq are two roots of F(w) = 0. Then

(1) |wal <1 and |wy| <1 ifand only if F(-1) >0 and C < 1;

(2) wy = -1 and |wy| #1 if and only if F(-1) =0, B £0,2;

(3) |wrl <1 and |wy| >1ifand only if F(-1) < 0;

(4) |wa|l >1and |wy| > 1ifand only if F(-1) > 0 and C > 1;

(5) wr and wy are the conjugate complex roots and |w1| = |\wz| =1 if and only if

B>-4C<0andC=1.

Lemma 2 [42] Let the equation x° + bx> + cx + d = 0, where b,c,d € R. Let further A =
b* -3¢, B=bc—-9d, C =c*-3bd,and A = B> - 4AC. Then:

(1) The equation has three different real roots if and only if A <0.

(2) The equation has one real root and a pair of conjugate complex roots if and only if

A > 0. Further, the conjugate complex roots are

1 1 1 1
_2b+ Y 4 YY) iiﬁ(yf -Y;})

W )
6 6
where
—-B+ /B2 -4AC
Yip=bA+ ———.

2

Now, we study the stability of equilibria E;, E;, and E* of model (1.2). We first consider
equilibrium E; (K, 0,0). The Jacobian matrix of model (1.2) is

I-r -K(B+g%) O
JE)=] 0 elp=e 0
0 0 e

The three eigenvalues of J(E;) are
wi=1-r, Wy = P¢, ws = e

When Ry <1 we have 0 < w; <1 and when Ry > 1 we have w; > 1. Hence, the local stability

of E1(K,0,0) is determined by w;. Thus, we have the following result.

Theorem 2
(1) When Ry <1, we have the following conclusions.
(a) If0<r<2,then E1(K,0,0) is a sink and locally asymptotically stable.
(b) Ifr =2, then E1(K,0,0) is non-hyperbolic.
(2) When Ry <1 andr>2 or Ry >1, E;(K,0,0) is unstable.

Furthermore, when Ry <1, 0 < r < 2, the global asymptotically stable of E; (K, 0, 0) is also
can be obtained. In fact, from the first equation of model (1.2) and the positivity of the
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solution, we obtain

Sii1=S; exp|:r<1 _ Stlz]t) _ ﬁ]t:| <S8 exp|:r<1 - %)} (2.1)

Let

U,=Ue A I Ui (2.2)
t=Uiexp|r —K —txpr—rK. .

Since r < 2, by the conclusion (i) of Lemma 4 in [34], we obtain

lim U, =K. (2.3)

Let U(u) = uexp[r — r¢], then according to simple computing, U is nondecreasing for

u € (0, %]. Two cases are considered for the global asymptotically stable of E; (K, 0, 0).
Case 1: If 0 < r < 1, the conclusion (ii) of Lemma 4 in [34] shows that lim,_, o, U; < 17<,

and from Lemma 7 in [34], we have S; < U, for all £ > 2, where U; is the solution of (2.2)

with S, = U,. Consequently,
limsup S; < lim U; = K.
t—o00
Then, for any constant € > 0 sufficiently small there exists an integer 7' > 2 such that if

t>T,thenS; <K +e.

For ¢ > T and the second equation of model (1.2), we have

I =lexp| BS; —c— !
t+1 txp[ﬂz c mY, +1,

i| <1 exp[,B(K +€)— c].

Since Ry = % < 1, the above € can be chosen satisfied w <land B(K +€¢)—c<0.Then
lim;_, o I; = 0. From the third equation of model (1.2) lim,_, », ¥; = 0. Hence, lim;_,  S; = K.
Equilibrium E; (K, 0, 0) is global asymptotically stable.

Case 2: If 1 < r < 2, by some simple computing we can easily obtain

S K
Si1<S; exp[r(l — —t>] < —exp[r-1].
K r

It means that S; < 17( exp[r—1]. For the second equation of model (1.2), if ,317( explr—-1]-c<
0, then R()&:_H < 1. We can easily obtain lim;_, », I; = 0. Consequently, by the other two
equations of model (1.2) we have lim;_, », ¥; = 0 and lim;_, . S; = K. The global asymptot-
ically stability of equilibrium E; (K, 0, 0) is also obtained.

From the above discussion, we have the following result.

Theorem 3 Ifone of the following conditions hold, equilibrium E (K, 0, 0) is global asymp-
totically stable.

(1) Ry<land0<r<1;

(2) ROM <landl<r<?2.
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Next, we consider equilibrium E; (%, rﬁg 5 1- Kiﬁ), 0). The Jacobian matrix of model (1.2)

is

1-2 -S(B+%) 0
J(Ey) =] BI 1 -b
0 0 ebk—d

The corresponding characteristic equation of J(E;) is

flw) = (w— ekb_d) (w2 +pw + q),

where

215 S1-2 psi(pe L
p= K =" % K)

kb-d qnd

Obviously, f(w) has one eigenvalue w; = ¢
(1) ifbk<d,then0<w; <1;
(2) if bk = d, then wy = 1;
(3) if bk > d, then w; > 1.
Let g(w) = w? + pw + g. We denote by w3 the two roots of equation g(w) = 0. By simple
computing, we obtain g(1) > 0. Further,
2cr  cr(KB —c)

g(-1) = 4—@ KB

From g(-1) = 0, we have

cr(c+2)
Kg = ,
4 +cr

which equals
rc® + (2r— KBr)c—4KpB = 0.

Solving this equation we have

N Kﬂr—2r—\/(K/Sr—2r)2+161</3r
1= 2r ’

N KBr—2r+/(KBr—2r)? +16Kpr
2r ’

C=1C =

Obviously, ¢; < 0. When K8 > e+ o1 0 < ¢ < ¢y, we have F(=1) > 0. When q =1, we have

KB =1+ c. Hence, when K8 < 144:C2, we obtain g <1 and when K8 >1 + ¢, we obtain g < 1.
Moreover, when p # 0,2, we obtain K 8 # 2cr, 4cr. When p? — 4q < 0, we obtain (r —4)c < 4.
Hence, by Lemma 1, we have

Q) if ”“2) <KB <1+c, then |wys| <1;

(2) 1fKﬂ ae+2) and KB # 2cr, 4cr, then wy = —1 and |ws| #1 (or ws = —1 and |w»| #1);

“dior

(3) if KB < Cf:'rz then |[wy| <1 and |ws| >1 (or |[wa| >1 and |ws| < 1);
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(4) ifKB > max{mczr2 1+c}, then |wy3] > 1;

(5) if KB =1+ cand (r — 4)c < 4, then wy 3 are the conjugate complex roots with
[wa| = |ws| = 1.

From the above discussion, we have the following result.

Theorem 4 Let Ry > 1, then we have the following conclusions.
1) Ez(é, % 1- ﬁ), 0) is a sink and locally asymptotically stable if
cr(c+2)

bk < d, (r-4)c<4,
4 +cr

<KB<l+c

(2) Ey(%, K (1 - Kiﬂ), 0) is non-hyperbolic if one of the following conditions holds:

’ r+1</3
(A) bk =
(B) KB = ”43;‘) and KB # 2cr, 4cr;

(C) KB=1+cand (r—4)c<4;
(3) Ez(ﬂ , H’gﬂ a- Kﬁ) 0) is unstable if one of the following conditions holds:
(A) bk #d and KB > max{<<2 1 + ¢} (or KB < <2+,

dtcr ? 4+cr

(B) bk >dand L2 < KB <1+c¢, rc<4+4c.

4+cr

From the above discussion we also obtain:
(1) For equilibrium E;(K,0,0), if (b,¢,d, k,m,r, B,K) € M, where

M= {(b,c,d,k,m,r,ﬂ,K):r: 2,KB >c,b,c,d,k,m, 8,K > 0},

then one of the three eigenvalues of matrix J(E;) is —1 and the others are neither —1
nor 1. Therefore, there may be a flip bifurcation at equilibrium E; (K, 0,0), if r varies
in the small neighborhood of r =2 and (b, ¢,d, k,m,2, 8,K) € M.

(2) For equilibrium Ez(ﬁ, rﬁgﬂ 1- é), 0), if (b,c,d, k,m,r, B,K) € N, where

r(2
{(b o d, k,m,r, B,K): KB = % KB #2er, der,
cr

b,c,d, k,m,r, B,K > O},

then one of the three eigenvalues of matrix J(E;) is —1 and the others are neither -1

nor 1. Therefore, there may be a flip bifurcation at equilibrium Ej, if K, B, ¢, and r

vary in the small neighborhood of K8 = Cﬁ:f and (b,¢,d, k,m,r, 3,K) € N.
Further, if (b, ¢, d, k,m,r, 8,K) € P, where

= {(b,c,d,k,m,r,ﬂ,[() :KB=1+c¢,(r-—4)c<4,
b,c,d, k,m,r,B,K > O},
then there are two conjugate eigenvalues w, and ws of matrix J(E,) with |wy| = [ws| = 1.

Therefore, there may be a flip bifurcation at equilibrium E;, if K, 8, and ¢ vary in the small
neighborhood of K8 =1+ cand (b,¢,d, k,m,r, ,K) € P.

Remark 1 From the above discussion, we further see that when we choose the same pa-
rameters and the initial value of model (1.2); then K8 shows a continuous increase from
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some fixed value above 0 to % then to 1 + ¢, then a series of different dynamical be-

rﬁg 5 1- ﬁ), 0) will appear: chaos — flip bifurcation — local

stability — Hopf bifurcation — chaos (see Figures 6 and 7) which is the same result as
in [19].

haviors of equilibrium E5(Z,

Remark 2 Furthermore, we see that when we choose the same parameters and the initial
value of model (1.2), then ¢ shows a continuous increase from some fixed value above
0 to KB — 1 then to ¢, then a series of different dynamical behaviors at equilibrium

Ez(%; H’ﬁﬁ 1- KLﬁ),o) will appear: chaos — Hopf bifurcation — local stability — flip bi-

furcation — chaos too (see Figure 4). This phenomenon is rarely seen in previous work.

The above dynamical behaviors of model (1.2) will be displayed by the numerical simu-
lations in Section 3.

Now, we consider the endemic equilibrium E*(S*,I*, Y*). The Jacobian matrix of model
(1.2) at endemic equilibrium E*(S*,I*, Y*) is

rS* * r
-% —SB+g) 0
*) _ * br*y* __ br*
]( ) - ’31 1+ (mY*+I%)2 (mY*+1%)2
0 bkmY*2 1 _ bhmrry*
(mY*+1%)2 (mY*+I%)2

Letd= m';,ﬁli = By simple computing, J/(E*) is written in the following form:

[Z5VI75V) 0
](E*)= an dy a3 |,

0 axn as

where
oy =1- r(cmk+bk—d), alz:_(r+1<,3)(cmk+bk—d)’
mkK 8 mkK 8
1 = r[kaﬂ—(cmk+bk—d)], =14 d(bk—d),
mk(r + KB) bmk?
a? (bk — d)? d(bk - d)
423 == 32 = = 433:1—7-

The corresponding characteristic equation of J(E;) can be written as
Fw)=w?+biw? + byw+ by =0, (2.4)
where

by = —(au + ax + ass),
by = anl(agy + as3) + axndss — arsdas — dixdo,

bz = —an(axass — axas) + appdsndss.
Let

A=b?-3by,  B=biby-9b3,  C=b}-3bbs
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and
A =B*-4AC.

Further, we see that the derivative of F(w) is
F'(w) = 3w? + 2byw + b,.

Obviously, the equation F'(w) = 0 has two roots:

Wiy = %(—b1 + /b - 3h2).

Furthermore,

Wi, = %(219% +20,,/b? — 3b, sbz).

When A < 0, by Lemma 2, we see that equation (2.4) has three real roots wy, wy, and ws.
From this, we can easily prove that two roots wj, of the equation F'(w) = 0 also are real.

When A > 0, by Lemma 2, we see that equation (2.4) has one real root w; and a pair of

conjugate complex roots wy 3:

wal—
[SSTSN
ST
Il

=2b1+ Y7 +Y. 3(Yy - Y
Wy3 = 1t 1+ Zilf(l 2),
6 6
with
-B++/B%-4AC
YLZ:blA_'.f‘

Further, we have

F(1)=1+by+by+b3
=1+au(axn + ass — axpass + axas — 1)

+apan (ass — 1) — (a + ass — dxndss + drzdsy)
_dr(cmk + kb — d)(kb — d)[mkK B — (cmk + kb — d)]

bm?k3KB

and

F(—l) =-1+ l’)l —b2 + l’)g
= —1—an(ax + ass + axpass — aaz; +1)

+ apdn (ass + 1) — (ags + ass + axndss — drzaz)

TCyCoy  TCy(azs + 1)(mkK B — c,)
= - — 2Cysx»
mkK 8 m2k2K 8

>0
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where

¢ =cmk + kb —d,

Cyx = A2y + a33 + dadzz — dazdz; +1

_,, 2A(Kb — )1 - k)
T bmk>

Since F(1) > 0, on the dynamical properties of equilibrium E*(S*,I*,Y™*), we have the
following result, which can be found in [43].

Theorem 5 Let bk > d and mk(K B — c) — (bk — d) > 0, then we have the following conclu-
sions.
(1) If one of the following conditions hold, then E*(S*,1*,Y*) is a sink and locally
asymptotically stable.
(A) A<0,F(-1)<0,and -1 <wj, <1.
(B) A>0,F(-1)<0,and |wy3| <1.
(2) E*(S*,I*,Y™) is non-hyperbolic if F(-1) =0 or A >0, [wy3| = 1.
(3) Ifthe above conditions (1) and (2) do not hold, then E*(S*,I*,Y™) is unstable.

The above discussion indicates that it is hard to obtain the values of parameters b, k, r, 8,
and K when there exists a bifurcation at endemic equilibrium E*(S*, I*, Y*) for model (1.2).
From the ecological perspective, the predation coefficient parameter b and the coefficient
in conversing prey into predator k are important for determining the dynamical behav-
iors when there exists an endemic equilibrium E*(S*,I*, Y*) of model (1.2). Therefore, we
will use the Matlab software to give the simulations as regards the complex dynamical
behaviors of model (1.2) caused by the changing of b and k in Section 3.

3 Numerical simulations

In this section, we will give the bifurcation diagrams of model (1.2) to confirm the above
theoretical analysis and show the new interesting complex dynamical behaviors by numer-
ical simulation. Moreover, different dynamical behaviors caused by different parameters
are discussed in the ecological perspective. For equilibrium E; (K, 0, 0), we choose param-
eter r. For equilibrium Ez(p%, K (1- ﬁ), 0), we choose four key parameters r, ¢, K, and B.

r+KB
Finally, the key parameters b and k are selected for positive equilibrium E*(S*,I*, Y*).

Example 1 For detecting the dynamical behaviors of model (1.2) impacted by parameter
r (the intrinsic birth rate of S;), we choose b = 0.2, ¢ = 0.6, d = 0.12, k= 0.1, m = 0.2,
B =0.05,K =8,and r € [0.01,4] and initial value (Sy, Iy, Yo) = (4,0.5,0.1). It is obvious that
(b,¢,d,k,m, B,K,r)=(0.2,0.6,0.12,0.1,0.2,0.05, 8,2) € M. Then equilibrium E; (K, 0,0) =
E;(8,0,0) and the flip bifurcation appears (Figure 1).

Figure 1(A) suggests that when 0 < r < 2 equilibrium E; (K, 0, 0) is local stable and when
r =2, E(K,0,0) loses its stability. When r > 2 there exists a flip bifurcation. Moreover,
a chaotic set is emerged with the increasing of r. However, the infected prey and the preda-
tor are always in extinction for any value of r, which can be seen from Figure 1(B) and (C).
This result is agreement of the ecological perspective that when the infected prey is in

extinction the predator certainly becomes in extinction.
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0 0.5 1 15 2 25 3 35 4
r r

0 0.5 1 1.5

(A) Flip bifurcation of S, with r € [0.01, 4] (B) Dynamical behavior of I; with r € [0.01,4]

(C) Dynamical behavior of Y; with r € [0.01,4]

Figure 1 The dynamical behaviors of S¢ - r, Iy —-r,and Y; -r with b=0.2,c=0.6,d =0.12, k= 0.1,
m=0.2, $=0.05,K=8,and r € [0.01, 4], and the initial value (So, Iy, Yo) = (4,0.5,0.1) for model (1.2).

(A) Flip bifurcation of S; with r € [0.001,7] (B) Flip bifurcation of ; with r € [0.001,7]

(C) Dynamical behavior of Y; with r € [0.001,7]

Figure 2 The dynamical behaviors of St - r, It —r,and Y; -r with b=10.15,¢c=0.1,d =0.2, k=0.2,
m=0.3,  =0.05, K =4,and r € [0.001, 7], and the initial value (So, lo, Yo) = (2, 1,0.5) for model (1.2).

Example 2 For detecting the dynamical behaviors of model (1.2) with equilibrium
Ez(ﬁ, m 1</3) 0) impacted by parameter r, we choose b = 0.15,¢=0.1,d = 0.2,k = 0.2,
m=0.3, 8=0.05 K =4, and r € [0.001,7], and the initial value (Sy, ly, ¥o) = (2,1,0.5). It

is obvious that (b, c,d k,m, B,K,r) = (0.15,0.1,0.2,0.2,0.3,0.05,4, 32) € N. Then we have

equilibrium E»(% 5 % ﬂ) 0) = E5(2, 2 +50), and there exists a flip bifurcation (Fig-

r+K B (
ure 2).

r+02,O) is stable when 0.001 < r < 1—9 and loses

stability when r = Further, when r > 8 there appears a flip bifurcation and chaos at

Figure 2 shows that equilibrium E(2,

equilibrium E, (2 0). And a 3- perlodrc solution of model (1.2) appears when r ~ 6.05.

’ r+0 7402
However, Y, is in extinction for any value r ultimately (Figure 2(C)).
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Wi . . . ‘ . ‘ .
0 0.5 1 L5 2 25 0 05 1 1.5 2 25
c c

(A) Hopf bifurcation of S, with ¢ € [0.01,2.5] (B) Dynamical behaviors of Y; with ¢ € [0.01,2.5]

0 05 1 L5 2 25
c c

(C) Hopf bifurcation of I, with ¢ € [0.01,2.5] (D) The local amplification of I, with ¢ € [0.8,1.2]

Figure 3 The dynamical behaviors of S; - ¢, It - ¢, and Y; - c with b=0.1,d = 0.6, k =0.1, m = 0.5,
r=0.1, 8 =0.2,K =10, and c € [0.01,2.5] and the initial value (S, lo, Yo) = (6,2, 1) for model (1.2).

Example 3 For detecting the dynamical behaviors of model (1.2) with equilibrium

Ez(%; r:ﬁﬁ 1- é), 0) impacted by parameter c (the different death rate of infected prey),
we choose two subcases of the parameters.

Subcase 1. Choosing (b,d, k,m,r, 8,K) = (0.1,0.6,0.1,0.5,0.1,0.2,10) and ¢ € [0.01,2.5]
and the initial value (S, Iy, Yo) = (6,2,1). It is obvious that (b,d, k,m,r, 8,K,c) = (0.1,0.6,

0.1,05,0.1,0.2,10,1) € P. Then we have equilibrium E(§, 735 (1 - £5),0) = E2(5¢, (2 -

¢),0) and there exists a Hopf bifurcation (Figure 3).

From Figure 3, we find that there exists a Hopf bifurcation and chaos of model (1.2)
when 0 < ¢ <1; When 1 < ¢ < 2 the number of S; is increasing and when ¢ > 2 the number
of S, is stable at 10. The number of I, is decreasing when 1 < ¢ < 2 and I; is becoming in
extinction ultimately when ¢ > 2. The number of Y; is always in extinction for any value
of ¢ ultimately.

Subcase 2. Choosing b =0.2,d =02, k=02, m=05,r=3,8=02,K=10,and c €
[0.5,2.5], and the initial value (Sg, Iy, Yo) = (6,2,1). It is obvious that (b,d, k,m,r, B,K,c) =
(0.2,0.2,0.2,0.5,3,0.2,10,1),(0.2,0.2,0.2,0.5,3,0.2,10,1.633) € P,N, respectively. Then
we have equilibrium E;(%, H’gﬁ 1- Kiﬂ), 0) = E5(5¢,6 — 3¢,0) and there exist two bifur-
cation values of ¢ from the result of Theorem 3. After some computing, we find that when
¢ =1and ¢ =1.633 the Hopf bifurcation and flip bifurcation at equilibrium E;(5¢, 6 — 3¢, 0)
appears, respectively (Figure 4).

From Figure 4(A)-(C), we find that there exist a Hopf bifurcation and chaos of model
(1.2) when 0 < ¢ <1.When1 < ¢ < 1.633 the number of S; is increasing, while the number of
1, is decreasing. When ¢ > 1.633 there appear the flip bifurcation and chaos of model (1.2).
I, becomes in extinction when ¢ & 1.97 (Figure 4(C)). Moreover, a 11-, 16- and 5-periodic
solution appears when ¢ % 0.779, ¢ = 0.81, and ¢ ~ 0.87, respectively (Figure 4(B)). How-
ever, Y; becomes in extinction because of bk < d (Figure 4(D)).

Example 4 For detecting the dynamical behaviors of model (1.2) with equilibrium

Ez(g, % 1- ﬁ), 0) impacted by parameter K (the carrying capacity), we choose b = 0.1,

c=04,d=02,k=02,m=05,r=02, =02, and K € [2,8], and the initial values
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(B) The local amplification of S; with ¢ € [0.76,0.9]

25 0.5 1 1.5 2 25

(C) Dynamical behaviors of I; with ¢ € [0.5,2.5] (D) Dynamical behaviors of Y; with ¢ € [0.8,1.2]

Figure 4 The dynamical behaviors of S¢ - ¢, It - ¢,and Y; - cwith b=0.2,d=0.2, k=0.2,m=0.5,r=3,
B =0.2,K=10, and c € [0.5,2.5], and the initial value (So, Iy, Yo) = (6, 2, 1) for model (1.2).

7 6
61 5
5T 4
ot
» -3
N
2 2
1F 1
0 . 0 :
2 3 4 s 3 2 3 4 s 6
K K
(A) Hopf bifurcation of S, with K € [2, 8] (B) Hopf bifurcation of I, with K € [2, 8]

2 3 4 5 6 7 8
K

(C) Dynamical behavior of Y, with K € [2,8]

Figure 5 The dynamical behaviors of S; - K, I - K, and Y; - K with b=0.1,c=0.4,d =0.2, k= 0.2,
m=0.5,r=0.2, 8 =0.2,and K € [2, 8], and the initial values (S, lp, Yo) = (1,0.5,0.2) for model (1.2).

(So, 1o, Yo) = (1,0.5,0.2). It is obvious that (b,c,d, k, m,r, 8,K) = (0.1,0.4,0.2,0.2,0.5,0.2,
0.2,7) € P. Then we have equilibrium E;(%, %(1 - KLﬂ),O) =E5(2,1- %,O), and there
exists a Hopf bifurcation (Figure 5).

From Figure 5(A) and (B), we see that equilibrium E(2,1— —,0) is stable when 2 < K <

1+K’
7 and loses stability when K = 7. Further, when K > 7 there appears a Hopf bifurcation of
equilibrium E;(2,1 - %, 0). However, Y; is in extinction for any values of K ultimately.

Example 5 For detecting the dynamical behaviors of model (1.2) with equilibrium
Ez(g, %(1 - Kiﬂ), 0) impacted by parameter § (the transmission coefficient), we choose
b=015,¢=05,d=02,k=02,m=03,r=4,K =4, 8 € [0.125,0.42], and the initial
value (S, Iy, Yo) = (2,1,1). It is obvious that (b, ¢, d, k,m,r, K, ) = (0.15,0.5,0.2,0.2,0.3, 4,
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0.15 02 0.25 03 035 04 0.15 02 0.25 03 0.35 04

B B
(A) Dynamical behaviors of S; with 8 € [0.125,0.42] (B) Dynamical behaviors of I, with 8 € [0.125,0.42]
1
0.5
> 0
0.5
s 02 025 03 035 04
B

(C) Dynamical behavior of Y; with g € [0.125,0.42]

Figure 6 The dynamical behaviors of S¢ - 8, It - 8, and Y; - 8 with b=0.15,¢=0.5,d=0.2, k=0.2,
m=0.3,r=4,K =4, €[0.125,0.42], and the initial value (So, lo, Yo) = (2,1, 1) for model (1.2).

(A) Dynamical behaviors of S; with K € [2,7] (B) Dynamical behaviors of I; with K € [2,7]

(C) Dynamical behavior of Y, with K € [2,7]

Figure 7 The dynamical behaviors of S; - K, I; - K, and Y; - K with b=0.15,¢=0.5,d =0.2, k=0.2,
m=0.3,r=4, $=0.25,K € [2,7], and the initial value (So, lo, Yo) = (1,0.5,0.2) for model (1.2).

4,0.2083),(0.15,0.5,0.2,0.2,0.3,4,4,0.3750) € N, P, respectively. Then we have equilib-
rium Ez(%, H’fgﬂ a- ﬁ), 0) = Ez(ﬁ, %gl, 0). From conclusion (2) of Theorem 3, the two
bifurcation values are computed as B = 0.2083 and g = 0.3750 from K8 = <9 and

d+cr

KB =1+ c, respectively. Further, the interval [0.125,0.42] includes the two bifurcation
values. Therefore, there appears two bifurcations: flip bifurcation and a Hopf bifurcation.
Figure 6(A) and (B) verifies it. In detail, when 8 changes from 0.125 to 0.45, there appears
chaos, flip bifurcation, local stability, Hopf bifurcation, and chaos of S; and I;. However,
Y; becomes in extinction because of bk < d (Figure 6(C)). On the other hand, the same
results appear for K € [2,7] with b =0.15,¢=0.5,d=02,k=02,m=0.3,r=4, 8 =0.25,
and the initial value (So, Iy, Yo) = (1,0.5,0.2) (Figure 7).
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06 065 0.5 051 052 053 054 055 056 057 058 059 0.6
b

015 02 025 03 035 04 045 05 055
b

(A) Dynamical behaviors of S; with b € [0.15,0.7] (B) The local amplification of S, with b € [0.5,0.6]

>

0 . "
015 02 025 03 035

8
6
4
2
6.

04 045 05 055 06 065 15 02 025 03 035 04 045 05 055 06 065
b b

(C) Dynamical behavior of I, with b € [0.15,0.7] (D) Dynamical behaviors of Y, with b € [0.15,0.7]

9
025 0255 026 0265 027 0275 028 028 029 0295 03
b

(E) The local amplification of Y; with b € [0.25,0.3].

Figure 8 The dynamical behaviors of S¢ - b, I; - b, and Y - b with c=0.1,d =0.02, k=0.3, m=0.4,
r=1.2, 8 =0.25,K =6,and b € [0.15,0.7], and the initial value (So, lo, Yo) = (2, 1.5, 1) for model (1.2).

Example 6 For detecting the dynamical behaviors of model (1.2) with endemic equilib-
rium E*(§*,I*, Y*) impacted by parameter b (the predation coefficient), we choose ¢ = 0.1,
d=0.02, k=03, m=04,r=12, 8 =025, K =6, and b € [0.15,0.7], and the initial
value (Sy, Iy, Yo) = (2,1.5,1). It is obvious that the parameters ¢ = 0.1, d = 0.02, k = 0.3,
m=04,r=12, =025 K =6, and b = 0.28, 0.5725, respectively, satisfy the condi-
tions of conclusion (2) of Theorem 5. Then we have endemic equilibrium E*(S*,I*, Y*) =

(15017—4 376-600b (156-1)(188—300b 188

1 ) . . . .
e T me oH ). Obviously, when 0 < b < 300 there exists an endemic equi-

librium E*(S*,I*, Y*) of model (1.2).

From Figure 8 we see that when 0.15 < b < b, there appear chaos and a Hopf bifurcation
for model (1.2); when b, ~ 0.28 < b < b, ~ 0.5725 the endemic equilibrium E*(S*,I*, Y*)
is stable; when b, =~ 0.5725 < b < b, = 0.5785 there appear Hopf bifurcation and chaos.
Furthermore, S; reaches the K value when b,,. ~ 0.5785 < b, which can be seen from
Figure 8(A) and (B). However, I; and Y; become in extinction when b ~ 0.57 from Fig-
ure 8(C)-(E).

Example 7 For detecting the dynamical behaviors of model (1.2) with endemic equi-
librium E*(S*,I*,Y*) impacted by parameter k (the coefficient in conversing prey into
predator), we choose b =0.3, c=0.1, d =0.04, m =03, r =12, 8 = 0.25, K = 6, and
k € [0.15,1], and the initial value (Sp,lo, Yo) = (2,1.5,1). It is obvious that parameters
b=0.3,c=01,d=0.04,m=0.3,r=12, 8 =0.25, K = 6, and k = 0.34 satisfy the condi-
tions of conclusion (4) of Theorem 5. Then we have endemic equilibrium E*(S*,I*, Y*) =
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k
(A) Dynamical behaviors of S; with k € [0.15,1] (B) Dynamical behaviors of I, with k € [0.15,1]
25 9
20 4 8
15 4 7 /’f’—
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10 6
5 5
° 02 03 O,‘4 0.‘5 0.‘6 0,'7 0.’3 0,'9 1 3.33 0332 0334 0336 0338 034 0342 0344 0346 0348 035
k k
(C) Dynamical behaviors of Y; with k € [0.15,1] (D) The local amplification of ¥, with k € [0.33,0.35]

Figure 9 The dynamical behaviors of S¢ - k, It — k, and Y; - k with b=0.3,c=0.1,d =0.04, m=0.3,
r=1.2, 8 =0.25,K =6,and k € [0.15, 1], and the initial value (S, lo, Yo) = (2, 1.5, 1) for model (1.2).

28325

o »
7 on _
ol -
10 2
“ 2ans 282

] 1407 2g0s 25!

I S, 1! s,

(A)k=0.2 (B) k=0.34

(C k=04

Figure 10 The phase portraits of model (1.2) with k = 0.2,0.34, 0.4 corresponding to Figure 9.

( 66k-8 392-264k (151‘_2)(?2_264}(}). Obviously, when 0.15 < k <1 there exists an endemic

15 ° 185
equilibrium E*(S*,I*, Y*).

Figure 9 shows that when 0.15 < k < k, ~ 0.34 there exist chaos and a Hopf bifurcation
for S;, I, and Y;. With the increasing of k from k, & 0.34 to 1, the numbers of S; and Y; are

increasing while I; is decreasing. And this result agrees with the ecological significance.

For better understanding of the above results, we only provide phase portraits (see Fig-
ure 10) of model (1.2) under the condition k = 0.2,0.34, 0.4 in Example 7. The other cases

are similar to Example 7 and we omit them here.

Remark 3 From Subcase 2 of Example 3, when we choose the same parameters and the

initial value, then we vary the parameter ¢ we see that there appears a series complex
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dynamical behavior in equilibrium E;(%, H’ﬁg 3 1- Kiﬁ), 0) of model (1.2), such as chaos —

flip bifurcation — local stability — Hopf bifurcation — chaos too.

Remark 4 From Example 6, when we choose the same parameters and the initial value,
then when we vary the parameter b we see that there appears a series complex dynamical
behaviors in equilibrium E*(§*, I*, Y*) of model (1.2), such as chaos — Hopf bifurcation —
local stability — Hopf bifurcation — chaos too.

Remark 5 The predation coefficient b of predator plays an important role in biological
disease prevention and cure which can be seen in Example 6. And this is significant in the

actual situation of ecology.

Open problem 1 Whether there exist some special population models when we fix same

parameters and vary one special parameter there appears a series bifurcations and chaos.

Open problem 2 From the above discussion, whether there exists chaos — flip bifurca-
tion — local stability — flip bifurcation — chaos in some special population model when
some parameters are fixed at the same values and one parameter is varied continuously.
This will be our future study.

4 Discussion
The study about discrete-time eco-epidemiological model is payed little attention in pre-
vious works. In this paper, we discussed the dynamical behaviors of a discrete-time eco-
epidemiological model (1.2). The threshold parameter Ry is obtained which controls the
development of the disease. When Ry <1,0<r <1 (or ROM <1,1<r<?2) the suscep-
tible prey reaches the carrying capacity, while the infected prey and the predator become
in extinction. It implies that the disease dies out in the prey population. When R, > 1 and
kb < d the susceptible prey and infected prey coexist, while the predator becomes in extinc-
tion. This implies that the disease persists in the prey and the paradoxical phenomenon is
obtained that sufficient enrichment of resources leads to extinction of the predator.

Further, the different complex dynamical behaviors of model (1.2) caused by different
parameters have been investigated using the difference equation theories in ecological
perspective: such as flip bifurcation, Hopf bifurcation, chaos, and more complex dynami-
cal behaviors. This is far richer than the corresponding continuous-time model (1.1). The
results now are given in detail.

1. For the parameters b (the predation coefficient), k (the coefficient in conversing prey
into predator) and d (the death rate constant of the predator), when they satisfy bk < d the

predator Y; always becomes in extinction, which agrees with the ecological phenomenon.
K

r:Kﬂ a- ﬁ

r, K, B, c that directly influence the dynamical behaviors of model (1.2). When they vary at

2. For equilibrium Ez(ﬁ, ), 0) of model (1.2), we choose four key parameters
different values model (1.2) appears local stability, flip bifurcation, Hopf bifurcation, and
chaos. Further, the most interesting aspect is choosing the same parameters and the initial
value of model (1.2); then K or B8 shows a continuous increase from some fixed value above
0 to % then to 1 + ¢, then there appears a series of dynamical behaviors: chaos — flip

bifurcation — local stability — Hopf bifurcation — chaos too which is the same result as

in [2]. Hence, there is an interesting open problem when we fix the same parameters and
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vary one special parameter: whether there exist series bifurcations and chaos for other
population models.

Moreover, when we choose the same parameters and the initial value of model (1.2); then
¢ has a continuous increase from some fixed value above 0 to K8 —1 then to c;, then there
appears a series of dynamical behaviors: chaos — Hopf bifurcation — local stability —
flip bifurcation — chaos too (Figure 4). This phenomenon is rarely seen in previous work.

3. For positive equilibrium E*(S*,I*, Y*) of model (1.2), we choose the key parameters b
(the predation coefficient) and & (the coefficient in conversing prey into predator) to de-
tect the variation of the dynamical behaviors. When the parameter b changes at different
values and other parameters are fixed at the same values there appears a series of dynam-
ical behaviors: chaos — Hopf bifurcation — local stability — Hopf bifurcation — chaos
too, which can be seen from Figure 8. When parameter k increases the number of I, is de-
creasing while S; and Y; are increasing and there appears Hopf bifurcation of model (1.2)
when k = k* (Figure 9).

Generally, the predation ability and conversing prey into predator ability are important
to influence the numbers of predator and infected prey. In this study, the results imply that
when the parameter b or k is increasing, then the number of predator Y; is increasing,
while I; is decreasing. And this will be of significance in controlling the disease of prey in
an eco-epidemiological model.

However, there are still many interesting and challenging questions which need to be
studied for model (1.2). For example, we only obtain the local stability, bifurcations, and
chaos dynamical behaviors of model (1.2). We can ask the questions: Whether the global
asymptotic stability of model (1.2) can be obtained. And if model (1.2) occurs with different
functional responses or different types of incidence rate then how to study the dynamical
behaviors. Furthermore, if the susceptible prey is preyed in model (1.2), whether there

exist complex dynamical behaviors. We will investigate them in our future work.
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