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Let G be a graph of order v and size e. An edge-magic labeling of G is a bijection f : V(G) U E(G) — {1,2,3,...,v + ¢} such that
f(x)+ f(xy)+ f(y) is a constant for every edge xy € E(G). An edge-magic labeling f of G with f(V(G)) = {1,2,3,...,v}iscalleda
super edge-magic labeling. Furthermore, the edge-magic deficiency of a graph G, u(G), is defined as the smallest nonnegative integer
n such that GU#nK, has an edge-magic labeling. Similarly, the super edge-magic deficiency of a graph G, p,(G), is either the smallest
nonnegative integer #n such that G U nK| has a super edge-magic labeling or +co0 if there exists no such integer #. In this paper, we
investigate the (super) edge-magic deficiency of chain graphs. Referring to these, we propose some open problems.

1. Introduction

Let G be a finite and simple graph, where V(G) and E(G)
are its vertex set and edge set, respectively. Let v = |[V(G)|
and e = |E(G)| be the number of the vertices and edges,
respectively. In [1], Kotzig and Rosa introduced the concepts
of edge-magic labeling and edge-magic graph as follows: an
edge-magic labeling of a graph G is a bijection f : V(G) U
E(G) — {1,2,3,...,v + e} such that f(x) + f(xy) + f(y)is
a constant, called the magic constant of f, for every edge xy
of G. A graph that admits an edge-magic labeling is called an
edge-magic graph. A super edge-magic labeling of a graph G
is an edge-magic labeling f of G with the extra property that
f(V(G)) =1{1,2,3,...,e}. A super edge-magic graph is a graph
that admits a super edge-magic labeling. These concepts were
introduced by Enomoto et al. [2] in 1998.

In [1], Kotzig and Rosa introduced the concept of edge-
magic deficiency of a graph. They define the edge-magic
deficiency of a graph G, u(G), as the smallest nonnegative
integer n such that GUnK; is an edge-magic graph. Motivated
by Kotzig and Rosas concept of edge-magic deficiency,
Figueroa-Centeno et al. [3] introduced the concept of super
edge-magic deficiency of a graph. The super edge-magic
deficiency of a graph G, u(G), is defined as the smallest

nonnegative integer n such that GUnK; is a super edge-magic
graph or +co if there exists no such ».

A chain graph is a graph with blocks By, B,, ..., B, such
that, for every i, B; and B;,; have a common vertex in
such a way that the block-cut-vertex graph is a path. We
will denote the chain graph with k blocks By, B,, ..., B, by
C[B;,B,,...,B,]. If By = = B, = B, we will write
C[B,,By;..., B asC[B", B,,,..., B.If, foreveryi,B; = H
for a given graph H, then C[B,,B,,...,B,] is denoted by
kH-path. Suppose that ¢;,c,, ..., ¢_; are the consecutive cut
vertices of C[B;, B, ..., B]. The string of C[By,B,,...,B]
is (k — 2)-tuple (d,,d,,...,d_,), where d; is the distance
between ¢ and ¢,;, 1 < i < k — 2. We will write
d,dyy...,d ) as (dD,d,,,,....d,,),ifd, = =d, =d.

For any integer m > 2,let L,, = P, x P,. Let TL,, and
DL,, be the graphs obtained from the ladder L,, by adding
a single diagonal and two diagonals in each rectangle of L,,,,
respectively. Thus, |V(TL,,)| = |[V(DL,,)| = 2m, |E(TL,,)| =
4m - 3, and |[E(DL,,)| = 5m — 4. TL,, and DL, are called
triangle ladder and diagonal ladder, respectively.

Recently, the author studied the (super) edge-magic
deficiency of kDL,,-path, C[K,DL,,, K], and kC,-path
with some strings. Other results on the (super) edge-magic
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deficiency of chain graphs can be seen in [4]. The latest
developments in this area can be found in the survey of graph
labelings by Gallian [5]. In this paper, we further investigate
the (super) edge-magic deficiency of chain graphs whose
blocks are combination of TL,, and DL, and K, and TL,,,
as well as the combination of C, and L,,. Additionally, we
propose some open problems related to the (super) edge-
magic deficiency of these graphs. To present our results, we
use the following lemmas.

Lemma 1 (see [6]). A graph G is a super edge-magic graph
if and only if there exists a bijective function f : V(G) —
{1,2,...,v} such that the set S = {f(x) + f(y) : xy € E(G)}
consists of e consecutive integers.

Lemma 2 (see [2]). If G is a super edge-magic graph, then e <
2v-3.

2. Main Results

Fork > 3,1et G = C[By, B, ..., B;], where B; = TL,, when j
isodd and B; = DL,, when j is even. Thus G is a chain graph
with |V(G)| = 2m—-1)k+1and |E(G)| = (1/2)(k+1)(4m—3)+
(1/2)(k—-1)(5m—4) when kis odd, or |[E(G)| = (k/2)(4m—3)+
(k/2)(5m —4) when k is even. By Lemma 2, it can be checked
that G is not super edge-magic when m > 3 and k is even
and when m > 4 and k is odd. As we can see later, when m =
3 and k is odd, G is super edge-magic. Next, we investigate
the super edge-magic deficiency of G. Our first result gives its
lower bound. This result is a direct consequence of Lemma 2,
so we state the result without proof.

Lemma 3. Let k > 3 be an integer. For any integer m > 3,
#s (G)

1 . .
L—lk(m - 3)J +1, if k is even, 1)

[\

[?11 (k(m—3)— (m — 1))J +1, if K is odd.

Notice that the lower bound presented in Lemma 3 is
sharp. We found that when m is odd, the chain graph G with
particular string has the super edge-magic deficiency equal
to its lower bound as we state in Theorem 4. First, we define
vertex and edge sets of B; as follows.

V(B)) = {uj,v, : 1 <i<mlforl <j<k EB)=

j
{u’ju’j“,v’jv’j“: 1 <i <m-1}U {e’j: where e’j is either
u;v‘j” or v}u’j“,l <i< m—l}U{u’jv}: l<i<mhforl<j<
. . _ i+l g g+l i i+l i i+l
k, when j is odd, and E(Bj) = {ujuj VIV UYL ViU

ISiSm—l}U{u;v;:lgigm},forlSjgk,whenjis
even.

Theorem 4. Letk > 3 be an integer and G = C[By, B,, ..., B,]
with string (im — 1,d;,m — 1,d,,m —1,... )d(1/z)(k-3)>m -1)

when k is odd or (m — 1,d;,m — 1,d,,...,m = 1,d 3 (k-2))
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when k is even, whered,, d,, ..., d|12)k-2) € {m —1,m}. For
any odd integer m > 3,
1
~k(m-3)+1, if k is even,
4 (G) =1, 2)

Z(k—l)(m—B), if k is odd.

Proof. First, we define G as a graph with vertex set V(G) =

U’]le V(B)), where u" = v}ﬂ, 1 < j < k-1, and edge set

EG) = UI;ZI E(B;). Under this definition, u;.” = V}H,
k — 1, are the cut vertices of G.

Next, for 1 < i < mand 1 < j < k, define the labeling
f:V(@G)UaK, — {1,2,3,...,2m — 1)k + 1 + «a}, where
a = (1/4)k(m-3)+1whenkisevenor«a = (1/4)(k—1)(m—3)
when k is odd, as follows:

1<j<

f®
1 ;
Z(j—1)(9m—7)+2i—1, if x=u}, jis odd,
1 ;
Z(j—1)(9m—7)+2i, if x =), jis odd,
1 .
+ = (5i-3), if x=u', iisodd, ji ,
_<ﬁ 2(1 ) if x=uj, iisodd, jiseven, (3
/3+%(5i—4), ifx:u;, i is even, j is even,
[3+%(5i—7), ifx:vz., i is odd, jis even,
1 .
[3+5(5i—6), ifx:v’j, i is even, j is even,

where 8= (1/4)(j — 2)(9m —7) + 2m.

Under the vertex labeling f, it can be checked that no
labels are repeated, f(u;”) = f(v;.ﬂ), 1 <j< k-1,
{f(x) + f(y) : xy € E(G)} is a set of |[E(G)| consecutive
integers, and the largest vertex label used is (1/4)(k —2)(9m —
7)+(1/2)(9m~3) when k is even or (1/4)(k—1)(9m~7) +2m
when k is odd. Also, it can be checked that f(u;) + f(v’j+1) =
FO4) + fu) when j is odd.

Next, label the isolated vertices in the following way.

Case k Is Odd. In this case, we denote the isolated vertices with
{2y, | 1<1<(1/2)(m=3),1 < j < (1/2)(k - 1)} and set

f@5)) = f(y;,) +5L.

Case k Is Even. In this case, we denote the isolated vertices
with {zlzj_1 |1<1<(1/2)(m—-3),1< j<k/2}U{zy} and set

f(zlzjfl) = f(vg}fl) +5land f(zy) = f(v) + 1.

By Lemma 1, f can be extended to a super edge-magic
labeling of GUa K, with the magic constant (k/4)(27m-21)+5
when k is even or (1/4)(k — 1)(27m — 21) + 6m when k is
odd. Based on these facts and Lemma 3, we have the desired
result. O

An example of the labeling defined in the proof of
Theorem 4 is shown in Figure 1(a).

Notice that when m = 3 and k is odd, y,(G) = 0.
In other words, the chain graph G with string (2,d,,2,d,,
2,...sd ) k-3) 2), where d; € {2,3}, is super edge-magic
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FIGURE 1: (a) Vertex labeling of C[TLs, DL, TLs, DLy, TLs] U 2K, with string (4, 5, 4). (b) Vertex and edge labelings of ¢c[C**?, L, C] with

string (2, 19,2, 4,2).

when m = 3 and k is odd. Based on this fact and previous
results, we propose the following open problems.

Open Problem 1. Let k > 3 be an integer. For m = 2, decide if
there exists a super edge-magic labeling of G. Further, for any

even integer m > 2, find the super edge-magic deficiency of
G.

Next, we investigate the super edge-magic deficiency
of the chain graph H C[Kflp ),TLm,Kiq)] with string
1%V, d4,19°Y) whered € {m - 1,m}. Hisa graph of order
3(p + q) + 2m and size 6(p + q) + 4m — 3. We define the
vertex and edge sets of H as follows: V(H) = {a;,b: 1 <i <
pPrufgl<i<p+liUfupvil<j<mpufx,y:1<
t < gtU{zzl <t < g+ 1}, where¢,,; = u; and
v, = zy, and E(H) = {ab,a,c;, a,c,,1,b:c,bciyp66,,: 1 <
i< ptUfup; [ 1< j <mpU{uu,,viverl <5<
m—1}U{e;: e; is either uv;,; or viu;,,1 < j<m-1} U
{5, V0 X020 X1 24015 ViZo> Va1 Ze2ee1 1 <t < g Hence, the
cut vertices of Hare¢,2 <i < p+1l,andz,1 <t < q.
Notice that H has string (1™, m — 1,197V), if at least one
ofe.is Uivi and its string is (I(P_l),m, l(q_l)), if

iHi
foreveryl < j<m-—1.

e. =v.u

j j7H

Theorem 5. For any integers p,q > 1 and m > 2, u,(H) = 0.

Proof. Define a bijective function g VH) —
{1,2,3,...,3(p + q) + 2m} as follows:
g(x)
(3i - 2, if x=a, 1<i<p,
3i, if x=b, 1<i<p,
3i-1, ifx=¢, 1<i<p+1,
3p+2j, ifx=uj, 1<j<m, (4)
:<3p+2j—1, ifx=v;, 1<j<m,

3p+2m+3t-2, ifx=x, 1<t<gq,
3p+2m+ 3t, itx=y, 1<t<gq,
3p+2m+3t—-4, ifx=2z, 1<t<q+]1.

Under the labeling g, it can be checked that g(c,,;) =
g(u,y) and g(v,,) = g(z,). Also, it can be checked that g(uj) +
9vi) = gv)) + glujp,), 1 < j <m—1,and {g(x) + g(y) |
xy € E(H)} =1{3,4,5,...,6(p+¢q) +4m —1}. By Lemma l, g
can be extended to a super edge-magic labeling of H with the
magic constant 9(p + gq) + 6m. Hence, u (H) = 0. O

Open Problem 2. For any integers p,q > 1 and m > 2, find the
super edge-magic deficiency of C[K ) TL,,, Kiq)] with string
1%V, 4,19Y) whered € {1,2,3,...,m - 2}.
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Next, we study the edge-magic deficiency of ladder L,,
and chain graphs whose blocks are combination of C, and
L,, with some strings. In [6], Figueroa-Centeno et al. proved
that the ladder L,, is super edge-magic for any odd m and
suspected that L,, is super edge-magic for any even m > 2.
Here, we can prove that L, is edge-magic for any m > 2
by showing its edge-magic deficiency is zero. The result is
presented in Theorem 6.

Theorem 6. For any integer m > 2, u(L,,) = 0.

Proof. Let V(L,,) = {u,v; : 1 < i < m}and E(G) =
i, vivier 1 <i <m -1} U {yv; : 1 < i < mj} be the
vertex set and edge set, respectively, of L,,. It is easy to verify
that the labelingh : V(L,,)UE(L,,) — {1,2,3,...,5m—2}isa
bijection and, for every xy € E(L,,), h(x)+h(xy)+h(y) = 6m.

1, if x =u;, iis odd,
1
3m+£(i—2), if x =u;, iis even,
L. . .
m+5(1+1), if x=v,;, iis odd,
i, if x=v,, iis even,
1
3m - 3 (3i—1), if x=wu;,,, iisodd,
3. . ..
h(x)=413m- b if x =wuu,,,, iis even, (5)
3. . ..
5m—5(1+1), if x =wvv;,,, iis odd,

L .. . .
5m — 5(31+2), it x =v;v;,,, i is even,

1
Sm—5(3i+1), if x =uwv;, iis odd,

1
3m — 3 3i-2), if x=uyv,;, iis even.

Thus, u(L,,) = 0 for every m > 2. O
Theorem 7. Let p and q > 1 be integers.

(a) If m > 2 is an even integer and F, = C[Cip),Lm,c;q)]

with string 2079, m, 297V, then u(F,) = 0
(q)]

m> -4

(b) If m > 3 is an odd integer and F, = C[Cip),L
with string 279, m - 1,29°Y), then u(F,) =

Proof. (a) First, we introduce a constant A as follows: A = 1, if
misoddand A = 2 if m is even. Next, we define F, as a graph
with V(F,) = {g;, , 1<1<p}U{c 1<1<p+1}U{u viil<
J<miU{x,y:1 <t <qtU{z:1 t<q+1} where
¢pr1 = vy and u, = z;, and E(H) = {qa;, cb a6 1, b6 1<
i< ptufuy; |1 <j<muU{up,vivl <j<
m—1}U{z,x,, 2,V X,:20415 ViZeer: 1 < t < q}. The cut vertices
of Fiare¢,2<i< p+1l,andz,1<t<q.

Next, define a bijection f; : V(F;) U E(F,) — {1,2,3,...,
7(p + q) + 5m — 2} as follows:

Hx)
(4(p+q)+3m+i-1, if x=a, 1<i<p,
prq+m+i, ifx=b,1<i<p,
i, ifx=¢, 1<i<p+1,

5p+4q+3m+%(j—l), if x=uj jisodd,

p+j if x=u, jiseven,
P+ if x=v;, jis odd,
2p+q+m+%, if x=v;, jis even,

5p+4q+y, +t, if x=x, 1<t<gq,

2p+q+y, +t, ifx=y,1<t<gq,
p+m+t—1, ifx=z,1<t<q+1,
4(p+q)+3m+1-2i, if x=qa, 1<i<p,
7(p+q)+5m-2i, if x=¢b, 1<i<p,
4(p+q)+3m-—2i if x=a,,, 1<i<p, (6)
“17(p+q)+5m-1-2i if x="bc,, 1<i<p,
1
2p+4q+3m—§(3j+1), if x=uu;,, jisodd,
1
2p+4q+3m—z(3j), if x=ujuj,, jiseven,

5p+7q+5m—%(3j+1), if x=v;vj,,, jisodd,

J

1
5p+7q+5m—5(3j+2), if x=vv,y, jis even,

2p+4q+3m—%(3i—1), if x =wu;v;, jis odd,

if x=u.v;

Vi j is even,

5p+7q+5m—%j,

2p+4q+7y; — if x=2zx, 1<t<gq,
5p+7q+ 7y, — ifx=zy, 1<t<gq,
2p+4q+ys -2, if x=2x,2,,, 1<t<q,
5p+79+ s — if x=y2,, 1<t<q,

where y; = (1/2)(A - 1)(7Tm—=2) - (1/2)(A = 2)(7Tm - 1), p, =
(1/2)(A-1)(3m)—(1/2)(A-2)(3m—1), y; = (1/2)(A-1)(3m+
4)-(1/2)(A-2)(3m+3),y, = (1/2)(A-1)(7m+2) - (1/2)(A-
2)(7Tm+3),ys = (1/2)(A-1)(3m +2) - (1/2)(A -2)(3m + 1),
and yg = (1/2)(A - 1)(7m) - (1/2)(A - 2)(7m + 1). It is easy to
verify that, for every edge xy € E(F)), f(x) + f(xy) + f(y) =
8(p+q) +6m.

(b) We define F2 as graph with V(F,) = V/(F)), where

. = vy and v, = z, and E(F,) = E(F,;). Under this
cﬁeﬁnmon, the cut vertices of F, are ¢;, 2 < i < p+ 1, and
z,, 1 <t < gq. Next, we define a bijection f, : V(F,) UE(F,) —
{1,2,3,...,7(p + q) + 5m — 2}, where f,(x) = f,(x) for all
x € V(F,) UE(F,). It can be checked that f, is an edge-magic
labeling of F, with the magic constant 8(p + q) + 6m. O

Open Problem 3. Let p and g > 1 be integers.
(a) If m > 3 is an odd integer, find the super edge-magic
deficiency of C [c L ,c4q)] with string (279,

m,297V).

(b) If m > 2 is an even integer ﬁnd the super edge- magic
deﬁc1ency of C [C L,, c4 '] with string 2%V, m
1,247).,



International Journal of Mathematics and Mathematical Sciences 5

Theorem 8. Let p,q > 2 and r > 1 be integers. fvil<j<qg+lufwel <s<2mpuixgl <t <
2ry U {y:1 <t < r+ 1}, where a,, = uy, v, = wy,

(a) If m > 2 is an even integer and H, = C[C(P+q),L ,cir)] J {yt_ }_ 2 P gl o Tl
with string 2°72,1@ 2@D yy 2Dy thtzn (Hm) =0 {md wan = 1, and E(H,) = {biai’biapwaibi“’apfibm' '

8 2L » 11, g HEU =0 < pb U v v, puvip g Vi |1 < j < gb U

(b) If m > 3 is an odd integer and H, = C[Cipw) LM AW Wy Wy i 1 < s <m— 1 U{waw,, o 1 <s <

> mo by

with string 2 2,19,26D 1 1 2070 hen (i) =0, ™Y UiXe VXt XY Xy Vs 1 S E <7}

Next, define a bijection g, : V(H,) U E(H,) — {L,2,
3,...,7(p+q+r)+5m—2} as follows:

Proof. (a) First, we define H, asa graph with V(H,) = {g;: 1 <

i <2pfUfb:1l <i < p+1}

u{uj:l < j<2U

(6p+7(q+7)+5m+i-2,

3p+tgq+r+m+1+i,

i

ifz=a, 1<i<p,
if z=a,,,
ifz=b, 1<i<p+1,

1<i<p,

4p+g+r+m+ j, ifz=u;, 1<j<gq,

4(p+q+r)+3m+j-1, ifz=ug; 1<j<q,
G (@) =1p+1+], ifz=vj, 1<j<q+1,

p+q+1l+s, it z=w,, sis odd,

g: (2) = 1

1
4p+2q+r+m+zs,

1
4p+5q+4r+3m+5(s—1),

lptqg+1+s,

[4p+2g+71+y, +t,

4p+5qg+4r+y, +1i,
p+tgq+m+it,
3p+gq+r+m+3-2i
6p+7(q+r)+5m=—2i,
3p+q+r+m+2-2i
6p+7(q+r)+5m—2i—1,
4p+7(q+r1)+5m-2j,
4(p+q+r)+3m+1-2j,
4p+7(q+r)+5m—2j-1,
4(p+q+r)+3m=-2j,

1
4p+5q+7r+5m—5(35+1),

1
4p+5q+7r+5m—§(3s+2),

1
4p+2q+4r+3m—z(3s+1),

1
4p+2q+4r+3m—5(3s),

1
4p+2q+4r+3m—z(3s—1),

4p+5q+7r+5m—§s,
4p+5q9+7r+y, - 2t,
4p+2q+4r +y; - 2t,
4p+5q9+7r +y, - 2t,
4p +2q + 4r + 5 — 2,

it z=w,, sis even,

it z=w,,,, sisodd,
if z=w,,,, siseven,

itz=x, 1<t<r,

itz=x,, 1<t<r,

ifz=y, 1<t<r+1,

ifz=ba, 1<i<p,

17

if z=ba

ip+id ISiSp’

it z=ab,,, 1<i<p,
lfz = apriH, 1 < 1 Sp)

ifz=vjuj, 1<j<qg

if z=vjuy

1fz:ujvj+1, 1<j<gqg,

1<j<qg

if z=ug v, 1<j<q,

if z=ww,,,, sis odd,
if z=ww,,,, siseven,
if z=w,,, W, Sisodd,

it z=w,,,W,.1> SIS even,

if z=ww,,,, sisodd,

it z=ww,,,, s is even,
if z=yx, 1<t<r,

ifzzytxr+t’ IStST“,
if z=x,y,,, 1<t <,

if z=x,, Y, 1<t<T,

7)
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where 1, 15, V3> V4> V5> Vs> and A are defined as in the proof of
Theorem 7. It can be checked that, for every edge xy € E(H,),
g1(x)+g,(xy)+g,(y) = 9p+8(q+r)+6m+1. Hence u(H,) = 0

An illustration of the labeling defined in the proof of
Theorem 8 is given in Figure 1(b).

(b) We define H, as graph with V(H,) = V(H,), where
Gy = Uy, Vgyy = Wy, and w, = y;, and E(H,) = E(H,). It can
be checked that g, : V(H,)UE(H,) — {1,2,3,...,7(p+q+r)+
5m — 2} defined by g,(x) = g, (x), for all x € V(H,) U E(H,),
is an edge-magic labeling of H, with the magic constant 9p +
8(g+r)+6m+1. ]

Open Problem 4. Let p,q > 2 and r > 1 be integers.

(a) If m > 3 is an odd integer, find the edge-magic defi-
ciency ofC[CiP), ¢ Ly cy)] with string (27,1

2(q 1’ )2(7 1))‘

(b) If m > 2 is an even integer, find the edge-magic defi-
ciency ofC[C(p c4 , Lm, ir)] with string (27, 1?
2(4 1)’ 1’2(7 1))'
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