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A new upper bound for | A™"|| of a real strictly diagonally dominant M-matrix A is present, and a new lower bound of the smallest

eigenvalue A, (
strictly a-diagonally dominant M-matrix is shown.

1. Introduction

The estimation for the bound for the norm ||A™"| of a real
invertible n x n matrix A is important in numerical analysis,
so many researchers were devoted to studying this kind of
problems. For example, Varah [1] discussed the bound for
the infinity norm (V' o, of a strictly diagonally dominant

matrix A = (a;),., € R”" and obtained the following
estimation:
-1 1 .
"A “oo < max , ie€N. (1
o aa| - Yj-1j#i |aij

After that Varga [2] extended the result of [1] to H-matrices.
Evidently, the upper bound for ||A_1||OO in (1) only involves
the entries in the matrix A. If the diagonal dominance of A is
weak, that is, min{laiil—zj:u +i Iaijl} is small, then the bound
given by (1) may be large. For this reason, some authors were
devoted to improving the result of (1). Recently, Cheng and
Huang [3] presented a more compacted upper bound for a
strictly diagonally dominant M-matrix

. 1
"A "OO = an (1 - uldl)
(2)

A) of A is given, which improved the results in the literature. Furthermore, an upper bound for A7) of a real

and then Wang [4] further improved this bound and gave the
following result:

_ 1
|47, = o (—wd)

i 1 ﬁ 1
+ b
5l a; (1-ud;) 11 -ul;

j=1

3)

where notations in (2) and (3) have the same meanings as
those used in this paper, which will be shown later.

In this paper, we present a new upper bound |A™"[|, of
a strictly diagonally dominant matrix A = (a;;),x, € R™",
which is better than that obtained by Wang, and a new lower
bound of the smallest eigenvalue g(A) of A is also obtained.
In addition, an upper bound for |A™'||,, of a strictly «-
diagonal dominant matrix is presented. To our knowledge,
little has been done for upper bound of strictly a-diagonal
dominant matrices. Further, examples are given to illustrate
the performance of our results.

Next, we introduce some notations and definitions. As
usual, let I be an identity matrix of order n. If there exists an
n X n nonnegative matrix B and a real number a such that
A = al - Bwith a > p(B), then A is called a nonsingular M-
matrix, where p(B) is the spectral radius of the nonnegative
matrix B. It is well known that the inverse matrix A™' of
a M-matrix A is nonnegative and, therefore, 1/ p(Afl) is
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a positive eigenvalue of A related to the Perron eigenvalue of
the nonnegative matrix A™". If g(A) denotes the minimum of
the real parts of the eigenvalues of A, that is, q(A) = a — p(B),
then g(A) = 1/ p(A_l). For further properties of the M-
matrix A, we refer the readers to [5-7].

Ann x nmatrix A = (a;) is called a strictly diagonally

dominant matrix if |a;| > ijl,j;&i la;;| fori € N. Let

R;(A) = n |a1]' ri(A) = i |a’7' ’
j=Lj#i =
J(A) =

d,.=— n |ag| ieN:d; <1},

il 72

Z |“11'

“e |all|] i+1

Zj:#i,ijSn aij'

lk = 5 ln = un = 0, (4)

k<l<Vl |all|
wisz, i+j, j<k<n,
|as;| - Zk;&i,j ||

n
Z |“ﬁ|’

j=Lj#i

w; = I?EX{ ,J} C;(A) =

3 |aij' + Zk;ei,j || wy
’ |a|

where N is the set of positive integers. For an n X n matrix A,
the principal matrix of A formed by rows and columns with

indices between 7, and n, is denoted by A"™"™).

, i#j, j<k<n,

Definition I (see [8]). A € R™" is weakly chained diagonally

dominant if, for alli € N, d; < 1 and J(A)#0 and for all

i € N,i ¢ J(A), there exist indices i,1,,...,i; in N with
a ;. #0,0<r<k-1, wherei, =iandi; € J(A).

Definition 2 (see [9]). Let A € R™", A is strictly diagonally
dominant if J(A) = N

Obviously, if A € R™" is a strictly diagonally dominant
matrix, then A be a weakly chained diagonally dominant
matrix.

Definition 3 (see [9]). A € R™" is an L-matrix if, for all i, j €

N withi# j,a; <0and a; > 0.

Definition 4 (see [10]). Let A € R™"; if there exist a € [0, 1],
such that

|a;| = aR; (A) + (1 - ) C; (A), ©)

for alli € N, then A is said to be an a-diagonal dominant
matrix, denoted by D).

Remark 5. By Definition 4, we know that A is just a diagonal
dominant matrix while & = 1.
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Definition 6. If all the inequalities in (5) strictly hold, then A
is said to be strictly a-diagonal dominant matrix (SD}).

2. Estimation for an Upper Bound for |A™'| oo
of Strictly Diagonally Dominant M-Matrix

We state some lemmas before giving a new upper bound for
1A oo

Lemma 7 (see [3]). Let A =
diagonally dominant M-matrix, B = A®", A = = (o));jor>
and B! = = (B! i.jo- Then, fori,j=1,2,...,m,

(a )) be an n x n weakly chained

x)) =

>

1
A

%kz_;ﬁik (=),

Lo (6)
xj = KZﬁkj (~aw),
k=2
n
o;; = fij + 0‘1j2/31k (~ax1),
k=2
where
n n
A=ay - Z“lkZﬁki“ﬂ > 0. (7)
k=2 =2

Furthermore, if J(A) = N, then A > a,;(1-d,1,) > a;;(1-d,).

Lemma 8 (see [11]). A weakly chained diagonally dominant
L-matrix is a nonsingular M-matrix.

Lemma 9 (see [11]). Let A =

diagonally dominant M-matrix; then B = A%" is an (n—1) x

(n—1) weakly chained diagonally dominant M-matrix; that is,
= (ﬁ,-j) exists and /j’,-j >0(,j=2,3,...,n).

(a;;) be an n x n weakly chained

Lemma 10 (see [11]). Let A = (a;;) be an n x n weakly chained
diagonally dominant M-matrix, A~ = (a;j). Then, fori# j,

oy < dioy < o (8)
Lemma 11 (see [11]). Let A = (al-j) be an n x n row strictly
diagonally dominant M-matrix; then

A>ay; (1-dl)>a, (1-4d,)>0. 9)

Lemma 12 (see [2]). Let A = (g ) be an n x n row strictly

diagonally dominant M-matrix; then, for A” ! ((x,])w:l, we

have

l<0€< 1
a S (10)

= Ll i
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Lemma 13 (see [1]). Let A = (a i) be an n x n weakly chained

diagonally dominant M-matrix, A™' = (a;j), and q = q(A),
N =1,2,...,n Then

Z 4ij

< min ja;; < max Za-- > min
1 zeN{”}’ =TV L% [ 1=7%

jeN jeN
1 e 1
M =15
(11)
where
e .
et ot =, memp] Se
JEN JEN
(12)
Now we give an upper bound for ||A71||00 and q(A) of

a strictly diagonally dominant M-matrix A by the following
theorem.

Theorem 14. Let A = (a )) be an n x n row strictly diagonally

dominant M-matrix, A™* (oclj). Then
_ 1
AT <
147 = o e
n 1 i-1 1
+
; i~ Lk piicken |%ik] M L uil;
(13)
Proof. We prove this theorem by induction.
(1) Letr; = ¥, & B = AP M, =A™, and My =
[|B ||00. Then
M, = max{r; :i € N},
- (14)
Mg = max Zﬁij:ZSiSn
j=2
By Lemmas 7, 11, and 12, we know that
ro=oy + Zoclj
=2
n n
= Z Z Z kJ (~ax)
1Y ()Y
=% (=a1) ) By
A=A = (1)
1 1 ad,M
<—(1+ay-d-Mg) < —+ -2
A ( 11 B) A 1= dlll
<L, M
A 1-d]
1 M
< ¥y +—D
Ay = Yo laglmy  1-dil,

Let 2 < i < n. By (8) and the second equality in (6), we have

n
Zﬁik (~ax)
k=2
From (8) with 2 < j < n, we have

z] = /31] + (led < ﬁz} + “1] (17)

Thus, for 2 < i < n, we obtain

n
r;=oy + Z(x,»j
j=2

<doyy + Y (B + o d;)
=
n n
=d;o; + Zﬁij + Z‘ledi
=) =
<rd; + Z/g’,-j
=
(18)
<nl, + Mg
1 dMg }
< L, +M
{A 1-d,, )" 8
< L + il My + My
A 1-d
<L, M
A 1-d
1 M
Can -, |a1k| My, 1 —dil
So by (15) and (18), we get
_ 1 M
L )
© " ay = Y, la mg - 1-wl

(2) Applying induction with respect to k of A% in (19)
finishes the proof. O

From Theorem 14 and Lemma 13, the following theorem
can be obtained easily.

Theorem 15. Let A = (a;;) be an n x n row strictly diagonally
dominant M-matrix. Then the smallest eigenvalue of A is

1

a = Ypes |a1k| My

q(A) =

i—1
+Z”: _ 1 i—[ 1

5| %~ Liriiken || s 11— ujl;

(20)



Theorem 16. Let A = (a;;) be an n x n row strictly diagonally
dominant M-matrix. Then the bound in (13) is sharper than
that in (3), that is,

1

ap — Zzzz |a1k| My

n 1 i1 1
' ; i~ Dk vijcken [T M il -ul (21)
1 n 1 i—1 1
= ay, (1-ud,) +l; a,-i(l—uili)gl—ujlj

Proof. Since A is a strictly diagonally dominant matrix, 0 <
d, <1,my; <d; <1,and 1< j <n-— 1, then we have

1 1
< .
aj; — ZZ:z |“ik| my — a; (1 - ud;)

The results follow Lemma 12. Inequality (21) shows that the
bound in (13) is better than that in (3).

For all i, max;_..,,{1/(a; — Y1_, laglm)} < max;_,{1/
a;(1 - u;d;)}, we have

1

ay = Ypos |a1k| My

n
3
i=2

(22)

1 il

n
a;; — Zk#i,iSkSn |aik| My =1 1- ujlj (23)

i—

1 z 1 71
< +
a,, (1-ud,) ,; aﬁ(l—“ili)gl —ujl;

With the help of the above discussions, we give the upper
bound for || A™"||, of a real strictly a-diagonally dominant M-
matrix. [

3. Estimation for an Upper Bound
for |A7|, of a Strictly a-Diagonally
Dominant M-Matrix

We show some notations and lemmas which are necessary to
our conclusions.

Lemmal7 (see [12]). Let A, B € R™", A, A-B be nonsingular,
then

(A-B) ' =A 4+ ATB(I-ATB) AT (24)

Lemma 18. Let A = (a;) € R™ is a strictly diagonal
dominant M-matrix. If B = (b7) € R™", with

47| < maxx, - 1Bl (23)
and if

Ky < ——, (26)
® 7 Bl
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then ||Ale||OO < 1, where

1
Ky =
A~ Yres |a1k| My
z": . I (27)
+ n
5| %~ Lkriicken || s 11— ujl;
Proof. By Theorem 14, we get
-1 -1
|a7B|, < |A7], 1Bl < maxiy - Bl (28)
It is easy to see that IIAleII00 < 1,if
Ky < ——, (29)
* " 1Bl
where
1
Ky =
DY |a1k| My
i 1 i—1 1 (30)
+ n
im | %i T Zk#:i,isksn |aik| Mg =1 1- ”jlj
]

Lemmal9 (see [12]). If |A™ |, < 1, then I—A is nonsingular
and

1

lo-27 = A

(31)

Theorem 20. Let A = (a;;) € R™ be a strictly a-diagonal
dominant matrix, « € (0,1], and A be an M-matrix. If,
for those i € N, < N, R(A) > Ci(A), and x;, < 1/
max, ., &(R;(A) — C;(A)), then

1 Ky
|47, < 1 kymax, o (R (A) - G, (4) 2

where

1

Bi - Zzzz |a1k| My

+i 1 U |

S| Bi- ZZ#,iSksn || s 11— ujl;

Ky =

B; = max{a;,a; + a(R; (A) - C; (A)}, i=12...,n
(33)
Proof. Note that R;(A) > C;(A). Then
|la;] > (1 - @) R; (A) + aC; (A)
(34)

= R; (A) —a (R (A) - C; (4)).
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So we can split A, such that A = B— C, where B = (bij) and

b..:

{%,. +a(Ri(A)-Ci(4) i=j R;i(4)>C;(4)
ij

a; others,

o= a(R;(A) = C;(4) i=j, Ri(A)>C;(A)
700 others.
(35)

We know b; = a;; + a(R;(A) — C;(A)) > R;(A) = R;(B) and A
is an M-matrix. Thus, B is a strictly diagonal dominant M-
matrix; hence, B! > 0. Let B; = max{a;,a; + a(R,(A) —
Ci(A)}i=1,2,...,nIfx < 1/max,,&(R;(A) - C;(A)),
by Lemma 18, we get ||B_1C||OO < 1. By Lemmas 17 and 19 and
Theorem 14, we can obtain

_ 1
57, =

by, - ZZ:z lalkl My

i 1 1:1[ 1

+

5| b = ks iisken ] M L=l
1

- B - ZZ:Z |a1k| My

n 1 i—1 1
+ — .
i; [ Bi = Xk #ii<ken || mkigl —ujl; :|
(36)
Let x, = 1B — Y, laylmy) + YLIA/B ~

Sh s iicken [l )T 1/ (1= 1))
Then

B¢l < ximax [a;)
= (37)
< 1 maxe (R; (A) = C; (A)).

Further, we have
|47, = |-,

- “H1 +BC(1-B7C) B ||Oo

o L W 12e W (R o) N

! |57l
T s SR
1 _
1-— "B—IC“ "B 1"00
K

= 1 — &y max, ., (Ri (A)-C; (A)) ’
(38)

5
where
1
Ky =
Br = Yo law] mi
n 1 i—1 1
+ - ,
l; Bi = Xksiicken il M oL ul (39)
B; = max {a;;, a; + a (R; (A) - C; (A))},
i=1,2,...,n
The proof is complete. O

4. Examples
We illustrate our results by the following two examples.

(1) Consider the bound for |A™ llo of a strictly diagonal
dominant matrix A, where

10 -1 -1 -1 -1
-110 -1 -1 -1

A= -1 -110 -1 -1 |. (40)
-1 -1 -1 10 -1
-1 -1 -1 -1 10

Direct calculation by MATLAB R2010a gives
a7, = 0.1669,
|a7"|., <214.0217 (by Theorem 3.3 in [8])
||A‘1||00 < 1759183 (by (2)) (41)
a7, < 92041 (by 3))
|a7!|., < 65634 (by Theorem 14 (13)).

It is obvious that the bound of Theorem 14 of this paper is
better than other known ones. Furthermore, we can estimate
q(A) by Theorem 15.

(2) Consider the bound for ||A71||Oo of a strictly a-
diagonal dominant matrix A for & = 0.5,

2 -1 -1
A= -1 2 -1],
-05 0 2

(42)
0.8889 0.4444 0.6667
Al = 0.5556 0.7778 0.6667 |.
0.2222 0.1111 0.6667
Note that
,1 -
[47]., =2 (43)

We know that A is not a strictly diagonal dominant
matrix, and the bound of [|A™ llo cannot be obtained by (2)
or (3), but it can be estimated by (32) in Theorem 20.



Split the matrix A such that A = B — C, where B = (b;)
and by, = a;; + a(Ry(A) —C,(A)) =2+0.5x(2-1.5) = 2.25,
by, = a,, + a(R,(A) - C,(A)) =2+ 0.5% (2 -1) = 2.5, Then

225 -1 -1 025 0 0
B=( -1 25 -1), cC=[ 0 o050]). (49
05 0 2 0 0 0

The bound for A7} oo Can be estimated by (13) in Theorem 14
and (32) in Theorem 20 as follows:

a7, < 11.4259. (45)
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