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We study the following generalized quasilinear Schrédinger equations with critical growth —div(gz(u)Vu) + g(u)g'(izt)IVuI2 +
V(x)u = AMf(x,u) + g(u)|G(u)|2 2G(u),x € RY, where A > 0, N > 3, g(s) : R — R"isa C' even function, g(0) = 1, and
g'(s) = 0forall s > 0, where G(u) := Iou g(t)dt. Under some suitable conditions, we prove that the equation has a nontrivial

solution by variational method.

1. Introduction and Preliminaries

Consider the following generalized quasilinear Schrédinger
equations with critical growth:

—div (gz (u) Vu) +g(u) g' W) [Vul* +V (x) u
1
=M (ouw+gwIGw 2Gw), xeRY,

where L > 0, N > 3,g(s) : R - R"isa C! even function,
g(0) = 1,and g'(s) >0foralls >0.

The equations are related to the existence of solitary wave
solutions for quasilinear Schrodinger equations

iz, =-Az+W(x)z-k(x,|z])z
~Al(1zP) 1 (I12*) 2,

where z : R x RN — C, W : RN — R is a given potential,
l:R - R,and k : RN x R — R are suitable functions.
The form of (2) has been derived as models of several
physical phenomena corresponding to various types of I(s).
For instance, the case I(s) = s models the time evolution
of the condensate wave function in superfluid film [1, 2]
and is called the superfluid film equation in fluid mechanics

2)

by Kurihara [1]. In the case I(s) = (1 + )2, problem (2)
models the self-channeling of a high-power ultra short laser
in matter, the propagation of a high-irradiance laser in a
plasma creates an optical index depending nonlinearly on
the light intensity, and this leads to interesting new nonlinear
wave equations; see [3-6]. For more physical motivations and
more references dealing with applications, we can refer to [7-
14] and references therein.

Set z(t,x) = exp(—iEt)u(x), where E € R and u is a
real function. Then (2) can be reduced to the corresponding
equation of elliptic type (see [15]):

_Au+V(x)u—Al(u2)l’(u2)u=f(x,u),
X € IR{N,
where f(x,u) = k(x, [u|)u. If we take
192
l 2
e T “

then (1) turns into (3) (see [16]).

Moreover, problem (3) also arises in biological models
and propagation of laser beams when g(u) is a positive
constant (see [17, 18]). In (3), if we set (1) = u, that is,
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g*(u) = 1 + 2u?, then we get the superfluid film equation
in plasma physics:

—Au+V(x)u—A(u2)u=f(x,u), xeRY; (5

if weset l(u) = (1 + u)l/z, that is, gz(u) =1+u?/2(1 + u?),
then we get the equation

_Au+V(x)u—[A(1+u2)”2] -

2(1 +L£2) (6)

=f(xu), xc¢ RY,
which models the self-channeling of a high-power ultrashort
laser in matter.

In the past, the research on the existence of solitary wave
solutions of Schrodinger equations (2) is for some given
special function I(s). In this paper, we will use a unified new
variable replacement to study (2), constructed by Shen and
Wang in [16]. Define the energy functional associated with
(1) by

L (u) = % J- g2 () |Vul* dx + 1 J- V (x) utdx
RN 2 Jry

: (7)
_/\J F(x,u)dx——*J IG w)* dx,
RN 2% JrN
where F(x,u) = jou f(x,t)dt. However, I, is not well

defined in H'(RY) because of the term .[RN gz(u)IVulzdx.
To overcome this difficulty, we make a change of variable

constructed by Shen and Wangin [16]: v := G(u) = Iou g(t)dt.
Then we obtain

1 P 1 1,2
T, (v) = EJ-RN Vv dx+EJRNV(x)G (v) dx

(8)
_ 1 .
—/\JF G d——J 2 g,
- (x (v)) x 7 Jan |v|® dx
If u is a nontrivial solution of (1), then
<I)'L (1) ,<p> = JRN [gz () VuVe + g (1) g’ (u) |Vul* ¢
+V (x)up — Af (x,u) @ )

~ g IG w7 Gw)g|dx=0

forall g € CS"(IRN). Let ¢ = (1/g(u))y. By [16] we know that
(9) is equivalent to

! _ G (v)
(L), y) = jRN [VVVW +V (x) T v
(10)
f (x, G! (v)) - ~
- WW—M vy |dx =0
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forall v € CgO(RN ). Therefore, in order to find the nontriv-
ial solution of (1), it suffices to study the existence of the
nontrivial solutions of the following equations:

f (x, G! (v)) -
A — — v v
g9(G' ) (11)

G
g(G )

- Av+V (x)

=0.

Recently, the authors studied generalized quasilinear
Schrodinger equations with subcritical growth [19, 20],
critical growth [21], and supercritical growth [22].

In order to reduce the statements for main results, we list
the assumptions as follows:

(V) V(x) = V, = inf, vV (x) > 0 for all x € RV,
(V) limy,,,\V(x) = V, < +00 and V(x) < V, for all

x e RN,
(f)) f € CRN x R, R) and there exists 2 < p < 2* such
that
If et <C(1+g®IGOIP™) (12)

forall (x,t) € RN x R.
(f,) f(x,t) = o(|t]) uniformly in x € RY as|t| — 0.
(fy) (F.G'@)/gG' Nt - 2F(x,G (1)) >

(f(x, G_l(st))/g(G_l(st)))st — 2F(x,G '(st)) for
allt e Rands € [0, 1].

(fy) f(x,t)t > 0forall (x,t) € RN x R\{0}.

(fs) limy, oo (F(x, Gl)/t?) = +o0 uniformly in x €
RN,

Set E = H'(RY) with the norm

el = HRN (1Vul® + uz)dx]l/Z. (13)

It is easy to prove that ], is well defined on E and ], €
C'(E,R) under our assumptions and its Gateaux derivative
is given by

! _ G v)
<]A (V),(P> = JRN |:VVV(P+V(X) m(p ( )
14
fGrm)
_ 2T -l ve | dx

forall v, € E.
Our main result of this paper is as follows.

Theorem 1. Suppose that (V;), (V,), and (f,)-(fs) are satis-
fied. Then if N > 5, (1) admits a nontrivial solution for all
A > 0;if N = 3,4, (1) admits a nontrivial solution for large
A

Remark 2. Condition (f;) is weaker than the following
condition ( fy).
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(fe) f(x, Gil(t))/g(Gfl(t))t is nonincreasing on (—00, 0)
and nondecreasing on (0, +00).

Indeed, set I(s) = st(f(x,G'(t)/g(G (1) -
2F(x, G (st)), Vs € [0,1]. Then

-1 -1
N f(xG'®) ., (%G (st))
9(G(®) 9(G™ (1))
B B (15)
= 2$tf (x,G (t)) - th (x,G (St)) (st).
g(G1 () g (G (st)) st
If (f,) holds, then
, f(xG'®)  f(x=G'o)
_ = 6
I'(s) > 2st 0 2t 3G 0): (sty=0 (16)

whenever t > 0 ort < 0. Hence I(s) is nondecreasing on
[0,1], and hence (1) > I(s) for all s € [0, 1]. Consequently,
(fe) implies that

f(xG"0) .
W - 2F (X;G (t))
f(xG"®) .
> SZtW - 2F (X,G ! (St))
S ICENO) .

f (x, G! (st))
g (G™1(st)) |st|

f (x, G! (st))
= St—
g(G™ (st))

for all s € [0, 1]; that is, the condition ( f3) holds.

> $°t |t —2F (x,G™" (s1))

- 2F (x, G* (st))

From Remark 2 we obtain Corollary 3.

Corollary 3. Suppose that (V,), (V,), (f1)-(f5), (f4)-(f5), and
(fe) are satisfied. Then if N > 5, (1) admits a nontrivial solution
forall A > 0; if N = 3,4, (1) admits a nontrivial solution for
large A.

Remark 4. In [16], Shen and Wang studied the existence of
nontrivial solutions for generalized quasilinear Schrédinger
equations

—div (g2 (u) Vu) +gw) g (u) IVul* + V (x) u
(18)

=h(), xeRY,

where £ is a subcritical nonlinearity satisfying the following
conditions:

(hy) h(t) = 0if £ < 0.
(hy) h(t) = o(t)ast — 0",

(h,) There exists 2 < p < 2" such that

@l <C(1+g®IGHI™) (19)

forallt > 0.
(hs) There exists 4 > 2 such that, for any t > 0, there holds

0<ug(GTM)H(G M) <h(G M)t (20)

As mentioned above, if we set g*(u) = 1 + 2u?, then we get
the superfluid film equation in plasma physics

—Au+V(x)u—A(u2)u=h(u), erRN, (21)

whose nontrivial solutions were studied in [23]. But our prob-
lem (1) is elliptic problem involving the critical exponent, so
our result extends the results of the work [16, 23] to a critical
setting. Moreover, the assumptions about the nonlinearity
in this paper are different from the assumptions about the
nonlinearity in [16, 23].

Remark 5. In [24], Deng et al. studied problem (1) and their
result based on more harsh conditions:

(f1)" f(x,t) = 0 is differentiable with respect to ¢t €
[0, +00) for all x € RN and continuous with respect
to x € RY forall t € [0, +00). Moreover, f(x,t) =0
forall (x,t) € RNV x R™.

(f3)" There exists 8 € (0,2" — 2) such that, for any ¢ >
0, there holds (1 + 0) f(x,t) < G()[f(x, t)/g(t)]',
which implies that there exists y € (2,2) such that
FO,DG(t) = ug(t)F(x,t) forall (x,t) € RN x R.

In this paper, we just assume that f is a continuous
function. Moreover, there are functionals f(x,t) satisfying
(f5) but not satisfying the above Ambrosetti-Rabinowitz type
condition (see Remark 1.2 in [25]). Hence, our result is
different from the result there.

2. Proof of Theorem 1

To begin with, we give some lemmas.

Lemma 6. For the functions g, G, and G™', the following
properties hold:

(1) the functions G(-) and G () are strictly increasing and
odd;

(2) G(s) < g(s)s forall s > 0; G(s) = g(s)s for all s < 0;
(3) g(G™'(s)) = g(0) = 1 forall s € R;

4) G7X(s)/s is decreasing on (0,+00) and increasing on
(_OO’ 0):

(5) IG7 (s)I < (1/g(0))Is| = Is| for all s € R;
(6) IG'(9)I/9(G'(5)) < (1/g°(0))Is| = Is| for all s € R;
(7) Gil(s)s/g(Gfl(s)) < |G71(5)|2for all s € R;



(8) limlslﬁo(Gfl(s)/s) =1/g(0) =1 and

|s| =00 N

1
-1 ——, if g is bounded,
lim G (s) _ 150 if g is bounde )
0, if g is unbounded.

Proof. Properties (1)-(3) are obvious. By (2), we have

(G‘1<s> "
- =
forall s > 0 and
_ 1ol -1
(GI(S)) — (i)g(G (S))_o (24)
s g(G™(s)) s?

for all s < 0. Consequently, we obtain (4). By mean value
theorem and (3), one has

s—G1(s) g (Gi1 (s)) B

23
g(G1(s)) s? )

_ _ _ 1
G| =" -G 0)]= ——— |s
|G )| =67 (9 -G (0) L
(25)
1
< ——1s

-~ g(0)

for all s € R, where 8 € (0,1); that is, (5) is proved.
Obviously, (6) is a consequence of (3) and (5). Moreover, (7)
is a consequence of (2). Finally, using L' Hospital’s rule, we

know that (8) is satisfied. This completes the proof. O
Denote
G (s)
h)t (X,S) = V(X)S —V(X) M
(26)
f (x, G (s))
A
9(G™ ()
Then
H, (x,s) = r hy (x,t)dt
' (27)
= %V (x) [sz -G (5)2] + AF (x, G* (s)).
Consequently,
R0 =3[ VRV @2 ds
: (28)

_ J H, (x,v)dx - i* J |v|2* dx.
RN 2 RN

Lemma 7. The functions hy(x,s) and H,(x,s) enjoy the
following properties under (f,)-(fs):
(1) limyg (1) (x,5)/s) = 0 and limyy_o(H, (x,s)/s*) = 0
uniformly in x € RY;
(2) im0 (y (3, 9)/1s12 1) = 0 and limyg o (Hy (%, 5)/

Islz*) = 0 uniformly in x € RY;
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(3) thy(x,t) — 2H,(x,t) > sthy(x, st) — 2H,(x, st) for all
t € Rands € [0,1];

(4) Hy(x,s) = 0 forall (x,s) € RN x R;

(5) limyg_, ;.00 (H, (x, $)/s%) = +00 uniformly in x € RY.
Proof. By (f,)-(f,), for any € > 0, there exists C, > 0 such
that
f (x, G! (s))

N 7 p-1
FICRIE) <els|+C,|s| (29)

for all (x,s) € RY x R. Set G !(s) = t. Then Lemma 6(8)
implies that

f (1)

. hy(x,s)
59 76| 06 a0

[s|—0 N

=V(x)[1—
=0

uniformly in x € RY. Moreover, by Lemma 6(6) one has

hy (x, -
m A(;f_f) = -V (x) lim G _1(5) ;_1
Isl=oc0 |s] Isl—cosg (G (s)) |s]
31)
lim —f(x,t)Z* 1=
H=cog () IG(O)"
uniformly in x € RY. Similarly, we have
H >
lim 209 _ g (32)
Isl=0 s
uniformly in x € RN and
H >
lim ﬁ -0 (33)

=03

uniformly in x € RY. Hence, (1) and (2) hold.

In the following, we set [(t) = G l(t)-G*! (t)t/g(Gil(t)),
Vt € R.Ift > 0, by Lemma 6(2) and g'(t) >0 fort > 0, we
have

G () [ﬁ (90 -4 @) t)] <t (34)
for t > 0, which implies that
t ) 1 t

G _ ) — < — 35
(t)<g(t)> FCRIG )

forallt > 0. Let r = G(t). Then

d t t

03 (50)* 70 o

and hence

r[ G () ] L G
9(GTM)] ~g(GT (1)

(37)
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for r > 0. Consequently,

= 20O _[ G ] . G'®
g(G®) L[g(G'®) g(G )
(38)
__G'® _[ G () ]t>0
g(GT®) lg(GT®)]

for all ¢ > 0, that is, I(t) is increasing with respect to t > 0.
Hence [(st) < I(t) for all s € [0, 1] and ¢t > 0; that is,
G (st) st G't
g(G™ (st)) g(G®)
forall s € [0,1] and ¢ > 0. Note that Lemma 6(1) implies that

I(t) is an even function. Therefore, if t < 0, we easily obtain
that I(st) < I(t) for all s € [0, 1] and ¢t < 0. Consequently,

G (st) - <G'(t)- (39)

-1 -1
G (st)st <Gl - G 0t (40)

g(G™ (1) g(G'®)

for all s € [0,1] and t € R. Combining with (f3), we
can conclude (3). Moreover, ( f,) and Lemma 6(5) imply that
H(x,s) > 0 for all (x,s) € RN x R. Clearly, (f;) and
Lemma 6(5) imply that (5) is satisfied. This completes the
proof. O

G (st -

Lemma 8. Suppose that (V,), (V,), and (f,)-(f,) are satisfied.
Then the energy functional J, satisfies the following conditions:

(i) There exist 3, p > 0 such that J(v) = f3 for [vlg = p.
(ii) There exists e € E with ||z > p such that ] (e) < 0.
Proof. (i) Set S, = {u € E: |ulg = p}. By (f1)-(f,), Lemmas

6(6) and 7(1), and (2), for any € > 0, there exists C, > 0 such
that

|Hy (6, 9)] < & (IsP + 151 ) + C, Is1? (41)
for all (x,s) € RN x R. Consequently, for v € SP, we have
) = %cl VI3 = Coe IVl - Ce Iy
- CyC, IVl (42)
> %Clp2 ~Cyep” - C3£p2* -C,C.pP =p>0

for smalle > 0 and p > 0.
(ii) Take v* € E\{0}. Then

* 1 %112 1 *
Jy(tv") < Ecstz vl - 2_*t2 J

; |v*|2* dx
R

+et’ J y [v* [ dx + et J y |v*|2* dx  (43)
R R

+Cstpj ; |v*|Pdx <0
R

forlarget > 0 and small ¢ > 0. Consequently, we can take e :=
t*v* for some large t* > 0 such that (ii) holds. This completes
the proof. O

Lemma 9. Suppose that (V,), (V,), and (f,)-(f,) are satisfied.
Then there exists a bounded Cerami sequence {v,} C E for ],
with Jy(v,) = ¢y = 8 > 0, where

G = inf sup ]A ()’ (t)) >
Y€lteqo,1] (44)

I'={yeC([0,1],E): y(0) =0, J, (y(1)) <0},
B is the constant appearing in Lemma 8.
Proof. By Lemma 8 and the mountain pass theorem without

(PS) condition (see Theorem 4.1 in [26]), there exists a
Cerami sequence {v,} C E satisfying

() —a2p>0

, (45)
1+ ) 2 0D — 0,
where
o = inf sup J, (y (1)),
te[0,1] (46)

I'={yeC([0,1],E):y(0) =0, J, (y (1)) <0},

p is the constant appearing in Lemma 8.

Lett, € [0,1] be such that J,(t,v,,) = max,c[o,J,(tv,).
Then {J,(t,v,)} is bounded from above. Indeed, without loss
of the generality, we may assume that ¢, € (0,1) foralln € N.
Hence, by Lemma 7(3) we have

1
]/\ (tnvn) = ])\, (tnvn) - E <I/’1 (tnvn) ’tnvn>

1 1 * *
= (53 ) [l ax

+ J [%tnvnhl (x,t,v,) — Hy (x, tnvn)] dx
RN

1 1 2%
<(5757) Jpu Il

+ J [lvnhA (x,v,) — H) (x, vn)] dx
RN L2

(47)

= ]/\ (Vn)_ % <])It (Vn)’vn> = CA+O(1).

This shows that {J, (¢,v,,)} is bounded from above.

Now, we prove that {v,} is bounded in E. Otherwise,
if |v, |l is unbounded, then, up to a subsequence, we may
assume that [|v,|; — +00. Set w,, = v,/|v,|lg. Then there
exists w € E such that w, — win E. By J;(v,) — ¢, we have

o(1)+ %max{l,Voo}

(48)

1 v
>

2
2* + J HA (x’ Vn)
RN

vl [l




Set O = {x € RN : w(x) # 0}. If meas(Q) > 0, then by
Lemma 7(4) and Fatou Lemma, one has

o(l)+ %max{l,Voo}

Ny YT
RN

> (49)
* 2 2
2 vl [Vl

\%

1 x_
> L wi |vn|2 > dx — +00

as n — oo. This is a contradiction. Hence |Q)| = 0, that is,
w = 0a.e. on RY. For any B > 0, by [[v, |z — +00 we have

Btz (o) = ()

[valle

2
> B? min {1, Vp} - J H, (x,Bw,)dx  (50)
RN

Bz* 2%
-5 JRlen| dx

for n sufficiently large. By (29), Lemmas 6(6) and 7(1), and (2),
for any € > 0, there exists C, > 0 such that

Iy G ) s| < e (I8 + 151 ) + C, I8l (51)

for all (x,s) € RN x R. Consequently,

J lwn|2* dx <
RN

max {1, VOO}

vl

_ "% JRN hy (x,v,) v,dx +o(1)
Vol

(52)

— 0

asn — oo and so [, |w,lfdx — 0asn — oo by using
interpolation inequality. Moreover, (41) implies that

2 2
IJRN H, (x, Bw,) dx‘ <eB JRN w,dx
+eB” J lwn|2* dx (53)
RN
p
+C,BP JRN |w,|” dx.

By the arbitrariness of ¢, we obtain .[RN H,(x, Bw,)dx — 0as
n — 00. Hence

2
lim infJ, (t,v,) > 37 min{1,V,}, VB> O0. (54)

This contradicts the fact that {J,(¢,v,)} is bounded from
above. Consequently, {v,} is bounded in E. This completes the
proof of Lemma 9. O
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Lemma 10. Suppose that (V,), (V,), and (f,)-(fs) are sat-
isfied. Then if N > 5, the minimax level ¢, satisfies ¢, <
(1/N)SN? for all A > 0; if N = 3,4, the minimax level ¢,
satisfies ¢, < (1/N)SN'? for large A, where S is the best constant
of the embedding DY(RY) — ¥ (RM).

Proof. From the minimax characterization of ¢, we see that
it is sufficient to show that there exists v, € E\{0} such that
sup,.o /) (tvy) < (1/N)SN/2,

We follow the strategy used in [24] but need to modify
some process. Given ¢ > 0, we consider the function

[N (N -2)g] N2/
)(N—z)/z J (55)

w, (x) =
(s + |x?

which satisfies the following equations:

2.1 . N
-Au=u""", inR",

ue D" (RY),
(56)
u(x) >0,
in RY.
Moreover, w,(x) satisfies
2 2" N/2
IVw,[> = |w,]2. = SN2 (57)

Letg € CSO(IRN, [0, 1]) be such that ¢(x) = 1 for |x| < p, and
@(x) = 0 for |x| > 2p,, where p, := &" with 7 € (1/4,1/2). Set
Y, (x) = (x)w,(x). Then

JRN |V1l/5|2 dx=SV% 10 (s(N’Z)/Z))
JR” [yo[” dx =S¥+ 0 (M%),
IRN ly,| dx < CeND/4,
JRN |V’8|2*71 dx < CeN-D/4 .

J Ve dx < CeN P,
R

Ce+0(eN22), if N>5,
JN|1/15|2dx= Cellnel + O (e), if N =4,
R

0(e"), if N =3.

Since J,(0) = 0 and lim,_, ], (ty,) = —oo0, there exists t, > 0
such that J, (¢,y,) = max,.,J, (ty,). We claim that there exist

two positive constants ¢,, t, independent of € such that

t, <t <t (59)
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for small & > 0. Indeed, by (J; (t,,), ¥,) = 0 we have

IRN [|V1//€|2 +V (x) 1//3] dx e
2% €
vl
[l )
B IRN h/\ (x’ tsvls) tevjsdx -0
tﬁ |Ws|§"

By (29), Lemmas 6(6) and 7(1), and (2), for any § > 0, there
exists Cs > 0 such that

|y (x,5)s| < 81s* + Cy IsI? (61)
for all (x,s) € RY x R. Consequently,

.[[RN hy (x, ty,) toydx
2 |yl
3 Ju [08F w2+ Cot2y?] dx
) £2 |yl

.2

2%-2
= 8t + C(; b
|yl

€

=67 21 Gy [+ 0 ()] el (62)

€

<ot 2 sy

_ 6t2*—2
Ce+0O (s(N_z)/z), if N>5,
+ CSN21Cellnel +O(e), if N=4,
0(e"?), if N=3

= 8{72 +0(1)

as ¢ — 0. Note that

lvelz _ Vel + lvels 1

b vl SO
SN2+ 0 (eNP2) 1 Ce+0(eNPP), if N 25, @)
SN/2+O(8(N’2)/2)+Ce|lns|+O(e), if N =4,
SN0 (eNPP) 1 0(?), if N=3

—1
as ¢ — 0. Hence by (60) one has

0> min{L,V,} (1+0(1) -2 2 =82 2+0(1) (64)
as ¢ — 0, which implies that

N [ min {1, V,} ] V-2
|

= 6
21+9) t, >0 (65)

7
for £ > 0 small enough. On the other hand, (60) leads to
272 lly. ”2
t; 7 <max{l,V} —2F
|yl
" fRN h/\ (x’ tslljs) teWedx (66)
tg |wsl§*

< max {1V} (1+0(1))+62 2 +0(1)

as ¢ — 0, which implies that

1/(2"-2)
2maxil,V,
ES |:+OO}:| ::t2<+oo (67)

1-¢6

for § > 0 and € > 0 small enough.
Since Q(t) = t2/2 — £* /2" has only maximum at ¢t = 1,
one has

B =32 | vl dxe 3 [ veovids
- j H/\ (x’ tsv/s) dx
RN

L o 2*
- 2_*ts JRN Ve dx
£
_ e e SN/2 +0 (8(N72)/2)
2 2%

+ ltﬁ J V (x) wszdx (68)
2 ° Jpy

- j H/\ (x’ tsWs) dx
RN

1 :
<380 ()

1 2 2
+ EtZVOO JRN U/sdx

- J H/\ (x’ tsWs) dx.
RN

Notice that, for x € B o We have

[N (N -2)e] N2
)(N—Z)/Z

te‘/’s = tSwS = t€ 2
(s + | x|

=

[N (N — 2)](N—2)/4 £(N-2)/4 (69)
Ct, T (N-2)

> Ct, [N(N - 2)](N-2)/4 (N

as ¢ — 0, which combining with Lemma 7(4) and (5) implies
that for any M > 0

J H, (x,tsvfs)dsztiJ yidx (70)
RN B

Pe



for £ > 0 small enough. Note that

J yodx
B

Pe

pel Ve N-1
= [N(N =2)]N 22 Nwye J ﬁds,
0 (1 + s ) 71)

J~+oo SN—l d . J~1 SN—l d . 1 1
— S P —— S =z —
o (1+2)V? o (1+2)VF N 282

=C>0.

Consequently,
JRN H, (x,t,y,)dx > MCe (72)
for & > 0 small enough. Hence by (68)
1 _
o) £ 25 40 (0)
+ lt2V J yldx
2 2700 RN €

- J H/\ (X, tsWs) dx
RN

(73)
< lSN/2 +0 (s(Nfz)/z) - MCe
N
£+O(£(N72)/2), if N>5,
+ C1ellngl +O(e), if N=4,
0(e"?), if N =3.

From this, we see that ] (t,y,) < (1/N)SN"2 for £ > 0 small
enough and M big enough if N > 5. Consequently, ¢; < (1/
N)SN? forall A > 0if N > 5.

In the following, we consider the case N = 3, 4. Indeed, if
the conclusion is false, then there exists a sequence {A,,} with
A, — +oo such thatc, > (1/N)SN?, Take v € E\{0}. Then
by the proof of Lemma 8, there exists a unique ¢ 2, > 0such
that max,,,J, (tv) =7, (¢, v). Hence

G (1)
a(67 (1))

= J v dx (74)
o s

tiJ |Vv|2dx+J' V (x)
" JRN RN

£ (67 (1,))
R W ey o

By Lemma 6(6) and ( f,) we get

ty,vdx.

max {1, V. } V] = tﬁn_z JRN v dx, (75)
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which implies that {t, } is bounded. Hence, up to a subse-
quence, there exists f, > 0 such thatt;, — f,asn — oco.If
t, > 0, then by (f;) and Fatou lemma we have

lim [tij |v|2* dx
n—o00 n RN

(76)

[ 1 )

g (6 (6,v))

But, on the other hand, by Lemma 6(6) one has

t,\nvdx] = +00.

-1
ti* J v dx + A, J Mt,\nvdx
"R w g(G7 (8,7)) 77)

< max {1,V } tin vl — max {1, V. } £ VIl

a contradiction. Hence f, = 0 and by Lemma 7(4) we know
that

tv) = t
max/y (tv) =] (62,)
2 o2
max{1,V_} ty Ivlg (78)
. 5
t J v dx — 0
RN
as n — oo. Consequently,

1
0<—8sV? < ¢, < inf max]) (tu) <max], (tv)
N n t>0 n

" u€E\{0} t>0 (79)

—0,

a contradiction. This completes the proof. O

Proof of Theorem 1. Since {v,} < E is a bounded Cerami
sequence for J, at the level ¢, > 0, there exists v € E such
that

v, — v inE,
v, — v in L?OC (IRN) for 1<g<2", (80)

v, (x) — v(x) a.e. on RY.

Using a standard argument, we know that J; (v) = 0, that is,

v is a weak solution of (11). Indeed, for any v € CSO(IRN ), we
have

o) = (J; (va),v)

- [ Tnvvdxs [ Vv (81)
RN

RN

_ J |vn|2*_2 v, dx — J hy (x,v,) wdx.
RN RN
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Since v, — vin E, one has

J Vv,Vydx — J VvWy dx,
R RN
J V(x)v,ydx — J V (x) vy dx,
’ (82)
J val” v dx — j V7 vy dx,
RN RN
J hy (x,v,) ydx — J hy (x,v) wdx.
RN
Consequently,
0= J VvWy dx + J V (x) vy dx
RN RN
(83)

_j |v|2*‘2wdx—J hy (x,v) wdx
RN RN

for all y € C°(RY). For any ¢ € E, there exists a sequence
{w,,} ¢ C°(RN) such that y,, — ¢ in E. Hence

0= J VvwWy, dx + J V (x) vy, dx
RN RN

(84)
- J v 2 vy, dx — J hy (x,v) y,dx.
RN RN
Let n — oo, we get
O:J VvVgodx+J V(x)vepdx
) ’ (55)

—J |v|2*72v<pdx—J hy (x,v) @ dx;
RN RN

that is, (]/'l(v),(p) = 0 forall ¢ € E. Hence ]/'\(v) = 0; that is, v
is a weak solution of (11).

In the following, we prove that v is nontrivial. With the
aid of Lemma 10, the proof follows essentially the proof of
Theorem 1.1 in [16]. For completeness, we present the proof
as follows. If the conclusion is false, we may assume v = 0. We
divide the proof into four steps.

Step 1. We prove that {v,} C E is also a Cerami sequence for
the functional J}° : E — R, where

1) =5 ] (Il s viori] s

) (86)
_ J H, (x,v,)dx - — J |vn|2 dx.
RN 2% Jry

By (V,) and v, — 0 in E, one has

1 J V) - Vi) vidx — 0 (87)

]/\ (vn)_]/t\x) (Vn) = 2 Jn

as n — oo. Similarly, we have

173 0 = 02 @),

) ||2t21 (0300 = 02 ) 0)] (88)

= sup
lplp=1

JRN [V (x) - V] vnq)dx’ —0

as n — co. Consequently, {v,} is also a Cerami sequence of
.

Step 2. There exist &, R > 0 and {y,} ¢ RN such that

lim J |vn|2 dx >a>0. (89)
Br(y,)

n—00

Indeed, by contradiction, then by Lemma 1.21 in [27], one
has v, — 0 in LY(RY) for 2 < q < 2*. Notice that

o(1) = (J3 (%) V)
= J[RN [|an|2 +V (x) Vf;] dx (90)

_ J hy (x,v,) v,dx — J |vn|2* dx,
RN RN
which combining with (51) leads to
J [|an|2 +V (x) vﬁ] dx - J |vn|2* dx — 0 (91)
RN RN

as n — 00. Consequently, there exists a constant [ > 0 such
that
J [|an|2 +V (x) vi] dx — 1,
RN
(92)
"
JRN [v,|” dx — L

Obviously, I > 0. Otherwise, J;(v,) — 0asn — oo, which
contradicts with ¢; > 0. Hence by the definition of S, we have

; .[RN |an|2 dx
= R 2/2°
(fir vl i)
(93)
J[RN [|an|2 +V (x) vfl] dx 1 2/N
s " 22 - 2= >
(.[RN v, dx)
that is, I > S"V/2. Therefore, (41) implies that
ag+o()=7,(v,)
1
=3 JRN [|an|2 +V (x) vfl] dx
- JRN H, (x,v,)dx - > JRN |vn|2 dx

(o L)iedia g
2 2F N N
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as n — 00, which implies that ¢ > (1/N)SN?, a
contradiction.

Step 3. After atranslation of {v,} called {¥,}, then ¥, converges
weakly to a nonzero critical point of J}°.

Set¥,(x) = v,(x+y,). Since {v,} C Eisa Ceramisequence
of J5> and [V, ||z = lv,llg, arguing as in the case of {v, }, we may
assume v, — vin E and (])‘fo)'('ﬁ) = 0. So by Step 2 we know
¥ # 0. By Lemma 7(3) and Fatou Lemma, one has

(02 3).7)]

> lim infj [k, (x,7,)V, — 2H, (x,7,)] dx
n—00 IRN

2 = hm 1nf [ZIA v,)

2 P
+ <1 - —>lim infj |an2 dx
2% n—00 RN

> J [y (x,%) ¥ - 2H, (x,V)] dx
RN

N (1 _ 3)] WP dx
2% RN

=22 @ - () 3),7) =2/ @),

(95)

which implies that J3°(¥) < ¢).

Step 4. We use 7 to construct a path which allows us to obtain
a contradiction with the definition of mountain pass level c,\
Define the mountain pass 0

level o =
infyermsupte[o,llh (y(t)) > 0, where I, == {y € C([0,1],E) :

y(0) = 0, Ji°(y(1)) < 0}. It follows the arguments used in
[28, 29], we can construct a path y : [0, 1] — E such that

y(0)=0

I (y() <o,
vey([0,1]), (96)
y()(x) >0, VxeRN, te

=]y ).

[0’ 1] >

t
max ] (y (1)
Then ¢;° < max,c) /3 (y(#) = J)°3). f V(x) = V,,, we
have already proved Theorem 1. If V(x) < V but V(x) #
V> we take the path y given by above, and by y € I, ¢ T,
we have

6 < maxj, (y@®) =1L ®) <5 (@)
’ (97)

< max]/\ (y ()

=X @) <¢,
te(0,1] ]/\() A

a contradiction. Consequently, v # 0. This completes the
proof of Theorem 1. O
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