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(ere are many flaws, such as fissures, cavities, and inclusions, in geomaterials, which make their mechanical properties with great
randomness and uncertainty. Upon loading, the soil structure gradually losses the bearing capacity due to the transformation from
microdefects to macroscopic breakage bands. Based upon the experimental data of frozen sandy soils, a new nonlinear strength
equation between the first and third principal stresses was proposed, and then the nonlinear strength properties for frozen sandy soils
in σ-τ plane were analyzed. In addition, by assuming that the microstrength of frozen sandy soil obeys the Weibull distribution
function, a statistical damage constitutive model was established based upon the framework of continuum damage mechanics
(CDM), with few parameters and a high accuracy. Compared with experimental data, the new model can well grasp the nonlinear
strength properties and simulate the stress-strain relationships under different confining pressures for frozen sandy soils.

1. Introduction

Frozen soils are geotechnical materials, which are mainly
formed in cryogenic environment. Frozen soils are defined
as those containing some ice and having a temperature at or
lower than 0°C [1]. It is distributed all around the world
regularly, such as Russia, America, China, and Canada,
which accounts for 24% of the world’s land area [2]. As far as
the components are concerned, frozen soils are composite
materials consisting of mineral particles, ice inclusions,
liquid water, and gaseous inclusions [3], which are sensitive
to temperature, loading rate, external load, soil types, water
content, confining pressure, etc.(e typical problems in cold
regions can be mainly summarized as the frost-heaving
effect, thawing-settlement effect, and freeze-thaw cycle ef-
fect in these regions. It is well known that the frost-heaving
effect causes the structure damage due to the extension of
microcracks. Simultaneously, the thawing-settlement effect
induces irreversible plastic deformation. Terribly, the in-
teractions of the two effects aggravate the damage and

destruction of structures. Hence, up to present, many re-
searchers have studied the physical and mechanical char-
acteristics of permafrost and seasonal frozen soils, such as
nonlinear strength properties and damage deformation
behaviors.

Currently, a great number of research achievements have
been obtained on this field for unfrozen soils and frozen
soils. For instance, the mechanical properties of unfrozen
soils are obtained with great progress. Matsuoka and Nakai
[4] considered the stress deformation and strength char-
acteristics of soil under three different principal stresses. Liu
et al. [5, 6] proposed a general strength criterion for geo-
materials, considering isotropic and anisotropic effects.
Meanwhile, Liu et al. [7] employed a nonlinear Drucker–
Prager and Matsuoka–Nakai unified failure criterion for
geomaterials to describe the nonlinear strength properties
with separated stress invariants. Yao et al. [8, 9] established
a general nonlinear strength theory, which was extensively
employed in concrete, rock, sand, clay, etc. Moreover, Yao
et al. [10, 11] proposed a unified strength criterion (USC) for
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geomaterials to describe the triangle curved shape, which
was the combination of SMP criterion and extended Mises
criterion in the deviatoric plane, and then he defined a linear
interpolation function between the two criteria to describe
the shape function. (e nonlinear strength envelope men-
tioned above can be described by hyperbolic, parabolic,
exponential, power functions, etc. For structured soils, Liu
et al. [12] proposed a new strength criterion based on binary-
medium constitutive model (BMCM), and its expressions on
both meridian and deviator planes are given. Due to the
peculiar and complicated properties of frozen soils, most of
the strength criteria are not completely suitable and should
be modified for further applications based upon experi-
mental results. Fish [13] and Ma et al. [14] gave a parabolic
function to describe the strength properties. Qi and Ma [15]
modified the classical Mohr–Coulomb strength criterion to
apply for frozen sandy soils considering the influence of
confining pressures. Lai et al. [16] established a parabolic
curve for frozen silt soils in the meridian plane and
Lade–Duncan model in the deviatoric plane to describe the
shape function. Lai et al. [17] and Liao et al. [18] modified the
hydrostatic pressure to simulate the strength in the q-p plane
and employed a combination of LD and SMP models to
describe the deviatoric plane. Lai et al. [19] proposed a re-
lationship between the first principal σ1 and the third
principal stress σ3, and then they established a nonlinear
strength formula for frozen sandy soils. (e researches
mentioned above mainly concentrate on the nonlinear
properties of unfrozen soils and frozen soils. (e classical
and modified strength criterion cannot completely reflect
the nonlinear characteristics for frozen soils, so it is nec-
essary to establish an appropriate strength criterion to de-
scribe the nonlinear properties of frozen soils.

At the same time, many research results of the stress-
strain curves were obtained, especially in rock damage
mechanism, mechanical properties, and strength and de-
formation characteristics [20–29]. On the theoretical
framework of continuum damage mechanics (CDM),
probability, and statistics theory, the damage constitutive
models were established and could well simulate the stress-
strain process for geological materials. For instance, Ren
et al. [30] studied microdamage mechanism and damage
constitutive model on the basis of uniaxial compression tests
and found that the damage mechanism could appropriately
describe the variation of stress-strain relationship. Later,
a series of experimental study on rock were conducted by
Zhang et al. [31] to analyze the weakened mechanism and
damage properties under the freezing-thawing conditions.
Ren [32] carried out computed tomography (CT) tests to
study breakage mechanism for frozen cracked rock from
a mesoscopic point of view. Lai et al. [33] and Li et al. [34]
proposed a new and an improved statistical damage con-
stitutive model for warm frozen clay and warm ice-rich
frozen clay based upon the experimental results and applied
Mohr–Coulomb criterion to judge whether the frozen soil
element is damaged or not. Xu et al. [35] made an in-
vestigation on strength and deformation characteristics of
ice-saturated frozen sandy soil and then proposed a non-
linear strength criterion and simultaneously employed an

improved Duncan–Chang model to simulate the de-
formation properties. (e researches mentioned above are
the latest research achievements.

Due to the peculiar and complicated characteristics of
frozen soils, some strength criteria, such as Mohr–Coulomb,
Drucker–Prager, and Hoek–Brown strength criterion, are
not suitable for frozen soils. So, the classical strength cri-
terion should be modified or a new strength criterionmay be
established to investigate the nonlinear strength properties
and breakage mechanism for frozen soils. (erefore, in this
paper, a relationship between the first and third principal
stresses is proposed, and then the nonlinear strength
properties of frozen sandy soils are investigated. Further-
more, a new statistical damage constitutive model is also
proposed, and the model parameters are determined by
cryogenic triaxial compression tests data. Finally, the ap-
plicability of the new constitutive model is validated by
comparisons between predicted and experimental data.

2. Test Result Analysis

As is illustrated in Figure 1 from Lai et al. [17], it can be found
that the stress-strain curves go through the linear stage under
relatively small axial strain to the elastoplastic stage. In ad-
dition, the curves present strain-softening phenomenon
under low confining pressures and strain-hardening phe-
nomenon under relatively high confining pressures. From the
volumetric strain-axial strain curves, it is indicated that the
volume of specimen is compressed at first and then dilated
under low confining pressures, while it is merely compressed
under high confining pressures.(e determinationmethod of
peak values of stress-strain curves can be obtained as follows:
(a) when the stress-strain curves present strain softening, the
maximum value of σ1 − σ3 is taken as the strength of frozen
soil in this paper and (b) when the stress-strain curves present
strain hardening, the value of σ1 − σ3 at axial strain εa � 20%
is taken as the strength of frozen soil [33]. (e relationship
between deviatoric stress q and mean stress p is depicted in
Figure 2, which indicates that the strength increases first and
then decreases with increasing mean stress p.

3. Nonlinear Strength Theory of Frozen
Sandy Soils

3.1. Existing Classical Strength Criterion

3.1.1. Mohr–Coulomb Strength Criterion. In geomaterial
engineering, the Mohr–Coulomb criterion is widely used to
predict the strength and deformation properties; hence, one
of the classical strength criteria can be described as follows:

σ1 − σ3 tan2 45° +
φ
2

􏼒 􏼓− 2c tan 45° +
φ
2

􏼒 􏼓 � 0, (1)

where c and φ denote the cohesive force and internal
frictional angle, respectively. In this paper, for the test data,
c � 4.332 and φ � 0.3792.

3.1.2. Hoek–Brown Nonlinear Criterion. In the early years,
Hoek [36] proposed the Hoek–Brown criterion based upon
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hundreds of experimental results and numerous �eld test
�ndings for rock materials. It is an empirical strength cri-
terion, and the expression can be presented in the following
form:

σ1 − σ3 −
����������
mσ3σc + sσ2c
√

� 0, (2)

where σc,m, and s are material parameters. In this paper, for
the test data, σc � 3.63, m � 15.17, and s � 6.782.

3.2. �e Evolution of the Proposed Strength Criterion. Based
upon the experimental data from Figure 1, we can obtain the
relationship between σ1 and σ3, as illustrated in Figure 3. In
order to investigate the nonlinear strength characteristics,
we propose an empirical equation as follows:

σ1 � Kσ3 + s 1−
σ3
σc
( )

n

[ ]exp
σ3
σc
( )

n

[ ], (3)

where K, s, n, and σc are material parameters, respectively,
which can be determined based on experimental results. In
this paper, for frozen sandy soils, K � 6.449, s � 8.252,
σc � 2.82, and n � 0.394 and the �tting coe�cientR2 � 0.997.

For convenience, in the σ-τ plane, (3) can be rewritten as

f � σ1 −Kσ3 − s 1−
σ3
σc
( )

n

[ ]exp
σ3
σc
( )

n

[ ]. (4)
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Figure 1: �e curves of deviatoric stress-axial strain (a) and vol-
umetric strain (b) of frozen sandy soils (Lai et al. [17]).
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According to experimental results, compared with the
classical strength criteria, such as Mohr–Coulomb strength
criterion and Hoek–Brown nonlinear criterion, the pro-
posed nonlinear strength results are more close to the ex-
perimental data, as is depicted in Figure 4. It demonstrates
that the new strength criterion can simulate the experi-
mental results of frozen sandy soils well.

3.3.NonlinearStrength�eoryof FrozenSandySoils. Figure 5
shows the graphical illustration of the relationship between
stress state A(σ, τ) and failure envelop f. �at is, when the
stress state A(σ, τ) is at the top of Mohr’s circle, the failure
envelope is represented by τ � f(σ). It should be noted that
the failure loci presents a nonlinear changing tendency,
which is also called a failure state line. �e experimental
maximum stress in the failure envelope is tangent to Mohr’s
circle, which is the intersection point ofA(σ, τ). From Figure 5,
it is known that the failure stress state is represented by the
point A, which cannot transcend the failure loci τ � f(σ).
�e mathematical relationship of Mohr’s circle can be de-
scribed as

g σ1, σ3( ) � σ −
σ1 + σ3

2
( )

2
+ τ2 −

σ1 − σ3
2

( )
2
� 0. (5)

By di�erentiating (4) and (5), we can obtain the fol-
lowing equations:

df σ1, σ3( ) �
zf

zσ1
dσ1 +

zf

zσ3
dσ3 � 0, (6)

dg σ1, σ3( ) �
zg

zσ1
dσ1 +

zg

zσ3
dσ3 � 0. (7)

Due to the independence of σ1 and σ3, the relationship of
dσ1/dσ3 can be calculated as

dσ1
dσ3

�
zσ1
zσ3

� −
zg/zσ3
zg/zσ1

� −
zf/zσ3
zf/zσ1

. (8)

Based on the framework of the envelope theorem by Lai
et al. [19], for simpli�cation, (8) can be rewritten as

zf

zσ1
·
zg

zσ3
−

zf

zσ3
·
zg

zσ1
� 0. (9)

Di�erentiating (4) for σ1 and σ3, respectively, we can
obtain the following:

zf

zσ1
� 1 +

zσ3
zσ1

sn

σ3

σ3
σc
( )

2n

exp
σ3
σc
( )

n

[ ]−K




, (10)

zf

zσ3
�
zσ1
zσ3
−K +

sn

σ3

σ3
σc
( )

2n

exp
σ3
σc
( )

n

[ ], (11)

zg

zσ1
� − σ + σ3 +

zσ3
zσ1

σ1 − σ( ), (12)

zg

zσ3
� − σ + σ1 −

zσ1
zσ3

σ − σ3( ). (13)

Substituting (12) and (13) into (8), the normal stress is
expressed as

σ � σ3 +
σ1 − σ3

1 + zσ1/zσ3( )
. (14)

Substituting (14) into (5), the shear stress is expressed as

τ �
σ1 − σ3

1 + zσ1/zσ3( )

���
zσ1
zσ3

√

. (15)

Furthermore, we can easily get the expression of internal
frictional angle based upon the triangle relationship shown
in Figure 5 as follows:
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tanφ �
σ1 − σ3( 􏼁􏼎2( 􏼁− σ

τ
. (16)

Substituting (14) and (15) into (16), we can obtain the
following:

φ � tan−1
zσ1􏼎zσ3( 􏼁− 1

2
�������
zσ1􏼎zσ3

􏽱
⎡⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎦. (17)

Differentiating (4) for σ3, the result is presented as follows:

zσ1
zσ3

� K−
sn

σ3

σ3
σc

􏼠 􏼡

2n

exp
σ3
σc

􏼠 􏼡

n

􏼢 􏼣. (18)

Finally, substituting (18) into (14), (15), and (16), in the
σ-τ plane, the expressions of normal stress σ, shear stress τ,
and internal frictional angle φ of the nonlinear strength
criterion can be rewritten as

σ �
Kσ3 − sn σ3/σc( 􏼁

2nexp σ3/σc( 􏼁
n

􏼂 􏼃 + σ1
K + 1− sn/σ3 σ3/σc( 􏼁

2nexp σ3/σc( 􏼁
n

􏼂 􏼃
, (19)

τ �
σ1 − σ3

K + 1− sn􏼎σ3 σ3/σc( 􏼁
2nexp σ3/σc( 􏼁

n
􏼂 􏼃

×

����������������������

K−
sn

σ3

σ3
σc

􏼠 􏼡

2n

exp
σ3
σc

􏼠 􏼡

n

􏼢 􏼣

􏽶
􏽴

,

(20)

φ � tan−1
K− 1− sn/σ3 σ3/σc( 􏼁

2nexp σ3/σc( 􏼁
n

􏼂 􏼃

2
���������������������������

K− sn􏼎σ3 σ3/σc( 􏼁
2nexp σ3/σc( 􏼁

n
􏼂 􏼃

􏽱
⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
, (21)

where the expressions of (19) and (20) can be known as
failure envelope in the σ-τ plane for frozen sandy soils.

3.4. Verification. Based upon experimental data, the non-
linear strength envelope can be obtained from (19) and
(20), as is illustrated in Figure 6, in which the same pa-
rameters in Section 3.2 are used. (e schematic diagram
distinctively presents the nonlinear strength properties.
Compared with experimental results, the proposed ex-
pression of (4) about σ1 and σ3 can well grasp and simulate
the nonlinear strength characteristics of frozen sandy soils.
It can be found that the proposed relationship is closer to
the experimental results than Mohr–Coulomb strength
criterion or Hoek–Brown strength criterion. It is convinced
that the proposed equation can appropriately reflect the
nonlinear strength properties with the increase of confining
pressures.

(e influence of confining pressure on the internal
frictional angle is investigated as well, as illustrated in http://
www.nrcresearchpress.com/doi/full/10.1139/javascript:void(0)
(Figure 7). It can be found that the frictional angle decreases
with increasing confining pressure due to pressure melting
and crushing phenomenon. It should be noted that the

internal frictional angle is negative when the confining
pressure is nearly 14.0MPa, which is coincident with the
research results by Ma et al. [37]. It is indicated that the
temperature of ice increases by 1°C when the applied pressure
increases by 13.5MPa in the theoretical study on the basis of
the Clapeyron equation. And thus, the predicted results can
appropriately account for the phenomenon of pressuremelting
and crushing.

4. Damage Statistical Constitutive Model for
Frozen Sandy Soils

4.1. Formulation of the Damage Statistical Constitutive
Model. Similar to unfrozen geomaterials, such as rock,
concrete, rockfill material, sand, and clay, the damage
process can be mainly accounted for by the same token.(at
is, the degradation of the material makes the effective areas
decrease and the effective stress increase. Accordingly, the
intact specimens are easy to damage due to the appearance of
fissures, cracks, defects, and shear bands.

Based on the strain equivalent principle [38], the strain
caused by apparent stress σij applied to a damaged material
is equal to the strain caused by equivalent stress σ∗ij acting on
the undamaged material. Hence, the tensor expression can
be described as follows:

εij � Mijklσ
∗
kl � M

∗
ijklσkl � Iijkl −Dijkl􏼐 􏼑Mklmnσmn, (22)

where M∗ijkl and Mijkl denote the elastic flexibility matrix
tensors of damaged material and undamaged material,
respectively; σ∗ij and σij represent the equivalent stress
matrix tensor and apparent stress matrix tensor, re-
spectively; εij represents the strain matrix tensor, Iijkl is
an identity matrix tensor, and Dijkl is a damage matrix
tensor.

Based on phenomenological method, basic assump-
tions by Lai et al. [33, 39] are carried out for frozen soils. At
first, on a macroscale, the soil specimen, regarded as
a representative volume element (abbreviated as RVE), is
isotropic and contains the basic information of damage,
while it is a microheterogeneous material in the mesolevel.
In addition, the linear elastic law is applied when the frozen
soil element remains undamaged, and the nonlinearity of
the stress-strain relationship is derived from the damage of
the material. So, we can take the initial tangent modulus as
the elastic modulus of the undamaged material. (e
damage variable is defined as the ratio of damaged section
area to total section area in the mesolevel, and in mac-
roscopic view, it is defined as the ratio of the number of
damaged frozen soil elements to the number of all frozen
soil elements. So, the damage expression defined is given as
follows:

D �
Ndamage

Ntotal , (23)

where Ndamage denotes the number of damaged frozen soil
elements and Ntotal stands for the number of all frozen soil
elements, respectively.
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Figure 6: Nonlinear strength envelope for frozen sandy soils under various con�ning pressures. Comparisons between (a) Mohr–Coulomb
strength criterion and experimental results, (b) Hoek–Brown strength criterion and experimental results, and (c) the proposed model and
experimental results.
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4.2. Weibull Distribution Function. Compared with the
other probability distribution function [40], it is found that
the Weibull distribution can well describe the breakage
process of rock [20–22] and warm frozen silt clay [33, 39]. In
the paper, it is assumed that the microstrength of frozen
sandy soil obeys the Weibull distribution as well. When the
stress level reaches the value of F as is illustrated in the later
section, the internal �aws and �ssures gradually increase and
transform to macrocracks or shear bands. So, the expression
of probability density for damaged frozen sandy soil ele-
ments can be obtained as follows:

f(F) �
m

F0

F

F0
( )

m−1

exp −
F

F0
( )

m

[ ], (24)

where f(F) represents the probability density function of
microstrength for frozen sandy soil, F denotes the yield
criterion, and m and F0 are material parameters of the
Weibull distribution function.

�e yield criterion for frozen sandy soils can be written as
F σ∗ij( ) � ki, (25)

where ki denotes the failure strength, which varies with
internal state parameters, such as stress level, stress history,
stress path, cohesive force, and internal frictional angle.

By integrating the microstrength function of (24), we can
get the number of damaged frozen sandy soil elements as
follows:

Ndamage � ∫
F

0
Ntotalf(x)dx. (26)

Substituting (24) and (26) into (23), the damage variable
D can be obtained as follows:

D � 1− exp −
F

F0
( )

m

[ ]. (27)

From (25) and (27), it can be found that the independent
variable F changes with the varying stress state.

4.3. A New Strength Criterion for Frozen Sandy Soil. Based
upon the framework of critical state soil mechanics [41],
for unfrozen soils as noncohesive materials, the strength
envelope is a straight line and is passing through the
original point of the coordinates in the meridian plane.
With respect to frozen soils, the bonding e�ect of ice
crystals and soil particles possesses tensile strength, which
will be weakened due to the pressure melting under rel-
atively high con�ning pressures, similar to the cohesive
behaviors of cemented clay. In the previous study
[13, 14, 17, 18, 37], it is indicated that the strength of frozen
soils increases �rst and then decreases with the increase of
con�ning pressures. �e maximum value qmax of the q-p
curve corresponds to failure mean stress pcr. When the
stress p is lower than pcr, the q-p curve can be replaced by
linear strength criterion in the meridian plane, such as
Mohr–Coulomb criterion and Druck–Prager criterion.
While the stress p is higher than pcr, the q-p curve starts to
bend downward due to pressure melting. In order to
simulate evolution laws of the failure state for frozen sandy
soils of the phenomenon, Fish [13], Ma et al. [14, 37], and
Lai et al. [16] suggested a parabolic formula for frozen soils
in the meridian plane, and Lai et al. [16] meanwhile pro-
posed the Lade–Duncan model to simulate the strength
characteristics in the deviatoric plane. Later, Nguyen et al.
[42] proposed that the CSL of the cemented clay eventually
reduced to an asymptote coinciding with the CSL of natural
clay. Lai et al. [17] and Liao et al. [18] employed a modi�ed
mean e�ective stress expression to describe the strength
criterion for frozen soils.

Hence, in this paper, based on the research results of
Nguyen et al. [42], Lai et al. [17], and Liao et al. [18], we
propose a modi�ed strength criterion to simulate the var-
iation tendency of the �rst increasing and then decreasing
phenomena for frozen sandy soils. Here, the graphic illus-
tration and the proposed modi�ed strength criterion are
given in Figure 8 and (28) to (30).

From Figure 8, the modi�ed failure state line can be
written as follows:

–15

0

15

30

45

 Predicted results

In
te

rn
al

 fr
ic

tio
na

l a
ng

le
 φ

 (°
) 

Confining pressure σ3 (MPa)
0 3 6 9 12 15 18

Figure 7: �e evolution law of internal frictional angle.
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f(p, q) � −q +M∗ p, (28)

M∗ �M0 +
c0
p

1−
p

C1
( )

t

[ ]exp
p

C1
( )

t

[ ]. (29)

Substituting (29) into (28), the expression can be re-
written as follows:

f(p, q) � −q +M0p + c0 1−
p

C1
( )

t

[ ]exp
p

C1
( )

t

[ ], (30)

where q is the deviatoric stress, p is the mean stress, and
c0 is the intercept of the strength curve in the meridian

Table 1: Basic physical parameters determined.

Con�ning pressures,
σ3 (MPa)

Bulk modulus,
K (MPa)

Shear modulus,
G (MPa)

1.0 505.1 440.2
2.0 1133.1 514.9
4.0 2104.7 642.2
5.0 2531.1 694.7
6.0 3244.2 739.7
8.0 4116.2 807.6
10.0 4898.1 845.9
14.0 5329.2 833.4
16.0 5455.5 782.7

0

1000

2000

3000

4000

5000

6000

Bu
lk

 m
od

ul
us

 K
 (M

Pa
)

Confining pressure σ3 (MPa)

Experimental results
Predicted results

0 3 6 9 12 15 18

(a)

Confining pressure σ3 (MPa)

0

200

400

600

800

1000

Sh
ea

r m
od

ul
us

 G
 (M

Pa
)

Experimental results
Predicted results

0 3 6 9 12 15 18

(b)

Figure 9:�e predicted results of the bulk modulus K (a) and shear
modulus G (b) with experimental data.

Table 2: Parameter determination of the strength criterion.

Parameter values of frozen sandy soil
R2

M0 c0 C1 t
1.503 1.494 16.68 0.9479 0.9971
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Figure 10: Comparisons between experimental data and predicted
results under di�erent con�ning pressures.

Table 3: Parameter determination of the damage constitutive
model of (46).

Con�ning pressures,
σ3 (MPa)

Parameter determination
m F0

1.0 1.1948E−01 2.4424E−01
2.0 7.3400E−02 2.4753E−02
4.0 4.8047E−02 5.6572E−05
5.0 3.5515E−02 4.6744E−07
6.0 2.7221E−02 1.6468E−10
8.0 2.5790E−02 1.3385E−11
10.0 2.0809E−02 4.0019E−15
14.0 1.7408E−02 2.1848E−18
16.0 1.6381E−02 4.4111E−19
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plane.M0 is the initial failure stress ratio, equal to the slope
of the curve. �e parameter C1 is related to pressure
melting, which re�ects the changing rate about q with the
increase of hydrostatic pressure, and t denotes the material
parameter.

As is depicted in Figure 8, when the mean stress p is
lower than pcr, the modi�ed failure state line can describe the
strengthened e�ect; when the mean stress p is higher than
pcr, it denotes the weakened e�ect for frozen sandy soils.

�e mean stress p and the deviatoric stress q can be
written in the following form:

p �
σ1 + σ2 + σ3

3
�
1
3
σii, (31)

q �
���
3J2
√

�
�����
3
2
sijsij

√
, (32)
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sij � σij −
1
3
δijσkk, (33)

where σ1, σ2, and σ3 are the �rst, second, and third principal
stresses, respectively; J2 is the second deviatoric stress var-
iant; σij is the stress tensor; sij is the deviatoric stress tensor;
and δij is the Kronecker function.

Based upon the assumptions, it is easily accepted that the
microstrength of frozen soils satis�es the modi�ed failure
state line; so, the strength criterion expression of the e�ective
stress can be obtained as follows:
F p∗, q∗( ) � f p∗, q∗( )

� −q∗ +M0p
∗ + c0 1−

p∗

C1
( )

t

[ ]exp
p∗

C1
( )

t

[ ],

(34)

where p∗ and q∗ denote the e�ective mean stress and
deviatoric stress, respectively.

According to (22), the e�ective stress and apparent stress
can be rewritten as follows:

σij � Iijkl −Dijkl( )σ∗kl, (35)

σ∗ij� λδijεkk + 2Gεij. (36)

Substituting (27) and (36) into (35), the stress expression
can be rewritten as

σij � λδijεkk + 2Gεij( )exp −
F

F0
( )

m

[ ]. (37)

�e elastic constants λ and G can be obtained as follows:

λ �
Eμ

(1 + μ)(1− 2μ)
� K−

2
3
G, (38)

G �
E

2(1 + μ)
, (39)

where λ denotes the Lame constant and K and G are the bulk
modulus and shear modulus, respectively.

Based upon the generalized Hooke’s law, the expression
of axial strain ε1 can be expressed by

ε1 �
1

1−D
·
σ1 − μ σ2 + σ3( )

E
. (40)

Hence, the e�ective mean stress and deviatoric stress can
be obtained as follows:

p∗ �
p

1−D
�

Eε1p
σ1 − μ σ2 + σ3( )

, (41)

q∗ �
q

1−D
�

Eε1q
σ1 − μ σ2 + σ3( )

. (42)

Substituting (38) to (42) into (37), the formula can be
obtained by a series of mathematical calculation and
transformation

ln −ln
σij

λδijεkk + 2Gεij
[ ]{ } � mlnF−mlnF0. (43)

In order to obtain the material parameters, (43) can be
converted to the following form:

X � ln −ln
σij

λδijεkk + 2Gεij
[ ]{ }, (44)

Y � lnF p∗, q∗( )

� ln −q∗ +M0p
∗ + c0 1−

p∗

C1
( )

t

[ ]exp
p∗

C1
( )

t

[ ]{ }.

(45)

Combining (44) with (45), we can get

Y �
1
m
X + ln F0. (46)

Based upon triaxial compression test data from Figure 1,
(46) can be used to obtain the parameters m and F0.

4.4. Parameter Determination

4.4.1. Determination of BulkModulus K and ShearModulus G.
Based upon test data from Figure 1, the basic physical pa-
rameters can be determined, such as the bulk modulusK and
shear modulus G, in the initial elastic stage, as shown in
Table 1.

In order to describe the changing evolution of the bulk
modulus K and shear modulus G, the mathematical re-
lationship can be expressed by

K � KpPa ap +
σ3
Pa
( )

np

[ ], (47)

G � Pa ag
σ3
Pa
( )

2

+ bg
σ3
Pa
+ cg , (48)
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where Pa is the atmospheric pressure (Pa� 0.10133MPa) and
Kp, ap, np and ag, bg, cg are material parameters. In this
paper, the �tting results are illustrated in Figure 9:
Kp � 13350, ap � −2.05, np � 0.3637 and ag � −0.3757,
bg � 85.86, cg � 3534.

4.4.2. Parameter Determination of the Strength Criterion.
According to the cryogenic triaxial compression test
data as is illustrated in Figure 1, the values of �tting

parameters are shown in Table 2 and the corresponding
�tting curve in Figure 10. It can be found that the pro-
posed criterion has a good application for frozen sandy
soils, especially the correlation coe�cient R2 reaching the
value of 0.9971.

4.4.3. Parameter Determination of the Damage Statistical
Constitutive Model. �e values of �tting parameters of (46)
can be obtained from triaxial compression test data. Hence,m
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and F0 can be found in Table 3. (e fitting results of (46) are
depicted in Figure 11. It can be found that the relationship
between Y and X presents a good linear relationship.

As presented in Figure 12, the relationship between the
parameter m and confining pressures can be expressed as
follows:

m � 0.1544 exp −0.4583
σ3
σ

􏼒 􏼓􏼔 􏼕 + 0.01874, (49)

where σ means 1.0MPa to keep the σ3/σ dimensionless.

4.5. Verification

4.5.1. Verification of Deviatoric Stress-Axial Strain. After
determining themodel parameters, the stress under different
confining pressures can be calculated by (37). Comparisons
of the curves between experimental data and predicted re-
sults are depicted in Figure 13. It can be found that this
proposed statistical damage constitutive model can simulate
the softening phenomenon under low confining pressures
and hardening phenomenon under high confining pres-
sures. As a whole, the proposed model has a relatively high
accuracy, so it is quite convenient for practical engineering.

4.5.2. Verification of Volumetric Strain-Axial Strain. In
order to simulate the volumetric strain of frozen sandy soils,
we give a damage relationship from the mesolevel, and the
expression is shown as follows:

εij �
Vinitial

V
εinitialij +

Vdamage

V
εdamage

ij , (50)

where Vinitial denotes the initial volume of the specimen,
Vdamage denotes the damage volume of the specimen, and V

denotes the total volume of the specimen.
From (30), we know the invariant relationship of

V � Vinitial + Vdamage; hence, (50) can be rewritten as

εij � 1−
Vdamage

V
􏼠 􏼡εinitialij +

Vdamage

V
εdamage

ij . (51)

Based on the theory framework of continuum damage
mechanics (CDM), the damage variable can also be rede-
fined as

D �
Vdamage

V
. (52)

So, the strain tensor of (51) can be rewritten as follows:

εij � Iijkl −Dijkl􏼐 􏼑εinitialkl + Dijklε
damage
kl . (53)

Under the triaxial symmetric compression condition, the
volumetric strain of (53) can be expressed as

εv � (1−D)εinitialv + Dεdamage
v . (54)

We make an assumption of εinitialv � p/K for the initial
elastic part and εdamage

v � mdε
nd

1 for the damage part; hence,
the following expression can be obtained:

εv � exp −
F

F0
􏼠 􏼡

m

􏼢 􏼣
p

K
+ 1− exp −

F

F0
􏼠 􏼡

m

􏼢 􏼣􏼨 􏼩mdε
nd

1 ,

(55)

where md and nd are the material parameters, which can be
determined by experimental data.

From Tables 3 and 4, the curves of volumetric strain-
axial strain can be obtained as are illustrated in Figure 14. It
can be found from Figure 14 that (55) can well simulate the
experimental data, which present firstly compression and
then dilation phenomenon under relatively low confining
pressures and merely compression under high confining
pressures.

5. Conclusions

In this paper, a new nonlinear strength criterion is proposed,
and a damage statistical constitutive model is also estab-
lished. (e following conclusions can be reached:

(1) (e relationship between σ1 and σ3 is proposed based
upon experimental results of frozen sandy soils. It is
illustrated that the proposed equation is more close to
experimental results than the classical strength cri-
teria, such as Mohr–Coulomb and Hoek–Brown
strength criteria. And then, the equation is introduced
into the σ-τ plane to investigate the nonlinear strength
properties based on failure envelope theorem.
Compared with test data, the predicted results have
a good accuracy and appropriateness.

Table 4: Parameter determination of (55).

Confining pressures,
σ3 (MPa)

Parameter determination
md nd

1.0 −105.1 0.4253
2.0 0.0822 0.8487
4.0 0.5258 0.5862
5.0 0.4875 0.7570
6.0 0.5064 0.7930
8.0 0.5189 0.8119
10.0 0.5487 0.8896
14.0 0.5201 0.9199
16.0 0.4083 1.059
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(2) �e microstrength of frozen sandy soils obeys
the Weibull distribution function. �e strength cri-
terion, which contains the damage properties
ofmicrostrength, is chosen as an independent variable
in damage variable D. �e parameters related to the
damage statistical constitutive model are determined
by experimental data, and they can well simulate both
the curves of deviatoric stress-axial strain and volu-
metric strain-axial strain.

Additional Points

Highlights. (1) A new strength criterion is proposed based on
experimental results, and the nonlinear strength properties
are considered. (2)�e stress andvolumetric strain-axial strain
at di�erent con�ning pressures are validated by damage sta-
tistical constitutive model. (3)�e damage constitutive model
can simulate the strain softening and hardening phenomenon
for frozen sandy soils.
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Figure 14: Comparisons between test data and predicted results of volumetric strain-axial strain under di�erent con�ning pressures:
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