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Composite materials are now used for many rotor applica-
tions and different adapted modeling techniques have been
discussed. Analytical approaches or numerical approaches
based on beam theories are useful but can be limited by their
associated assumptions. On the other hand, a direct finite
element discretisation overcomes these limitations but often
leads to prohibitive computational costs. The approach
proposed here is based on a finite element full modeling
associated with two reduction techniques. First the dynamic
behavior of the rotating structures is written in terms of mode
shapes of the structure at rest. Second the structure is sup-
posed to be cyclically symmetric.

Applications, based on a multilayered shell element, first
illustrate and validate the proposed model. Then, a simple
disc-shaft assembly is considered and the results obtained
point out coupling effects between the flexible parts of the
assembly.
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Because of their high strength, high stiffness, and low
density characteristics, composite materials are now used
widely for the design of rotating mechanical components
such as, for example, driveshafts for helicopters, cars and
jet engines, or centrifugal separator cylindrical tubes. The
interest of composites for rotordynamic applications has
been demonstrated both numerically and experimentally
(Zorzi & Giordano, 1985; Darlow & Creonte, 1995; Singh
et al., 1997; Gupta & Singh, 1998). These materials provide
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direct advantages in terms of weight saving, placement
of critical speeds, smoother and supercritical operations.
They also give the designer the possibility to obtain a
predetermined behavior, without weight or geometry
penalties, by changing the arrangement of the different
composite layers: number of plies, orientation
(Bauchau, 1983).

When the shaft is thick and long, only longitudinal
bending deformations need to be considered. On the other
hand, when the structure becomes thin-walled, deforma-
tions of the sections should also be considered. These
deformations have a significant effect on flapwise bending
modes and are fully associated with ring-type modes. Thin
rotating tubes, used for example in high speed centrifugal
separators, have also been intensively analysed (Lam & Loy,
1995; Sun et al., 1997).

The behavior of composite rotors is usually studied using
the equivalent modulus beam approach, where equivalent
longitudinal and in plane shear moduli are obtained from
the classical laminate theory and then used within conven-
tional beam models (analytical or finite element models).
This approach, often precise enough, can lead to significant
errors when its basic hypotheses are not respected (Singh &
Gupta, 1994a). First the laminate theory supposes that the
contribution of each layer is independent of its radial
position. This assumption is valid for thin walled shafts with
symmetrical sequences or for shafts obtained with the
filament winding process with a constant winding angle.
Second the beam theory supposes that cross sections are not
deformed during longitudinal bending. Finally, thickness
shear effects are supposed to be negligible. Refined beam
theories, obtained by direct reduction from layerwise shell
theories, overcome some of the limitations associated with
the equivalent modulus beam approach (Dos Reis et al.,
1987a; Singh & Gupta, 1996).

Longitudinal bending modes as well as ring modes can
be obtained using shell formulations (Smirnov, 1989).
Various shell theories, extensively analyzed in the literature
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have been applied to thin to moderately thick composite
shafts (Singh & Gupta, 1994) or to thin-walled tubes (Lam
& Loy, 1995). Most of the published studies are based on
analytical approaches. A few studies consider also numer-
ical modelisations based on direct finite element discreti-
sations (Chen et al., 1993; Sun et al, 1997) or on
discretisations based on axisymmetric finite elements with
full Fourier series expansion in the circumferential direc-
tion (Padovan, 1975; Stephenson & Rouch, 1993; Sivadas
& Ganesan, 1994).

Analytical approaches are useful but unfortunately they
can only be derived for a few special lamination and
boundary configurations. Furthermore, as axisymmetrical
approaches, they cannot be applied when the structure or
the loading are not perfectly rotationally uniform. On the
other hand, a direct finite element discretisation of the
structure overcomes these limitations and allows precise
modelings but has three main drawbacks. First, the model
should be fine enough inducing often prohibitive computa-
tional costs. For example, Sun et al. (1997) showed on a
particular application that, for ring modes, about ten
elements per half wave should be used in the circumfer-
ential direction. Second, the behavior of the structure
should not be computed only once, but for a sufficient
number of operating points in order to be able to draw
the evolution of the dynamic behavior with rotation on a
Root Locus diagram. Then, in this case, the consequences
of model size are dramatically amplified. Finally, a
direct modeling gives all the frequencies in an ascending
order. A significant number of frequencies have to be
calculated and then classified according to the associated
mode shapes.

The approach proposed here is based on a finite element
full modeling of the structure but uses two reduction
techniques in order to avoid the drawbacks pointed out
(Jacquet-Richardet et al., 1996). First, the dynamic be-
havior of the rotating structure is written in terms of a set of
mode shapes associated with the structure at rest. Second,
the structure is supposed to be constituted by identical cyclic
symmetrical sectors and the behavior of the whole structure
at rest is obtained from a finite element model involving
only one of these sectors. This procedure, adapted to
isolated shafts as well as disc-shaft or wheel-shaft assem-
blies, leads to considerable computer cost savings and can
be used whatever the finite element considered (shell,
volume...). Other advantages are that both longitudinal
bending and ring-type modes can be obtained at the same
time and that, due to the property of cyclic symmetry, mode
shapes are automatically pre-classified.

In this paper, the proposed method is first rapidly
presented. Then the finite element considered for the
applications, which is a multilayered shell element, is
described. Four applications are presented. The first three
are aimed at validating the method and showing its

capacity to deal efficiently with longitudinal bending as
well as ring-type modes. The last one considers a simple
shaft disc assembly and points out the possible couplings
between the two parts of the assembly.

THEORETICAL BACKGROUND

The motion equations, expressed in a body fixed coordi-
nate system, of a flexible assembly rotating at a given
uniform angular velocity can be expressed after finite
element discretisation as (Jacquet-Richardet et al., 1996):

[KE + KG({6},) — KS|{6}, = {FC(?)} [1]

[M]{8}, + [CM + CRI{$},
+ [KE + KG — KS){6}, = {0} 2

where [M] is the mass matrix, [CM] the mechanical
damping matrix, [CR] the gyroscopic matrix, [KE] the
elastic stiffness matrix, [KG] the geometric stiffness matrix
(stress stiffening) and [KS] the supplementary stiffness
matrix (spin softening). { FC} is the modal centrifugal forces
vector, {6} the static equilibrium position under centrifu-
gal loading and {6}, the small amplitude dynamic dis-
placement around the static position.

When the structure is constituted by N identical jointed
sectors (cyclic symmetry) the size of the problem can be
reduced by applying the wave propagation theory in peri-
odic media (Thomas, 1979). In this case, the displacement
of the different sectors are related to the corresponding
quantities associated with a reference sector, by the fol-
lowing relations:

{6}y = {8} cos(p = 1)pn+ {8} sin(p — 1)Bn [3]

where {6}/ is the dynamic displacement of sector p, {65}
and {6} are generalized quantities associated with the
basic sector and 3, =2nn/N is the phase difference between
the displacement of two adjacent sectors. N is the total
number of sectors and n, Fourier order, takes the discrete
values:

if N is even
if N is odd

n=0,1,...,N/2

n=0,1,....(N—1)/2 4

Applying the wave propagation relations [3], the dynamic
problem [2] is divided into small size systems associated
with each of the possible phase angle 3,,.

[M],{8,} + [CM,, + CR,){6,}
+ [KE, + KG, — KS,]{6,} = {0} [5]

where {6,} = (6¢,8)

n»-n
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At rest and without damping [5] reduces to:

[Mn]{(sn} + [KEn]{én} = {0} [6]

The solution of [6] gives a set of mode shapes which are
grouped into a modal matrix [¥,]. Assuming that the mode
shapes of the rotating structure can be written as a linear
combination of the associated mode shapes of the un-
damped structure at rest:

{5n} = [\Iln]{qn} [7]

system [S5] becomes:

{3 + [enl{} + [kal{gn} = {0} 8]

with

[ea] = [W]'[CM,, + CR,][¥,)] 9]
[kn] = [U,))'[KE, + KG,, — KS,][¥,]

The solution of [6] and [8] is performed for all the possible
values of the phase parameter (,=2nn/N given by [4].
The frequencies of the rotating system are given directly.
The corresponding mode shapes are obtained after apply-
ing the two successive transformations [7] and [3] to the
calculated eigenvectors.

Shaft modes can occur only with n=0 or n=1 (=0
torsion and longitudinal modes, n=1 bending modes).
Ring modes or disc modes are always classified using an
analogy with axisymmetric modes which are characterized
by nodal diameters and nodal circles. They are either zero

(n=0), one (n=1), two (n=2) or more (n > 2) nodal dia-
meter bending or torsion modes.

According to the proposed analysis method, the non
rotating mode shapes of the assembly are calculated only
once. Then the following steps are involved for each rota-
tion speed considered:

e The static problem is solved.
e The dynamic problem [5] is reduced according to [7].
e The reduced system [§] is solved.

Compared to traditional procedures, the computer cost
saving is considerable and allows precise analyses of com-
plex structures using efficient workstations. The procedure
can be shortened if stress stiffening effects are negligible.

APPLICATION - VALIDATION

Finite Element Modeling

The proposed approach can be used whatever the finite
element considered. The element chosen here is a
multilayered shell element, constructed from the solid
isoparametric element with 16 nodes, by applying the
Reissner —Mindlin kinematical hypotheses (Ahmad et al.,
1970; Jacquet-Richardet & Swider, 1997). The resulting
element is geometrically characterized by 16 nodes and
cinematically by 8 nodes and 5 degrees of freedom per node
(Figure 1).

Matrices are obtained by summation of the contribution
of the different layers. As shear strain distribution is as-
sumed constant through the thickness, a shear correction

FIGURE 1 Multilayered degenerated solid shell element.
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coefficient equal to 5/6 is considered. Reduced integration
is used to prevent shear locking.

In the following, three applications are considered in
order to validate and illustrate the proposed method. The
first considers shaft bending modes and is based on the
thin-walled composite shaft first proposed by Zinberg and
Symmonds (1970) and considered as a reference test case
by a number of authors: Dos Reis et al. (1987b), Bert and
Kim (1995), Singh and Gupta (1996). The second considers
ring type modes and is based on a simply supported thin-
walled cylinder proposed by Sun et al. (1997). The last
application is based on the same structure but totally free
in space. In this case the results obtained are compared to
those presented by Endo et al. (1984).

Composite Rotor

The thin-walled composite shaft, first studied by Zinberg
and Symmonds (1970) is made of boron-epoxy with the
following characteristics: density p=1965kg/m>, elastic
properties E; =2.11 10" Pa, E,=2.41 10'°Pa, G;» =G5 =
G»3 = 6.9 10° Pa, major Poisson’s ratio v, = 0.36. The shaft
length is L=2.47m and its mean radius is R=0.127m.
The thickness, e=1.32 10 >m, consists of ten layers of
1.3210"*m whose orientation are [90°,+45°,—45°, 0°,
90°] given from the inner to the outer surface of the
cylinder.

Only 1/6th (60°) of the whole structure is meshed using 4
elements along the circumference and 40 elements along the
length. The resulting mesh consists of 160 elements, 1138
nodes, and, consequently, 2809 degrees of freedom.

Two possible values for the critical speed have been
obtained by Zinberg and Symmonds (1970) during their
test. One at 5500 rpm, deduced from the first natural
frequency of the structure at rest (f;=91.7Hz) and the
other at about 6000rpm extrapolated from measures
performed under rotation. As in the case of this rotor
gyroscopic effects are very low, these two values should
have been very close.

Considering numerical published studies, Zinberg and
Symmonds (1970), Bert and Kim (1995), Singh and Gupta
(1996) used an equivalent beam modulus approach, Singh
and Gupta (1996) considered also a beam approach derived
from a layer wise shell theory and Bert and Kim (1995)
used a thin shell approach. The critical speeds obtained
using these models are given in Table I, where they are
compared to the critical speed computed. Results presented
by Dos Reis et al. (1987b), based on Donnell shell theory,
which is not adapted to long shells, are not reported here.

The value obtained is coherent with the experimental
results and very close to the majority of the results com-
puted on this test case. As the shaft is thin-walled and long,
thickness shear deformations should have little effect and

TABLE I Comparison of the critical speeds calculated using different
approaches

Zinberg and Symmonds 1970 Beam 5780 rpm
Bert and Kim 1995 Beam 5788 rpm
Singh and Gupta 1996 Beam 5747 rpm
Singh and Gupta 1996 Beam Shell 5620 rpm
Bert and Kim 1995 Shell 5872 rpm
Present approach Shell 5776 rpm

classical laminate and beam theories are valid and well
adapted.

Considering the structure at rest the first frequency
computed, 96 Hz, is about 5% greater than the published
measured value of 91.7 Hz. This result is fully coherent, as
for the numerical model boundary conditions are supposed
to be perfect.

Short Cylinder—Simply Supported
Configuration at Rest

This second test case considers a cylinder, simply supported
at both ends, with the following characteristics: length
L=0.2m, mean radius R=0.1m and wall thickness e =4
10~ *m. The material characteristics are: p= 1600 kg/m?,
E,=7 10"°Pa, E,=28 10°Pa, G;»=G3=1.410°Pa,
Gy3;=5.6 10%Pa and v, =0.25. The cylinder is constituted
by 4 layers of equal thickness and their orientation is [90°,
0°, 90°, 0°].

Three different models are considered. Model 1: dis-
cretisation of the whole cylinder using 60 x 4 elements (60
elements along the circumference and 4 elements along
the length). Model 2: discretisation of 1/6th (60°) of the
cylinder using 10 x 4 elements (Figure 2). Model 3: dis-
cretisation of 1/12th (30°) using 5 x 4 elements (Figure 2).
Whatever the model, the size of each element is identical.
Model 1, computed without reduction using a general
purpose in-house finite element code, is considered as a
reference. Models 2 and 3 are computed using the proposed

FIGURE 2 Cyclic symmetric sector meshes Model 2: 30° — Model 3:
60°.



A THREE DIMENSIONAL MODELING 189

TABLE II Short cylinder, frequencies in Hertz computed using models
1,2 and 3

Mode Model 1 (full) Model 2 (60°) Model 3 (30°)
3D 952.6 952.7 952.7
2D 1049.2 1049.4 1049.2
4D 1284.0 1284.2 1284.1

procedure. Compared to model 1, the number of degrees of
freedom involved is divided by a factor of 2.8 for model 2
and 5.3 for model 3.

The results obtained for the first frequencies, which are
associated with ring-type modes characterized by nodal
diameters (D), are reported in Table II.

As shown in Table II, results are in perfect agreement
and this agreement remains unchanged for higher modes.
The first frequency can be also compared to the analytical
results given by Sun et al. (1997) and obtained from an
extended Sanders’ shell theory.

953.1 Hz
952.7 Hz

Sun et al.

Present approach

Here again results are in perfect agreement.

Short Cylinder—Free Configuration
Under Rotation

Considering the effect of rotation, the proposed approach
can be validated by comparison of the results obtained
with those given by the classical ring theory.

202 2 2
wn 21 Q n 1_’_n(n )" /0 [10]
Pn n2+1\p,

(n? +1)* \Pa

where w,, is the frequency of the rotating structure, p,, is the
corresponding frequency at rest, {2 is the rotation speed
and n is the wave order directly associated with the num-
ber of diameters. Other expressions, which take also into
account the gyroscopic effect as well as the effect of large
deformations due to rotation, have been proposed. How-
ever, expression [10] has been preferred because validated
by Endo et al. (1984) against experimental results. Ex-
pression [10] is fully valid for a totally free configuration.
Consequently, this test case considers the same cylinder as
previously but here with free-free boundary conditions.
Results computed are reported in Figure 3 for n=2 and in
Figure 4 for n=3.

Frequencies are given with respect to the rotating
frame. Then, the lower curves are associated with forward
travelling waves while the upper curves are associated with
backward travelling waves.

2000
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—— Equation (10) J
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FIGURE 3 Short cylinder free in space. Evolution of frequencies with

rotation for n=2.
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FIGURE 4 Short cylinder free in space. Evolution of frequencies with
rotation for n=3.

APPLICATION TO A SIMPLE
DISC-SHAFT ASSEMBLY

The proposed approach can be applied to isolated shafts
or cylinders as shown previously. This approach can also
deal with disc-shaft or wheel-shaft assemblies and is able
to model couplings that can occur between the different
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flexible parts of the assembly. Couplings, mainly induced
by inertial effects, are significant for modes associated with
n=0 and n=1. Disc modes with 0 nodal diameter are
characterized by a resultant axial force and interact with
longitudinal shaft deformations. Disc modes with 1 nodal
diameter exert a net pitching moment and a shearing force
and interact with shaft bending modes.

The disc-shaft assembly considered is presented in Figure
5. The disc, fixed in an overhung position, is constituted by
8 blades mounted on a circular plate. The outer radius of
the disc is R =0.2m and its thickness is e=3.5 10~ *m. The
blade length is /=0.07m. The characteristics of the shaft
are: outer radius r=0.025m, wall thickness #7=2 10 >m,
length L=0.8 m and overhung length d=0.1624 m.

FIGURE 5 Disc shaft assembly. Only 1/8th of the mesh (dark portion) is
considered by the numerical model.

Two different materials are considered steel (p= 7800
kg/m®, E;=E>,=2.1 10" Pa, Gj»=G3=G»;=8.07 10'°,
v=0.3) and graphite epoxy (p=1578kg/m?, E;=1.39
10" Pa, E;=1.1 10"°Pa, Gi,=G3=6.1 10°Pa, Gp3=3.8
10° Pa and vy, = 0.3). The disc is made of steel and the shaft
is constituted by 10 graphite—epoxy layers of equal
thickness with the following orientations [90°, +45°,
—45°, 0%, 90°].

The influence of disc flexibility on the overall behavior is
pointed out by comparing the results given by two different
models. The first considers disc flexibility while the second
one is a rigid disc model, simply obtained by multiplying the
Young’s modulus associated with each disc element by
10000. A portion of 1/8th (45°) of the whole assembly is
meshed using multilayered shell elements for the shaft and
isoparametric elements with 20 nodes for the disc. The
resulting mesh, reduced to the dark zone shown in Figure 5,
comprises 711 nodes and consequently 1848 degrees of
freedom.

The progression of frequencies with rotation is presented
in Figure 6. For clarity, only the first modes are reported.
At rest, mode shapes are classified as follows: the first is a
first shaft bending mode (1F') and the second is a disc mode
with one nodal diameter (1D). This classification is based
on the main component of mode shapes, which are in fact
highly coupled disc-shaft modes, as shown in Figure 7 for
the second mode.

The influence of disc flexibility at rest is quantified in
Table III, which confirms the coupled nature of mode
shapes.

400 T T

ssof-{ oo

Rigid disc

Flexibledisd i i b %

6000
Aotgtion (pm)

FIGURE 6 Evolution of frequencies with rotation, rotating frame. Influence of disc flexibility.
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FIGURE 7 Second mode shape at rest (141.2 Hz).

TABLE III Disc-shaft assembly. Frequencies at rest (Hertz)

Mode Flexible disc Rigid disc A
IF 86.1 101.6 18%
1D 141.2 _

Considering the progression of shaft frequencies with
rotation, the forward branch (lower branch in the rotating
frame) is less influenced by disc flexibility effects than the
backward branch. The difference between the critical
speeds predicted by the flexible disc and rigid disc models
is about 8.4%.

CONCLUSION

This paper presents a numerical technique for the calcula-
tion of natural frequencies and mode shapes of composite
rotors. This technique, based on a three dimensional finite
element discretisation of the assembly, can deal with
bending or torsional shaft modes, as well as with ring type
modes of thin-walled tubes or disc-shaft couplings. The
computational effort needed is kept acceptable by using
efficient reductions. First, a modal reduction, based on
mode shapes at rest, is used to calculate the behavior of the
rotating structure and the whole disc-shaft assembly is
supposed to be cyclically symmetric.

The application to a composite rotor, often considered
as a reference test case in the literature, and to a short
cylinder illustrates and validates the proposed method.
Finally, the results obtained on a simple disc-shaft assem-
bly show the effects of possible couplings between shaft and
disc deformations. The highly coupled nature of the first
shaft bending mode and the disc mode with one nodal
diameter is clearly highlighted.

NOMENCLATURE (S.I. UNITS)

mass matrix
mechanical damping matrix

[M]
[CM]

gyroscopic matrix

elastic stiffness matrix
geometric stiffness matrix (stress
stiffening)

supplementary stiffness matrix
(spin softening)

modal centrifugal forces vector
static equilibrium position under
centrifugal loading

small amplitude dynamic dis-
placement around the static
position

{634 dynamic displacement of sector p

{65} generalized quantities associated
with the basic sector

{&} generalized quantities associated
with the basic sector

N total number of identical jointed
sectors (cyclic symmetry)

n Fourier order (wave order) di-
rectly associated with the num-
ber of diameters

B,=2mn/N phase difference between the
displacement of two adjacent
sectors

[v,] modal matrix

{q.} generalized coordinates

[mn] = [\I’n][[Mn][‘I'n]
[Cn] = [\I’n]t[CMn

generalized mass matrix
generalized damping matrix

+CR,[V,]
[k, =[¥,][KE,+KG, generalized stiffness matrix
_KSH][\IJH]
Wy frequency of the rotating struc-
ture
P corresponding frequency at rest
Q rotation speed
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APPENDIX

Considering a reference cyclic symmetric sector of the
whole assembly, the associated matrices obtained after
finite element discretisation can be partitioned into three
blocks linked to the left boundary (/), right boundary (r)
and interior (i) degrees of freedom. For example, this
repartition gives, for the mass matrix:

My M; Mg,
M= |M; M; M,
Ml‘l Mri Mrr

Accordingly, matrices in Eq. (8) [m,] is a diagonal matrix,
[¢,] is a non-diagonal anti-symmetric matrix and [k,] is a
full matrix can be expressed as:

(er + Mrl) Sil’lﬁ —M,; Sil’lﬁ
M. sin 8 0
My + M, + (er +Mrl) COSB My; +MerOSﬂ
Mj; + M. cos 3 M;;
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