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NULL DISTRIBUTION OF MULTIPLE CORRELATION COEFFICIENT
UNDER MIXTURE NORMAL MODEL
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The multiple correlation coefficient is used in a large variety of statistical tests and regres-
sion problems. In this article, we derive the null distribution of the square of the sample
multiple correlation coefficient, R?, when a sample is drawn from a mixture of two multi-
variate Gaussian populations. The moments of 1 —R? and inverse Mellin transform have
been used to derive the density of R2.
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1. Introduction. Suppose thatx(px1), u(px1),and Z(p xp) > 0 are partitioned as
X= (X)le)>,ll = (u‘fé,),andZ: (glzll g;zzl),wherex(z) =(X2,...,xp) and p® = (po,..., p1p)’
are (p—1)x1 and 2y, is (p—1) x (p — 1), so that Var(x1) = o011, Cov(x?) = 2y, and
o is the (p —1) x 1 vector of covariances between x; and x»,...,x,. The multiple

correlation coefficient between x; and x?, denoted by R .2...p, is defined as
_ o) 35t o\
Rio.p= (M) . (1.1)
011

Let A be the sample sum of squares and products matrix formed from N indepen-
dent observations on x. Partition A as A = (““ 21 ), where Az is (p—1)x(p—1). The

ay) A
sample multiple correlation coefficient between x; and x? is defined by
ah, Aytap \ /2
R <M) _ 1.2)
an

It is well known that, when the underlying population is normal, the random matrix A
has Wishart distribution with n = N —1 degrees of freedom and parameter matrix .
Further, R;.»..., = 0if and only if x; is independent of x'?) = (x2,...,x,). Furthermore,
when the population multiple correlation coefficient R;. 2...p 18 zero, the distribution
of R? is beta with parameters (1/2)(p —1) and (1/2)(N —p).

In practice, it is often the case that the random variables are not normally dis-
tributed. When such is the case, how would the departure from the normality affect
the conventional inference procedure? Specifically, one may wonder what would be
the sampling distributions of some commonly used statistics? For providing some
answers to the above questions, Srivastava and Awan [9] and Tan [11] derived the
distribution of the sample sum of squares and products matrix when sampling from
a mixture of two multivariate normal distributions. The normal mixture is defined as
follows:

JS(X) =€eNp(p;,%%x) + (1 —€)Np, (4,5;%), X €RP, (1.3)
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where

= (2m)"W/2P det(z) 112 exp{— %(x—u)’Z’l(x—u)}, xeR?, ueR?, =>0,
(1.4)

and 1 — € is known as the degree of contamination. This model is very common in
medical, biological, and agricultural experiments (Titterington et al. [12]). For results
on the distribution theory and robustness studies of certain test statistics when sam-
pling from a mixture normal model, see Srivastava [8], Srivastava and Awan [9, 10],
Kabe and Gupta [5], Amey and Gupta [2], and Nagar and Castaieda [7].

Srivastava [8], using certain transformations, derived the null distribution of multi-
ple correlation coefficient when sampling from a mixture of two multivariate normal
distributions (see also Gupta and Kabe [3]). Amey [1] integrated the joint density of
an, a»1, and A, suitably to derive the density of R? and studied its robustness.

In this article, we derive the null distribution of R? when sampling from a mixture of
two multivariate normal distributions. First, we derive the hth null moment of 1 — R?.
Then, by using the inverse Mellin transform, the density of 1 — R? is obtained from
which the density of R? is deduced.

Note that R? is a function of the elements of sample sum of squares and products
matrix A. Therefore, in our derivation, we use the distribution of A when sampling
from the above model. Srivastava and Awan [9] and Tan [11] have shown that the
density of A, when sampling from (1.3), is a binomial sum of linear noncentral Wishart
densities:

N
fa)=> (J;/j)ey(l—e)N‘pr(n,Z,c§Z‘lvv’;A), (1.5)
y=0

where n =N -1, ij, =y(N-y)/N,and v = (u; — up). Here W, (n,Z,ciZflvv’;A) rep-
resents the noncentral Wishart density with n degrees of freedom and noncentrality
parameter matrix c;%~!'vv’ defined by

Kp(n,=,v)etr ( - %Z’IA) det(A)1/2(n-p-D oFl(p) (%n; %652’1A2’1VV’>, (1.6)

where
_ {hampnp (1 aem] L oosity,
Ky(n,2v)=12 Iy En det(X) etr —Ecyz 1%4% (1.7)
andrm(a)=1T(1/4)m(m’1)]_[§":11"(a—(1/2)(j—1)).

2. Null moments of 1 — R2. In this section, we derive moments of 1 — R? when
Ri.2...p = 0 (or equivalently 02; = 0). Let =y = (%! 202’2) and U = 1 — R?. Since a;; is
scalar, then
_ayAyan det(A)

= (2.1)

U=1-R*’=1 = .
an ar det(Azz)
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The hth null moment of U is given by

N

E(UM) = Z( )ey(l—e)NYEy(Uh), (2.2)

E, (U") = K, (1,50, v) j etr ( - lzalA)aﬁh det (Az) "
A>0

2
L1 (2.3)
><det(A)<1/2><"-P-U+hOF{””(2 15650 Az vv)dA.
Replacing a; " and det(A) " by their integral representations, namely
ailh = 1 Jmexp (f lauyl>y"“dyl Re(h) >0
1172k (h) Jo 2 ! ’ ’
det(Ag) "o 1 etr(—lA Y ) (2.4)
22 = 20 DR, 1 (1) Jypeo 5 A22¥2 .
_ - 1
xdet (Yo)" 2P gy, Re(h) > 5(P=2),
respectively, in (2.3) and integrating A, the moment expression is rewritten as
w 2WAMPK (n, 30, v)T, ((1/2)n+h)
Ey(U ):
I'(h)Iy-1(h)
)| oA der(vae) PP der(sg! y) A (2.5)
0 Y>>0

1 1 _
X 1F1(p) <2n+ h;=n; §cyzo Hzt+Y) 1251vv’)dy1dY22,
where Y = (%} Ygz) and | F l(p) is the confluent hypergeometric function of matrix argu-
ment (Gupta and Nagar [4]). Since rank (53! (35! +Y)~155'vv’) = 1, the only nonzero
characteristic root of the matrix 55! (S5 +Y) 1351wy’ is tr((Sg! + V) 135 vv'Sgh)
and therefore,

1 1 _
1F1(p)(2n+h -n; EcyZO (5t +Y) 1251vv’)

= 1F1(;n+h -n; %cytr((Zal +Y)’1251vv’251)),

(2.6)

where | F] is the confluent hypergeometric function of scalar argument (see [6]). Substi-
tuting (2.6) in (2.5) and expanding ; F in series form, the moment expression simplifies
to

Ey(Uh) =

2U2mr K. (n, 30, v)T, ((1/2)n +h) i< ) ((1/2)n+h),
I(h)I,-1(h) A ((1/2)n),t!

xj y{HJ det (Yoo)" V2P det (551 +v) 1A (2.7)
0 Y22>0

X [VEgH (S5t +Y) 'S5 v] dyidYas,
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where (a), =a(a+1)---(a+r—1) and (a)o = 1. Noting that X, is a block diagonal
matrix, we obtain

Ve (S +Y) sty

= Vo (L+ o) + i) (553 + Y2) ' S5 ve]!

-1 -1,k e—1 1 . 0 (28)
= > k,g,{vloll (A+ony1) Ve (S50 + Ya) ' Sodva ),
k+0=t
det (261 +Y) = (0'11)71(1 +0711y1) det (222)71 det (Ip—l + 322 Y22).
Now substituting (2.8) in (2.7), we have
£ () < 2K (S0 T (12 + )
y - det(Zo)(l/Z)"+hF(h)rp,1(h)
® et 2\ k
xz(cy)w Z 1 (w)
2 ((1/2)n)t k"g' J11
J y 1+U yl) ((1/2)n+h+k)dy1 (2.9)

X J det (Yzz)hi(l/z)p det (Ip_l + 222Y22)7<1/2)n7h
Y22>0

e _ “le— 0
X {szzzl (2221 + Yzz) 12221\72} dez.
Substituting Z = (I +Z” 2Y222” )= 1 the integral involving Y, is evaluated as

h— — “h(. e — 1o L
JY >0det(Y22) (1/2)pdet(1p71 +222Y22) (/2)m {VZZZZI(ZZZI+Y22) 12221\12} AdYo»
22
=det (Zzz)ihj det(Z)(l/Z)(nfp)
0<Z<Ip—

xdet (Ip_y - 2)" PP (w502 25531 vo) dz

_n( 0
= det (222) h(ﬁ

?

) J det(2)V2n=p) det (I, 4 — z)" VPP
n=0J0<Z<Ip

xetr (Nvy35,'2 2552 v,)dZ

fhrn—l((l/Z)n)l",,_l(h)<_> - 1)(1 1 o ,)
L, ((1/2)yn+h) \an/,- OlF 2"=2”+hsn222wv2

L ((2)n), (k) ((1/2)n), rs—1y, ¢
Ip-1((1/2)n+h) ((1/2)n+h),£,(V2222"2)v

= det (222 )

= det (Z22)

(2.10)

(p-1)

where | F; is the confluent hypergeometric function of matrix argument (see [4]).
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Collecting terms containing y; and integrating, we obtain

~mehsb oo D((L/2)n)0()  ((1/2)n),
) dy = oy, r((1/2)yn+h) (1/2)n+h),’

L Yy 1+ o 2.11)

Substituting (2.10), (2.11), and (1.7) in (2.9) and simplifying the resulting expression
using results on gamma function, we get

r((1/2)n) i ( ) ((1/2)n), ((1/2)n),
(1/2)(n-p+1)] 5 ((1/2)n),

1 _
Ey(UM) = exp (—Ecyv Sotv ) I

o« (vi/o1)* (vy=53v2) ' T[(1/2)(n—p + 1) + hIT((1/2)n+t + k)
k0! r((1/2yn+k+h)I((1/2)n+L+h)

Lo, ((1/2)n)I[(1/2)(n—p+1) +h] ci\*
) v> (2)

r((1/2)n+h)r [(1/2)(1’1 p+1)]
ln+h+k,%n;%n+k,%n+h;%cf,vfzzgzlvz),

HMS

(2.12)

where > F, is the generalized hypergeometric function of scalar argument (see [6]).

3. Distribution of R? under mixture normal model. The density function f(u) of
U = 1-R? is obtained by taking the inverse Mellin transform of E(U") as

NN
fa)=> ( )ey(l—e)N"yfy(u) (3.1)
y=0 \¥
with
fyu) = (2m)*1j Ey(UMutdh, 0<u<l, (3.2)
C

where ( = /-1 and C is a suitable contour. Substituting (2.12) in (3.2), we obtain

_ l —1 r((l/Z)n)
f’(“)_exp<_2CYVZ° V)r[(1/2)(p—1)]r[(1/2)(n—p+1) Z ) ( )

t=0k+0=t

((1/2)n), ((1/2)m); (vi/o)' (viZ5hva)* W21 (] ) (1/2)(p=3)
((1/2)n), k0!

><2F1(%(p—l)+k,%(p—1)+€;%(p—l);l—u>, O<u<l,
(3.3)

where > F; is the Gauss hypergeometric function (see [6]). To obtain (3.3) we have used
the result

1
[ ket ) 020 (S 1) +k g (= D46 (= D31~ u ) du
0

_TI[(1/2)(p-DIT[(1/2)(n=p+1) + h]T ((1/2)n+t+h)
r((1/2)n+k+h)((1/2)n+L£+h)

(3.4)
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The density of R?> = 1 - U is now derived from the density of U as

N (N
gR?) = > ( )ey(l—e)Nygy(Rz), (3.5)
y=0 \Y
where
2) = _lo s r((1/2)n) > A%
gy(R )—EXD< 2CyV DI V)r[(l/Z)(p—l)]r[(l/Z)(n—p+1)] gk#—[):t( 2 )
((172)m), ((1/2m) ) (vi o) (vySgiva)
((1/2)n), k10!
X(1_RZ)(I/Z)n+k+£’—1(Rg)(l/Z)(p—3)
1 1 1
XzFl(E(P—l)+k,§(p—l)+€;§(p—1);R2>, 0<R?<1.
(3.6)

By using the result »F; (a,b;c;z) = (1 -2)¢"%Y,F | (c —a,c - b;c;z), the above density
can be rewritten as

2y _ R S [((1/2)n)
0y (1) = exp (- 36V v)T[(I/Z)(v—1)]F[(1/2)(n—p+1)]

« (R2)1/21P=3) (1 _ g2)(/2)n-p-1) i S (C§ )t ((A/2)n), ((1/2)n),

2 (1/2)n),

t=0 k+f=t

2 O/ o1 k
% (vl/o-ll) (VZZZZVZ) 2F1(_k,—€;%(p_1);R2), 0<R2<1.

k1!
(3.7)
It is interesting to note that if v = 0, then the density g(R?) reduces to
r'((1/2)n)
R?) =
g( ) r[(l/Z)(P—1)]r[(1/2)(n—}9+1)] (3.8)

~ (Rz)(l/Z)(p*3)(17R2)(1/2)(11*P*1), 0<R2<1.

REFERENCES

[1] A. K. A. Amey, Robustness of the multiple correlation coefficient when sampling from a
mixture of two multivariate normal populations, Comm. Statist. Simulation Com-
put. 19 (1990), no. 4, 1443-1457.

[2]  A.K.A.Ameyand A. K. Gupta, Testing sphericity under a mixture model, Austral. J. Statist.
34 (1992), 451-460.

[3] A.K.Gupta and D. G. Kabe, On some noncentral distribution problems for the mixture of
two normal populations, Metrika 38 (1991), 1-10.

[4] A.K. Gupta and D. K. Nagar, Matrix Variate Distributions, Chapman & Hall/CRC, Florida,
2000.

[5] D.G.Kabe and A. K. Gupta, Hotelling’s T?-distribution for a mixture of two normal popu-
lations, South African Statist. J. 24 (1990), 87-92.



(61
(71

(8l

[l

[10]
(11]

(12]

NULL DISTRIBUTION OF MULTIPLE CORRELATION COEFFICIENT ... 255

Y. L. Luke, The Special Functions and Their Approximations, Vol. I, Academic Press, New
York, 1969.

D. K. Nagar and M. E. Castanieda, Distribution of correlation coefficient under mixture
normal model, to appear in Metrika, 2002.

M. S. Srivastava, On the distribution of Hotelling’s T and multiple correlation R> when
sampling from a mixture of two normals, Comm. Statist. A—Theory Methods 12
(1983), no. 13, 1481-1497.

M. S. Srivastava and H. M. Awan, On the robustness of Hotelling’s T? -test and distribution of
linear and quadratic forms in sampling from a mixture of two multivariate normal
populations, Comm. Statist. A—Theory Methods 11 (1982), no. 1, 81-107.

______, On the robustness of the correlation coefficient in sampling from a mixture of two
bivariate normals, Comm. Statist. A—Theory Methods 13 (1984), 371-382.

W. Y. Tan, On the distribution of the sample covariance matrix from a mixture of normal
densities, South African Statist. J. 12 (1978), 47-55.

D. M. Titterington, A. F. M. Smith, and U. E. Makov, Statistical Analysis of Finite Mixture
Distributions, John Wiley, Chichester, 1985.

HYDAR ALI: DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, THE UNIVERSITY OF
THE WEST INDIES, ST. AUGUSTINE, TRINIDAD AND TOBAGO

DAYA K. NAGAR: DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD DE ANTIOQUIA, MEDELLIN,
A. A. 1226, COLOMBIA



Advances in

Operations Research

Advances in

Decision SC|ences

Journal of

Applied Mathematics

Journal of
Probability and Statistics

The Scientific
\{\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at

http://www.hindawi.com

Journal of

Mathematics

Journal of

Illsmelth alhemaics

Mathematical Problems
in Engineering

Journal of

Function Spaces

Abstract and
Applied Analysis

Stochastic A nalysws

,;,,\K J :1?"
#(ﬁ)}?ﬂ(ﬂﬁf
f. \') :

International Journal of

Differential Equations

ces In

I\/\athemamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization




