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Recent activities in the cellular network world clearly show the need to design new physical layer waveforms in order to meet future
wireless requirements. Generalized Frequency Division Multiplexing (GFDM) is one of the leading candidates for 5G and one of
its key features is the usage of circular pulse shaping of subcarriers to remove prototype filter transients. Due to the nonorthogonal
nature of the conventional GFDM system, inherent interference will affect adversely channel estimation. With Discrete Prolate
Spheroidal Sequences (DPSSs) or multitapers as prototype filters an improved orthogonal GFDM system can be developed. In
this work, we investigate channel estimation methods for multitaper GFDM (MGFDM) systems with and without Discrete Fourier
Transform (DFT).The simulation results are presented using Least Squares (LS) andMinimumMean Square Error (MMSE) channel
estimation (CE) methods. DFT based CE methods provide better estimates of the channel but with an additional computational
cost.

1. Introduction

The basic idea behind the multicarrier technique was to
divide the total available bandwidth into a number of sub-
bands, allowing the handling of channel effects in an efficient
manner. Each generation of mobile communication systems
offeredmany services after which these systems are classified.
There are enormous capability advancements in the mobile
communications from 1G to the current 4G. The upcoming
future generation, 5G, is expected to have an even better
coverage area capability, high data connectivity of 1 Gbps, less
energy consumption, high security, and better spectral uti-
lization.Moreover, emerging applications such as self-driving
cars, real time gaming, and industrial automation control
demand a low latency period of the order of less than 1ms.
Even though there is no standard yet for 5G, the industrial
and academic research communities are exploring a number
of possible implementation options.

A widely used air interface multicarrier (MC) technique
in many present wireless standards is Orthogonal Frequency
Division Multiplexing (OFDM). Some of the standards

include Wireless Local Area Networks (WLAN 802.11), 4G-
LTE (Long Term Evolution) Advanced, Digital Video Broad-
casting for Terrestrial Television (DVBT), and Digital Audio
Broadcasting (DAB) [1]. OFDM gains its popularity due
to its efficient implementation with Fast Fourier Transform
(FFT)/Inverse Fast Fourier Transform (IFFT) signal process-
ing blocks and its robustness to intersymbol interference (ISI)
with simple low complexity equalization. Despite its advan-
tages, in the area of future vision applications, OFDM suffers
from a number of drawbacks, such as high Peak to Average
Power Ratio (PAPR), addition of cyclic prefix (CP) per
symbol that reduces bandwidth efficiency, high out-of-band
(OOB) emission due to the use of rectangular filters, and high
synchronisation issues due to orthogonality mismatch.

A great deal of effort has been expended in the search
for an alternate multicarrier waveform to serve future gen-
eration, 5G. Some of the possible contenders with a variety of
properties are Filter BankMulticarrier (FBMC) [2], Universal
Filtered Multicarrier (UFMC) [3], and GFDM (Generalized
Frequency Division Multiplexing) [4]. More insights into
each waveform and their individual properties, such as
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spectral efficiency and bit error rates (BER), can be found in
the literature and references therein.

GFDM [4] is a flexible multicarrier technique in which
the data is divided into a number of subcarriers and subsym-
bols, using circular pulse shaping for each subcarrier. GFDM
covers OFDM as a special case, retaining the advantages of
OFDMand dealing with the limitations. For example, GFDM
uses one cyclic prefix (CP) per group of subsymbols and
prototype filtering with low OOB emission to improve band-
width utilization. However, due to the nonorthogonal nature
of conventional GFDM, channel estimation is not straightfor-
ward.

Generally, the channel impulse response can be estimated
using training sequences or pilot symbols. Reference [5]
introduces two scattered pilot based channel estimation
methods for GFDM, Pilot Interference Cancellation (IC) and
Transmitter IC. The article gives an insight into interference
cancellation at either the transmitter or the receiver of the
communication system. Blind estimation of channel block
duration, symbol duration, and number of subcarriers are
discussed in [6]. Filters with low OOB are desirable for
GFDM systems which is quite challenging. In [7], the authors
introduce multitapers as prototype filters in order to improve
the orthogonality of a conventional GFDM system, naming
the result as multitaper GFDM (MGFDM). Another advan-
tage of using multitapers is the low OOB emission which in
turn will increase the spectral efficiency. Reference [8] pre-
sented the basic framework of howGFDM is used for physical
layer services of 5G networks. In this context as multitaper
GFDM is the modified version of the conventional GFDM
waveform, where we use tapers to pulse-shape each subcar-
rier instead of circular pulse shaping as in GFDM, MGFDM
is related to 5G networks and can be regarded as a potential
candidate for 5G networks.

OFDM channel estimation is addressed by [9] based on
time domain channel statistics. Channel estimation for vari-
ous pilot patterns is discussed in [10] and references therein.
A great amount of research covering channel estimation for
OFDM has been done over the years and much of it can be
modified and applied to GFDM systems.

However the subcarrier orthogonality which exists in
OFDM is no longer valid for GFDM, as it uses pulse shaping
for the subcarriers. There are very few papers available in the
literature for GFDM signal channel estimation [5] and to the
best of the authors knowledge there is no literature covering
channel estimation using Least Squares (LS) and Minimum
Mean Square Error (MMSE) and in combination with DFT
tomultitaperGFDM.Thesemethods are well discussed in the
past for various multicarrier signals. However, as multitaper
GFDM is the most advanced modulation scheme using a
sophisticated block based structure, implementing the above
estimation algorithms under severe channel conditions is
a difficult task. It should also be noted that any real-life
implementation of a wireless system will include a method of
channel equalization to improve performance and therefore
requires a way to do a running channel estimation to handle
effectively changing channel conditions.

Motivated by the above facts, therefore, in this paper,
pilot symbol based channel estimation (CE) is carried out

for the MGFDM system model. This approach is applicable
in general, to any multicarrier technique. Pilot symbols are
multiplexed along with the information data symbols. These
pilot symbols are known to both transmitter and receiver
and a variety of interpolation techniques can be employed to
estimate the channel response. As is widely done for CEwhen
training symbols are available, the techniques used are Least
Squares (LS) and MinimumMean Square Error (MMSE).

The article is organized as follows: Section 2 gives a brief
introduction about the MGFDM system model. Channel
estimators under consideration are discussed in Section 3.
Results are discussed in Section 4, followed by conclusions
in Section 5.

2. System Model

GFDM is a two-dimensional multicarrier technique in which
the data samples are divided among the time and frequency
domains [4]. The time and frequency domain plots of root
raised cosine (RRC), first DPSS, and PHYDYAS prototype
filters are shown in Figure 1. Note, from the plot, that multita-
pers have deeper sidelobes compared to other pulse shaping
filters, which leads to an overall improved system perfor-
mance [7]. In this section we will give a brief introduction on
the MGFDM transceiver system model. Figure 2 shows the
system model for training based channel estimation for the
MGFDM system.

2.1. MGFDM Signal Model. The binary data generated from
the source are grouped together to form 𝑃-QAM modulated
data, where 𝑃 = 2𝜇 and 𝜇 is the modulation index. The train-
ing symbols or pilot information bits are inserted at an equal
spacing between data symbols. The time domain signal after
passing through the MGFDMmodulator is given by [7]

𝑥 (𝑛) = 𝐾−1∑
𝑘=0

𝑀−1∑
𝑚=0

𝑑𝑘 (𝑚) 𝑔𝑘,𝑚 (𝑛) 𝑛 = 0, 1, . . . , 𝐾𝑀 − 1, (1)

where 𝑘 = 0, 1, . . . , 𝐾 − 1 denotes the frequency index, 𝑚 =0, 1, . . . ,𝑀−1 denotes the subsymbol index, and 𝑛 is the sam-
ple index. 𝑔𝑘,𝑚(𝑛) = 𝑔𝑚(𝑛)𝑒𝑗2𝜋𝑘𝑛/𝐾 with 𝑔𝑚(⋅) corresponding
to the 𝑚th taper of length 𝐾𝑀 is chosen from the Discrete
Prolate Spheroidal Sequences (DPSSs) [11]. The exponential
term is the frequency shifted version of the prototype filter𝑔𝑚(⋅). 𝑑𝑘(𝑚) is the data symbol on the 𝑘th subcarrier and𝑚th subsymbol. It is important to note that MGFDM also
covers OFDM with 𝑀 = 1 and 𝑔[𝑛] = 1/√𝐾 and Single
Carrier Frequency Domain Equalization (SC-FDE) with𝐾 = 1 and 𝑔[𝑛] = 𝛿[𝑛], as special cases.

In matrix notation equation (1) can be written as [4]

x = Ad, (2)

where A is the transmitter modulation matrix as described
in [12]. Matrix A incorporates all the signal processing steps,
while d is a vector containing the data symbols 𝑑𝑘(𝑚).

Guard interval bits are added at the front side of the
symbol in order to prevent intersymbol interference that
may possibly affect the MGFDM system. The signal is then
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Figure 1: Time and frequency domain plots of RRC, DPSS1, and the PHYDYAS prototype filter.
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Figure 2: Baseband model for pilot based MGFDM system.

transmitted through the frequency selective multipath fading
channel ℎ(𝑛). The signal received can be represented as [5]

𝑦𝑔 [𝑛] = 𝑥𝑔 [𝑛] ∗ ℎ [𝑛] + 𝑤 [𝑛] , (3)

where∗ denotes linear convolution, ℎ[𝑛] represents the chan-
nel impulse response, and 𝑤[𝑛] is Additive White Gaussian
Noise (AWGN).

The guard interval bits are removed from the corrupted
signal withAWGN, that is,𝑦𝑔[𝑛], and are sent to theMGFDM
demodulator block. There are several receivers found in the
literature to demodulate the data [4]. In this article we have
used the zero forcing receiver given by

B = (AHA)−1 AH (4)

B is known as the MGFDM demodulation matrix, which
incorporates the reverse signal processing steps involved at
the transmitter side (MGFDMmodulator).The demodulated
output is written as

Z = BY, (5)

where Y is the received data after removal of the guard
interval. It should be noted that the length of the guard
interval is required to be greater than the length of the
channel impulse response in order to avoid intersymbol
interference. The demodulated output is passed through the
signal correction block which is done based on the pilot
symbols that are added at the transmitter side. The steps
involved in this block are elaborated in Figure 3. In this block,
the channel estimation of the pilot tones is first carried out,
followed by channel interpolation (linear/spline). Finally, the
demodulated data are equalized with the estimated channel
coefficients.

3. Channel Estimator

In this section we will briefly discuss the most popularly
used channel estimation techniques, Least Squares (LS) and
Minimum Mean Square Error (MMSE), applicable to any
multicarrier technique. This work was inspired by [13] which
was originally proposed for OFDM systems. As MGFDM is
the generalization of FDM systems, we carried out the same
approach to estimate the channel response.
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3.1. LS. Let H𝑝 be the channel response of the pilot symbols
and Z𝑝 be the received pilot signal vector. Based on the LS
approach [13], the channel estimates of the pilot signals are
given by

Ĥ𝑝,LS = X−1𝑝 Z𝑝

= [𝑍𝑝 (0)𝑋𝑝 (0) ,
𝑍𝑝 (1)𝑋𝑝 (1) , . . . ,

𝑍𝑝 (𝑁𝑝 − 1)
𝑋𝑝 (𝑁𝑝 − 1)] , (6)

where𝑁𝑝 is the number of the pilot symbols used;X𝑝 and Z𝑝
are the pilot symbols data at the transmitted side and the pilot
information obtained at the receiver side after demodulation,
respectively. Let us state that the FFT of (2) is given by

𝑋 [𝑘,𝑚] = FFT (x) . (7)

Then the MSE of the 𝑘th subcarrier and 𝑚th subsymbol
is given by

MSELS [𝑘,𝑚] = 𝛽
SNR

, (8)

where the factor𝛽 is given by𝛽 = 𝐸[|𝑋[𝑘,𝑚]|2]𝐸[|𝑋[𝑘,𝑚]|−2]
and is a constant depending on the constellation. For exam-
ple, 𝛽 for 16-QAM is 17/9 and 𝛽 = 1 for BPSK [14]. SNR =𝐸[|𝑋[𝑘,𝑚]|2]/𝜎2𝑤 is the average SNR.
3.2. MMSE. Let us consider the LS solution obtained in the
above approach. The MMSE estimate of the channel is given
by [10]

Ĥmmse = RH𝑝H𝑝,LS (RH𝑝H𝑝 + 𝜎2𝑤 (X𝑝XH
𝑝 )−1)−1 ĤLS, (9)

where RH𝑝H𝑝,LS = 𝐸[H𝑝HH
𝑝,LS] is the cross correlation matrix

between H𝑝 and H𝑝,LS. (⋅)H is the Hermitian operator of a
matrix, ĤLS is the least square channel estimation, and 𝜎2𝑤 is
the variance of the noise.

3.3. Channel Interpolation. To estimate the complete
response of the channel, we make use of the interpolation
concept. In this, the samples of the channel response are
interpolated according to the estimated channel response
of the pilot tones. This kind of work was considered for
OFDM systems [13] and is shown to be efficient. In order to
increase the overall system performance of such an advanced
multicarrier technique (MGFDM), the complete channel
state/coefficients should be estimated more accurately.
Hence, information about the channel at both pilot and
nonpilot locations is essentially what is required to enhance
performance. The interpolation method is an efficient way to

estimate the nonpilot (data location) channel characteristics
by making use of the channel coefficients at the pilots. In this
article we examined two interpolation techniques, namely,
piecewise linear interpolation and cubic spline interpolation.
For more details on these techniques, interested readers can
refer to [13].

3.4. DFT Based Channel Estimation. In order to improve
the performance of LS and MMSE, a DFT based channel
estimation is considered. The performance of such DFT
based channel estimators is analyzed for OFDM systems and
[14, 15] provide more insights into the method. The scope
of the paper is to investigate such estimators for MGFDM
system using Mean Square Error (MSE) as a measuring
parameter. Even though all existing methods of channel
estimation techniques are directly applicable to GFDM, if
the pilot symbols require a simpler and different orthogonal
demodulation approach, this should be taken into account
at the receiver; otherwise it might be questionable to detect
pilot symbols due to the nonorthogonality nature of GFDM
andpulse shaping property inMGFDM.Our implementation
uses the same demodulation approach to both pilot and data
symbols and we do not observe the above problem. A simple
block diagram of DFT based CE is shown in Figure 4. In this,
the effect of noise outside the channel delay (𝐿) is eliminated.
Let Ĥ𝑘,𝑚 denote the estimation of the channel response at
the 𝑘th subcarrier and 𝑚th subsymbol, calculated by using
either the LS or theMMSEmethod.This is a two-step process.
First, we take the IDFT of the Ĥ𝑘,𝑚 and ignore the coefficients
outside the maximum channel delay. Next, the obtained time
domain channel estimation coefficients are converted back
to frequency domain by taking an𝑁 point DFT. This can be
mathematically represented as follows:

IDFT [Ĥ𝑘,𝑚 [n]] = ℎ̂𝑘,𝑚 [𝑛] = ℎ̂DFT,𝑘,𝑚 [𝑛] ,
ĤDFT,𝑘,𝑚 [n] = DFT [ℎ̂DFT,𝑘,𝑚 [𝑛]] , (10)

where 𝑛 = 0, 1, . . . , 𝐾𝑀 − 1.
The individual MSE of the DFT based channel estimation

is given by

MSEDFT [𝑘,𝑚] = 𝐿𝑁 𝛽
SNR

, (11)

where 𝑁 is a constant and 𝐿 depends on the channel envi-
ronment. According to [16], 𝐿/𝑁 = 𝑇𝐺/𝑇𝑠 in IEEE 802.11 and
IEEE 802.16 standards is selected from {1/32, 1/16, 1/8, 1/4}.

The simulated MSE is given by the average of the error
matrix:

MSE = 1𝐾𝑀𝐸{(Ĥ −H) (Ĥ −H)𝑇} , (12)
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Table 1: Simulation parameters.

Description Value
Number of subcarriers𝐾, subsymbols𝑀 32, 4
Total number of samples,𝑁 = 𝐾 ∗𝑀 128
Length of CP,𝑁cp 8
Modulation order, 𝜇 4
Length of pilot symbols,𝑁𝑝 16
Length of the channel,𝑁ch 2

where 𝐸(⋅) is the expectation operator, (⋅)𝑇 is the transpose of
the matrix, and Ĥ is the channel estimate.

4. Results and Discussions

In this section, wewill discuss the performance of the channel
estimation methods that are investigated in this article for
the MGFDM system. We have considered a 2-tap random
channel model. In Matlab we use the interp1() command
for interpolation, as this command is based on piecewise
linear and cubic interpolation.The simulation parameters are
considered are as shown in Table 1. We have used a total of𝑁
samples inwhich𝑁𝑝 number of pilots are inserted in between
the data points with a pilot spacing of 8.

Figure 5 shows the channel estimates that are obtained
by using various types of channel estimation methods and
are compared with the true channel. We have assumed that
the guard interval is greater than the channel delay 𝐿. From
the figure it is clear that the MMSE estimation shows an
improvement compared to that of the LS approach. In the LS
estimate we have used linear interpolation and cubic spline
interpolation methods to estimate the complete channel
response.

A DFT based channel estimation method using LS and
MMSE is shown in Figure 6. A good match between the
true channel and the estimated channel response is observed.
Comparing Figures 5 and 6, an improvement is observed in
estimating the channel using DFT based channel estimation.

Figure 7 illustrates the MGFDM system performance
in terms of MSE for different SNR values. The MSE of
the proposed three techniques with and without the use of
DFT based channel estimation is provided. To strengthen
the simulated results, theoretical plots for the expressions
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provided in the above sections under LS and DFT based
channel estimation methods are also given. It should be
noted that both simulated and theoretical values are in good
agreement and match almost at every SNR. MMSE results
in a better performance when compared to the LS approach,
without DFT estimation. To enhance the performance, DFT
basedCE is proposed in this article and from the figurewe can
infer that there is a reduction inMSE significantly.The results
suggest the benefit of using DFT based CE methods but this
comes at a cost of additional computational complexity.

The received signal constellation of a GFDM system with
16-QAM before and after channel compensation is shown
in Figure 8. We can infer from the figure that the data
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symbols are properly mapped after channel compensation
using MMSE channel estimation with DFT technique. From
these results it is obvious that DFT based channel estimation
methods reduce the MSE at a faster rate.

Lastly, the power spectral densities (PSD) for the vari-
ous multicarrier techniques are displayed in Figure 9. The
simulations are carried out in Matlab and the parameters
that are used are given in Table 1 with a sampling frequency
of 20MHz using the pwelch spectral estimation method.
From the figure we can observe that the PSD of GFDM
has a better spectral efficiency property compared to an
OFDM system. Interestingly, the spectra of GFDM using
multitapers exhibit the same spectral properties as that of
a conventional GFDM system. Thus with the same spectral
properties, deeper sidelobes of the pulse shaping filter can be
achieved, as discussed earlier.

5. Conclusion

In this paper, we have presented channel estimation tech-
niques, namely, LS (with linear and spline interpolation) and
MMSE with and without the DFT method.

The channel estimation at the pilot tones and the inter-
polation of the channel at remaining points are presented.
From the simulation results, among the investigatedmethods,
when compared to the LS estimator, the performance of the
MMSE estimator is observed to provide a better estimate of
the channel response in both cases with and without DFT.

There is an additional computational cost that has to be
paid in using DFT based channel estimation. Moreover as we
increase the number of data sample points, the complexity
of MMSE increases exponentially. Also, the overall efficiency



Mobile Information Systems 7

−4

−3

−2

−1

0

1

2

3

4

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

−4 −2 0 2 4 −2 −1 0 1 2

Figure 8: Received signal constellation before and after channel compensation.

Frequency (MHz)
−5 0 10

Po
w

er
 sp

ec
tr

al
 d

en
sit

y 
(P

SD
) (

dB
)

−65

−60

−55

−50

−45

−40

−35

−30

−25

−20

OFDM spectrum

MGFDM spectrum

−10 5

 = 0.5GFDM spectrum,

Figure 9: Spectrum comparison of OFDM, conventional GFDM
with root raised cosine filter of roll-off factor 0.5, and MGFDM
systems.

of the system may be reduced due to the addition of the
overhead pilot symbols to that of data symbols. Therefore
a trade-off exists between better channel estimation system
performance and additional complexity of the overall system.
This paper addresses the preliminary investigation of channel
estimation methods on the novel multicarrier MGFDM
system technique. It will be of great interest to implement
some of the advanced channel estimation techniques in usage
today and propose new such techniques for MGFDM, which
is where our future work focuses.
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