Hindawi

Complexity

Volume 2017, Article ID 6020213, 8 pages
https://doi.org/10.1155/2017/6020213

WILEY

Hindawi

Research Article

Complexity in Linear Systems: A Chaotic Linear Operator on
the Space of Odd 277-Periodic Functions

Taméas Kalmar-Nagy' and Marton Kiss®

' Department of Fluid Mechanics, Faculty of Mechanical Engineering, Budapest University of Technology and Economics,
Budapest, Hungary
*Institute of Mathematics, Faculty of Natural Sciences, Budapest University of Technology and Economics, Budapest, Hungary

Correspondence should be addressed to Tamds Kalmdr-Nagy; mpe@kalmarnagy.com
Received 28 July 2016; Revised 6 December 2016; Accepted 28 December 2016; Published 22 February 2017
Academic Editor: Sylvain Sené

Copyright © 2017 Tamas Kalmar-Nagy and Marton Kiss. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

Not just nonlinear systems but infinite-dimensional linear systems can exhibit complex behavior. It has long been known that twice
the backward shift on the space of square-summable sequences I, displays chaotic dynamics. Here we construct the corresponding
operator € on the space of 27-periodic odd functions and provide its representation involving a Principal Value Integral. We
explicitly calculate the eigenfunction of this operator, as well as its periodic points. We also provide examples of chaotic and

unbounded trajectories of €.

1. Introduction

Linear systems have commonly been thought to exhibit rela-
tively simple behavior. Surprisingly, infinite-dimensional lin-
ear systems can have complex dynamics. In particular, Role-
wicz in 1969 [1] showed that the backward shift B multiplied
by 2 (i.e., 2B) on the space of square-summable sequences I,
exhibits transitivity (and thus gives rise to chaotic dynam-
ics). A nice exposition of dynamics of infinite-dimensional
operators is given in [2, 3] and the recent books [4, 5].
While chaoticity of linear operators is at first puzzling and
the backward shift example seems contrived, these operators
are not rare. In fact, Herrero [6] and Chan [7] showed that
chaotic linear operators are dense (with respect to pointwise
convergence) in the set of bounded linear operators. In addi-
tion to 2B there are many examples of chaotic linear operators
including weighted shifts [8], composition operators [9],
and differentiation and translations [10-12]. It has also been
argued in [13, 14] that nonlinearity is not necessarily required
for complex behavior; an infinite-dimensional state space can
also provide the ingredients of chaotic dynamics.

Several recent papers explore chaotic behavior of linear
systems (see, e.g., [15, 16]). Bernardes et al. [17], for example,

obtain new characterizations of Li-Yorke chaos for linear
operators on Banach and Fréchet spaces.

Here we construct a chaotic linear operator by “lifting” 2B
to the space L, of square-integrable functions (more precisely
to the Hilbert space L, (0, 7) of 27r-periodic odd functions).
Our main tool in finding the expression for the backward
shift is utilizing a smidgen of distribution theory and Cauchy’s
principal value, a method for obtaining a finite result for a sin-
gular integral. The principal value (PV) integral (see, e.g., [18],
p. 457) of a function f about a point ¢ € [a, b] is given by

b
PVI f(x)dx
¢))

e—0+ cte

- lim (J Fx) dx+ Jb F ) dx).

The PV integral is commonly used in many fields of
physics. A review of developments in the mathematics and
methods for Principal Value Integrals is presented in [19].
Cohen etal. [20] examine first-order PV integrals and analyze
several of their important properties. The structure of the
paper is the following. In Section 2 we relate the backward
shift on /; to a shift on L, (0, r). We state and prove a theorem
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about expressing this shift on L,(0,7) in terms of a PV
integral. In Section 3 we define and analyze the correspond-
ing chaotic operator € on L,(0,7), including finding its
eigenvectors and periodic points. We provide examples of
unbounded and chaotic trajectories of €. In Section 4 we
draw conclusions. We also show that utilizing the representa-
tion of operator € one can obtain principal values of certain
integrals.

2. A Chaotic Linear Operator on the Space of
2n-Periodic Odd Functions

The backward shift B on the infinite-dimensional Hilbert
space [, of square-summable sequence is defined as

B, =(aas,...), (2)

where a = (aj,a,,...), such that Y% la,l* < oo. The
Hilbert space L,(0,7) of square-integrable functions is iso-
morphic with [, (by the Riesz-Fischer theorem) and is a
natural functional representation of the sequence space I,.
By odd extension, elements of L,(0, 77) can be viewed as odd
2m-periodic square-integrable functions so that L,(0,7) is
also isomorphic with the space of odd 27-periodic square-
integrable functions. Now we “lift” a € I, to L,(0, ) by the
summation

f@)= Zan sin nt. (3)
n=1
Clearly, the nth Fourier coeflicient of f(t) is expressed as

a, = % J'Onf (&) sinné d&. (4)

We define the backward shift 9 acting on L, (0, ) as

Bf(t) = ianﬂ sinnt = ian sin (n — 1) t. (5)
n=1 n=1

Therefore
23 ([T . .
Bf (1) = ;zl <L F@Esin(n+ I)Ed£> sin nt
(6)
23 (7 . .
= ;; <L @ smnEdE) sin(n—1)t.
Our main result is the following.
Theorem 1. A f(t) can be expressed as
a 1 7 sintsiné
Bf () = f () cost = —PV L e SO

The strategy of the proof is the following: let us denote
by & f(t) the right-hand side of (7) and by P, the projection
from L, (0, 77) onto the linear span of {sint, sin 2¢t, ..., sin nt}.
The sequence 9P, converges strongly to B. In particular, for
every ¢ € 2(0,7) (this is the space of test functions, see
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Definition 2 in the Appendix), BP,¢ — PB¢ in L,(0,n).
Then a subsequence tends to 9¢ almost everywhere. Hence
if we prove that BP,¢(t) tends to ¢(t) for all fixed ¢, then
Ao = B almost everywhere as functions in L, (0, r7); that is,
o = % on D(0, ). Finally, 2(0, ) is a dense set in L, (0, 77);
thus &/ = % on the whole space L, (0, ).

Proof. We start from

n

BP,f (t) = %Z (

k=1

| re® sinkfdf) sin (k= 1)

0

(8)
2 (7 < .
== JO JC3) (kz_:l sin k& sin (k — 1)t> dé&.

We first rewrite the “kernel” of (8) as
sinkEsin (k- 1)t
= sin k& sin kt cost — sin k& cos kt sint

_cosk(E—t)—cosk(§+t)C0 9)

B 2
sink (§—t)+sink(E+1t) |
- sinft.
2
For test functions ¢ € 2(0,7) and t € (0, 7) we get

st

1
BP,p (t) = — cost
s

T n 1
'L SD(E)I;(cosk(f—t)—cosk(§+t))d£_ ~ )

-sint J:sﬂf) z”: (sink (& —t) +sink (E +1))dE.
k=1

Taking n — co limit and utilizing (A.1) and (A.2) yield

lim BP,¢ (1) = cost (8§~ 1) =8 (E+1)),9 (&)
(11)
1 -
- Esint <<9’cot% + P cot %>,§0(f)>-
Since
E+t

E—t
cot —— + cot ——
2 2

sin(§—1)/2+ (£ +1)/2)
2sin (& —t) /2)sin (€ + 1) /2)
2sin&
~ cost—cosE’

(12)

the limit calculated in (11) is the same as &/ f (¢). O

Our “chaotic” operator (twice the backward shift) is now
defined as

Cf(t)=2RBf(t)

(13)
F©)dé.

2 T sint si
zzf(t)cost__pvj _sintsing
s 0 cost—cos&
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FiGure 1: Eigenfunctions of € for A = 0,0.5,1, and 1.25.

3. Analysis of ¢

The eigenfunctions of € can be found from the eigenvalue
relation

Cf =M @). (14)
Instead of using (13), we revert to (5) to write
(o] [ee]
ZZ(JWrl sinnt = Z/\an sinnt. 15)
n=1 n=1

From this we have

A
App1 = (E) > (16)
and thus
, A\ 4sint
t) = = innt = G

o al;(Z) S = TN “adcost 17

The functions corresponding to eigenvalue A = 1 are

. 4sin (t)

t)=a————; 18
;o a15—4cos(t) 18)

that is, the functions a,(4sin(t)/(5 — 4cos(t))) are left
invariant under the action of €. In other words f*()’s are
fixed points of operator €. A family of eigenfunctions is
displayed in Figure 1 (we seta; = 1).

To better characterize the action of € we want to under-
stand how a given function is “shaped” under the repeated
application of €. For f € L,(0, ) the orbit of f is defined as
Orb(%, f) = {f, €[, €*f,...}, where €* = o ---

o € is the
k
kth composition of € with itself. The k-fold composition acts
on f(t)as

oo
ZkZan Lk Sinnt. (19)

n=1

Ef )=

A given f € L,(0,7) is a T-periodic point of € if € f f
for some T > 1 (a fixed point is a I-periodic point; i.e., T = 1).

We are now in the position to construct T-periodic points of
G.

Introducing y = {y,,..., yr}, a T-periodic point of 2B
(acting on [,) can be written as [3]

_ Y1 Yr N Yr
a—(yl,...,yT,Z—T,...,Z—T,ﬁ,...,zz—T,...>, (20)
whose nth component is given by
a = y(n—l mod T)+1 (21)

n = T ol-D/TIT

Using the linearity of ‘€ we can easily find a period-2 point of
€, that is, a function g(t) such that %Zg(t) = g(t):

< sin (2n sin (2n) t
g (t) = ylz (22n—2 ZZ 2(n 2)
n=l (22)
B 20 sint 16 sin 2t
N7 8cos2t 217 —8cosat’

In general, we find a period-T point of € as

in(T +1 in (nT + 1
sin (T + )t+ +sm(n +1)t

f@®=mn (sint + 5T T

+)

in(T +2)t
+y2(sin2t+M+

N sin (nT + 2)t

o7 =
(23)
+ .. .) + -4
+yT(smTt+@+...+w
r).
By defining the “basis functions”
(o) .
n(n-1DT+1+I)t
¢, T)= Z St
i (24)

2" (2" sin(+ D)t +sin (T - 1-1)1))
- 1447 — 2T+l cos Tt

>

a period-T point of € can be expressed as the linear
combination

T
f®=)Ynpd-1T). (25)
=1
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FIGURE 2: Basis functions ¢(, T) forT =1,...,4and [=0,...,T - L.

The first few basis functions are (shown in Figure 2)

_ 4sin ()
$0.1) = 5—4cos(t)
T=1,
_ 20sin(?)
$0.2) = 17 — 8 cos (2t)’
_ 16sin(2t)
$(1.2) = 17 — 8 cos (2t)
T =2,
_ 64sin () + 8sin (2f)
$0.3) = 65 — 16 cos (3t)
_ 8sin () + 64 sin (2t)
$(1.3) = 65 — 16 cos (3t)
_ 64sin (3¢)
$2.3) = 65 — 16 cos (3t)
T =3,
_ 256sin (t) + 16 sin (3t)
$0.4) = 257 — 32 cos (4t)
¢ (1,4) = 272 sin (2t)

257 — 32 cos (4t)°

16 sin (t) + 256 sin (3t)

S = e 3 cos (1)

256 sin (4t)

PG = e 3 cos (1)

T = 4.
(26)

Now we turn to creating a function that gives rise to a
chaotic orbit under the action of €. First, we note that for 2B

(on I,) the point
(L2,
4 (1’2’4"" ’
where y; is the ith digit of a normal irrational number (whose
digits are uniformly distributed) and generates a chaotic orbit.
7 is believed to be normal, so we take y; to be the ith digit of
7. We now lift this point to L, (0, 7r) using (3):

(27)

) .
¥ (t) = Zl% sinnt. (28)
-
Figure 3 shows the first 10 elements of the orbit of ¥ under
the action of @, that is, Orb(%, ¥). The first element of the
orbit is VW itself.
Figure 4 shows the orbit Orb(%,¥) evaluated at three
different t’s (71/20, 7t/2, 197t/20) for 200 iterations.
Engineering applications of chaotic orbits include design
of fuel efficient space missions [21] and efficient mixing
protocols for microfluids [22].
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FIGURE 3: The first 10 elements of Orb(&, ¥).

Now we examine the effect of € on some commonly used
periodic functions, namely, the ramp, the square-wave, and
the triangle. The Fourier series of these functions are the
following:

002(_1)k+1
Ramp(t) =t = Y ———sinkt (-m<t<m),
p(t) kzl - ( )
- —-n<t<0
Sqw (t) =
T O<t<m
o0
ng ( )smkt
ok
= 2
= in (2k + 1) t,
L3y1 I CkeD (29)
t 0<t<g
Triangle (¢) = .
E_t —<t<m

Figure 5 shows the first 4 elements of the orbits of
these functions. First, we note that the norm of the iterates
grows (moreover, each Fourier coeflicient tends to infinity);
that is, these functions have unbounded orbits under the
action of . Second, the graphs of the even iterates (") of
Ramp(t), Sqw(t), and Triangle(¢) are similar to the graph of
tan(t/2), — tan(t + 77/2), and +(-1)"/""? tan ¢, respectively.
This is not too surprising, since the Fourier expansion of
tan(¢/2) is 2 2221(—1)")rl sin kt which is close in some sense
to

%Z"Ramp ) = Zz (-DF1 (1 ( k k)sin kt (30)

k=1
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FIGURE 4: The orbit Orb(&, ¥) for 200 iterations evaluated at t =
71/20,7/2,197/20.

for large enough n. Unbounded orbits of differential equa-
tions (the so-called escape orbits) play an important role in
Newtonian gravitation [23].

4. Conclusions

Contrary to common belief, linear systems can display
complicated dynamics. Starting from twice the backward
shift on [, we constructed the corresponding shift operator
C on L,(0,7) (the space of odd, 27-periodic functions) and
provided its representation using a modicum of distribution
theory and Cauchy’s Principal Value Integral. We explicitly
calculated the periodic points of the operator (including its
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FIGURE 5: Iterates of the ramp, square-wave, and triangle functions.

nontrivial fixed point) and provided examples of chaotic and
unbounded trajectories of €.

We note here that utilizing representation (7) of operator

% one can actually calculate principal values. To wit, rear-
ranging (7) yields

sint sin&

P Jo cost—cos’g'f(f)d’E

(31
= f (£) cost — %%f(t).

For the simplest case, when f(t) is the eigenfunction of
operator G, that is, € f () = Af(t), we have (cf. (17))

VJ” sint sin & 4sin&
o cost—cosé4+A%—4)cosé

(32)
_ 2msint (2cost - A)

44+ A2 —4)cost

The basis functions ¢(I, T) can similarly be used to obtain
PV integrals. The Principal Value Integral is a tool commonly
used in physics, but not in engineering-related fields. We hope
that this connection between chaotic operators and Principal
Value Integrals will stimulate further research.

Appendix

In this section we give a short introduction on distributional
derivatives. The following definitions together with Proposi-
tion 5 can be found in standard textbooks on partial differen-
tial equations; see, for example, [24, 25].

Notation 1 (multi-index). Let Q be an open subset of R"
and let ¢ : QO — R be a smooth function. Then, for a
vector & = (o, &y, . . ., ,.), 0% denotes the partial derivative
07195 - 0t of order |af = o) + oty + -+ + .
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Definition 2 (test functions). Let 2(Q)) denote the space of
test functions on the open set QO ¢ R”, that is, 2(Q) =
C°(Q), endowed with the following convergence: ¢, — ¢ if
there is a compact subset K of () containing the support of ¢,
for all n and for every multi-index & 0%¢,, — 0% uniformly.

Definition 3 (distributions). Let 2'(Q) denote the space of
continuous linear functionals on (). The convergence on
2(Q) induces a weak or pointwise convergence on F'(Q);
namely, u,, — uif (u,, ) — (u, @) forall p € D(Q).

Note that every function / locally integrable on Q) acts as
a distribution via (h, @) = IQ he. Then h is called a regular
distribution.

Definition 4 (derivatives of distributions). Let u € g'(Q).
Then (0%u, ) = (-1)"*(u, 0%@).

Note the similarity with the integration by parts formula
for regular distributions.

Proposition 5. Differentiation is a continuous operation with
respect to the pointwise convergence of distributions. As a
consequence, derivatives of infinite series of distributions can
be calculated by term-by-term differentiation.

To aid the proof of Theorem 1 we state and prove the
following.

Proposition 6. Consider the following:

(] () 1
coskx=m 6 (x — 2km) — =, Al
kZ:l Z > (A1)
—Z sinkx = ——95 cot - (A.2)

k=1

where the distribution SPcot(x/2) acts on a function ¢ as

X o) (2k+1)7 x p
Pcot—, ¢ (x > = PVJ cot —p (x)dx, (A3
(Fcot.p@) TV cordpmdn (a3

where the principal values are given in the sense of (1) with a =
2k - 1), b = 2k + 1)m, and ¢ = 2kn.

Proof. We start with the identities [26]

sinkx m-x (0 < x < 27)
kK 2 ’

M8

(A4)

=~
I

1

(0 <x<2m).

Z cos kx (A5)

1
= —Elnz(l — COSX)

By periodicity, both equalities extend to R. Term-by-term
differentiation of the left hand sides of (A.4) and (A.5) (using
Proposition 5) results immediately in the left hand sides of

(A.1) and (A.2). Concerning the right-hand side of (A.4), let
us denote the 27r-periodic extension of (m—x)/2 by h(x). Then

(H (x),9x)) == (h(x),9' ()

=- J_oo h(x)e (x)dx (A6)

(o)

2(k+1)m
-y J h(x) ¢ (x)dx.
k=—oo J2km

Note that this is actually a finite sum as the test function ¢
is compactly supported. One partial integration in all terms
leads to

0 2(k+1)m
-y J h(x) ¢ (x)dx

k=—co * 2k7

- - Z {h(x)so( ol

) J~22:71:+1)n (_%(P(x))dx} =

- Jewax

(A7)

(o]

Z g (2km)

k=—0c0

which is the right-hand side of (A.1) applied to ¢(x). Sim-
ilarly, let us define h(x) as the 2m-periodic extension of
—(1/2) In 2(1 - cos x) (the right-hand side of (A.5)). The ordi-
nary derivative of h(x) is cot(x/2), but, in contrast with the
previous case, this is not locally integrable near the integer
multiples of 2m. Cutting the singularities first and then
integrating by parts,

0 r2(k+l)m
-y J h(x)g' (x)dx
k=—00 2km

00 2(k+1)m—¢

1 !
= —lim Y Lkm h()¢ ()dx  (AS)
k=—00
[e8) 2(k+1)m—¢ x
= lim J cot—¢ (x) dx.
&0+, = Jokme 2

This is the same as (A.3), that is, the distribution in (A.2)
applied to ¢(x). O
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