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Unsteady Couette flow of a viscous incompressible fluid between two horizontal porous
flat plates is considered. The stationary plate is subjected to a periodic suction and the
plate in uniform motion is subjected to uniform injection. Approximate solutions have
been obtained for the velocity and the temperature fields, skin friction by using pertur-
bation technique. The heat transfer characteristic has also been studied on taking viscous
dissipation into account. It is found that the main flow velocity decreases with increase
in frequency parameter. On the other hand, the magnitude of the cross-flow velocity in-
creases with increase in frequency parameter. It is seen that the amplitude of the shear
stress due to main flow decreases while that due to cross-flow increases with increase in
frequency parameter. It is also seen that the tangent of phase shifts both due to the main
and cross-flows decrease with increase in frequency parameter. It is observed that the
temperature increases with increase in frequency parameter.

Copyright © 2006 Hindawi Publishing Corporation. All rights reserved.

1. Introduction

Couette flow is important in numerous mechanisms involving the relative motion of two
surfaces. The problem of Couette flow is considered important in transpiration cooling.
In this process several engines can be protected from the influence of hot gases. This
process is used in turbojet and rocket engines, like combustion chamber walls, exhaust
nozzles, and gas turbine blades. The solution is well known when both surfaces are flat
and moving in their own planes. An exact solution of Navier-Stokes equations between
two parallel plates without suction is well known in Schlichting [3]. Two-dimensional
plane Couette flow with transpiration cooling applying uniform injection and suction
at the porous plates is discussed by Eckert [1]. Gersten and Gross [2] studied the three-
dimensional flow and heat transfer along a flat plate by applying periodic suction. Singh
et al. [7] analyzed the three-dimensional flow and heat transfer past a vertical wall. Singh
etal. [6] and Singh [4] studied the three-dimensional flow and heat transfer past a porous
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2 Three-dimensional Couette flow with heat transfer

plate. Recently Singh [5] discussed the Couette flow between two parallel plates with
transverse sinusoidal injection of the fluid at the stationary plate and the constant suction
at the plate in motion.

However, the application of the transverse sinusoidal injection or suction velocity in
the unsteady problem of transpiration cooling has not yet received much attention. In
the present paper we have studied the unsteady Couette flow and heat transfer between
two horizontal parallel porous flat plates with periodic suction at the stationary plate and
constant injection at the plate in motion. We assume that the periodic suction velocity
is time-dependent and perpendicular to the flow direction. Due to the periodic suction
the flow becomes three dimensional. The main flow velocity profile, cross-flow velocity
profile, and shear stress have been calculated and plotted. The heat transfer characteris-
tic has also been studied on taking viscous dissipation into account. It is found that the
main flow velocity increases with the increase in either Reynolds number or suction pa-
rameter, while it decreases with the increase in frequency parameter. On the other hand,
the magnitude of the cross-flow velocity increases with the increase in either suction pa-
rameter or frequency parameter, while it increases near the stationary plate and decreases
near the moving plate with the increase in Reynolds number. It is seen that the ampli-
tude of the shear stress due to main flow increases with the increase in Reynolds number
but decreases with the increase in frequency parameter. The phase shift decreases with
the increase in frequency parameter. But for very small values of Reynolds number, it
increases and decreases for large Reynolds number. Also it is seen that the amplitude of
the shear stress due to cross-flow increases with the increase in either Reynolds num-
ber or frequency parameter. The phase shift decreases with the increase in frequency pa-
rameter while it increases with the increase in Reynolds number. It is observed that the
temperature increases with the increase in frequency parameter, on the other hand, it in-
creases near the stationary plate and decreases near the moving plate with the increase in
Reynolds number.

2. Formulation of the problem

Consider the unsteady flow of a viscous incompressible fluid between two horizontal flat
porous plates separated by a distance d. The upper plate moves with a uniform velocity
U in the direction of the flow. We choose a cartesian coordinate system with its origin on
the lower stationary plate, x* -axis is in the direction of the flow, y* -axis is perpendicular
to the plate, and z* -axis normal to the x* y*-plane.

The upper plate is subjected to a constant injection — Vj and the lower plate to a trans-
verse sinusoidal suction velocity distribution of the form

v*=—Vo[1+€cos(%—ct*>], (2.1

where € (< 1) is the amplitude of the suction velocity. Denoting velocity components
u*, v*, w* in the directions x* -, y* -, and z* -axes, respectively, the flow is governed by
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the following equations:

o™ N ow* 0
ay* o9z
ou* L ou* Wt ou* ) *u* N o*u*
ot* oy* daz*  \ay*? 09z*2)’
(2.2)
ov* L ov* ot ov*  1dp* Yy *v* N ?*v*
ot* ay* daz*  poy* dy*2  0z*2 )’
ow* L ow* ot ow*  1dp* . *w* N *w*
ot* ay* daz*  poz* dy*2  09z*2 )’
where v is the kinematic viscosity, p is the density, p* is the fluid pressure.
The boundary conditions of the problem are
* * T * * * *
u =0, v :—V0[1+c0s(—z —ct )], wi=0 aty” =0,
d (2.3)
uw=U, v =-V;,, w"=0 aty*=d.
Introducing the nondimensional variables
Yy P ut v Wt
y—d, z 7 t=ct*, p pU2 u i v ik w R (2.4)
equation (2.2) becomes
v
dy 0z
R AN
ot 0 dz) ayr 922’
(2.5)
wQ+Re vﬁ+w@ ——Rea—p+ ﬂ+@
ot dy dz) dy \ody? o0z2)’
ow ow  ow op (Fw  FPw
W= +Re<vay +Waz> = —Re az+(8y2 + 8z2>’

where Re = Ud/v, the Reynolds number; S = V,/U, the suction parameter; and w =
cd?/v, the frequency parameter. Using (2.4) the boundary conditions (2.3) become

u=0, v=-S[l+e€cos(nz—t)], w=0 aty=0,

(2.6)
u=1, v=-§, w=0 aty=1.
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3. Solution of the problem

In order to solve the differential equation (2.5), we assume the solution of the following
form:

u=ug(y)+eu(y,zt) +€*ur(y,z,t)+- - -,
v=w(y)+evi(y,zt) +€n(y,z,t) +- - -,

(3.1)
w = WO(}’)+€W1(}’,Z7t)+€2W2()’>Zyt)+ )

p=poy)+epi(y,z,t) +E2pr(y,z,t) + - - -

When € = 0 the flow becomes two-dimensional with constant suction and injection at
both the plates. In this case (2.5) is reduced to

(3.2)
ug +SReuy =0,

where the primes denote differentiation with respect to y, and the corresponding bound-
ary conditions are

u =0, vw=-S aty=0,

(3.3)
u =1, v=-§ aty=1
The solutions of (3.2) using (3.3) become
1— e*SRey
vo(y) = =S, up(y) = o Ske * (3.4)

When € # 0, for small values of €, we take only upto O(€). Substituting (3.1) in (2.5) and
comparing the coefficients of € from both sides, we get

81/1 awl .
3y % 0, (3.5)
8141 8141 auo . 82u1 82u1
W o +Re( Say +1 ay) = 5y + 322 (3.6)
Mo g Py P
w o SRe 3 = —Re 3 + 32 + 52" (3.7)
2 2
0 _gRe WL _ge 0L Tw O (3.8)

ot Jy oz "oy oz
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The corresponding boundary conditions are reduced to

uy =0, vy=-Scos(nz—t), w;=0 aty=0,
(3.9
uy=0, vv=0, w=0 aty=1

These are the linear partial differential equations describing the three-dimensional flow.
To solve (3.6), (3.7), and (3.8) we assume u;, v;, w;, and p; of the following form:

w1 (,2,1) = uny () ™Y,
vi(y,2,1) = vii (y)e™Y,
(3.10)
wi(y,2,1) = _Vll()’) el h,
p1(y,z,t) = pri(y)e™= 0.
The corresponding boundary conditions are
un =0, viy=-S, ;=0 aty=0,
(3.11)

u =0, v =0, v;;=0 aty=1
Substituting (3.10) in (3.6), (3.7), and (3.8), we get the following differential equations:

u}) +SReu)) — (7° — iw)uy = Revyyuy,
rr ’ 2 . ’
Vi1 +SRev); — (n° —iw)vi; = Reply, (3.12)

e

v\ +SRevy} — (7% —iw) v}, = Ren?py;.
Solving (3.12) under the boundary conditions (3.11), we get

ur(y,z,t) = [Age*’ly + Age™ + Cre~ TSRy 4, o (nHSRe)y

(3.13)

+ Cse(n—SRe)y + C4e—(n+SRe)y] ei(nz—t)’
v1(y,2,t) = [Ae™ + Be ™Y + Ce™ + De ™ )"0, (3.14)
wi(y,2,t) = —i[Arle_’l}’ +Brye” ™ — Cne™ + Dme ™ /"1, (3.15)

P1(y,20) = [Are™ + Aye ™ e, (3.16)
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where
SRe+y/S*Re? +4(n? — iw)
r = 5
2
A Se™ (mry+1g) +Se 7 (rg — mry)
2(1’31’6 - 1’41’5) ’
1
C=—-—[A(r—r)+B(m—r)+Sn],
21
_ (m—r1) (m+r) _
_ T i
B=e 2 ¢ 271 €

1 1
rs=re "+ Ee”(n— r) — Ee*”(nﬂq),

SRe—/S?Re? +4(n? — iw)
= >
2

B —Se™ (rs+mr3) — Se " (rs — 7r3)
2(1’31’6 — 1’41’5)

>

D= —%[A(n+r1)+B(n+r2)+Sﬂ],

T T+
r4:e"2—( 2712)6”_( 2712)6_”’

1 1
re =128 "+ Ee"(n —-r) - Ee*”(nﬁ-rz),

o _ SRe? A . _ SRe’ B
' (1—eSRe) (124 SRer; — 2 +iw)’ >7 (1—eSRe) (12+SRer, — 12 +iw)’
SRe? C SRe? D
C3 = . > C4 = . >

(1 — e SRe) (jw — SRe) (1 —eSRe) (jw+mSRe)

SRem+iw SRem —iw
A= Ren “ Az = Rem b,

A; = —(A4+C1+C2+C3+C4),

_ 1 —r—SR -1 -1 —SR -1

A4—m[cl(€ C—e )+C2(€ C—e )

+C3 (err—SRe _ e—rl) + C4(e—rt—SRe _ e—n)]_

(3.17)

4. Result and discussion

We have presented the nondimensional main flow velocity u against y for different values
of Reynolds number Re, suction parameter S, and frequency parameter w for z = 0.0,
t = 0.2, € = 0.2 in Figures 4.1, 4.2, and 4.3. From the figure it is seen that the main flow
velocity u increases with increase in either Re or S, while it decreases with the increase in
w. The cross-flow velocity profile is shown in Figures 4.4 and 4.5 against y for z = 0.5,
t=0.2, € = 0.2. It is observed that the magnitude of the cross-flow velocity w increases
with the increase in either S or w but it increases near the stationary plate and decreases
near the moving plate with the increase in Re. This is due to the fact that suction at the
stationary plate and injection at the moving plate are two exactly opposite processes. Also
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Figure 4.1. Main velocity u for w = 6.0, $=1.0,¢=0.2,z=0.0, € = 0.2.
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Figure 4.2. Main velocity u for w = 6.0, Re = 5.0, Z = 0.0, t = 0.2, € = 0.2.
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Figure 4.4. Cross-velocity —10w for w = 6.0, S=1.0,z=10.5,t=0.2,€ = 0.2.

the variations of cross-velocity w for different values of w are shown in Table 4.1. From
the table it is observed that the magnitude of w increases with increase in w.
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Figure 4.5. Cross-velocity —10w for w = 6.0, Re = 5.0,z =0.5,t = 0.2, € = 0.2.

The nondimensional shear stress components due to the main flow and cross-flow at
the plate y = 0 are, respectively,

T_df;‘_(@) +E(@)
TouU o \dy /)y \dy/

Y
_ (@) +€<%) gilnz1)
dy y=0 Yy =0

=1, +€Rejcos (mz—t+¢1),

(4.1)
dr} (dw0> (dwl)
T, = =(=) +e(=
pU dy Jy-o dy Jy-o
_ Gi (dLil) ei(frzft)
m\dy /yo
= €eReycos (mz —t+¢),
where
Re; = {X? + Yf}l/z, tan¢g; = Yl,
Xi
(4.2)
Y,

Re; = {X7 + Yzz}m, tang, = —.
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Table 4.1. Cross-flow velocity for § = 1.0, Re = 5.0,z = 0.5, t = 0.2, € = 0.2.
y —-10w
w=20 w=06.0 w=10.0 w=14.0
0.00 0.000000 0.000000 0.00000 0.000000
0.20 1.109254 1.113393 1.118991 1.125880
0.40 0.907241 0.903539 0.898763 0.893008
0.60 0.568972 0.565611 0.561192 0.555843
0.80 0.282000 0.281842 0.281629 0.281395
1.00 0.000011 0.000000 —0.00500302 0.000001
Table 4.2. Shear stress due to main flow.
Re Re; —tan¢,
w=>5.0 w=10.0 w=15.0 w=>5.0 w =10.0 w =150
0.4 0.3133 0.1787 0.1344 1.0171 1.2728 1.2516
0.6 0.4892 0.2891 0.2182 0.6059 0.9704 1.0421
0.8 0.6606 0.4119 0.3132 0.3236 0.7402 0.8681
1.0 0.8185 0.5452 0.4191 0.0970 0.5541 0.7193
Table 4.3. Shear stress due to cross-flow.
Re Re, —tan¢,
w=2>5.0 w=10.0 w=15.0 w=5.0 w =10.0 w=15.0
0.4 3.9497 4.1925 4.5407 6.2946 3.3011 2.3627
0.6 4.0614 4.2989 4.6407 6.5018 3.4055 2.4331
0.8 4.1760 4.4080 4.7430 6.7209 3.5155 2.5070
1.0 4.2937 4.5198 4.8478 6.9523 3.6316 2.5847

The shear stresses due to main flow and cross-flow are shown in Tables 4.2 and 4.3 for
S = 1.0. From the table it is seen that the amplitude Re; of the shear stress due to main
flow increases with the increase in Re but decreases with the increase in w. The magnitude
of the tangent of phase shift tan¢; decreases with the increase in w while it increases for
small values of Re and decreases for large values of Re. It is also seen from Table 4.2 that
there is always a phase lag. Table 4.3 shows the shear stress due to cross-flow for § = 1.0.
It is observed that the amplitude Re, of shear stress due to cross-flow increases with the
increase in either Re or w. It is also seen that there is always a phase lag. The magnitude
of the tangent of phase angle increases with the increase in Re but decreases with the
increase in w.
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5. Heat transfer

To find the temperature distribution we consider the energy equation

oT*  ,oT~ LOTr  [(0*T*  *T* U,
e +v ay* +w s —oc< 5y + 522 )+pCPcD , (5.1)

where @* is the viscous dissipation function given by

2 2 2
ov*\? ow*\?2 ou* ow*  ov* ou”*
O =2 < ) + ( ) + + + + , 5.2
[ ay* 0z* ay* dy*  0z* 0z* (52)
where C,, is the specific heat at constant pressure, and y is the viscosity, « is the thermal
diffusivity of the fluid. We assume the temperature at the lower and upper plates are Ty

and T (T, > Tp), respectively.
The temperature boundary conditions are

T" = To aty* =0,

(5.3)
T =T, aty*=d.
Introducing the nondimensional variables
T — T() u U2

= R Pr=-=, E.= 4
0 Tl—T() r [0 C (Tl—TQ) (5 )

and on using (2.4), (5.1), and (5.2) become

200 20 200 2’0 9%0

PI’(L)E +RePr<vay +Waz> = W+T#+PrEC®’ (55)

where
w\*  [ow\’ o\’ (ou) (ow ov)’
The corresponding boundary condition is reduced to
0(0)=0 0(1) = 1. (5.7)
We assume the solution of the temperature equation in the form

0=00(y)+€01(y,2,t) +€*0:(y,z,t) + - - - . (5.8)

Substitute (5.8), (3.1) in (5.13) and equate the term independent of € and the coefficients
of € and neglect the higher order of € as € < 1. Equating the terms independent of €,
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we get
0y + SRePr, = —PrEcug.

The corresponding temperature boundary conditions are

Solving (5.9) under the boundary conditions (5.10), we get

Oo(y) = hy (1 — e SRPY) by (e725Rey — 1) for Pr # 2.0,

0o(y) = Dy (1 — e 25%) + Dy ye 5%y for Pr = 2.0,

where
1+hy(1 —e 5% —PrE
hy = 2 755{ . ), hy = ! 2C for Pr # 2.0,
1 —em>Rerr 2(1—eSRe)7(2 - Pr)
1 — D3e 25Re E.SRe 3
D, = T p25Re Ds = R ,este)Z for Pr = 2.0.

Equating the coefficient of € from both sides, we have

2
00, [ 06y 801} %0,  9*6, +2PrEculu).

Prwa—+ReP Vla—'l' an ay + = 02

The corresponding conditions for 6, are

We assume the solution of the above differential equation (5.13) of the form
01(y,2,t) = 011 (y)e imz=t),
Substituting (5.15) in (5.13) and on using (3.10), we get
0;, + SRePr0;, — (n* — iPrw) 6y, = ReProyvy; — 2PrEcuyu;,.
The corresponding boundary conditions are reduced to

011(0) =0, 011(1) =

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)
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The solution of (5.16) subject to the boundary conditions (5.17) and on using (3.4),
(3.13), (3.14), and (5.11) are

011 =L{e™™r —e ™}
B {e—(r2+SRePr)y _ efmzy}

+8?Re? Przhl[ {e-(nSRePr)y _ gmmay} 4 =
Al /\2

+ E{e(n—SRePr)y _ e—mzy} + B{e—(nJrSRePr)y _ e—mzy}:|
/13 A4

EcCi(ri+SRe) | 1 ( _(asre)y ooy
2SRePr[{Ahz Re (-esf) (1, {e }

thR _ECCZ T2+SRC i —(r,+2SRe)y _ —mzy}
(1= e75t) e (5.18)
EcC3(71 SRe) 1 o(T-25Re) _
+ il Y _ ey
{%R st |
ECC4(7'[+SRe) 1 _
+<Dh>Re— - (n+28Re myy
| 2PrEcSRe [Am SRy _ pmay)
1 _ e—SRe

+ % {e~(r¥SRe)y _ e"’”’}] for Pr # 2.0,
10

and for Pr = 2.0,

Ci(r1 +SR
011(y) = Lie™? + Mye™ + [ZReAD4 + W] ‘uie*("”me)y
1

+ [ZReBD4+M] g (n+2SRe)y 4 [2ReCD4—M}i
B Ha B 13

% e(7I72SRe)y + |:2RCDD4+ C4(7T;SR6):|18(7T+ZSR€)}/
Ha

1 |:A3r1 g~ (n+SRe)y | Aqty e—(fz+5Re)}’:|

Bl us Ue
_4SRe2D;s [é{y+ 2(n +SRe) }
1238 123}

x e~ (nt2SRe)y 4 E {)/ + 2("2""9116)}6(err2SRE)y + £
U2 U2 U3

X {)’ _ 2(7T - SRC) }e(ﬂ—ZSRe)y + 2 {y + 2(7[ + SRC) }e—(nJrZSRe)y]
U3 U Ua ’
(5.19)
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where

_ SRePr + %{SzRezPr2 +4(m* - iPlrcu)}l/2

A1 = SRery(Pr+1.0) +iw(Pr — 1.0),
A34 = Pr(iw = St Re),
Ass = SReri (5 — Pr) +28?Re*(2 — Pr) + iw(Pr — 1.0),
A7g = =nSRe(Pr — 4.0) + 28? Re?(2 — Pr) + iPro,

Ao10 = SRer (2 — Pr) + (1 — Pr)(S*Pr? — iw),

1

L=— -
(e —em)

A
% {SZ Re? Prlh, [)Tl {e—(n+SRePr) —e ™)

+ E{ef(rﬁSRePr) _ efmz} + E

(m—SRePr) _ ,—m,
5 /13{6 e ™}

+ B{ef(n+SRePr) _ e*le}]
A4

EcCi(rn+SRe) | 1« (iosre)
2SRePr[{Ah2Re (1—e 5e) }As{e e ™}

EcCy(r,+SRe) | 1 _, o -
L T R

EcCs (7 — SRe)
o RO
{ fi

Ec C4(7r +SRe)
e—SRe)

+

6
{ (m—2SRe) _ e*ﬂ’lz}
7
Dh; Re —
8

e*(n+ZSRe) —em } :|

ZPI‘ECSRC A37’1 _ B A4r2 B _
(1— e SRe) [ e (SRS — gt o {em SR ¢ mz}] for Pr #2.0,

(5.20)
and for Pr = 2.0,
M3 = SRe = [S*Re*+(n? — 2iw)}"*, 12 = 3SReri +iw,

(1— e SRe) (5.21)

Us s = 2iw F 2nSRe, uss = SRe (1, — SRe) +iw, B= " 4EcSRe ’

L, and M, are not given here to save space.
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Figure 5.1. Temperature profile for Re = 5.0, Pr = 0.72, S = 1.0, Ec = 10.0,z = 0.5, = 0.2, € = 0.2.

The temperature profile has been plotted against y for different values of frequency
parameter w and Reynolds number Re for Pr = 0.72, Ec = 10.0, S= 1.0, z = 0.5, t = 0.2
in Figures 5.1 and 5.2. It is observed that the temperature increases with the increase
in frequency parameter w. On the other hand, it increases near the stationary plate and
decreases away from the stationary plate with the increase in Reynolds number Re.

One of the most important characteristics of the problem is the rate of heat transfer
at the plate. The rate of heat transfer from the plate y = 0 to the fluid may be calculated
using the formula g,, = —(9T/0y),-o and can be put in nondimensional form in terms of
Nusselt number as

qwd <d9> <d90> <d91>
Nu=—-——F—F~=—-|+ =—(—= —€e| =
k(T\ — To) dy y=0 dy / y-o dy y=0

_ (d@o) <d911> i(mz—t) (5.22)
=—|= —-el—=—) e
dy =0 dy /y-o

= —0)—€Rescos(mz—t+¢3) for Pr+# 2.0,

where

Res = (X3+Y7}"%,  tangs = (5.23)

-3
X5’
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Y
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Figure 5.2. Temperature profile for Pr = 0.72, w = 6.0, Ec = 10.0, z = 0.5, = 0.2, € = 0.2.

and for Pr = 2.0,
Nuy=-—"——=—-— =—| = —el ==
k(T, — Tp) dy/ -0 dy =0 dy =0

:_(@> _6(@) Jine-o (5.24)
dy y=0 d)/ y=0

4

= —0) — €Reycos (mz — t + P4),

where

Y
,  tangy = —. (5.25)

1/2
J X,

Rey = {X2 + Y2

The rate of heat transfer due to the unsteady part of the temperature is shown in terms
of Nusselt number. The amplitude Re; and the phase shift tan ¢; in Nusselt number are
shown in Figures 5.3 and 5.4 against Re for Pr = 0.72, S = 1.0, and Ec = 10.0 for different
values of w. It is found that Res decreases with the increase in w. This means that for
higher frequencies, rate of heat transfer decreases. Figure 5.1 shows the variation of the
phase shift of Nusselt number, tan ¢3 with Re for different values of w. It is found that for
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Figure 5.4. Tangent of phase shift of Nusselt number tan ¢; for S = 1.0, Pr = 0.72, Ec = 10.

small frequencies there is a phase lead but for large frequencies there is a phase lag. The
tangent of the phase shift tan ¢3 increases with the increase in Re.
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