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1 Introduction
Let H be a real Hilbert space. Let A : H — H be a single-valued nonlinear mapping and
B: H — 2" be a set-valued mapping.

Now, we are concerned with the following variational inclusion:

Find a zero x € H of the sum of two monotone operators A and B such that
0 € Ax + Bx, 1.1)

where 0 is the zero vector in H.

The set of solutions of the problem (1.1) is denoted by (A + B)™10. If H = R™, then the
problem (1.1) becomes the generalized equation introduced by Robinson [1]. If A = 0, then
the problem (1.1) becomes the inclusion problem introduced by Rockafellar [2]. It is well
known that the problem (1.1) is among the most interesting and intensively studied classes
of mathematical problems and has wide applications in the fields of optimization and con-
trol, economics and transportation equilibrium, engineering science, and many others.
For the past years, many existence results and iterative algorithms for various variational
inequality and variational inclusion problems have been extended and generalized in var-
ious directions using novel and innovative techniques. A useful and important general-
ization is called the general variational inclusion involving the sum of two nonlinear op-
erators. Moudafi and Noor [3] studied the sensitivity analysis of variational inclusions by
using the technique of resolvent equations. Recently much attention has been given to de-
veloping iterative algorithms for solving the variational inclusions. Dong et al. [4] analyzed
the solution’s sensitivity for variational inequalities and variational inclusions by using a
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resolvent operator technique. By using the concept and technique of resolvent operators,
Agarwal et al. [5] and Jeong [6] introduced and studied a new system of parametric gener-
alized nonlinear mixed quasi-variational inclusions in a Hilbert space. Lan [7] introduced
and studied a stable iteration procedure for a class of generalized mixed quasi-variational
inclusion systems in Hilbert spaces. Recently, Zhang et al. [8] introduced a new iterative
scheme for finding a common element of the set of solutions to the problem (1.1) and the
set of fixed points of nonexpansive mappings in Hilbert spaces. Peng et al. [9] introduced
another iterative scheme by the viscosity approximate method for finding a common ele-
ment of the set of solutions of a variational inclusion with set-valued maximal monotone
mapping and inverse strongly monotone mappings, the set of solutions of an equilibrium
problem, and the set of fixed points of a nonexpansive mapping. For some related work,
see [9-23] and the references therein.

Recently, Takahashi et al. [24] introduced the following iterative algorithm for finding

a zero of the sum of two monotone operators and a fixed point of a nonexpansive map-
ping:

Xns1 = Prxn + (1= ,Bn)S(anx +(1- an)]fn (%0 — )LnAxn)) (12)

for all # > 0. Under some assumptions, they proved that the sequence {x,} converges
strongly to a point of F(S) N (A + B)™10.

Remark 1.1 We note that the algorithm (1.2) cannot be used to find the minimum-norm
element due to the facts thatx € C and S is a self-mapping of C. However, there exist a large
number of problems for which one needs to find the minimum-norm solution (see, for ex-
ample, [25-29]). A useful path to circumvent this problem is to use projection. Bauschke
and Browein [30] and Censor and Zenios [31] provide reviews of the field. The main diffi-
culty is in the computation. Hence it is an interesting problem to find the minimum-norm

element without using the projection.

Motivated and inspired by the works in this field, we first suggest the following two

algorithms without using projection:

x = (L= k)Sxy + k]2 (tyf () + (L= ), — AAx,)
forall £ € (0,1) and

X = (1= 6)Sx + 1J7 (ctuyf (%) + (1= 0t)n — ApAxy)
for all » > 0. Notice that these two algorithms are indeed well defined (see the next
section). We show that the suggested algorithms converge strongly to a point x =
Pr)na+p-10(vf (%)) which solves the following variational inequality:

(vf® -5 -2 >0

forallze F(S)N (A + B)'0.
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As special cases, we can approach the minimum-norm element in F(S) N (4 + B)™10

without using the metric projection and give some applications.

2 Preliminaries
Let H be a real Hilbert space with the inner product (-, -) and the norm || - ||, respectively.
Let C be a nonempty closed convex subset of H.

(1) A mapping S: C — C is said to be nonexpansive if
1Sx = Syll < llx -yl

for all x,y € C. We denote by F(S) the set of fixed points of S.
(2) A mapping A : C — H is said to be a-inverse strongly monotone if there exists o > 0
such that

(Ax - Ay,x - y) > | Ax - Ay||?

forallx,y € C.
It is well known that, if A is o-inverse strongly monotone, then ||[Ax — Ay|| < i [lx = |l
forallx,y € C.
Let B be a mapping from H into 2. The effective domain of B is denoted by dom(B),
that is, dom(B) = {x € H : Bx # (}.

(3) A multi-valued mapping B is said to be a monotone operator on H if
x—yu-v)>0

for all x,y € dom(B), u € Bx, and v € By.
(4) A monotone operator B on H is said to be maximal if its graph is not strictly
contained in the graph of any other monotone operator on H.

Let B be a maximal monotone operator on H and B™10 = {x € H : 0 € Bx}. For a maximal
monotone operator B on H and A > 0, we may define a single-valued operator JB=(+
AB)™!: H — dom(B), which is called the resolvent of B for A. It is well known that the
resolvent /2 is firmly nonexpansive, i.e.,

172 = 129||* < (1B — 1By, % - y)

forallx,y € C and B10 = F(J?) for all > 0. The following resolvent identity is well known:
for any A > 0 and p > 0, the following identity holds:

Jix=J2 (%x + (1 - %) ]fx) (2.1)

forallx € H.
We use the notation that x,, — x stands for the weak convergence of (x,,) to x and x,, — x
stands for the strong convergence of (x,) to x, respectively.

We need the following lemmas for the next section.
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http://www.fixedpointtheoryandapplications.com/content/2014/1/174

Abdou et al. Fixed Point Theory and Applications 2014, 2014:174 Page 4 of 22
http://www.fixedpointtheoryandapplications.com/content/2014/1/174

Lemma 2.1 ([32]) Let C be a nonempty closed convex subset of a real Hilbert space H. Let
A : C— H be an a-inverse strongly monotone mapping and A > 0 be a constant. Then we

have
2

| =24)x = (I = 2A)y|” < llx = yI* + A(h — 20) | Ax - Ay]®
forall x,y € C. In particular, if 0 < » <2a«, then I — AA is nonexpansive.
Lemma 2.2 ([33]) Let C be a closed convex subset of a Hilbert space H. Let S: C — C
be a nonexpansive mapping. Then F(S) is a closed convex subset of C and the mapping
1S isdemiclosed at 0, i.e. whenever {x,} C C is such that x, — x and (I — S)x,, — 0, then
(I-S)x=0.
Lemma 2.3 ([1]) Let C be a nonempty closed convex subset of a real Hilbert space H. As-

sume that the mapping F : C — H is monotone and weakly continuous along segments,
that is, F(x + ty) — F(x) weakly as t — 0. Then the variational inequality

x*eC, (Fx,x-x")>0

forall x € C is equivalent to the dual variational inequality
x*eC, (Frx-x")>0

forallx e C.

Lemma 2.4 ([34]) Let {x,}, {y.} be bounded sequences in a Banach space X and {f,} be a

sequence in [0,1] with

0 <liminf B, <limsup B, < 1.
n—>00 n—00

Suppose that x,,1 = (1 — B)yu + Buxy for all n > 0 and

1im Sup(I[yne1 = ull = [%s1 = %all) < 0.

n—o0

Then lim,,_, o |y — %41l = 0.

Lemma 2.5 ([35]) Assume that {a,} is a sequence of nonnegative real numbers such that

Ane < (1- Vn)ﬂn + 84 ¥n

for all n> 1, where {y,} is a sequence in (0,1) and {3,} is a sequence such that
(@) 202 Vn =00
(b) limsup,,_, 8, <0 o0rY o2 |8,yul < 00.
Then lim,_, o a, = 0.
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3 Mainresults
In this section, we prove our main results.

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let A be
an a-inverse strongly monotone mapping from C into H. Let f : C — H be a p-contraction
and y be a constant such that 0 <y < %. Let B be a maximal monotone operator on H such
that the domain of B is included in C. Let J? = (I + AB)™ be the resolvent of B for any % > 0
and S be a nonexpansive mapping from C into itself such that F(S) N (A + B)™10 # (. Let A
and k be two constants satisfying a < » < b, where [a,b] C (0,2«) and k € (0,1). For any
te(0,1- %), let {x;} C C be a net generated by

%= (1 —K)Sx; + K]f (tyf(xt) +(1=t)x; — kAxt). (3.1)

Then the net {x;} converges strongly as t — 0+ to a point X = Pr(sna.p)-10(vf (X)), which
solves the following variational inequality:

(yf(a?) —56,9?—2) >0
forall ze F(S)N (A + B)0.
Proof First, we show that the net {x;} is well defined. For any ¢ € (0,1 — %), we define

a mapping W := (1 - k)S + kJ2(tyf + (1 - t)I — AA). Note that /5, S, and I - ﬁA (see
Lemma 2.1) are nonexpansive. For any x,y € C, we have

W — Wy

_ H (1= k)(Sx—Sy) + (/f <tyf(x) (-1 (1 - %A)x)

N (tyf(y) +(1-0) (1 - ﬁ“‘)y)) H

=@ =x)lISx =Syl

RN (R N (R

+K
-t -t

<@ =i)lx -yl + ity |fx) —fO)]

(=) (-

=@=-m)lx=yll +txyplx -yl + 1= t)cllx -yl

=[1-A-yp)t]lx-yl,

+(1 -tk

which implies the mapping W is a contraction on C. We use x; to denote the unique fixed
point of W in C. Therefore, {x;} is well defined. Set y; =]fut and u; = yf(x) + (1 — t)x —
LAx, for all £ > 0. Taking z € F(S) N (A + B)~10, it is obvious that z = Sz = J5(z — LAz) for all
A >0 and so

z= Sz=]f(z—AAz) :]f(tz+ 1- t)(l— IL%A)Z)
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forall £ € (0,1- %). From (3.1), it follows that

lla; — 2l = ||(1 = k) (S — 2) + (3 — 2)|
<@ =)ISxs =zl + kllys — 2|l

<@ =w)llxe =zl + klly: — zll.
Hence we get |[x; — z|| < |ly: — z||. Since ]f is nonexpansive, we have

llye -zl

= ]f(tyf(xt)+( t)( )) JE (tz+ a- t)(z—%Az))”
(tyf(xt)+(1—t)<xt )) (tz+(1 t)(z——Az))“
o (- s n) - (Z_EAZ»HW .

<Q1-1) H (1— ﬁA)x, - (1— ﬁA)z +ty |[f () —f@|| +t] vf(2) - 2|,

< (A -0)llxe —zll + typlae —zll + t|yf(2) - z|. (3.2)

IA

Thus it follows that

1
ke = 2l = T |/ (2) - 2]
-Yp
Therefore, {x;} is bounded. We deduce immediately that {f(x;)}, {Ax,}, {Sx.}, {}, and {y,}
are also bounded. By using the convexity of || - || and the a-inverse strong monotonicity of
A, from (3.2), we derive

llace — 2|
<y -zl
2
- t)((xt - &Axt> - <z— &Az)) + t(yf(xt) - z)
A A >
<(1- t)’ <xt - I—_tAxt) - (z— I——tAZ) + t||yf(xt) —z||2
A > 2

=1 -0)|(xs—2) - I—_t(Axt —Az)| + t|| vf(x:) —z||

2A A2
=(1- t)(llxt —z))? - T (Ax, — Az, %, — 2) + - |Ax, —Az||2>

+t|yfl) - 2|

2

-2

200\
< (l—t)<||xt—2||2—1—_t||z‘19€t—1‘12||2 + IIAxt—AZIIZ)

+t|yfl) - 2|
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A
=(1- t)(llxt —z|* + T (A =201 - t)a)[|Ax, —Az||2> +t|yfx) - 2|
S . 5 (= 20= ) 14z, - Az|P + ey e 2| (33)
and so
—(Ift)( (1- f)a = 1) |Ax, — Az])* < t|yf(x:) — 2| — tllx — 21> = O.

By the assumption, we have 2(1 - t)a — 1 > 0 for all £ € (0,1 - %) and so we obtain

lim ||Ax, — Az]|| = 0. (3.4)
t—0+

Next, we show ||x; — Sx;|| — 0. By using the firm nonexpansivity of /2, we have

lye = 2% = |7 (tvf (o) + (1 - x, — 2Ax,) — 2|
= |2 (tvf @) + (= D)% — 1Ax,) TP (z - 2.A2) |

< (tyflx) + Q- B, — AAx; — (z— 1A2),y, — 2)
= %(”tyf(xt) + (L= £)x; — 2Ax; — (2= AA2D) | + lly: — 2]
— ey f ) + (1= £)x, — M(Ax, — A2) — 32| %).
Thus it follows that

lye = 2% < ||ty f(xe) + (L= £)xe = 2Ax, — (z - 1AZ) |

2
- ”tyf(xt) + (1=, — MAx, — Az) —ytH .
By the nonexpansivity of I — l%tA, we have

|ty f () + @ = £)x, — AAx, — (z — AA2) H2

A A
= H(l—t)((xt— :Axt) - (Z— :AZ)) + t(yf(xt) —Z)
2
(xt - LAxt) - (z - LAz)
1-t¢ 1-t¢

+t]yfl) - 2|
<(A-8)llx—zl® + t|yf@) - 2|

2

S(l—t)‘

and thus

llx: =zl < Ily: — 2>
2
<@ -0)llxe—zl* + t]|yfxr) - 2|

— ey f ) + (1= £)x, — M(Ax, — Az) — 3| .
Hence it follows that

||tyf(xt) + (1= — MAx; — Az) —yt”2 < t||yf(xt) —2”2 — 0.
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Since ||Ax; — Az|| — 0, we deduce lim;_, o, ||x; — y;|| = 0, which implies that
lim |lx; — Sx|| = 0. (3.5)
t—0+
From (3.2), we have

2
lly: -zl

a- t)((xt - &Axt> - <z— &Az)) + t(yf(xt) - z)
(=) (=55
xe— —Ax; | —|z—- —Az

1-t¢ 1-t¢

A A , )
+2t(1— t)<yf(xt) ya (x,g - :Axt> - (z - :Az>> + 8| yf (%) - 2|

2
=

=(1-1)?

<@=t)* |l —2))* +2¢(1 - t)<yf(x:) -2,% - i(Axt - Az) - Z>

+ 2| yfla) - 2|

A
= (10|l — 2] +26(1 - t)y<f(xt) @)% - T (Axi - A2) - Z>
A ) 2
+ 2t -t yf(2) —z, 2 — E(Ax[ —Az)—z)+t ||yf(xt) —z” .
Note that [lx; — z|| < ||y — z||. Then we obtain

lloee = 201> < (1= 8)%llxe = 2I|* + 261 = )y | f (%) = f(2) | (nxt —z|| + li_t(Axt - Az)

)

+26(1 - t)<yf(z) —zx - &(Axt - Az) —z> + 82|y fle) - 2|
< (L= llx — 2I|* + 261 = )y pllx — 21> + 22y pllx, — 2| [ Ax, — Azl
+26(1 - t)<yf(z) X - &(Axt ~ A2) —z> + 2| yfla) - 2|
<[1-20-yp)t]lla —zl* + 2::[(1 - t)<yf(z) - 2,% — %:(Axt -Az) - z>
+ %(Hyf(xt) 2"+ Wl - 211%) + Ayp la -zl 1A%, —Azn].

Thus it follows that

2
e —z||” <

p (<yf(z) —Z,X — &(Axt - Az) —z>

+ é(”yf(xt) —2”2 + Nl = 211%) + t]| vf (2) — 2| | = %(Axt —Az)-z

+Aypllx: — 2| | Ax; —AZII)

1
1-yp

=

(vf(@) - 2,3 —z) + (t + | Ax, — Az||) M, (3.6)
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where M is some constant such that

1 (1 2 )
sup 1A S0 =<l o =21P) + [y -]

* (Ax, - 42)
Xy — ——— X —AZ)—2Z
t l—t t

’

A
Aypllx -zl it e (0,1— _)} -
20

Next, we show that {x;} is relatively norm-compact as ¢ — 0+. Assume that {¢,} C (0,1 -
%) is such that t, — 0+ as n — o0o. Put &, := x;,. From (3.6), we have

1
llay — 2 <
1-yp

(vf(@) - 2,20 —2) + (tu + | A, — Az||) M. 3.7)

Since {x,,} is bounded, without loss of generality, we may assume that x,, — x € C. Hence

¥ — & because of ||x, — y,|l — 0. From (3.5), we have

lim ||, — Sx,|| = 0. (3.8)

We can use Lemma 2.2 to (3.8) to deduce ¥ € F(S). Further, we show that & is also in

(A + B)™10. Let v € Bu. Note that y, = J3(t,yf(x,) + (1 - t,)x, — AAx,) for all n > 1. Then
we have

twyf(xn) + (1 = t,)x, — LAx, € (I + AB)y,

tnyf(xn) + 1 - tn yn

= . . x,,—Axy,—IeBy,,.

Since B is monotone, we have, for all (i, v) € B,

<tnyf(xn) + 1-1¢,
A

A xn—Axn—)%—v,y,,—u>zO

= (tnyf(x,,) + (A = t)x, — AAxXy — Yy — AV, Y, — u) >0
1 t

= (A% 4y =) S (= Y ) x(xn — S %n), Yy — 1)

- 1 ty
= (AR vy =) S 5 (= Y yn — ) x(xn = Vf (%) yn — 1)

+ (A% — Axy, ¥, — u)

. 1 Ly

= AR+ =) = 2l =l - ull + 60 = v @) | Ny — 22l

+ || Ax — Axy |1y — ull.
Thus it follows that
~ ~ 1 tn/
(AR + & = 1) = oy =y = el + = [y = ), -
+ A% = Ay llya; — ull + (A% +v,% - 3,). (39)

Since (x,, — X, Axy; — AX) >« A%, — A%, Axy; — Az, and Xy — x, it follows that Ay, —
AXx. We also observe that £, — 0 and ||y, —x,|| — 0. Then, from (3.9), we can derive (Ax +
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v,%—u) <0, thatis, (~Ax —v,x—u) > 0. Since B is maximal monotone, we have —AX € Bx.
This shows that 0 € (4 + B)x. Hence we have ¥ € F(S) N (4 + B) 0. Therefore, substituting
x for zin (3.7), we get

=12
llxn —X1° <

(vf (&) = %20 — &) + (tn + [|Ax, — AX[) M.
1-yp
Consequently, the weak convergence of {x,} to X actually implies that x,, — x. This proved
the relative norm-compactness of the net {x,} as t — 0+.

Now, we return to (3.7) and, taking the limit as » — 0o, we have

P 2
% —zlI” <

= J/p(yf(z) —z,ic—z)

for all z € F(S) N (A + B)™10. In particular, X solves the following variational inequality:
xeFS)NA+B)0, (yfle)-2z%-2)>0

for all z € F(S) N (A + B)™10 or the equivalent dual variational inequality (see Lemma 2.3):
XeF(S)NA+B)0, (yf(@)-%x-2)>0

for all z € F(S) N (A + B)™'0. Hence % = Prsina+p-10(vf(%)). Clearly, this is sufficient to
conclude that the entire net {x;} converges to x. This completes the proof. g

Theorem 3.2 Let C be a nonempty closed convex subset of a real Hilbert space H. Let A be
an a-inverse strongly monotone mapping from C into H. Let f : C — H be a p-contraction
and y be a constant such that 0 < y < %. Let B be a maximal monotone operator on H such
that the domain of B is included in C. Let ] = (I + 1B)™! be the resolvent of B for any X > 0
and S be a nonexpansive mapping from C into itself such that F(S) N (A + B)™0 # @. For
any xg € C, let {x,} C C be a sequence generated by

X1 = (1—K)Sx, + K]fn (oc,,yf(x,,) + (1 —apy)x, — AnAx,,) (3.10)

for all n > 0, where k € (0,1), {A,} C (0,2a) and {«,} C (0,1) satisfy the following condi-
tions:

(@) lim,_ oo, =0, lim,,_, o “‘;“—;1 =land), a, = 00;

(b) a(l —ay,) <A, <b(l -a,), where [a,b] C (0,2«) and lim,,_, « % =0.

Then the sequence {x,} converges strongly to a point X = Prgyrup)-10(V.f (%)), which solves

the following variational inequality:
(rf@) -%%-2)>0
forall ze F(S)N (A + B)~t0.

Proof Sety, = ]fn Uy, Uy = oty Yf(x,) + 1 — ay)x, — AyAx, for all m > 0. Pick up z € F(S) N
(A + B)'0. It is obvious that

z=8z =]fn(z— AAZ) =]fn <oc,,z +(1 —Oln)<2— - An AZ)>

-y
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for all n > 0. Since ]fn, S,and I — lf;nA are nonexpansive for all A > 0 and # > 1, we have

”yn - Z”
= H]fn (a"yf(xn) + (1 - a,,)x,, - )‘Vlen) — ZH

I (anyf(x» +(1- an)(xn -1 Gl Ax))

oy

_]fn (anz +(1- oc,,)(z 1 ftx Az>) H
An
(st + =) (5, 12t )
2
- (a,,z +(1- a,,)(z _ Az))
1-o,

An A
= H(l—a,,)((xn - 1_OlnAx,,) - <z— l—oznAZ>) +a,,(yf(x,,)—z)

< A= an)llxn =zl + | vf ®n) = vf @) + @l yf(2) 2|

=< [1 -(1- V,O)Oln] llocn — 2|l + ety ”Vf(z) - ZH (3.11)

=

Hence we have

ln1 — 2l < @ = ©)ISx, — 2l + llyn — 2]l
< (L=i)llxn =zl + [1 = (L= yp)eta] s = 2l| + ket | vf (2) - 2|

=[1- - yp)can]lxn -zl + ke | vf(2) - 2.

By induction, we have
1
%1 — 2l < max{ [lxo — zll, ——— || vf(2) — 2 {-
1-yp

Therefore, {x,} is bounded. Since A is ¢-inverse strongly monotone, it is i—Lipschitz con-
tinuous. We deduce immediately that {f(x,,)}, {Sx.}, {Ax,}, {u,}, and {y, } are also bounded.
By using the convexity of || - || and the «-inverse strong monotonicity of A4, it follows from
(3.11) that

A An
H(l —an)<<xn - 1_()[nAac,q) - (z— I _anAz)> + ot (vf (%) — 2)

2

2

<(1-ay) (xn - lf’;nAxn> - (z— . i’:anz) + oty || f (%) —z||2
)Vn > 2
= (1-a)| (@ = 2) - 7——(Ax, - A2) + o || yf () - 2|

2

2A A
= (=) ll%n - 2lI* - ——(Ax, — Az, x, — 2) + —=— || Ax, — Az||®
1-ay (1-ay)

+ |y f (o) 2
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2

A
1A%, - Az|)> + —"— || Ax, —AZII2>

20 A, p
— 0y (1 _an)

<qQ _an)<||xn _Z||2 - 1

+anvf )~z
=(1 —an)<||xn —z)* + (I_A—;)z(xn —2(1 - ay)a) [ Ax, —Az||2)

+ay, ”yf(x,,) - z”z. (3.12)

By the condition (c), we get A, — 2(1 — &) < 0 for all # > 0. Then, from (3.11) and (3.12),
we obtain

VE u,—2||* <1 —an)(nx,, —z|* + A—”(xn -2(1 - ap)ar) | Ax, —Az||2)

(1 - Ol,,)2
ray|yf) -] (313)
From (3.10), it follows that
a1 =202 = || (1 = €)(Sxs = 2) + k(2 1, - 2) ||
< (U= i) n =2l + x|J2 - 2 (3.14)
Next, we estimate ||x,,,; —x,]|. In fact, we have
”xn+2 — Xn+1 ” = H (1 - K)(an+1 - an) + K()/n+1 _yn) ||

< (@ =) %ner —xull + K|[Yns1 = Yl

and

”_yn+1 _yn” = ||])i+1un+l _]){B”un ||
S ||]fn+lu”+l _]f;m”” || + ||]fm1un _Jfﬂun ||
= || (an+1 yf(xn+1) + (1 - an+l)xn+1 - )\n+1Axn+1)

— (v @on) + (U= o) = dnAsn) | + [JE 0 = T2 0|

a1y (fGne1) = (%)) + (ctne1 — ) vf (x4)

A A
+ (1 - an+1)|:(1 - el A)xnﬂ - (1 - nfﬂA>xni|
1-au 1-aun

+ (an - (XVH-l)xn + ()Vn - )\n+l)Axn

# i ttn =5

< 1V P1st = ull + et — ol (|| 7 @) | + 12l
+ (1= ) 1ne1 = Xl + (A = At 1A || + [T 4 = T2 1
= [1 -Q1- Vp)an+1]||xn+l = Zn |l + lot1 = an|(|| Vf(xn)“ + ”xn”)

+1hn = Anar | NAR |+ T2 thn =T 14
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By the resolvent identity (2.1), we have

A A
B B n n B
Uy = U, +1- U, |.
])Lnﬂ " ]An()"n+1 " ( )";'1+1>])W1Jrl ”)

Thus it follows that

||]fn+lun _]fn u" || =

A A
B n n B B
] u, +11- / u —J°u
b (AVHI " < ""n+l) Anst ”) A

)Ln )Ln B
< u,+|1- u, | —u
- H (An+1 ! ( )\n+1 )I)WHI ! !

< |)¥n+l - An|
)\'VH-I

|| I/ln - ]fnﬂ un ||
and so

1%n+2 — Xl
< (L =) 1%pe1 = Xl + K [Yre1 — Yl
< (L= ) na1 = Xull + [T = (A = y0)etar | %1 — %l
+ i latnar — o (|7 ) | + 196all) + 1A = A | A

|Ans1 = Al
e i

|otne1 = ol 11V Gen) | + 1%
Ayl 1- Yp

= [1 - (1 - )’P)Kaml] ||xn+1 - xn” + (1 - J/P)Kanul:

B
o o= 2l A% Pt = Ilun—hmunll]
(o 7788 | 1- 144 an+1)"n+1 1- 174

By the assumptions, we know that w — 0 and w — 0. Then, from Lemma 2.5,
n+. n+.

we get
lim [|%s1 — %l = O. (3.15)
n—0Q
Thus, from (3.13) and (3.14), it follows that
%1 = 21>
2
< (U=w)llxn —2l” + & | T2 un — 2|

< x[(l —an)<||xn —z|*+ An = 2(1 - o)) [ Ax, —Az||2)

(1—Oln)2(
+ ot || v f () = ZHZ} + (=), — 2]

KAy,

l-«a,

= [1—kay]llx, — 2> + (A = 21— )e) A%, — Azl + ket || yf (@) - 2

KA,

(hn =21 — ap)et) [ Axy — Azl + kcaty | v f () — z||2

2
= Ml =2l + 5
n
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and so

KAy,
(1 - an)

< 1196 = 21 = [&ns1 — 2112 + Kt | yf (@) - 2

(2(1 - ap)or = &) [ A, — Az?

= (”xn =z = %1 _Z”)”xnﬂ — x|l + Kty ” vf (xn) _Z”Z'

Since lim,,_, o o, = 0, lim,,_, oo || %41 — %] = 0, and liminf,_, o, %(2(1 —ay)a —Ay) >0,

we have
lim ||Ax, —Az| = 0. (3.16)
n—00
Next, we show ||x,, — Sx,,|| — 0. By using the firm nonexpansivity of ]fn, we have

”]){gnun - Z”z = ”]}i (anyf(xn) + (1 - an)xn - )"nAxn) _])i (Z - )"MAZ)”z
= <Olnyf(xn) + (1 —a)x, — AAx, — (2 - )\nAZ)’])]i”n - Z)
1
- E(Hanyf(xn) + (L= @) = AAxy — (2= 3nA2) | 4+ |2 w2

- “anyf(xn) + (1= an)xy — An(Ax, — Az) _])}i1 Un ”2)

From the condition (c) and the «-inverse strongly monotonicity of A, we know that I —

ApA/(1 - @) is nonexpansive. Hence it follows that

||a,,yf(x,,) + (1= o)y — ApAxy, — (2 — 1, AZ) H2

= H 1 —an)<<x,, -1 i”;nAxn> - (z— li\V;{nAz)) + oty (yf (xn) - 2)

A Mo 2
X, — Ax, | - z- Az
1-q, 1-o,

+ oy vf () 2
<A - @)%, -2l + | yf () - 2|

2

<(l-a,

and thus

((1 — ) |l%n _2”2 +ay || vf (%) _ZHZ + ”]fnun —2”2

N =

5, =2l <
- ||anyf(xn) + (1 - an)xn _])i Uy — )‘n(Axn _AZ)HZ)y

that is,

172, ~ 2|
< (-l — 2l + | yf () ~ 2|
— [y f () + (1 = ) I 11 = n(Ax, - A2)|?

= (1= &) %0 — 2l + | v Gon) = 2] = ety Gen) + (1 = )t = 2 |
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+ 2}\n<anyf(xn) + (1 - o), _])li‘umAxn —AZ> - )L;%”Axn _AZ||2
< (L=l — 212 + |y f ) = 2||* = [y f ) + (1= @)% = JE |
+ Z)Vn”an]/f(xn) + (1 - an)xn _])]i,un H ”Axn _AZ”'

This together with (3.14) implies that

e = 21 < (= 1) 120 = 2112 + s (L= ) 00 — 21 + et | 9 () — 2°
— ic||etnyf @) + A = )n —JE |
+ 20k oty f (6n) + (L= 0t)ty — I | | Aty — Az
= [1— ka6 — 2[1% + ey | yf () — 2
— ic||etnyf ) + U = )y = JE |
+ 20k ||ty f (n) + (L= atn)n = JE 1| |1 A%, — Az

and hence

ey f (o) + (1 = )y = JE u, |
< 1t = 202 = 6me1 = 211% = k@t 0 — 2117 + e, |y () — 2
+ 20k [ tny f () + (U= )ty — T2 ||| A,y — Az]|
< (I = 211 + 101 = 201) [ore1 = nll + ket | 7 G5 = 2
+ 20k ety f () + (L= )y — T3 1 || | A% — Az

Since ||#,41 — %4|| = 0, &, — 0, and ||Ax,, — Az|| — 0 (by (3.16)), we deduce

fim [Jev,yf (6,) + (1= ), = I | = 0.
H—>0Q

This implies that
lim %, - J7 un =0. (317)
n—00

Combining (3.10), (3.15), and (3.17), we get
lim ||x, — Sx,| = 0. (3.18)
n— o0

Put x = lim;_, o, %: = Pr(s)na+p)-10(¥f (%)), where {x;} is the net defined by (3.1).
Finally, we show that x, — *. Taking z = ¥ in (3.16), we get |Ax, — Ax|| — 0. First, we
prove limsup,,_, . (yf(X) — X,%, — %) < 0. We take a subsequence {x,,} of {x,} such that

limsup(yf (%) — %, x, — x) = lim (yf (%) — %, %, — X).

n—o0

There exists a subsequence {x,,l,i} of {x,,} which converges weakly to a point w € C. Hence
{y,,l.j} also converges weakly to w because of ||x,,l.j = I || = 0. By the demi-closedness


http://www.fixedpointtheoryandapplications.com/content/2014/1/174

Abdou et al. Fixed Point Theory and Applications 2014, 2014:174 Page 16 of 22
http://www.fixedpointtheoryandapplications.com/content/2014/1/174

principle of the nonexpansive mapping (see Lemma 2.2) and (3.18), we deduce w € F(S).
Furthermore, by a similar argument to that of Theorem 3.1, we can show that w is also in
(A + B)™10. Hence we have w € F(S) N (A + B)~!0. This implies that

lim sup(yf(fc) — X, %, — 5c> = jl_i)r(r)lo(yf(i) - k,xnij - 56) = (yf(fc) —X,W— 5c>

n—00

Note that ¥ = Pr(s)n4+p-10(¢f(%)). Then we have
(yf(fc) —5c,w—5c> <0
for all w € F(S) N (A + B)~'0. Therefore, it follows that

lim sup(yf(ic) — X, Xy — 5c> <0.

P
From (3.10), we have
%01 — %1
< =)y = &% + i |J2 - &|)?
= (=)l = F12 + & [JE = JE & - 2,AR) |
< (=) y = &% + k||t — & = 1,AT)|*

=1 —x)|lx, — %)% + KHoznyf(x,,) + (1 —an)x, — AAx, — (X — )L,,Aic)”2

(1-ay) Mg, ) - (5 - —as o
-, <(xn—1_an x,,)—(x—l_an x))+an(yfx,, —x)

+ (1= )%, — %I
A A 2
X — ——Ax, | - [x- A%
1-a, 1-a,

+2an(1—an)<yf(xn>—5c, (xn— il Axn)-<~- A Ax>>
1-ay 1-a,

ralfte) -3

=K

=1 —x)lxn _56”2 +K<(1_O{n)2

< (U= )20 =% + 1 (1= @) 19 = %1% + 200 2n(vf (%) — X, A,y — AX)

+ 20, (1 = ) Y (f (%) = f (&), %0 — %) + 20 (1 — )y (R) — X, % — )

+ 2|l yfe) -]
< (W= s0)llxn = ZI1 + 1 (1= ) lloen = &1 + 20k | v () — X | A, — AZ||

+ 20, (1= )yl — &% + 20, (1 = ) (7 f &) = % 20 — &) + 2| yf () - )
<[1-2c@ = yp)otu] ot = EI1* + 2etutcdn | v (x) — %[ | Ay — AZ|

+ 200,k (1= )y R) = % — 7) + (|| yf () = ]| + 120 = 112)

= [1-2c(1 - yo)oru]ll2n - X1
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+2k(1 - yp)ay [IA— [ vf (%) - % Il A%, — AZ|
-yp

1-ao,
1-yp

(vf &) - &2, - & |vf ) - % + l% -xnz)].

2(1-yp)
Itis clear that ), 2k (1 — yp)a, = 0o and

1-a,
1-yp

A - - — o~ -
limsup{ ﬁ || vf(x,) —x|| |Ax,, — Ax|| + (yf(x) — X, %X, — x)

n—00
Ay

1|2 1o
+m(||yf(xn)—x|| + [l — X )} <o.

Therefore, we can apply Lemma 2.5 to conclude that x,, — *. This completes the proof. (]

Remark 3.3 One quite often seeks a particular solution of a given nonlinear problem, in
particular, the minimum-norm element. For instance, given a closed convex subset C of a
Hilbert space H; and a bounded linear operator W : H; — H,, where H, is another Hilbert
space. The C-constrained pseudoinverse of W/, Wé, is then defined as the minimum-norm

solution of the constrained minimization problem
W (b) = arg min | W - b|l,

which is equivalent to the fixed point problem
u = projc(u — uW*(Wu - b)),

where W* is the adjoint of W and p > 0 is a constant, and b € H; is such that Pm(b) €
W(C). From Theorems 3.1 and 3.2, we get the following corollaries which can find the
minimum-norm element in F(S) N (4 + B)~'0; that is, find x € F(S) N (A + B)™'0 such that

X =arg min 1|l
xeF(S)N(A+B)~10
Corollary 3.4 Let C be a nonempty closed convex subset of a real Hilbert space H. Let A
be an a-inverse strongly monotone mapping from C into H. Let B be a maximal monotone
operator on H such that the domain of B is included in C. Let J® = (I + ».B)™! be the resolvent
of Bfor any A > 0 and S be a nonexpansive mapping from C into itself such that F(S) N (A +
B)0 #@. Let ) and « be two constants satisfying a < ) < b, where [a,b] C (0,2a) and
k €(0,1). Forany t € (0,1 - %), let {x,} C C be a net generated by

Xt = (1 — K)Sx,g + K]f ((1 — t)xt — )\.Axt)

Then the net {x;} converges strongly as t — 0+ to a point X = Pp(sn4,p)-10(0) which is the
minimum-norm element in F(S) N (A + B)™0.

Corollary 3.5 Let C be a closed convex subset of a real Hilbert space H. Let A be an o-
inverse strongly monotone mapping from C into H and let B be a maximal monotone op-
erator on H such that the domain of B is included in C. Let J2 = (I + AB)™! be the resolvent
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of B for any ). > 0 such that (A + B)™'0 # . Let A be a constant satisfying a < A < b, where
la,b] C (0,2a). Forany t € (0,1— %), let {x;} C C be a net generated by

Xt = ]f((l — t)xt - )\.Axt).

Then the net {x;} converges strongly as t — 0+ to a point X = P, p10(0), which is the
minimum-norm element in (A + B)™10.

Corollary 3.6 Let C be a nonempty closed convex subset of a real Hilbert space H. Let A
be an a-inverse strongly monotone mapping from C into H. Let B be a maximal monotone
operator on H such that the domain of B is included in C. Let J® = (I + ».B)™! be the resolvent
of B for any A > 0 and let S be a nonexpansive mapping from C into itself such that F(S) N
(A +B)™'0 # 0. For any xo € C, let {x,,} C C be a sequence generated by

Xn+l = (1 - K)an + K])]i,, ((1 - an)xn - )VnAxn)

for all n > 0, where k € (0,1), {A,} C (0,2a), and {«,,} C (0,1) satisfy the following condi-
tions:

(@) lim,_ o, =0, lim,,_, o “g;l =l,and ), a, = 00;

(b) a -a,) <A, < b1 - ay), where [a,b] C (0,2a) and lim,,_, W =0.

Then the sequence {x,} converges strongly to a point X = Prpsn4+p)-10(0), which is the
minimum-norm element in F(S) N (A + B)™0.

Corollary 3.7 Let C be a closed convex subset of a real Hilbert space H. Let A be an «-
inverse strongly monotone mapping from C into H and let B be a maximal monotone oper-
ator on H such that the domain of B is included in C. Let J° = (I + ».B)™! be the resolvent of B
for any A > 0 such that (A + B)™0 # (. For any x € C, let {x,} C C be a sequence generated
by

X1 = (L= 1)y, + K]fn ((1 — )Xy — )LnAxn)

for all n > 0, where k € (0,1), {*,} C (0,2w), and {«,,} C (0,1) satisfy the following condi-
tions:

(a) lim,— oo 0ty =0, lim,_ o0 O‘O’j;l =1l,and ), a, = 00;

(b) a(l—ay,) <A, <b(-a,), where [a,b] C (0,2a) and lim,,_, « % =0.

Then the sequence {x,} converges strongly to a point x = Py,p-10(0), which is the
minimum-norm element in (A + B)™10.

Remark 3.8 The present paper provides some methods which do not use projection for
finding the minimum-norm solution problem.

4 Applications
Next, we consider the problem for finding the minimum-norm solution of a mathematical
model related to equilibrium problems. Let C be a nonempty closed convex subset of a
Hilbert space and G : C x C — R be a bifunction satisfying the following conditions:

(E1) G(x,x) =0 forallx € C;

(E2) G is monotone, i.e., G(x,y) + G(y,x) <0 for allx,y € C;
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(E3) forallx,y,z € C, limsup, o G(tz + (1 - £)x,y) < G(x,);

(E4) for all x € C, G(x, -) is convex and lower semicontinuous.

Then the mathematical model related to the equilibrium problem (with respect to C) is
as follows:

Find x € C such that

G,y =0 (4.1)

for all y € C. The set of such solutions x is denoted by EP(G).
The following lemma appears implicitly in Blum and Oettli [36].

Lemma 4.1 Let C be a nonempty closed convex subset of a Hilbert space H. Let G be a
bifunction from C x C into R satisfying the conditions (E1)-(E4). Then, for any r > 0 and
x € H, there exists z € C such that

1
G(z,y)+-(y—zz-x)>0
r

forallyeC.

The following lemma was given in Combettes and Hirstoaga [37].

Lemma 4.2 Assume that G is a bifunction from C x C into R satisfying the conditions
(E1)-(E4). For any r > 0 and x € H, define a mapping T, : H — C as follows:

1
T, (x) = {ze C:Gl(z,y) + ;(y—z,z—x) >0,Vye C}

forall x € H. Then the following hold:
(a) T, is single-valued;

(b) T, is a firmly nonexpansive mapping, i.e., for all x,y € H,
” Trx - Try”z < (Trx - Tr » X _y>;

(c) F(T,) = EP(G);
(d) EP(G) is closed and convex.

We call such a T, the resolvent of G for any r > 0. Using Lemmas 4.1 and 4.2, we have

the following lemma (see [38] for a more general result).

Lemma 4.3 Let C be a nonempty closed convex subset of a Hilbert space H. Let G be a
bifunction from C x C into R satisfying the conditions (E1)-(E4). Let A be a multi-valued
mapping from H into itself defined by

{ze H:G(x,y) > (y—x,2),Vye C}, x€C,
ﬂ; xéC.

AGx =

Page 19 of 22
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Then EP(G) = AZ(0) and Ag is a maximal monotone operator with dom(Ag) C C. Further,
forany x € H and r > 0, the resolvent T, of G coincides with the resolvent of Ag, i.e.,

Tx=(+rAg) .
Form Lemma 4.3 and Theorems 3.1 and 3.2, we have the following results.

Theorem 4.4 Let C be a nonempty closed convex subset of a real Hilbert space H. Let G
be a bifunction from C x C into R satisfying the conditions (E1)-(E4) and T, be the re-
solvent of G for any r > 0. Let S be a nonexpansive mapping from C into itself such that
F(S)NEP(G) #9. Forany t € (0,1), let {x;} C C be a net generated by

%= (1 —K)Sx; + KTr((l - t)xt).

Then the net {x,} converges strongly as t — 0+ to a point X = Prs)nep(c)(0), which is the
minimum-norm element in F(S) N EP(G).

Proof From Lemma 4.3, we know Ag is maximal monotone. Thus, in Theorem 3.1, we
can set ]f = T,. At the same time, in Theorem 3.1, we can choose f = 0 and A = 0, and (3.1)

reduces to
xp = (1—K)Sx; + kT, (1 - t)xy).
Consequently, from Theorem 3.1, we get the desired result. This completes the proof. [

Corollary 4.5 Let C be a nonempty closed convex subset of a real Hilbert space H. Let G be
a bifunction from C x C into R satisfying the conditions (E1)-(E4) and T, be the resolvent
of G for any r > 0. Suppose that EP(G) # 9. For any t € (0,1), let {x;} C C be a net generated

by
x = T (1 - £)x).

Then the net {x.} converges strongly as t — 0+ to a point X = Prp(c)(0), which is the
minimum-norm element in EP(G).

Theorem 4.6 Let C be a nonempty closed and convex subset of a real Hilbert space H.
Let G be a bifunction from C x C into R satisfying the conditions (E1)-(E4) and T, be the
resolvent of G for any A > 0. Let S be a nonexpansive mapping from C into itself such that
F(S) N EP(G) #0. For any x¢ € C, let {x,} C C be a sequence generated by

X1 = (L—w)Sx, + 6T, ((1 - oz,,)x,,)

foralln> 0, where k € (0,1), {A,} C (0,00), and {o,,} C (0,1) satisfy the conditions:
(@) limy— oo 0ty = 0, lim,_ oo aﬂ’:; =1l,andy_, o, =00;
(b) @ <A, < b, where [a,b] C (0,00) and lim,,_, o *21=22 = 0.

Then the sequence {x,} converges strongly to a point ¥ = Prsnep)(0), which is the

minimum-norm element in F(S) N EP(G).


http://www.fixedpointtheoryandapplications.com/content/2014/1/174

Abdou et al. Fixed Point Theory and Applications 2014, 2014:174 Page 21 of 22
http://www.fixedpointtheoryandapplications.com/content/2014/1/174

Proof From Lemma 4.3, we know A¢ is maximal monotone. Thus, in Theorem 3.2, we
canset J{ = T),. At the same time, in Theorem 3.2, we can choose f = 0 and A = 0, and
(3.10) reduces to

Xn+l = (1 - K)an + KT)W, ((1 - an)xn)

for all n > 0. Consequently, from Theorem 3.2, we get the desired result. This completes
the proof. d

Corollary 4.7 Let C be a nonempty closed convex subset of a real Hilbert space H. Let G be
a bifunction from C x C into R satisfying the conditions (E1)-(E4) and T, be the resolvent
of G for any A > 0. Suppose EP(G) # (). For any xy € C, let {x,} C C be a sequence generated

by
Fns1 = (L= 1)y + (1= Bu) T3, ((1 - Oln)xn)

for all n > 0, where k € (0,1), {r,} C (0,00), and {«,} C (0,1) satisfy the following condi-
tions:

(a) lim,_ o0 0ty =0, lim,_, o0 “g;l =l,andy, a, = 00;

(b) a <A, < b, where [a,b] C (0,00) and lim,,_, o, % =0.

Then the sequence {x,} converges strongly to a point x = Prp(g)(0), which is the minimum-
norm element in EP(G).
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